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OT PEOAKIINN

ITepBoro despans 2021 roma ucnosmummtocs 90 Jrer Bhimaroemycs dusnky-reoperuky Uropro ExwuenbeBuay
Jzsuromunckomy. OH HAYMHAJ CBOIO HAyYHYIO JIeITEIbHOCTh KakK Osmzkaiiimmii yaenuk u corpyauuk JI. JI. Jlan-
Jay M OCTAeTCd OJHUM M3 HEMHOTUX >KUBYIIAX HbIHE (DU3UKOB, KTO C IIOJHBIM OCHOBAHUEM MOXKET HA3BaTh €ro
CBOUM HEIIOCPEICTBEHHBIM U IIPAMBIM yauTeseM. BricTynas Ha 3aIiuTe ero KaH/InJIaTCKON IUCCEPTAINY, He IIE/I-
porlit Ha oxBastel Jlanmay ckazan: «OdYeHb MHOTO BCe XBAJIMJIN JUCCEPTAHTA, TAK ITO OJIHA JIMIIHSS II0XBAJIa MAJIO
4q10o u3MeHuT. Ho y MeHs HeT HMKAKNUX OCHOBAaHUI ero pyrarhb. #l xores 66l MOAIEPKHYTH, YTO 32 IOCJIETHIE TOJIbI
TOB. /[3sI0muHCKNN SABJISIETCS ONHUM U3 HANOOJIEe TAJAHTIIMBBIX MOJIOIBIX TEOPETHKOB, C KOTOPBIMU MHE IIPUXO-
JIJIOCH BCTPEYATHCS: OH BBIIEJISIETCS OOJIBIION MHUIINATHBHOCTHIO. TaKoil BOIIPOC, KaK BOIPOC (heppoMarueTn3ma,
OH TIOCTaBUJI IO CBOEH NHATINATUBE, U II0 CBOEI MHUITMATHBE ero pa3pemuis. V1. E. /I3am0mrECKOMY TPIHAIJIEsKAT
MHOKECTBO OPUTMHAJILHBIX PAOOT, OOJIBITHHCTBO U3 KOTOPHIX ObLH oybaukoBanbl B 2K9T®, rie o paboras pe-
JIAKTOPOM. Y2Ke B paHHUE T0/1bl JI3SIIOMMHCKII CTAHOBUTCSI JIMAEPOM B COODITIECTBE (PUBUKHI MATHUTHBIX SIBJICHUI.
K wuncity ero ocHOBHBIX Pe3yJIbTaTOB MOXKHO OTHECTH IIPE/ICKA3aHIe MAarHUTOJIEKTPUIECKOro addexTa, 00bsicHe-
HUe siBJIeHHs cjaboro dheppoMarseTusMa B anTudeppoMardierukax (sBJISIONErocs pe3ysibTaToM B3auMOIeiCTBus,
U3BECTHOrO Tenepb Kak B3aumogeiicTsue JI3sstomuackoro — Mopust), TeOpUIO MeJIMKOUAIbHBIX CBEPXCTPYKTYD U
3 dEKTOB COM3MEPUMOCTH. DTOM 2Ke TEMON 3aMBIKAETCSI CIIUCOK €ro ITyOJINKAIil Ha CEerOTHSITHUN JIeHb: TIPHUIIE-
mas B 2000-x smroxa «MyabTU(GEPPOUKOB» (PAKTUIECKH 1 OCHOBAHA Ha MTPEICKA3AHMAX, CIETAHHBIX O0JIee MOTyBeKa
Ha3a/[ HAYMHAIONIAM yIEHBIM.

Henbss me mopakaThes pe3yaIbTaTUBHOCTH, SHTY3MA3My W HAYyIHOUN Jrrobo3uaTesbHocTn Mropst Exuenbesnda
K BeChbMa Ha TepPBBIN B3TJIsL]] JAJEKUM JIPYT OT JIpyTa HAY9IHBIM CIOKeTaM B 00JacTh (DU3MKKA MArHETU3Ma U KOH-
JIEHCUPOBAHHBIX CPEJI, CTATUCTUIECKON (DUBUKY U YKUJKUX KPHUCTAJIJIOB U IOJIMMEPOB, TOYHO PEIIaeMbIX MOJIe el
U COCTOSIHWI ¢ HApYIIEHHeM CHMMETPHUH O0palieHust BpeMeHn. TeMbl craTeil, BOIIEANNX B IOOWIEHHBIN BBITYCK
ZKOT® B mostHoit Mepe 0TparKaroT MUPOTY ero HaydIHbIX HHTepecoB. OCOOEHHO X0UeTC st OTMETUTD, 9TO MHOTHE W3
9TuX paboT PaKTUIECKH OCHOBAHBI Ha IIPEJICKA3aHUSIX, CIAeJaHHbIX caMuM J[3sttomuuackuM. Mbl 6J1aromapuM Beex
aBTOPOB 3TOT'O BBIILYCKA M BMeCTe ¢ HUMHM Io3pasiisieM rops ExuenbeBnya ¢ 100mieeM u xKejilaeM eMy KPEIKOro
37I0POBbBSI.

EDITORIAL

February 1, 2021 is the 90th birthday a prominent theoretical physicist, Igor Ekhilievich Dzyaloshinskii. At
the start of his career, Dzyaloshinskii was a student and a closest associate of Lev Landau; now he is among the
few active physicists who can call Landau his teacher. Speaking at the defense of Dzyaloshinskii’s PhD thesis,
Landau, who was hardly lavish in his praise of others, said, “The defender has already received so many commen-
dations that yet another one is hardly necessary. But I have no reason to criticize him. I want to stress that in
the course of recent years, Comrade Dzyaloshinskii has been one of the most talented young theoreticians whom
I have met. He stands out for his creativity. It was his initiative to study the problems of ferromagnetism.”
Dzyaloshinskii authored numerous research papers, most of which were published in JETP; he served as Deputy
Editor-in-chief of JETP for many years, together with E. M. Lifshitz. Early in his career, Dzyaloshinskii became
a leader in the community of the physics of magnetic phenomena. Among his main results are the prediction
of magnetoelectric effect, explanation of weak ferromagnetism in antiferromagnets (resulting from the interaction
now known as Dzyaloshinskii-Moria interaction), the theory of helicoidal superstructures and commensurability
effects. This last is also the subject of his recent papers: the advent of the age of “multiferroics” in the 2000s is
actually based on the predictions made by a young scientist more than half a century ago.

Dzyaloshinskii’s productivity, enthusiasm, and intellectual curiosity are remarkable for having covered appar-
ently disparate subjects: the physics of magnetism, liquid crystals, polymers, exactly solvable models, and states
with time-reversal symmetry violation. The contributions to this anniversary issue of JETP adequately reflect
the scope of his research interests. It is worth noting that many of these works are actually based on the above-
mentioned predictions made by Dzyaloshinskii himself over the many years of his career in science. ~We are
grateful to all the contributors to this issue and join them in wishing Dzyaloshinskii an excellent anniversary and
good health.
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MpeacTaBneH kpaTkuii 0630p MHOMMX HeTpuBManbHbIX 3¢hbdekToB, 0BYCNOBNEHHBIX B3aUMOCBA3bIO 31eKTpUYec-
KUX 1 MarHUTHbIX cTeneHeli cBobogbl B TBEPAbIX Tenax, Ha4ano usydeHus koTtopoii beio nonoxero U. E. [3s-
nowuxckum B 1959 roay. KpaTko paccMoTpeB oCHOBHbIe chr3nyeckne CBONCTBA MyabTUEPPOUKOB, Mbl OCTaHO-
BUMCS Ha pa3nunyHbix 3cbdekTax B ApYrux cMCTEMax, OCHOBaHHbIX Ha Tex e hU3NYECKNX MexaHM3Max, KoTopble
aelicTeytoT B MynbTudepponkax. B 4acTHocTH, 3T MexaHU3Mbl NPUBOAAT K HETPUBUAbHLIM 31EKTPUHECKUM
CBOWCTBaM Pa3/INYHbIX MAarHUTHBIX TEKCTYP, TakNX Kak 0bpa30BaHNe JMNONEA Ha MAarHUTHBIX MOHOMONAX B CKU-
HOBOM JibZie, Ha HEKOTOPbIX AOMEHHbIX CTEHKaxX B 0BblYHbIX (heppOMarHeTMKax, Ha CKUPMUOHAX U T. 4. Takke
KpaTKo 0bcyxaaeTcs obpaTHbIi 3hdheKT: NOSBAEHNS MarHUTHBIX MOHOMNONEN Ha SNEKTPUYECKNX 3apsiAax B Mar-
HUTO3IEKTPUKaX. Takasi HeobbIYHAS DEKTPNYECKAsH aKTUBHOCTb PA3fNYHbIX MarHUTHBIX TEKCTYP NPOSIBASETCA
BO MHOMMX PU3NYECKMX CBOMCTBAX 3TUX MATEPNANIOB 1 MOXET UMETb NPUKIAZHOE 3HAYEHME.

Cmamva daa cneyuaavrozo swnycka 2KITD, noceawernnozo 90-aemuro U. E. J[3ar0wuncrozo

DOI: 10.31857,/S0044451021040015

DJIEKTPUIECTBO U MATHETU3M IIPEICTABIAIOT COOOM
JIBE CTOPOHBI OJIHOT'O ¥ TOT'O K€ (DU3UIECKOTO SBJIEHNUS,
qTO CJIeIyeT, HampuMep, u3 ypaBHenuit Makcsesura. x
CIJIbHOE B3AWMHOE BJIUSTHUE UTPAET OOJIBIIYIO POJIh KaK
B dyHIaMeHTAJIbHON (pU3MKe, TaK U JJId MPAKTUIE-
CcKuX npuiioxKeHnii. QuepeHbIM IOBOPOTOM B 9TOIl MC-
TOPUY CTAJIO OBICTPOE PA3BUTHE CIUHTPOHUKY [1,2], HO-
BOW TIPUKJIAIHON 00JIACTH, B KOTOPOI MCIIONIb3yeTCsT He
TOJIBKO 3apsijl, HO U CHHH 3JeKTPOHOB. Pa3zBurue sroit
00J1aCTH JI0 COBPEMEHHOI'O COCTOSIHUSI MOYKHO IIPOCJIE-
JUTH OT OcHOBomojarapmux padbor 1. 3. [I3suronmua-
CKOTO TI0 cjabomy (peppoMarHeTu3My, B KOTOPBIX BBe-
JIEHO TIOHSITHE aHTUCUMMETPHIHOIO OOMEHA — B3aUMO-
neitctBust J3sommuckoro wim JI3stoniuackoro — Mo-
pusa (IM) [3], 1 nouTn oHOBpEMEHHO UM 6BLIA IPEJI-
JIO2KEHA UJlesl JTMHEHHOIO0 MArHUTOJIEKTPUIECKOro -
dekra [4]. OGe TH cTaThU OKA3aJ¥ CUIBHOE BJIMsIHUE
Ha pa3BUTHE MAarHeTU3Ma. B YacTHOCTH, BTOpas CTa-

* E-mail: khomskii@ph2.uni-koeln.de
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Thsl NIPUBEJIA K BIEYATIIAIONIEMY DA3BUTUIO TAKUX Ha-
[IpABJIEHUI, KAK MAarHETOYIEKTPUKU W MYJIbTHMOEPPO-
ukn [5-13]. 3HaHUS, TOSyUEHHbIE TIPH U3yUEHUN STHUX
MaTepruaJjioB, MOXKHO TaKKe IPUMEHSATDH JJIs UCCIIeI0-
BaHUsI MHOTUX JPYTUX SBJIEHUI, 00YCIOBJIEHHBIX B3aU-
MOCBSI3BIO 9JIEKTPUIECKUX U MATHUTHBIX CBOHCTB MaTe-
pUaJjIoB, IPUYEM HE TOJBKO B CIIEIUAJBHBIX MArHUTO-
JIEKTPUIECKUX U MYJIbTA(MDEPPOUTHBIX COEJIMHEHUSIX,
HO U B OOBIYHBIX MATHUTHBIX MaTepuajax C pasind-
HBIMIA BHJIAMU MArHUTHBIX TEKCTYD, TAKHX KaK Mar-
HUTHBIE JIOMEHHBbIE CTEHKH, J1e(EKThl, CKUDMHOHBI U
T. ., TPOSIBJISIIOIINX HETPUBUAJIBHYIO JIEKTPUIECKYIO
AKTUBHOCTB. JTO SIBJISIETCSI TEMOI JAHHON CTaThbU, KO-
TOpast YACTUYIHO HOCUT XapaKTep KPATKOro 0b63opa, HO
TaKKe CONEPYKUT HEKOTOpHIE HOBbIE pe3yJbrarThl. Ta-
KM 0Opa3oM, B Ha3BaHWW MAHHON crarbu «MymnbTu-
deppouky U He TOJHKO» AKIEHT OYIeT CAeJIaH Ha CJIO-
Bax «He TOJIbKO». CJie/yeT TakKe OTMETUTh, 9TO B CBO-
X HeJaBHUX paborax J3siionmHCKuil BO3BpaIaeTcs K
sT0it Teme [14-17] u, TakuM 06pa3oM, €ro UMs CHOBA U
CHOBa BO3HUKAET B 3TO 00J1acTH.
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1. MVJIbBTUPEPPOMUKN: HEMHOTI'O
ncroremm

Haunmem ¢ o4eHb KpATKOrO OIMCAHWSI PA3BUTHS
uccyieIoBaHuil B 00J1aCTH MyJIbTUMEPPOUKOB B MOEM
npejcrasaeann. Kax yrmoMUHAIOCH BBIIIE, HACTOSIIAS
JeITeILbHOCTD B 3TO# 00/1aCTH HAYAIACH C TTYOJIUKAITAN
ocHOBoIIOTaraoIell crarbu Jzsuromunckoro [4], xorst
WHOT/Ia TaKKe MUTUPYETCst KOPOTKas (ppas3a u3 ropas-
1o 6ostee panneii crarbu [Tbepa Kropn 1894 rona [18], B
KOTOPO OH YHOMSIHYJI, YTO HETPUBHUAJBHBIE JJIEKTDHU-
JecKne U MarHUTHBIE CBOICTBA, B IPUHIIAIIE MOTYT COB-
MeIaThes B oHOM MaTepuaJse. Ho 3To 6110 Ut 06-
1mee 3asBeHne 6e€3 MPUBIeIeHNA KAKUX-TU00 KOHKPET-
vbIX dusnueckux ujeit. [loce caenannoro 3simommn-
CKUM yTBepKIeHUs (BCJIe/ 38 KOPOTKUM 3aMEYaHUEM,
BBICKA3aHHBIM B KHUTE [19]) 0 BO3MOXKHOM CyTIiecTBOBa-
HUU B ONpPEJEJIeHHBIX MArHUTHBIX CHCTEMaX MArHUTO-
3JIeKTprdeckoro 3¢ dekra, MHIYIUPOBAHHON MarHUT-
HBIM I10JIEM JIEKTPUIECKO TIOJISIPU3AINAN, 1 0OPATHOTO
adderTa MHIYIMPOBaHUsT HAMATHUIEHHOCTH 3JIEKTPU-
YeCKUM I10JIeM, 3TOT 3(PdeKT ObLI 0YeHb ObICTPO 06-
unapyzxer AcrposbiM [20] B coemuuenun CraOs. Beko-
pe IoCJIeI0BasIO0 JIOBOJBHO OBICTPOE PA3BUTHE JAHHOIM
npobJieMbl, TPUYeM BHUMAHWE MPUBJIEKIN HE TOJHKO
MAarHETOJIEKTPUKH, B KOTOPBIX WHTEPECHBIE 3(DMDEKTHI
BOZHHMKAIOT BO BHEIHEM II0JIe, HO U MAaTEepUAJIbl, KO-
TOpBbIE B OCHOBHOM COCTOSIHHM B OTCYTCTBHE BHEITHUX
oJieil MOT'yT COYeTaTh MATHUTHBIE U CETHETOdJIEKTPU-
geckue cBoiicTBa. Takue MaTeprasibl OTYIMIN HA3Ba-
Hue Mysbrudepponkos [21]. IToMumo 4yucTo Hay9IHOrO
WHTEpeca, 9TH CUCTEMbI MOTYT HAWTHU BaXKHOE ITPAKTHU-
YecKoe IpHUMeHeHHe, HanboJjiee CYIeCTBEHHBIM U3 KO-
TOPBIX B HACTOSINEE BPEMsl SIBJISETCS MOTEHIIHAJbHAS
BO3MOXKHOCTD 9JIEKTPUIECKOIO YIIPABJIEHUsI MATHUTHOMN
MAMATHI0 B KOMIIBIOTEPHBIX 3aIOMUHAIONINX YCTPOUi-
cTBax 3a cueT 3P(EKTOB, He CBI3AHHBIX C HUCIOIb30-
BaHUEM 00,13 IAONINX JTUCCUTIAIIAEH SJIEKTPUIECCKUX TO-
KOB. DTO IMO-TIPEXKHEMY CJIY?KAT OCHOBHBIM CTUMYJIOM
HOA00HBIX UCCJIEI0BAHMUIA.

OcobeHHO aKTUBHBIN MOUCK W M3y9YeHNE TAKUX CH-
CcTeM Ha PaHHEH CTaJIUU WCCJIEJOBAHUN ITPOBOIUJINCH
B OwiBiiem Coserckom Coro3e, B OCHOBHOM JIBYMsI
rpynnamu, Cmosterckoro B Jlenunrpae, upine CankT-
Ilerepbypr, u BeneBnesa B Mockse, cM., HampuMmep,
[22,23]. B 31X JBYX IpyIIIax ObLIM OTKPHITHI HECKOJIb-
KO MYJIbTHMOEPPOUKOB, HO HMX IPUKJIATHOE 3HATEHUE
OrPAHUYINBAJIOCH JTUO0 HU3KAMU TEMIIEPATYPAMH, IPU
KOTOPBIX TAKO€ COCTOSIHME CYIIECTBOBAJIO, JUOO OT-
HOCHUTEJILHO CJIab0i CBS3BI0 MEXKJIy 3JIEKTPUUIECKON U
MAarHUTHOHM MOJCHCTEMAMM, UTO JI0 HACTOSIIErO Bpe-
MEHU OCTaeTCsl OCHOBHBIM IPEISITCTBUSIM JIJIsI IITUPO-
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KOI'0O IIPAKTHUYECKOTO MCIIOJIb30BAHUS, XOTsI 38 [OCJIE]I-
HUE TO/bI B 9TOM HAIIPABJIEHUU OBLI JIOCTUTHYT OIPOM-
ubIit porpecc. Ho, moMuMO mOTEHITHATIBHBIX IPUIIOXKE-
HOl, U3y9YeHNe STUX MATE€PUAJIOB BBIIBHHYJIO P Ce-
pPbe3HBIX 00IIedu3nIeckux BOIpocoB. OIHUM U3 HUX
OBLIO ITEPBOHAYAILHOE HAOJIIOJEHNE, ITO B OJHOM U3
CaMBIX OOIIUPHBIX KJIACCOB MATEPHUAJIOB, TEPOBCKUTAX
ABOg3, K KOTOpBIM IPUHAIEYKUT JTOBOJBHO MHOT'O Mar-
HATHBIX CUCTEM, BKJIOYas XOPOIIO U3BECTHHIE MAHTA-
HUATBHI C KOJIOCCAJIBHBIM MArHUTOCOIIPOTHUBJIEHUEM, Ta-
ke Kak Laj_,Sr,MnQOs, a Tak»ke OOJBIITUHCTBO WH-
TEPECHBIX U TMPAKTUIECKH BAXKHBIX CETHETOdJICKTPU-
koB, HaunHast ¢ BaTiO3, cymecrByer mnopasuresibHOE
“B3aMMHOE WMCKJIIOUeHNE”: MATEPUAJIbl, B KOTOPLIX IIe-
PEXOHbIE METAJIBI B MMEIOT YaCcTUIHO 3aI0THEHHBIE
d-000JI0YKH, SBJIAIOTCA MarHUTHBIMHU, TOTJa KaK IIPH
He3aIoJHeHHON d-06010uKe ¢ KoHdurypameit d° ouHn,
€CTEeCTBEHHO, Oy/IyT HEMATHUTHBIMY, HO MOTYT OKa3aTh-
CsI CETHETOJIEKTPUKAMU. Y/ IUBUTEIHHO, HO MEXK/Iy THU-
MM JBYMs OOJIBIINMHU KJIACCAMU MAaTEPHAJIOB IIPAKTU-
9ecKN He ObLIO TEePEeKpBITHS: JUOO OHU ObLIN CerHe-
TORJIEKTPUKAMHE, JIMOO MATHETHMKAMU, HO IIOYTH HUKO-
rJIa He TPOSBJSIIN 00a CBONCTBA OJHOBpPEMEHHO. Ta-
koe d"—d-pasmesenne GBLIO 3aMEUEHO IABHO, HO JOJI-
roe BpeMsl HE IPHUBJIEKAJIO BHUMAHUSA. ¢l MOMHIO, UTO
npuMmepno B 1996 roay pacckaszas o6 3Toit mpobieme u
BOODOTIE O TOMBITKAX O0BEIUHUATH B OJHOM MaTepuaJe
(dbeppo)MarHuTHBIE U CErHETOIIEKTPUIECKIE CBOACTBA
OYeHb XOPOIIEMY U YPe3BbIYailHO 3pyAupoOBaHHOMY (hu-
3uky JI>Kop/Ky 3aBaJICKOMY, C KOTOPBIM MbI 06a pabo-
TaJu B TO BpeMsi B [ pOHMHINeHCKOM YHUBEPCUTETE, U €TI0
peaxmust ObLIa BECbMa XapaKTEPHOIT: «DTO Bellb OYEHb
unrepecto! ITouemy Mbl HEYero o6 3Tom He 3HaeM?»
Hexkoropoe Bpems ciycrst Ha mporpaMme o KBAaHTOBO-
my Marmern3my B KITP B Canra-Bap6ape B 1998 ro-
JIy OBLIO OPTaHU30BAHO IMMUPOKOE 0OCYKICHNE HA TeMY
BO3MO2KHOI'O COCYIIIECTBOBAHUS JJIEKTPUIECTBA U MAar-
ueruzma. Hukosta Cnasnun (B To Bpemsa Hukosa Xuswun)
pacckasaJia Ha 9TOi BCTpete 0 CBOuX ab-initio pacaerax
OJTHOTO «TOMO3pUTENbHOTO» MaTepuana BiNiOz [24], u
MBI OOCYIMIA 9TO SMIUPUIECKOE HADJIIOIEHNE O B3anM-
HOM HCKJIIOYEHUH CerHeTodJieKTprdecTBa (KoHbUrypa-
s d°) u marserusma (koudurypanus d”).

Crenyromuii BaxkHbIN mar 6bu1 caeigan B 2001 ro-
1y, kKorya Hukosa oprannzoBasia CrieluaibHy 0 CECCHIO
C21 Ha MApTOBCKOM MUTHHIe AMEPUKAHCKOTO (hbu3nde-
CKOTO ODIIeCTBa, MOCBAIIEHHYIO 00CYKACHUIO MYJIbTHU-
depponkos [25]. MoxKHO cKa3aTh, 9TO 3Ta Ceccus Jeii-
CTBUTEJIBHO MIPUBEJIA K BO3POXKICHUIO MHTEPECca K ITOM
npobJileMe u «IpociaaBmiias Myabrudepponkn. Jleiict-
BuTesnbHO, B 2007 romy Ha maproBckoMm muTuHre APS
OBLIO y2Ke 7 ClenuajbHBIX CECCHil TI0 MYJIbTHdEpPpPOu-
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KaM — ceccuif, a He gokjaagos! B 2008 romy repmun
«MyJIbTH(DEPPOUKI» TTPUCYTCTBOBAJ YK€ B HA3BAHUM
12 ceccmit MapTOBCKOTO MHUTHHTA. A HAYaJIOCh BCE C
NepBOH CIIeIUaJIbHOI ceccnu Ha MapTOBCKOM MUTHUHIA
2001 roza.

Opnnrako HamboJiee BayKHBIM OBIJT IKCIEPUMEHTAJIb-
HBII TTPOTPECC B 9TOH 00JIACTH, JTOCTUTHY THIT HECKOJIb-
KO T032Ke, B OCHOBHOM TpeMsi Tpyrmamu. B pa6ote [26]
ObLTN OOHAPYXKEHBI 3aMedaTebHbIe MYJIbTUMEPPOUI-
uble cBolicrBa coequnenus ThMnOs, a B padore [27] —
coequaennss ThoMnoOs. DaxTuyecku 3TO CTAIO OT-
KPBITHEM MYJILTHMOEPPOUKOB HOBOT'O BU[A, KOTOPBIE Te-
nepb Ha3bIBAIOT MyJibTHdepponKkamu 11 Tuna — cucrem,
B KOTOPBIX CETHETORIEKTPUIECTBO BOSHUKAET BCJIEJICT-
BUE OIIPEJIEJIEHHOTO MATHUTHOTO YIOPSIIOYEHUsI, B OT-
Jinare OT MyJIbTU(EPPOUKOB | Trita, B KOTOPBIX CerHe-
TORJIEKTPUIECTBO U MATHETU3M IOSIBJISIOTCS HE3aBUCH-
MO, W Yallle BCETO 38 HUX OTBEYAIOT PA3JIUIHBIE ITO/ICHU-
CTEeMbI ¥ MOHBI. T peTbrM IPOPBIBOM CTaJjI CHHTE3 IPYII-
moii Pamerna TOHKUX ILJIEHOK KJIACCMYECKOTO MYJIBTHU-
depponka I tuna BiFeO3 [28], mo cux mop ocratomerocst
CHCTEMOI ¢ HANJIYYIITIME XapaKTEPUCTUKAMU U, HABEP-
HOE, C JIyYIIUMHU TIEPCHEKTUBAMU JIJIsl TPAKTUIECKOTO
npuMeHeHust (eCJIi TOBOPUTH 00 OJIHOM MaTepuaJle, a He
0 KOMIIO3UTHBIX CHUCTEMAX, TAKUX KAK, HAIIPUMED, MHO-
TOCJIOTHBIE CTPYKTYPBI, COCTOSIIINE U3 XOPOIITUX CerHe-
TOJIEKTPUKOB U Xopomwmx deppomarueTukosn). [Lien-
KW, BBIpaIlleHHbIe B rpytie Pamerra, 001a/1a/11 BeCbMa
BIEYATJISIFOIUMA CBOMCTBAMHE, JIEMOHCTPUPYS TOPA3I0
6oJtee cuiibHBIE 3D QEKTHI, YeM UMEIONUecs B TO Bpe-
M1 obbemuble KpucTasisl BiFeOs (xora ceitgac to-
JId JIOCTUTAIOT TAKUX XapPAKTEPUCTUK U B OOBEMHOM
BFO). 91y Tpu 9KCHEPUMEHTAJIBHBIX [IPOPbIBA HAPs-
JIy C OCO3HAHUEM HEKOTOPBIX (DYHIAMEHTAJILHBIX TEO-
peTnvuecKknx mpobseM U 3aJiad IPHUBEN K BO3POXKIe-
HUIO ODOIIEro mHTepeca K MyJIbTU(MEPPOUKAM U OBICTPO-
My TIporpeccy B 3Toi obsactu. B nHacrosinee Bpemst 00-
HAPY?KEHO MHOT'O HOBBIX CHCTEM, U, HABEPHOE, MOXKHO
CKa3aTh, YTO OCHOBHBbIE (DU3UYECKHE MEXaHU3MBI, 00y-
CJIOBJIMBAIOIIUE ITO SIBJIEHUE, yXKe IOHSIThI, XOTS IO~
CTOSTHHBIN MPOT'PECC B ITOH OOJACTH BCE €Ie ITPOI0JI-
JKAeTCsl, OOHAPYKUBAIOTCS HOBbIE MATEPHUAJIbI U HOBBIE
sipiennst. [loMumo mccsenoBaHus COOCTBEHHO MYJIbTHU-
GbeppouKOB, ONMBIT W 3HAHUS, TPUOOPETEHHDbIE TIPU WX
U3YYEHUH, MOTYT IPUMEHSTHCS JJIsI OTMCAHUS IMTOXO-
JKUX sIBJIEHWIT B JIpyTUX MarepuajaX. B oroit crarbe
s TIOTTPOOYI0 0OOOIUTH HEKOTOPBIE U3 HOBBIX JTOCTUYKE-
HUIt, XOTsI, KOHETHO, HEBO3ZMOYKHO IMOJTHOCTBIO OXBATUTH
9Ty 04YeHb 0bmUpHYO 00/1acTh. CyIlecTByer J0CTaToq-
HO MHOTO OOIIIX 00630PHBIX paboT 0 MyJIbTH(hEppOu-
kaM [5-13], pasgen 1o mysiabrudeppoukaM BKJIIOYEH B
KHUTY [29], a Tak:Ke M3/aHa CIEIUAJbHAsl KHUIa 110
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stum cucreMmaM [30]. B manmoit pabore s He Gymy mo-
JIpOOHO 00CYKJIATH ITH SABJIEHUSI, 8 OOJIBIIE COCPEITIOTO-
qyCch Ha «MODOTHBIX 3P PeKTax» TAKUX MCCJIETOBAHMIA,
B OCHOBHOM, H& OTHOCHUTEJIbHO Ka4eCTBEHHOM YPOBHE,
V/IeJIUB BHUMaHUE TOMY, 9TO IIPOUCXOJIUT «3a, [IpeJiesia-
Mu MysbTrdGepponkoBy. OHAKO CHAYAA OYIeT CIe/Ian
KpaTKuit 0630p OCHOBHBIX 3P (PEKTOB U MEXAHN3MOB Ca-
MHX MYJIbTU(DEPPOUKOB.

2. MVJIBTU®EPPOUKN: OCHOBHBIE
OUBNYECKUE CBOMCTBA

MynbTudeppouKn MOYXKHO YCJIOBHO Pa3e/IUTh Ha
nse Gosbmmue rpymmel [11]. B mepsyro rpymmy, koro-
PYIO MOXKHO Ha3BaTh MyJbTudepponkamu 1 Tuma, BXo-
JST MATEPHUAJIBI, B KOTOPBIX MArHETU3M U CETHETOIJIEK-
TPUYECTBO XOTSI M B3AWMOCBSI3AHBI, HO IIPOSIBJISIIOTCS
HE3ABUCUMO U 0DYCJIOBJIEHBI PA3HBIMU MEXaHU3MaMU U
nojicucreMaMu. B aTux Marepuasiax 3HAUEHUS KPUTHU-
YECKHUX TEMIIEPATyP MATHUTHOTO U CEIHETORJIEKTPHYe-
CKOT'O TIEPEXOJIOB YaCTO OBIBAIOT JOBOJIBHO BBICOKMMU,
[IpUYEM CErHETOIIEKTPUIECKUI TIepexo]] OOBIYHO IPO-
UCXOMUT Upu OoJiee BBICOKUX TeMmireparypax. Jlydmm-
MU TpuMepaMu MyJabTUhEPPOuKOoB | Tuia sBIISIIOTCS
yxke yrnomsanyToiit BiFeOgs, B koropom Ty = 1100 K
n Ty = 643 K, a TakxKe rekcaroHajJbHble MaHIaHHU-
te1 RMnO3 (R — pejiko3eMesbHblii 3jieMenT) ¢ Trg ~
~ 1000 K u Ty ~ 100 K. MaruuTHas 1 cerueTo3J/IeKT-
pUYeCcKasi CTENeHN CBODOJIBI B 3TUX CUCTEMAX, pa3yMe-
€TCsl, CBSI3aHBI, HO 3Ta CBA3b OOBIYHO JIOBOJIBHO CJIadasl.

B mynbrudepponkax Il Tuma cermerosekTpuiecT-
BO HABOJINTCSI ONIPEJIEJIEHHBIM TUIIOM MATHUTHOTO YTIO-
psinouenusi. [lepBbIMU OTKPBITHIMU MYyJIbTH(MDEPPOUKA-
mu 3roro Kiaacca craju TbMnOgs [26] u TbMngOs5 [27].
[TapamMaranTHOE COCTOSIHUE B 9TUX CUCTEMAaX He sIBJIsl-
€TCsl CeTHETOIIEKTPUIECKUM, OJHAKO CEIHETOIJIEKTPHU-
qecKasi MOJIAPU3AINN MOXKET BO3HUKATH IPHU OIIPE]Ie-
JIEHHOM THIIe MATHUTHOTO yHOpsijodenus. VIMeHHO 9TH
HOBBIE MAaTEpUaJIbl BBI3BAJN OCHOBHOI 0OIedusntie-
CKUl WHTEpeC W IPUBEIU K IOSBJIEHUIO HECKOJIbKUX
HOBBIX (PUIUIECKUX KOHIENnit. Biaromaps cuabHOM
BHYTPEHHEH CBSI3W MarHeTU3Ma M CErHETOdJIeKTPHYe-
CTBa 9TH MATEPUAJILI MOTYT OKa3aThCst 60j1ee MHOroobe-
MAOIIAMY C IPAKTUYIECKO Touku 3penusi. OmHaKo, K
COYKAJIEHUTO, DOJIBIMTUHCTBO U3 HUX UMEIOT OTHOCHTE -
HO HU3KHE 3HAYEHUsS] KPUTUIECKUX TEMIEPATYD, HUXKE
KOTOPBIX HADJIIOIAETCS COCYIECTBOBAHUE CEMHETOIEK-
TPUYECTBA U MATHETH3MA.

[TostByteHME 3IEKTPUIECKON TOJISIPU3AIANA B HEKO-
TOPBIX KOHKPETHBIX MATrHUTOYTOPSIOYEHHBIX COCTOSI-
HUsIX B MyJjbTudeppounkax [I Tuma MOXKHO OObSICHUTH
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Puc. 1. a — Uuknongras marHnTHasi CTpyKTypa u cymmap-
Hasi anekTpuyeckas noasipmsauusi. 6 — MexaHu3m BO3HMK-
HOBEHUSI AUNONBLHOrO MoMeHTa (obpaTHblli MexaHusm [3s-
JIOLIVHCKOrO) WAN NONSiPU3aunu 415 Napbl CNUHOB, CM. Bbli-
paxetne (1). Kpectukamm obosHaueHbl NOAOKMUTENBLHO 3apsi-
XKEHHbIE NOHbI MEPEXOAHOr0 METasIa, a KPY>KKOM, Hanpumep,
non O~ 2. XKupHasi 3eneHasi CTpesika nokasbiBaeT Hanpase-
HWE 3/IEKTPUYECKOrO AMMOJIbHOTO MOMEHTA WM 3JIEKTpUYe-
CKOW monsipnsauuu

34 CUET JIBYX OCHOBHBIX MeXaHu3MOB. OJIHUM U3 HUX
SIBJISIETCST OOBIUHAST MATHUTOCTPUKIIMSI: OIPEJIEIEHHOE
MarHuTHOE YIIOPSJIOUEHNE MOXKET HApyIIaTh WHBEP-
CHIO, & COOTBETCTBYIOIEE UCKAYKEHNE PEIIETKH 38 CUET
MArHUTOCTPUKIIUA B HEKOTOPBIX MAHUTHBIX CTPYKTY-
pax MOYKeT MPUBECTH K TOSBJICHHUIO 3JIEKTPUIECKO
nosisipusanuu (M., Hanpumep, [31]). dror MexaHH3M
He TpedyeT HAJUUINS CIUH-OPOUTATHLHOTO B3AMMOIEHCT-
Busi. [Ipyroit, 60s1ee pacnpocTpaHeHHbIH 1 6oJiee WHTe-
pecHBIl MexaHu3M B MyJbrudeppoukax Il Ttuna css-
3aH C PEJSITUBUCTCKAM CIIMH-OPOUTAJBHBIM B3aHMO-
neiicrBueM W OOJIbIle HAIIOMUHAET W3HAYAJLHBIA Me-
XaHU3M MaTHUTOSJIEKTPUIECTBA, TPEJIOXKEHHbIH J351-
sormuaCKUM. CyIecTByeT HECKOJBLKO PA3HOBHIHOCTER
sTOro MexaHmsMma (cM., Hapumep, [32,33]). Haunbomee
PACIIPOCTPAHEHHBIM U BaYKHBIM JIJIsI BBIXOJA <32 PAMKH
MyJIbTU(DEPPOUKOB»> SIBIAETCA MEXAHU3M BOSHUKHOBE-
HUST 9JIEKTPAYECKON MOJISTPUBAIN B MATHETUKAX C ITAK-
JIOMJTHOM MATrHUTHOM CTPYKTYPO. DTOT MEXaHU3M ObLI
ONUCAH B PaMKaxX MHUKPOCKOIIMYECKOrO MOXO7a B pa-
Gore [34], a Tak:Ke MOIYYEH C UCIOIL30BAHUEM Pa3JIo-
»kenus Jlangay B pabore [35]. Corsaco 3Toit Teopum,
€CJIN CIIUHBI JIBYX COCETHUX MATHUTHBIX MOHOB HEKOJ-
JINHEAPHBI, JIJIs 9TON Mapbl MIOHOB BO3HUKHET 3JIEKTPH-
JecKast TOJISIPU3AINs, TPOIOPIMOHATLHAS
Pij = Cry; X [Sz X Sj], (1)
e ¢ — HEKOTOPI kKodddurment. s mukaonnoit
MarHUTHOH CTPYKTYPBI, TOKa3aHHOH Ha puc. 1a, BO3HU-
KaeT OTJINIHAS OT HyJIs TIOJTHAS TTOJIAPU3AIIUST, TIOITOMY
NUKJIOUTHBIM MATHETHKAM IPUCYIIU CBOWCTBA MYJIbTHU-
depponKoB.
MukpocKomuIecKnit
JIEKTPUYIECKON TOJISIPU3AIIN ObLT 00bICHEH B padboTe
[36]. TIo cyru om mupejcrasiasger cobol OOpaTHBII
abdexr zsnommuckoro. Kak ykasano B padore (3],
B HEKOTOPBIX OCOOBIX I'PYIIAX CUMMETPUU JIJIsl Taph

MeXaHUu3M BOSHUKHOBCHUA
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HMOHOB %,j CYyIIECTBYeT AHTHCUMMETDPUIHOE OOMEHHOE
B3aumoyeiicreue Izsomunckoro — Mopust (JIM):

HDM = —Dij . (Sz X SJ) . (2)

Ecau Bexktop Izstmormumuckoro D oTinden ot Hydd,
9TO B3aMMOJIEHCTBHUE MPUBOJUT K CKOCY COCEJHUX CITU-
vOB. Takyke M HAOOOPOT, €CJIM CIOUHBI MO KAKOW-IMO0
[IpUYHHE HEKOJUIMHEAPHBI, TO JIJIsI BHIUTPHIIIA B dHEP-
TUU MOXKET OKAa3aTbCsl BBITOJHBIM HCKAYKEHWE PeIeT-
KI CO CIBUIOM MOHOB TAKUM 00OPa30M, 9TOOBI CIAEJIATH
D # 0. B TunuyHbIX ciydasiX, HallpuMep, B IIEPOB-
CKUTaX, OOMEHHOe B3aMMOJIEHICTBUE MexkKy OJimKaii-
IIMJA MarHUTHBIME uoHamu M; u M; ocymecTsiid-
eTcs 3a CUeT cylepoOMeHa depe3 JHMraHj (HalupuMmep,
MOHBI KHUCJIOPOJIA ), PACIIOJIOXKEHHBIl MeKJLy HUMH, CM.
puc. 16. Eciiz 3T70T KHCIOPO/T PACIIOIOKEH TOTHO [TOCE-
peauHe cBsizu (i), TO O CUMMETPUY B3aMMOJEHCTBUE
OM pasro Hymo [37]. YTo6bl MOMYYNTH BHIUTPHINI B
suepruu JIM (2), He0GX0JUMO CMECTUTDH TaKON KUCJIO-
POJ1 Ha HEKOTOPOE PACCTOSTHUE ) TIEPIIEHIUKYJISIPHO CBsi-
3u (ij), HAIpUMep, B HalpaBjeHuu z, cM. puc. 16. To-
rJia BOBHUKAET HeHyseBoe B3ammoseiictsue JIM ¢ Bek-
TopoM D ~ r;; X §, TaK 4TO Telepb JOCTUrACTCA BBIUI-
poin B sHeprun JIM (2). OgHako Takoe cMerneHne oT-
PHUIATEHHO 3aPSKEHHBIX HOHOB KHCJIOPO/IA B CTOPOHY
OT «IIEHTPA TSIKECTU» MMOJIOKUTEHHBIX 3aPsIIOB HOHOB
HepexoTHbIxX MeTaJnoB M; n M; co3maer sjaekTpudec-
KUl JATIOJIb WU TTOJISIPU3AIIIO B HAIIPABJIEHUH Z. DTO
obpaTHbIit 3 derT J3AT0IMMMHCKOTO, KOTOPBIHA SBJISIET-
Csl OCHOBOM MyJIbTH(MEPPOUIHOTO MOBEICHUS BO MHO-
UX CHCTEMaX, I UMEHHO 5TOT MEXaHU3M MOXKET TaKKe
[IPUBECTU K JIEKTPUIECKON MOJIAPUBAINYN PASTAITHBIX
MAarHUTHBIX TEKCTYP, TAKAX KAK HEKOTOPBIE JOMEHHBIE
CTE€HKH, CKUPMUOHBI U T.JI., 9TO Oy/eT IMHPOKO <«UC-
[I0JIb30BAHO» B JIAJIbHENIIEM U3JI0KEHUH.

3. 9JIEKTPOHHBIE MEXAHW3MBbI CBA31
QJIEKTPNYECTBA I MATHETU3MA

OOBIYHO TOSIBJIEHUE 3JIEKTPUIECKON IMOJISIPU3AIUT
B MarHATO3JIEKTPUKAX U MYJIbTH(MEPPOUKAX CBIA3AHO C
COOTBETCTBYIONIUMH CJIBUTaMHU HOHOB B pemietke. O/1-
HAKO TaKasl CBJA3b MOXKET BO3HHKHYTDL 3 CUYET HUHUCTO
9JIEKTPOHHOI'O MeXaHu3Ma. B 9acTHOCTH, 9TOT Mexa-
HU3M MOXKeT PaboTaThb BO (DPYCTPUPOBAHHBIX CHUCTE-
MaX Ha OCHOBE TPEYIOJIbHUKOB M3 HMOHOB IIE€PEXOJIHBIX
mMerasioB (cM. puc. 2). Eciau onuceiBarh d-3/1€KTPOHBI
B TaKOM TPEYTOJLHUKE C MOMOIIBIO OOBITHOM MO/IesIH
Xabbapaa

H

(3)

==t cloto
(

ij),o

+U Z?’LiT’er s
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3+ +2
Puc. 2. ObpasoBaHue 31eKTPUYECKONR Nonsipusauun B Tpe-
YroNIbHNKax C OMpeneneHHol cnuHoBoi cTpykTypoii. OBanom
Ha naHenn 6 N306pa>keHO CMHINETHOe COCTOsIHME CNUHOB Sg,

S3, ans koToporo Sz +S3 =01 Sz - S3 = —3 (cm. BbIpaxe-
Hue (4))

TO MOKHO IIOKa3aTh, U9TO JJIsl OLUPEEIeHHBIX MarHUT-
HBIX TEKCTYD (CIMHOBBIX KOPPEJSIMOHHBIX (DYHKIHI)
B TPEYIOJIbHUKE BOZHUKAET [IEPEPACIPEICTICHUE 3apsi-
JIOB TAKUM 00pPA30M, UTO B OTJIMYHE OT OOBIYHBIX MOT-
TOBCKHX U30JISITOPOB 3apsiJl HA y3JIe { He PABEH B TOUHO-
cru 1, a MOXkKeT oKa3aThcs OoJibIie uian Menbine 1. Co-
OTBETCTBEHHO, B JIAHHOM CJLy4ae HA TAKOM TPEYTOJIbHU-
Ke 06pa3yeTcs JIeKTPUIECKUil JUII0Jb, BeJIMIMHA 1 Ha-
[PaBJIEHIE KOTOPOTO ONIPEEJISIeTCs CIIMHOBON CTPYKTY-
poii. Takum oOpazoM, MyJIbTU(DEPPOUTHOE TIOBEIEHUE
00YCJIOBJIEHO YHCTO JIEKTPOHHBIM MEXaHU3MOM.

B pab6ore [38] (cm. Takzxke [39]) mokazaHo, uTO JIst
TPEYTOJIbHUKA IIPU BhIauceHun B Mojenn (3) (s of-
HOI'O 9JIEKTPOHA HA y3€eJI ¢ CUJIbHBIMU KOPDEJIAIHUIMU
t/U < 1) no tperbero nopsiika no (¢/U), 3apsan na
y3se 1 paBen

ny ~ 1+K[Sl'(82+83)—282'83], K= 8t3/U2. (4)

AHajioruuHbIe BBIPAYKEHUsI MOJIYUAIOTCA JJIst Mg, N3.
TaxuM 06pa3oM, eciii BXO/ISIIAs B BeIpaxkeHue (4) crn-
HOBasl KOPPEIATMOHHAS (DyHKIUS OTJIUIHA OT HYJIST, TO
B TPeyroJibHUKe BO3HUKAET IepepacIpeieieHne 3apsi-
Ja u 00pa3yeTcs MEKTPUIECKUN JIUTIOJbHBIT MOMEHT
(cM. puc. 2). D1oT 3hdHeKT KarKeTcst JOBOJIHHO MAJIeHb-
KuM, ~ 13 /U 2 « 1, ooHAKO MOXKHO IIOKA3aTh, UTO
TaKoe Ke BbIPpaXKeHUe CIpPaBelinBo B ciaydae t ~ U,
TOJIBKO C JIpDyTUM 3HadeHneM Kodddumnmenrta K B BbI-
paxenun (4). Takum 06pazom, B 00IIEM CJIydae TOT
YUCTO 3JIEKTPOHHBIH MEXaHW3M HABEIEHWUS 3JIEKTPOH-
HOH MOJIAPU3AIUN OIIPE/CJICHHON MArHUTHOW TEKCTY-
poii MoxeT ObITh BechbMa 3HaduTesnbHbIM. (Ha camom
JleJie BKJIAJI MCKAYKEHWI PENIETKH B 9TOM CJIy4ae IpU-
BOJIUT K TAKOMY K€ BBIPAXKEHUIO JIJIs MOJISIPUBAIUH C
TOM K€ 3aBUCUMOCTBIO OT CIIMHOBOI CTPYKTYpHI [39)].)

JlocTaTouHO UHTEPECHO, UTO B TAKOW K€ CUTYAIUN
JIUIsI HEKOTOPBIX CIIMHOBBIX TEKCTYDP B TPEYTrOJbHUKAX
MOI'YT TAKKE BO3HUKATH CHOHTAHHBIE KPYT'OBBIE TOKHU C
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COOTBETCTBYIOMIUM OPOUTAIHHBIM MOMEHTOM. DTH TOKH
CYIIECTBYIOT /IS HEKOMIIAHAPHBIX CIIMHOB U OIPEJIe-
JIAIOTCS BhIpazkeHueM [38]:

j123 = OH(123), (5)

rIe K — CKaJidpHasd CIIMHOBad KHUPaJIbHOCTHb

/Q(123) = Sl . (SQ X Sg) (6)

3aecy Koapdumuent C' B HEBBIPOXKIEHHON MOIEN
Xabbapna pasen C = 24et3/hU?. Taxum obpasom,
HEKOMIIJIAHADHAsT CIUHOBAsI TEKCTypa MPUBEJIET K TI0-
SIBJIEHUIO HE TOJBKO (DUKTUBHOTO MATHUTHOTO TIOJIST OT
dazer Beppu [40], HO Tak:Ke U peabHBIX OPOUTAILHBIX
TOKOB ¥ OPOUTAJILHBIX MOMEHTOB, IPOTIOPITHOHATBHBIX
CKaJIIpHOiT crnimHoBOil KupansHoctu (6). Hanee GymyT
[IPUBE/IEHBI TPUMEPHI 9TOr0 3P deKTa.

Qusnyeckne MeXaHU3MbI, OINUCAHHBIE B 3TOM U
IPEeIBLIYINAX Pa3/esax, MOIYT OBITh HCIOJb30BAHBI
JIJIsE TIPEJICKA3aHNS WU OObsICHEHUS HE TOJIBKO HEKO-
TOPBIX CBOMCTB MyJIbTH(MOEPPOUKOB, HO TAKXKE siBJIe-
HUI, CBA3AHHBIX CO B3aUMOJEHCTBUEM 3JIEKTPUICCKUX
¥ MarHUTHBIX CTEIeHedl CBODOJBI B JPYIUX CIIydasiX.
D10 OyzeT 00CYKIATHCS B CIEAYIOMNUX Pa3Iesiax.

4. JUTIOJIT HA MOHOIIOJIfAX B
CIIMHOBOM JIBAE

B HexkoropbIX (DpyCTPUPOBAHHBIX cHCTEMaX (Tak
HA3bIBAEMOM CIIMHOBOM JIbJle) ObLIO HEJABHO OOHAPY-
JKEHO OYeHb HHTEPECHOe sIBJIeHHE OOpPA30BaHUS BO3-
Oy>xaeHnit, 06IaIAI0NMX CBOMCTBAMI MArHUTHBIX MO-
Homouteit [41,42]. TTocte TEOPETUIECKOTO IPEJICKA3AHNUST
TAKUX MOHOIOJIEH OHU ObLIN OOHADYKEHBI M IIHPOKO
U3yUYeHBl SKCIIEPIMEHTAJIBHO (CM., Hanpumep, [43—45]).
Tlomo6mHbIe MOHOTIONMM OBLIM BIEPBBIE MPEACKA3AHBI U
HaOJIIO/IAJINCh B CIIMHOBOM JIbJle HA IUPOXJIOPHOM pe-
merke DysTisO7, cocrosimeil u3 TeTpasipoB ¢ U3UH-
FOBCKUMH MAIHUTHBIMA HOHaMHU (B JAHHOM CJIydae
JUICIIPO3UsI) B BEPIIMHAX, MATHUTHBIE MOMEHTHI KOTO-
PBIX HAIPABJIEHBI K IIEHTDPY HJIM OT IEHTPa TeTPadi-
poB (puc. 3). OBBIYHOE OCHOBHOE COCTOSIHHE CIIMHOBOIO
JIbJIa COOTBETCTBYeT KOoHpurypamuu (2-in)—(2-out) (B
KazKJIOM TETPas/Ipe J[Ba MOMEHTa HAIIPABJIEHbI BHYTPb,
JIBa HADY?KY); TaKOe PACIpeJIeJIeHIe CIMHOB HE SIBJIs-
€TCsl €JIMHCTBEHHBIM U OKa3bIBACTCA CHJIBHO (PPyCTPH-
poanHbIM. KoHbuUrypamnuss MOHOIOJS, KOTOpast st
OOBIMHOrO CIHHOBOIO JIbJA SIBJISIETCH BO30YIKICHHBIM
COCTOSIHHEM IIPU KOHEYHON TeMIEpaType, HO TaKKe
MOXKeT ObITh CTAOUIN3UPOBAHA BHEITHUM MAIHUTHBIM
[oJIeM, COOTBETCTBYeT cocTosiHmio (3-in)—(1-out) (Mo-
HOIIOJIIO (i C MAUHUTHBIM 3apsAJOM BHYTPH TETPAdJi-
pa +2Q, rue KaXKIplil CIUH NIPeJCTaBIIsIeTCs] B BHJE
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Puc. 3. Bo3HnKHOBEHNE 3N1EKTPUHECKIX AUNoei (KupHble 3e-

NeHble CTpenkn) ansi MoHononeli (a) n anTumonononeii (6)

Ha TeTpasApax C NOHAMU METAIOB B BEPLUNHAX, U3 KOTOPbIX

obpa3oBaHa NMPOXNOPHAs PeLIeTKa C COCTOSIHNEM CMUHOBOrO

Nbja. 34eck U fanee MOHOMONMN N306paXKeHbl PO30BbLIM, a aH-
TUMOHOMOAN ronybLIM LBETOM

napbl MArHUTHBIX 3apsaoB (+Q), —Q))), Win COCTOSAHUIO
(1-in)—(3-out) (arTHMOHOIOMO [i ¢ 3apsigoM —2@Q)). Ta-
KUe MOHOIIOJU U AHTUMOHOIIOJM MOTYT [EePEeMeIaThCst
B CIIMHOBOM JIbJIE HA TIMPOXJIOPHOM PEIeTKe 38 CUeT Ie-
PEBOpAYMBAHUS HEKOTOPBIX CIIMHOB, OCTABJISAS CJIC, U3
[IEPEBEPHYTHIX CIIMHOB, HO BCJIEJICTBUE TIPUCYIIETO CO-
CTOSTHUIO CIIMHOBOT'O JibJia CIIMHOBOTO Gecropsijika, Ta-
KHU€ CTPYHBbI HE O0JIQJAIOT YKECTKOCTHIO (JHeprus He
pacreT JIMHEHHO C JJIMHOU CTPYHBI, KaK B Cjydae CO-
CTOSIHUSA C JAJBHUM IIOPSIJIKOM), T.€. MEXKJy TaKUMU
00LEKTAMH OTCYTCTBYET HMPHUTSAMKEHHUE, [TOITOMY MOHO-
[OJIM U aHTUMOHOIIOJU MOIYT CYIIECTBOBATH B KPHC-
TaJlIe KaK HE3aBUCUMbIE BO30Y XK ICHMUSI.

OTO OTHOCUTCA K MATHUTHBIM CTEIEHSIM CBOOOJIBI
B Takmx cucreMax. OJHAKO B paMKax MOJXOJa, OIU-
CAHHOTO B IIPEJIBLIYINEM pasjielie [cM. Bbipaxkenue (4)],
MOYKHO TI0OKa3aTh, 9TO B 3TOM CJIYYae C KayKJbIM Mar-
HUTHBIM MOHOTIOJIEM OYJIET CBSI3aH JJIEKTPUIECKUIT -
nosb [46]. deiicrBuresnsHo, U3 BbIpaykeHust (4) cire-
JIyeT, 9TO JjIsi OOBIYHBIX COCTOSIHUI CIIMHOBOTO JIbJIA
(2-in)—(2-out) [a Takcke gus cocrogmmit (4-in) WM
(4-out)] cyMMapHBIN JUOOIBHBIT MOMEHT OTCYTCTBYET.
Ho u3 31010 Ke BhIpaxkeHusl Cpasy BHUIHO, 9TO B MO-
HOTIOJISIX U AHTUMOHOIIOJISIX OyJIeT HEHYJIEBOMH 31K TPH-
YECKMil JUIOJIBHBIE MOMEHT (KUpHAsl 3ejIeHas CTPe-
Ka), HAIIPABJICHHBIA B CTOPOHY <«BBLIEJIEHHOIO» CIIMHA
(kpacHas CTpeJIKa Ha PUC. 3 — CIUH HAPYKY B MOHO-
oJjie, cuuH BHyTpb B anTuMononose). (IlockonbKy BbI-
paxenue (4) sABJIAETCA Y€THBIM IO CIIUMHAM, IIEPEBOPOT
BCEX CIIMHOB TPH TEPEXOJe OT MOHOMOJA K AHTUMOHO-
[IOJII0 HE MEHsIeT HalpaBJjeHue aunojis.) Takue 3j1eKT-
PUYECKHE JIUIIOJU HA KAXKJIOM MAHUTHOM MOHOIIOJNE B
OOBIYHOM CITMHOBOM JIbJI€ OKA3bIBAIOTCS CJIy YafiHbIMU 1
JIMHAMUIECKAMA ¥ BHOCST JIOTIOJHATEIHHYIO 3JIEKTPU-
YECKYIO AKTUBHOCTD B COCTOSTHUE ¢ MOHOTIOIAME. Takue
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Puc. 4. BosHukHoBeHMe SNEKTPUYHECKOro Annons Ha MarHuT-
HOM TPEYrosibHUKe, N3 KOTOpbIX O6pa3OBaHbI KaromMme-cnctemsbl
C COCTOAHMUEM CMUHOBOIO NbAda

Puc. 5. CnonTaHHbIli Tok (TOHKasi Kpyrosasi CTpesika) u

COOTBETCTBYIOWNIA OpbuTanbHbIli MOMeHT (xupHas ronybas

CTpesika) Ha MarHMTHOM MOHOMOJE B MMPOXJIOPHOM CHOBOM

abge. MNMockonbky BoipaxkeHune (6) HEYETHO MO CAMHAM, TOKM 1

opbuTanbHble MOMEHTbI B MOHOMOASX U aHTUMOHOMONSAX Ha-

npaBieHbl B pa3Hble CTOPOHbI, B OT/INYME OT S1EKTPUHECKMX
aunnonei

JUUIIONIE ¥ VX CJIEZCTBHs JAeHCTBUTEILHO HAGIIONAIINCH
skcrepuMenTaibao B DysTisO7 u TheTinO7 [47,48]. B
cuibHOM MarauTHOM mosie H || [111] Ha kaxkgom y3ie
CIIMHOBOTO JIbJA HOSIBJIAIOTCH YOS I0UeHHbIE MOHOIIO-
JM ¥ AHTUMOHONOJIM, ¥, COOTBETCTBEHHO, JHIOJBHBIE
MOMEHTBI Ha KasKJIOM TeTPaspe OylyT ynopsaI09cHbI
AHTHCETHETOIIEKTPIIECKNM 00pasom [46].

Amnayornanbiii 3¢ deKT JT0KEH CYIecTBOBATh U B
CIIMHOBOM JIbJIe Ha pemierke karome (puc. 4). B orimane
OT THMPOXJIOPOB, 3/1eCh MOHONOJbHAs [(2-in)—(1-out)]
i aHTUMOHONONIbHAS [(1-in)—(2-out)| Kordurypamnuu
CYIIECTBYIOT HA KaXKJOM TPEYIOJIbHUKE y’Ke B OCHOB-
HOM cocrosiHuu. llosromy u3 ypasuenust (4) ciemy-
€T, 9TO Ha KaXKJOM TPEyroJbHUKE CYIIECTBYIOT JIEeK-
TPUIECKUE JUTON. B peasbHOM OCHOBHOM COCTOSTHUR
CIIMHOBOTO JIbJIa CIHHOBBIE KOH(MDUIYDPAIUH, TO €CTh B
JIAHHOM CJIy9ae MOHOIIOJIM U AHTHMOHOIIOJIN, SIBJISIFOT-
Csl CITydaifHBIMU, TTOITOMY CBA3AHHBIC ¢ HUMH JIUIIOJIHA
TaKzKe OyayT caydaiiHbMu U DIIYKTYyHPYOIIMH.

C nomornpio ypasrenuii (5), (6) MOXKHO HOKa3aTh,
9TO HA MAIHUTHBIX MOHOIOJISIX B MTUPOXJIOPHOM CHMHO-
BOM JIbJI¢ TAKXKE CYIIECTBYIOT CHOHTAHHBIE TOKH U Op-
OuTanbHbIe MOMEHTHI (puc. 5). B cocrognuu cnimnosoro
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JIbJa ¢ BO30YKIECHHBIMU MOHOIIOJISIMA OHU SIBJISIFOTCSI
citydaiinbiMu 1 auHamudeckumu. [Crieflyer OTMEeTHTD,
9TO B OTJIMYWE OT JIAIIOJIEH, TOKH TaK¥Ke CYyIIeCTBY-
IOT B TETPa’dApax ¢ OOBITHON CIUHOBOM KOHMUTYpalueit

(2-in)—(2-out)].

5. DPATMEHTUPOBAHHBIII MOMEHT "
JIATIOJIU

VHTepecHBIM TOBOPOTOM B 3TOH HCTOPUH SBJISET-
csl CIIeJIaHHOE HEJIABHO Hpejnosioxkenue [49] o Towm,
YTO B CHHMHOBOM JIbJIE MOKET CyIECTBOBATH HOBOE CO-
crogHre ¢ (PpParMeHTUPOBAHHLIMU CIMHAMU HJIA Mar-
HUTHBLIMHA MOMEHTaMH. JTa njes OCHOBaHA Ha Pa3yio-
sKenuu [elbMroJyiblia HaMarHHYeHHOCTH Ha OGe3Buxpe-
BYIO 1 6€3MBEPreHTHY 0 KOMIIOHEHTEI, TIepBas U3 KOTO-
PBEIX (DAKTHYIECKH ONUCLIBAET PACIIpeieIeHne MAaTHIT-
HBIX MOHOIOJICH — UCTOYHUKOB MArHATHOTO IO B CH-
creMme.

M(r) =M + Miee = —Vp+curlA, (7)

rie p(r) — IIOTHOCTb MAUHUTHBIX 3apsijIoB («MOHOIO-
Jieii» ), & BTOpOE cjiaraeMoe IpeicTaBisger coboii Ge3-

mono

JINBEPTEHTHYIO YaCTh HAMAIHUIEHHOCTH, COOTBETCTRY-
OILY IO UCXOIHON KOH(DUTYPAIIUHN CIIAHOBOTO JIbJIA C CO-
crogiaueM (2-in)—(2-out) ¢ HyJIEBBIM MOJHBIM MATHAT-
HBIM 3apsiIoM Ha Kaxkgom terpasipe. (Ecrecrsento,
pazsioxkenue (7) He IPOTUBOPEYUT ypaBHeHusM Makc-
Besuta, B yactrHoctu div B = 0, rak kak B = H+47M
n div H = —4ndiv M, cwm., Hanpumep, pabory [50].)
IIpu sToM HamboJsiee WHTEPECHOH OCODEHHOCTHIO SIB-
JISIeTCsSI BOSMOYKHOCTD CYIIECTBOBAHUS HETPUBUAIBHO-
r0 YaCTUYHO YHOPSJIOYEHHOIO COCTOAHUS, B KOTOPOM
MOHOIIOJIA U @HTUMOHOTIIOJIA CYIIECTBYIOT U TIOJIHOCTHIO
YIIOPSIZIOYEHBI B OCHOBHOM COCTOSTHUH, TOTJIA KAK CAMU
CIIMHBI TIO-IIPEKHEMY PA3yNOPAI0IeHbl (M. puc. 6 mis
CIIMHOBOTO JIbJIa HA PEIIeTKE Karome ¢ (pparMeHTupo-
BaHHbIMU MOMeHTaMHE [51,52]).

BosHukaer BOIpoc, 9TO CTAHET C JUIMOJIBHOM 3JIEKT-
PUYECKO# aKTUBHOCTBIO B TAKOM COCTOAHMU. MOKHO
[OKa3aTh [53], 9T0 B TAKUX COCTOSHUAX JUIIOJNU BYIyT
[O-TIPE’KHEMY CYIECTBOBAThH, HO HE B CBODOIHOM BU-
Jie, a Beerjia oobeuHenHbiMu B napsl (d, —d) (puc. 6).
Takum obpa3oMm, TEpexoj B COCTOAHWE C (parmMeH-
TUPOBAHHBIMA MOMEHTAMU TPUBOJAT K YMEHBITIECHUIO
JIEKTPUIECKON AKTUBHOCTHU, HAIIPUMED, MUKDPOBOJHO-
BOro norsiomenust. CIIOHTAHHBIE TOKU W COOTBETCTBYIO-
e OpOUTATBHBIE MOMEHTHI HA, MOHOTIOJISIX TAKKE 00~
eJIMHSIIOTCs, B IaHHOM cityuae B mapsbl (L, L) ¢ mapas-
JIeJIbHBIMEA OpOuTa bHbIME MOMeHTaMu L [53].

CyirecTBeHHOIT 0COOEHHOCTBIO COCTOSIHUS C (bpar-
MEHTHPOBAHHBLIMA MOMEHTAMHU B CIIMHOBOM JIbJIE SABJISI-
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Puc. 6. CnuHoBbIi nef Ha pelueTke Karome C parMeHTu-

poBaHHbIM MoMeHTOM. B cnuHosom sbfe Ha nupoxsiopHoii

peLLETKe TaKOE COCTOsIHME BLIFASAUT aHanorudvo [49, 53].

DNeKTpUYecKue LUNOAN TaKXKe NOKasaHbl XKUPHLIMI 3e/eHbl-
MU CTpenkamu

€TCe COCYIIEeCTBOBAHUE B OJHON CIIMHOBOHI cUCTEeMe KaK
YTOPSIIOUEHHBIX (MOHOIIONN ), TAK W HEYOPSIOTEHHBIX
(camu cimabl) KoMIToHeHT. CTOJIb HeOOBIYHAS CUTY Al
OIpeieIsieT TaK¥Ke HeOOLIYHbIE CBOMCTBA J1e(PEKTOB U
JIOMEHHBIX TPAHWI] B 9TUX CUCTeMax. B jioboM ymopsi-
JIOYEHHOM COCTOSTHUU HEOOXOJMMO yUIUTHIBATH JedeK-
ThI WM BO30YXKIEHWs, HAPYIIAIOIINE WUIeATbHBIN 0~
PSIZIOK, & TaKyKe BOSHUKHOBEHUE JIOMEHOB U JOMEHHBIX
creHOK [54]. B maHHOM CciIydae MOXKHO TakKiKe CO3.a-
BaTh TOYEUYHBIE IeDEKTHl PA3HBIX THUIIOB, HAIIPUMED,
«0OpaTHBIIT» MOHOIIOJIB, T. €. 3aMEHATh AHTUMOHOIIO/Ih
Ha MOHOTIIOJIb, WU BO3OYXKIEHUS HOBOTO THUIIA, TAKHE
KaK COCTOSIHUE C TPEMsl CIMHAMHU BHYTDb (<«CyIepMO-
HOTIOJIb» C MArHUTHBIM 3apsi/ioM 3() BHyTPU TPEYTOJIb-
HUKA) B CIIMHOBOM JIbJle Ha DeIIeTKe KaroMe, B KOTO-
POM Ha KayKJIOM TPEyTOJbHUKE €CTh MOHOIOJA U aH-
Tumononou (¢ 3apagamu Q) B yIOPAJOIEHHOM CO-
CTOSTHUY C (pparMeHTUPOBAHHBIMYI MOMeHTaMu. MoxKHO
TakzKe (HOpMUPOBATH JOMEHHBIE CTEHKHU B JBYXIIOIpE-
HIETOYHOM YIOPSIJIOYEHHOM COCTOSTHUN (i — i (TaKue Kak
JIOMEHHBIE CTeHKHU B anTudeppomarteruke). [lpu srom
BCe TO/I00HBIE 1e(PEKTHI U TEKCTYPhI COCYITECTBYIOT
C COXPaHUBIIAMCS CIMHOBBIM OeCIOpsIIKOM!

Mo2KHO TOKa3aTh, YTO TaKue J1eEeKThl WU JTOMEH-
Hble CTEHKU TaKXKe MOI'YT H3MEHSTb 3JIEKTPUIECKUE
cBoiicTBa. Ha mepBbIil B3I MOXKET MOKA3AThCSA, ITO
KaXKJIbIii Takoil 1epeKT IPUBOAUT K 0OPA30BAHUIO CBO-
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Puc. 7. 3ﬂeKTpI/I‘-IeCKI/Ie ANNOJaIN Ha p,ed)eKTax B COCTOAHUWN CNNHOBOINO Nbda C d)paFMeHTI/IpOBaHHI:IMI/I MOMEHTaMN Ha peELUETKE

Karome (B nupoxsopax cuTyauusi aHanorndHa) [53]. @ — Tunuynas cuTyauust ans aedeKToB U JOMEHHbIX CTEHOK: BUAHO, YTO

KakK MUHUMYM B OOHOM U3 ABYX COCEAHWUX TPEYrosibHNKOB C MOHOMONAMU UMEETCA Hel'laprlﬁ annonb. 60— <<Cy|'|epMOHOI'|OJ'II:-

HbIA» p,ed)eKT (TpeyFOHbHVIK C TPEMA CNUHaMK BHypr). I'IyTeM NeEPECTAaHOBKN CMNUHOB MOXHO y6paTb HeénapHble agunnonun. 6 —

O6pasoBaH|/|e HEMNapHbIX ,D,I/II'IOJ'Ieﬁ npun 3aMe€He aHTUMOHONONSA Ha MOHONONb. 2 — Op,I/IH n3 Tnnoe p,OMeHHOI7| CTEHKN B COCTOAHNN

C ynopsaao4€HHbIMN MOHOMONAMM, Ha KOTOpOI7I BO3HMKAIOT HEMAPHbIE ANNONN

OOHBIX JIAITIOJIEH: B COCTOSTHUU C (bPArMEHTUPOBAHHBI-
ME MOMEHTaMU JIoJu 06 beausiioresd B napsl (d, —d),
J1eeKThl YIAJISIOT U3 Mapbl OJWH JIUIOJb, & BTOPOM
ocraercs HenapubiM. Ho Ha caMoMm Jieste 9To He BCeria
rak. Hanpumep, «CyIepMOHOIOJbY (COCTOSHUE C TPe-
M3l CIIMHAMY BHYTPB Ha TPEYTOJILHUKE B CIIMHOBOM JIbJIE
Ha peleTKe KaroMe Min ¢ YeThIPbMsl CIIMHAME BHYTDb
HA TeTPad/pe B IIUPOXJIOPE) HE MOXKET CO3JATh TAKUe
CBODO/IHBIE JTUITOIN: UCIOJIB3Ys OCTABIIYIOCS CBODOITY
CIIMHOB, MOYKHO «IIEPECTABUTH» UX TAKUM 00Pa30M, 4TO
CBODOIHBIE JTUIIOJIN MCYe3ar0T, cM. puc. 76. Ho napyrue
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TUIBI JeeKTOB, HAIIPUMED 3aMeHa [, Ha [, 00sS3aTe b
HO IIPUBOJAT K 06pa30BaHUIO HENAPHBIX jurosieil (1a-
JKe Cpa3y TpexX B CIMHOBOM JIbJle Ha PeIeTKe Karome,
puc. 76, U YeTbIpex B IHUPOXJIOpax). THUIUYHAS KOH-
duryparnus Takux J1edeKToB IpecTaBjsgeT codoii mapy
COCeTHUX MOHOIIOJIEH, cM. puc. 7a. Buamo, 94To B TakoM
clydae JIOJPKeH BO3HUKHYTH XOTsi Obl OJIMH HelmapHBIi
JIUIIOJIb, 9TO IPUBOJUT K IMOSIBJICHUIO HEITAPHBIX JIUIO-
Jsteit Ha nedekre, m3006parkeHHOM Ha puc. 76. Henapubie
JIMIIOJIN MOT'YT TAKZK€ BO3HUKATH HA JIOMEHHBIX CTEHKAX
Pa3JIMYHOrO THUIIA, CM., HAIIPUMED, pUC. 72. BeposiTHO,
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9TO MOXKHO HCHOJIb30BaTh JjIs yIIPpaBJIEHUS, OPUEHTH-
POBaHUSA U TEPEMEIEHNsT TAKUX J1ePEKTOB UM JOMEH-
HBIX CTEHOK C ITOMOIIBIO (HEOTHOPOHOTO) SJIEKTPUIE-
CKOI'O II0JISI, 9TO IOTEHIIHAJIBHO MOXKET OBITH II0JIE3HO
TJIST HEKOTOPBIX TPUJIOYKEHUIH.

6. JNUIIOJIN 1 MATHUTHBIE TEKCTYPHI B
OBBIYHBIX MATHETUKAX: JOMEHHBIE
CTEHKHN, CKUPMMOHHI 1 T. .

[Tpu paccmoTpernn MyIbTHMOEPPOUKOB MbI BUJIEJIH,
9TO B OIPEJIEJIEHHBIX CIIMHOBBIX KOH(UIYpPAINIX, Ha-
[IpUMep, MUKJIOUIHBIX, JOJIZKHBI BOSHUKATH 3JIEKTPUYIe-
CKUe JIATIOJIN WU Tojigpu3arus, cM. puc. 1la. Ho Takas
JKe JIOKaJIbHAS CIIMHOBAsT KOH(MUTYPAIHsT MOXKET CyTIe-
CTBOBaTh BO MHOTHX JIPYTHWX CUTYAIWsAX, HAIIPUMED, B
JIOMEHHBIX CTEHKaX HEEJIEBCKOI'O THUIIA B OOBIYHBIX (hep-
pomarserukax (cM. puc. 8). MarauTHyIo crpyKTypa Ta-
KOI JIOMEHHOII CTEHKN MOKHO IIPEJCTAaBUThH B BUJIE Ya-
CTH [UKJIOUJIBI, T. €. COIVIACHO Bbhipazkenuio (1) ona Tax-
JKe JIOJKHA MMETh OTJIMYHYIO OT HYJIsl 9JIEKTPUIECKYTO
nosstpusaimio [35]. CiemoBaTeslbHO, MOKHO TIOyMATh
O BO3JIEHCTBUU HA TaKWe JOMEHHbIE CTEHKU 3JIEKTPU-
YEeCKHM IIOJIeM, UTO OBLIO IpeiyIoKeHo B pabore [14].
Takast ke ujiest BOSHUKJIA paHee Y TPYIIbl aBTOPOB U3
MOCKOBCKOTO YHUBEPCUTETA, KOTOPBIE MPOBEJIU COOT-
BETCTBYIOIIME SKCIepuMeHThl [55]. Vcnonb3yst muileHKn
OOBITHOTO MATHUTHOTO TpaHaTa, XOpoIrero ¢gpeppomar-
HUTHOTO M30JIATOPA ¢ TeMIepaTypoii T, BbIllle KOMHAT-
HOM, aBTOpaM 3TOil pabOTHI yIAAJI0Ch HAOJIIOIATH JIBU-
JKEHUE HEeEeJEeBCKUX JIOMEHHBIX CTEHOK IIPU IMPUJIOXKE-
HUU K 00pa3sily HEOIHOPOIHOTO SJIEKTPUIECKOTO IOJIS,
IIPOCTO CO3JABAEMOT0 UMITYJIbCOM HAIPSI2KEHUST B 3a-
OCTPEHHOI MEJIHOI MTPOBOJIOKE, PACIIOJIOXKEHHOH BOJIU-
31 TUIeHKH (cM. puc. 9): 3JIeKTpUYIecKne U0, CyIIe-
CTBYIOIIME Ha HEEeJIEBCKUX JIOMEHHBIX CTEHKAX, [IPUTS-
CUBAJINCh B 00JIACTH 00JIee CHIIBHOTO JIEKTPUUIECKOTO
moJist BOJIM3M OCTpUsL. DTOT HAEHHO MPOCTON, HO Kpa-
CUBBII SKCIIEPUMEHT TOTBEPXKIAET OCHOBHBIE (DU3U-
JecKue WJIeU, BIepBble pa3pabOTaHHBIE TIPU U3y JIEHUN
MYJIBTH(MEPPOUKOB, 9TO TEIePb MOXKET OBITH UCIIOH30-
BAHO BO MHOTHX JIPYTUX CIIydasiX.

Ha ocuoBe Tex ke pU3MIECKUX TPUHIUIIOB B3au-
MOCBSI3W MATHUTHBIX U JIEKTPUIECKUX CTEIEHel CBO-
6016l B HEKOTOPBIX MATHUTHBIX TEKCTYPAX MOXKHO TaK-
Ke OODbSICHATH SKCIEPUMEHT [0 CO3JIAHUIO CIMPAJTh-
HBIX MArHUTHBIX CTPYKTYP B TOHKUX MATHUTHBIX CJIO-
sIX HA TIOBEPXHOCTH HEMArHUTHBIX METAJIOB. Bbiio 06-
Hapy2KEHO, YTO MAarHUTHAsI CTPYKTypa MOHOCJIOSI Map-
raHIa HA TOBEPXHOCTH BOJb(paMa OKA3BIBAETCS K-
JIOUZAJIBHON BMECTO OXKUAaeMoll KoJauHeapHOR [56].
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Puc. 8. DnekTpnyeckme unonu Ha HeeNeBCKON AOMEHHOM
cTeHke B dheppoMarHeTuke

Puc. 9. Cxema akcnepumenTa n3 pabotsl [55], nokasbisatoLe-

o ABMXXEHNE AOMEHHOIi CTEHKM HEENEBCKOro TNa B 0BbIYHOM

chbeppoMarHNTHOM AM3NEKTPUKE MPU MPUNOKEHNN MMAYAbCA

HaMPsXKEHMS, CO3AAIOLLErO HEOJHOPOAHOE NEKTPUHECKOE Mo-

ne B obpasue. KpacHbiMi cTpesikamn nokasaHbl CWHBbI, KUp-

HbIE 3eEHbIE CTPENKN — SEKTPUYECKME ANNOAMN HA AOMEHHOV
cTeHke

Oror apderr Gbur 06bsicHen B pabore [57] B pam-
KaX MHUKPOCKOIIMYECKOI'O IIO/IXO/Ia C YYeTOM B3aMMO-
netictBus Jzsanomunckoro—Mopust, KOTOpoe JTOJ?KHO
[IPUCYTCTBOBATDH Ha IMOBEPXHOCTU, KOTOPasl, ECTECTBEH-
HO, Hapymaer uHBepcuio. OJHAKO KAYeCTBEHHO ITOT
3bdPEKT 0UeHb TPOCTO OOBICHAETCS 3a CIET TOTO Ke
MeXaHU3Ma, YTO U BO3SHUKHOBEHUE IJIEKTPUIECKON 110~
JISIPUBAIAN B IIUKJIOUIAIBHBIX CTPYKTypax. Kak moka-
3aHO Ha PUC. la, IUKIONJAIbHAA CTPYKTYPa IPHUBOIAT
K BO3HUKHOBEHWIO 3JIEKTPUYECKON IOJISpU3aInuu, Ha-
[IPABJIEHHO B IIJIOCKOCTY ITUKJIOUIBI TIEPIIEH IUK YIS PHO
ee nanpasiennio. OOpaTHO, eCJId B CHCTEME CYIIeCTBY-
eT COOCTBEHHAs MOJIAPU3AINS WU COOCTBEHHOE JIEK-
TPUYECKOE I0JIe, 3TO MPUBOJUAT K OOPA3OBAHUIO IUK-
JIOUTAJbHOM MATHUTHONW CTPYKTYpPBI. Takoe 3eKTpu-
9ecKoe ITI0JIe BCErja CYIIECTBYET HA IIOBEPXHOCTH Me-
TaJlJIa U3-3a JBONHOIO CJIOsl WK Ieperajia MOTeHIua-
ja (paborbl Boixoa). I109TOMy MOXKHO OXKHIATDH, YTO
BMECTO KOJIJIMHEAPHON MArHUTHON CTPYKTYPBI B 9TOM
clydyae BO3HUKHET IUKJIOUIAJbHASI CTPYKTYPa C OIpe-
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Puc. 10. dnekTtpuyeckue gunonu Ha ckupmuornax. CHutaeTcs, 4To B obbeMe CNnHbI HanpaBfieHbl BBEPX, @ B LLEHTPE CKUPMUOHA

BHU3. Mo Mepe NpubanKeHNsi K LEHTPY CNnHbI (KPacHblE CTPEKN) NOBOPAHMBAIOTCS TaKUM 0BPasoM, HTO Ha HEKOTOPOIi «Cpea-

Heli» OKPY>KHOCTN OKa3blBAlOTCS B MJIOCKOCTU ZY: a — BIOXOBCKNIA CKMPMUOH, 6 — HeeneBckuli ckupmuoH. M3 Beipaxerns (1)
cnepyert, 4To B 0bOUX ClyHasx BO3HUKAIOT pajuasbHble dNeKTPUYeckme Aunonn (KUpHbIE 3eeHble CTPenKu)

JIeJICHHBIM HAIIPABJICHUEM BDAINEHUs CIUHOB. VIMeHHo
9T0 HabJII0aI0Ch B padore [56]. Takoe BparieHne cin-
HAa CBSA3aHO C IPOWCPHIIEM B SHEPLAU AHU30TDPOINH,
IIO3TOMY CJIMIIKOM CUJIbHASA aHU30TPOIUsI, HAIIPUMED,
JIEMKOILJIOCKOCTHAsI (KOTOPas 9aCTO UMeeT MECTO B Mar-
HUTHBIX [LJIEHKAX ) MOXKET IIOJABJIATH 00pa30BaHME UK~
sons. OHAKO €CIM AHU30TPOINA He CJUIIKOM CHJIbHA,
obpazoBaHMe MUKJIOW] CTAHOBUTCS BO3MOXKHBIM. [Tomu-
MO MarHUTHBIX CIUPAJIEH B IOJO0OHBIX CIydasX MOTYT
BOZHHMKATH MATHUTHbBIE CKUPMHUOHBI, KOTOPBIE HabJIIO-
JIAJINCh B JBOWHOM CJI0€ Kejre3a Ha upuaun [58].

Eme oaun maTepecusiit a¢pdekT HA OCHOBE TEX ¥Ke
bU3MIECKUX MIPUHIUATIOB ObLT OOHAPY2KEH MPU IPUJIO-
KEeHNU K CHCTeMe HEOTHOPOIHOTO 3JIEKTPUIECKOIO I10-
ssi. Ilo cyTu 9TOT 9KCIIEPUMEHT aHAJIOTUYEH OIUCAHHO-
My Bblire skcrepumenty rpynnsl MI'Y. B pa6ore [59]
(cM. Takxke [60]) Gburo OGHADY?KEHO, YTO CKHPMHO-
HBI MOYKHO CO3/1aBaTh IIPU IIOMOIIN UIVIbI TYHHEJIBHOIO
MHKPOCKOII& IO 3JIeKTPUYIECKIM HAIIPSI?KEHUEM, IPU-
9eM TOJIbKO Tpu ojHo# monsgpuoctu. Ilo Kpaiineit me-
p€é Ka4eCTBEHHO 3TO HAOJIIOJEHNE MOXKHO CHOBA O0bsIC-
HUTDH OIHMCAHHBIM BhIIIe dhusndeckuM mexanuzmom. Cy-
IIECTBYET JBa TUIAa CKUPMUOHOB: B OJTHUX CIIMHBI Bpa-
IAIOTCS KAaK B OJIOXOBCKUX JOMEHHBIX CTEHKAX, TAK ITO
B cepeIiTHE CKUPMUOHA OHU HAIIPABJIEHBI BJ/IOJIb OKPY K-
HOCTH, cM. puc. 10a, a B Apyrux — KakK B HeeJIeBC-
KX JIOMEHHBIX CT€HKaX, M TOTJa COUHBI Ha «CPeJTHEels
OKPYZKHOCTH HAIIpaBJIeHBI OT IEHTpa WM K IEHTDPY,
cM. puc. 106. Vcnonbsys Beipazkerne (1), MOXKHO 1o~
kazarh [61], 9TO B TAKUX TEKCTypax OY/yT NOSIBISITHCSI
JIOKAJIbHBIE IJIEKTPUIECKHUE JIUIOJN, IPUIeM B 000UX
cilydasx JUnoau OyyT HAIPABIEHBI PAIUAIBHO (3€-
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genpie crpesku Ha puc. 10). (st HeeseBCKUX CKUp-
MMOHOB TaKXKe JIOJ2KHA BO3HUKATH IIOJIHAS IIOJISIPU3a-
I¥sl, TIEPIEHNKYIISIPHAS IJIOCKOCTH CKUpMuoHa.) [Ipu
MIPUJIOYKEHNN HAINPSKEHNA K HAKOHETHUKY CO3JAETCS
HEOJTHOPO/IHOE 3JIeKTpuyecKoe mosie. Ero pajumasibHas
cocTaBJIsgOmast Oy/1eT B3amMO/IefiICTBOBATh C PaJinajlb-
HBIMU JIATIOJISIMA CKUPMHUOHOB 1, B 3aBUCAMOCTH OT TIO-
JIIPHOCTH, TPUBEIET JINOO K BBIUTPHIINLY, JUOO K IIPO-
urpbity B sHeprun. [losTomy aeficTBUTETHHO MOXKHO
OXKWJIATH, YTO I0JI€ OTHON MOJSPHOCTH CTAOUIH3UPYET
CKUPMMOHBI IIOJ] UIVIOH, a IT0JIe IPOTUBOIIOJIOXKHON I10-
JISPHOCTH MIPEMATCTBYET UX BOSHUKHOBEHUIO. DTa, [IPOC-
Tas KapTHHA MOXKET OObICHUTH SKCIEPUMEHTAJIHHOEe
Habosenne [58].

7. JUITIOJIN HA CIIMHOBBIX BOJIHAX

C HOMOIIBIO UCIOJIB30BAHHOTO B TIPEIBIIYINEM Pa3-
JieJie TMOJIX0/a MOYKHO TaK¥Ke MPEeJICKA3aTh HeTPUBUAb-
HbIit 3ddekT maxke Jjid OOBIYHBIX CIIMHOBBIX BOJIH B
deppomaraernkax. borosobos JaBHO 3a7aBaJjICA BO-
upocoMm [62], cymiecTByeT Jin Kakoii-HuOyb HETPUBHU-
AJIBHBIN dJ1eKTpraecKuii 3pdeKT, 00yCIOBIEHHBIN CIIU-
HoBbIME BostHAMU. OH aKTUIeCKH PACCMOTPEJ TO, YTO
T037Ke CTaJI0 M3BECTHO KaK MOJeab Xabbapia, u mpu-
MEHHUJI ee 10 TEOPUHU BO3MYIIEHUil, IIPEIBOCXUINASI, B
YACTHOCTH, TOPa3io 6oJiee TO3HIOI0 TPAKTOBKY CBED-
xobmena Awngepconom, I'yaenadom u apyrumu. Jlasiee
OH 33J1aJ1 BOIIPOC, MOT'YT JIU MAIHOHBI (€CJIM PACCMATDH-
BATh UX HE B YUCTO MATHUTHBIX MOJIEJISIX, & BEPHYTHCS
K [EePBOHAYAJILHOMY JIEKTPOHHOMY OIIMCAHUIO) HECTU
HEDOJIBINOH TEKTPUIECKHi 3aps/i. B HEKOTOPOM CMBbIC-
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Puc. 11. Bo3HUKHOBEHME 31EKTPUYECKOrO ANMNOJISt HA MarHoHe
B dbeppoMarHeTuke

Jle paccMoTpeHue B padore [38] mo ayxy HamommHaeT
3TOT cTapbiil moaxoa Boromobosa. Ero BeiBo oka3al-
Csl HECKOJIBKO JIBYCMBICJIEHHBIM: OH HE TIOJIyYUJI HUKA-
KOT'0 peajIbHOTO TOKA, IIEPEHOCHMOTO MarHOHAME, HO B
ero pesysbratax (PaKTUIECKU COJEPKAJNCH BbIParKe-
HUsI, SKBUBAJIEHTHBIE TOKAM M3-3a CIUHOBOU KUPAJIBHO-
cru. HejaBHO aHAJIOTMYHBIN BOIIPOC OBLI pACCMOTPEH B
pabote [63] 11T KOHKPETHOTO CIIydasi ¢ TOKAMHA CABUTA
B My/abTudEPpPOUKax. BbLIO Mo/yueno, 9To B ompese-
JIEHHBIX CUTYAIMSAX Ha MATHOHAX JIEHCTBUTEILHO MOy T
CYIIeCTBOBATH HETPUBHUAIbHBIE dIeKTpUIecKne 3pdek-
TBI.

Wcnonb3yst ommcaHHbIA BBIIIE [TOIX0/T, B YaCTHOCTH,
BoIpazkenue (1) it 3JeKTPUYIECKOli OJISIPU3AIAN CKO-
IMIEHHBIX CIIMHOB, MOYKHO IPUBECTH COOOPAYKEHUsI, ITO
OOBIYHBIE CIIMHOBBIE BOJIHBI, HAIIPUMED, B heppoMarHe-
THKaX OyayT 00JIaIaTh FJIEKTPUIECKON aKTUBHOCTHIO,
OJIHAKO OHU OYJIyT HECTH HE JIEKTPUIECKUI 3apsiy, a
ssekTpudeckue aumnonu [11]. B camom meste, KBa3ukiac-
CHYECKOe TIPEJICTABIeHNEe MArHOHA, MIHOBEHHBIN CHU-
MOK KOTOPOTO IOKa3aH Ha puc. 11, cocTout B TOM, 4TO
CITUHBI CJIENKA OTKJIOHEHBI OT HAIIPABJIEHUS CPE/IHEI Ha-
MarHU9YeHHOCTU 2z U IPEIeCCUPYIOT BOKPYT HEro, MpU-
9eM B CIHUHOBOW BOJIHE 9Ta CTPYKTYPa «JIBUKETCS» C
OTIPE/IETIEHHON CKOPOCTHIO.

Ecan mocMoTpeTs Ha CTPYKTYPY, H300parKeHHYIO Ha,
puc. 11, cpa3y CTaHOBUTCSH MHOHATHO, YTO B TO Bpe-
MsI KaK 2Z-KOMIIOHEHTa HAMATHUYEHHOCTH IOCTOSTHHA
(n st HeMHOTO MeHbIe My ay ), TePHEHIUKYIISPHBIE
ZY-KOMIIOHEHTHI HAMATHIYIEHHOCTH 00Pa3yioT B TOYHO-
CTH TaKyIo MUKJou Ty, Kak Ha puc. 1! [Tosromy u3 Toro
’Ke BbIparkeHus (1) MOXKHO OXKUJIATH HOABJICHUS JIEK-
TPUYECKUX JIUIOJIEH HA OOBIYHBIX CIIMHOBBIX BOJIHAX,
n300pakeHHbIx Ha puc. 11. Ecin co3aaTh makeT CrimHo-
BBIX BOJIH, TO [IPU JBUXKEHUN B 00pasiie oH OyJeT mnepe-
HOCUTH He TOJIbKO HAMAIHUYIEHHOCTH, HO U MEPIIEH/ U~
KYJSPHBIN JIEKTPUYIECKUN JTUIOb. TPYIHO TpeacTa-
BUTbH, KAKNE IKCIIEPUMEHTAJIbHBIE IIPOSBICHUS MOXKHO
OXKWJIATh OT HAJIMYMS TAKUX JUIOJIEH; BO3MOXKHO, OHU
MOTYT BHOCUTDH BKJIAJI, HAIIPUMED, B PAMaHOBCKOE Pac-
cestHUE CBETa HA MAarHOHAX 38 CUeT W3MEHEHWs [PABIII
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A

\/

Puc. 12. O6pasosaHne marHuTHOro moxonons (paguanbHo-

ro MarHUTHOrO NoJist) Ha 3apsifie B MarHuTO3eKTPUYECKOM

maTepuane (C HeHyNEBbIMU ANArOHabHBIMU KOMMOHEHTaMU
MarHUTO3IEKTPUHECKOrO TEH30pa (vij)

0TOOpa WJIM MOTYT IIPUBECTUA K HEKOTOPHIM JAPYTUM IO~
JOOHBIM 3 dheKrTam.

8. MOHOIIOJIN HA 3APAJAX B
MATHUTOSQJIEKTPIKAX

B npeapraymux pazgesax Mbl OOCYIUIN HECKOJIBKO
CJIy4aeB, B KOTOPBIX OIIPEJIeJIEHHbIE MAarHUTHBIE TEKC-
TYPBI IPUBOAAT K BO3HUKHOBEHUIO JIEKTPUIECKUX U~
nosieit wim TOKOB. OHAKO CyINECTBYeT W OOPATHBIH
3bPEKT: B HEKOTOPBIX CAYUAAX IJECKTPUICCKUE 3apsi-
JIbI MOT'YT BBI3BIBATH MArHUTHBII OTKJINK U, B YACTHOC-
TH, TPUBOIUTH K 0OPA30BAHUIO MATHUTHBIX MOHOIIOJIEM
[16,64]. 9To mpomcxoaUT B MArHUTO3IEKTpUKaX. Jefi-
CTBUTEJILHO, PACCMOTPUM MATrHUTOIEKTPHUK C JIAAro-
HAJBHBIM MarHUTOSJIEKTPUIECKAM TEH30POM Oyj. 3a-
psll, IMOMEIIEHHBIA B TaKOH MaTepuasl, CO3L4aeT pPajau-
AJIbHOE 3JIEKTPUYECKOE II0JIe, HO N3-33 MaIrHUTOJIEK-
TpUYIecKoro 3 deKTa TaKkKe MOSBUTCS HAMATHUYIEH-
HOCTh

M; = Z Q5 Ej .
J

(8)

B ciyuae mumaronasbHOrO MarHUTOIJIEKTPUIECKOTO
TEH30pa (v;; 9Ta HAMAIHUYEHHOCTb TaKXKe OKarKeTCsl
paguasibHOl u Oymer mmerh opmy djumnconga. 3
Toro ke pasnoxkenns [eapmrosbiia (7) BHAHO, 9TO
oHa Oymer uMmeTh GE3BUXDPEBYIO KOMIOHEHTY (cdepu-
YEeCKyH0 YaCTh MOMEHTOB, IIOKA3aHHYI0 Ha puc. 12),
n  0e3UBEPIeHTHYIO KOMIIOHEHTY KBaJIPYIOJbLHOTO
Buja. llepBasi KOMIIOHEHTa SKBHUBAJEHTHA HAJUIHIO
MAaTrHATHOTO MOHOIIOJISI HA MeCTe TPOOHOTO 3apsijia.
CyirecTBoBaHHEe TAKUX MOHOIOJIEH MOYXKET IPHBE-
CTH K PsiJly HETPUBHUAJIBHBIX MOCJIEJCTBUIl, B YaCTHO-
CTH JIJIsi TPAHCIOPTHBIX CBOMCTB Takux cucreM [64].
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Moxkuo Takxke 0OHAPYKUTH IKCIEPUMEHTAIHHO U3Me-
puMbie 3 DEKTHI ITyTeM PA3MEIIEHUN U [TePeIBUKEHIS
3apsIIOB HaJ[ TMOBEPXHOCTHIO TAKUX MATHUTOJIEKTPU-
KOB. 3epKaJIbHBIH 3apsiJl, CO3/1aBAEMbIii I[P STOM BHYT-
PY MATHUTO3JIEKTPUKA, IIPUBEIET K 0OPA30BAHUIO MAar-
HUTHOTO MOHOTIOJISI, MAIHUTHOE 0JIe KOTOPOT'o BHE 00-
pasia MOXKeT OBITh U3MEPEHO IKCIIepUMEHTAIbHO. Ta-
Kre U3MEepeHMsl, TOTBEP/IUBIINE TAHHYIO KAPTUHY, ObI-
JI BBILOJIHEHBI HEJIABHO B padore [17], coaBTopoM KO-
Topoit sBisgercd U. E. /I3anomunckmii.

B zakodenne MOXKHO CKa3aTh, YTO B Pa3JIUIHBIX
MATrHUTHBIX TEKCTypaxX JeHCTBUTEIHLHO CYyIIEeCTBYIOT
Pa3HOOOpPa3HblE U OYEHb HUHTEPECHBIE 3JIEKTPUYECKUE
3P PeKTh. DTO elme OJHO IPOSBICHHE HETPUBHUAJIb-
HOIO B3aUMOJICHCTBUSI MATHUTHBIX ¥ 3JIEKTPUIECKUX
crerneHeil CBOOOIALI B TBEPALIX TeJIaX, OTKPBITOIO
Jzsmomuuckum 6osee 50 j1eT HA3a], HO /10 CUX IIOD
MIPETIOHOCSIIEr0 BCE HOBBIE U HOBBIE CIOPIIPU3HI.

Baarogaproctu. ¢ GiaromapeH MHOrUM KOJLTE-
raMm, ¢ KOTOPBIMHU JOJITO€ BPeMs COTPYJIHUYAJT IO BO-
mpocaM, 00Cy2K/IaeMbIM B 3TOI cTaThe.
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In a linear magnetoelectric material, an applied
electric field induces a magnetization linearly propor-
tional to the field strength, and an applied magnetic
field induces a corresponding linear electric polariza-
tion. The first mention of the phenomenon, to our
knowledge, is in the original 1958 edition of the clas-
sic Electrodynamics of Continuous Media by Landau
and Lifshitz [1], with the brief statement that an effect
resulting from a linear relation between the magnetic
and electric fields in a substance is possible in princi-
ple. Soon after, Dzyaloshinskii proved using symmetry
arguments that the behavior should occur in chromia,
Cry0s3 [2]. This was then the material of choice for the
first experimental demonstration of the linear magne-
toelectric effect by Astrov [3].

A symmetry requirement for the existence of a lin-
ear magnetoelectric response is that both time-reversal,
T, and space-inversion, P, symmetries are broken. This
condition is the same as that for a non-zero magneto-
electric multipole tensor, M;; = [ r;u;(r)d®r, which
is the second order coefficient in the multipole expan-
sion of the energy of a spatially varying magnetization,
p(r), in a spatially varying magnetic field, H(r) [4-6]:
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Energy = — /u(r) -H(r)d®r
- /u(r) -H(0) d*r —

— /n,uj(r)(?lHJ(O) dB’I” — ...

(1)

Here, the expansion in powers of the field gradients is
calculated at some arbitrary reference point r = 0, and
i,7 are Cartesian directions with summation over re-
peated indices implied. The usual magnetic dipole mo-
ment, m = [ p(r)d®r appears in the first term of the
expansion of Eq. (1); the M;; tensor appears in the
second term. When appropriately normalized by the
volume in the case of bulk, periodic systems we will
call it the magnetoelectric multipolization, by analogy
with the magnetization or polarization. It provides a
bulk, thermodynamic quantity associated with “mag-
netoelectricness”, complementing the usual definition
of magnetoelectricity as a response function.

One scenario in which this thermodynamic aspect
manifests, which was pointed out by Dzyaloshinskii in
1992 [7], is in the power-law decay of the external mag-
netic field around an antiferromagnetic material with a
net non-zero magnetoelectric multipolization. Power-
law behavior is fundamentally different from the ex-
ponential field decay expected around a conventional
centro- or time-reversal symmetric antiferromagnet [7].
In the particular case of the prototypical magnetoelec-
tric CroOg, which is uniaxial and has non-zero magne-
toelectric multipolization below its Néel temperature,
Dzyaloshinskii showed that the external field should
have the angular form of a magnetic quadrupole. As in



MXKITPD, Tom 159, BrI. 4, 2021

Analogy between the magnetic dipole moment. ..

++
L+t

4C/em? [

-P uC/ cm?

Fig. 1. a) Surface charge associated with ferroelectric polarization, P.

1]

+MZZ uB/nm2
444444

TTTT 1y

Tr

lllll

+M 2z N’B/nm

ﬂ

H

b) Surface magnetic dipole moment associated with

magnetoelectric multipolization, M., which can be represented as the sum of a magnetoelectric monopole and 2z quadrupole.

The — signs, + signs and small black arrows on the surfaces indicate negative charge, positive charge and magnetic dipole

moments. The ferroelectric has negative charge on its lower surface and positive charge on its upper surface; the magnetoelectric
has positive magnetic dipole moments (pointing outwards from the sample) on both its upper and lower surfaces

the case of the original magnetoelectric response predic-
tion, this was subsequently confirmed by Astrov [8,9],
although the measured field strength was smaller in
magnitude than predicted. The intrinsic bulk nature
of the measured external field dependence was sub-
sequently questioned, however, when it was pointed
out that any antiferromagnet can in principle have a
surface magnetization that, depending on the sample
shape and choice of surface termination, could give rise
to a magnetic field [10]. The discussion was further
enriched by recent theoretical demonstrations that cer-
tain surfaces of a magnetoelectric antiferromagnet will
always have a surface magnetization [11] and associ-
ated external magnetic field [12] as a consequence of
the bulk magnetoelectric multipolization.

In this paper, we revisit Dzyaloshinskii’s pioneer-
ing work on the linear magnetoelectric effect in light
of the modern theory of ferroelectric polarization, and
approach the description of the surface magnetism of
magnetoelectric antiferromagnets by making a corre-
spondence with the surfaces of ferroelectrics. We show
that the surface magnetic dipole moment associated
with magnetoelectric materials is analogous to the
bound surface charge in ferroelectrics, in that it can
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be conveniently described in terms of the bulk magne-
toelectric multipolization that is analogous to the fer-
roelectric polarization. We define the intrinsic surface
magnetization to be this surface magnetic dipole mo-
ment per unit area, and provide a convenient recipe
for extracting it for any surface plane, from knowledge
of the bulk magnetic order. We demonstrate the pro-
cedure for the prototypical magnetoelectric material,
Cr303, in which Dzyaloshinskii first identified the lin-
ear magnetoelectric effect, and compare the value of the
intrinsic surface magnetization to recent experimental
measurements. Finally, we show that the description is
also relevant for non-magnetoelectric antiferromagnets,
allowing a classification into one of two types with fun-
damentally different surface magnetic properties: the
trivial case, in which the allowed magnetoelectric mul-
tipolization values contains zero, and non-trivial anti-
ferromagnets whose magnetoelectric multipolization is
non-zero, in spite of their not being magnetoelectric.

From a quick glance at the units of electric polar-
ization, which are dipole moment per unit volume or
equivalently charge per unit area, it is clear that a sur-
face perpendicular to the polarization direction in a
ferroelectric material carries a bound charge per unit
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Fig. 2. (Color online) A semi-infinite slab of CrOs with a
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dicate the directions of the local magnetic moments on the Cr
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area equal to the value of the polarization, with the sign
of the surface charge given by the direction of polariza-
tion, as shown in Fig. la. (For a rigorous derivation
see Ref. [13].)

While the ferroelectric polarization has units of
charge per unit area, the magnetoelectric multipoliza-
tion, or magnetoelectric multipole per unit volume, has
units of magnetic dipole moment per unit area. There-
fore, by analogy with the ferroelectric case, the surface
of a magnetoelectric should have a magnetic dipole mo-
ment per unit area, whose size and orientation depends
on the bulk magnetoelectric multipolization. We refer
to this as the intrinsic surface magnetization, since it re-
sults from a bulk property of the material; it is this sur-
face magnetization that was discussed in Ref. [11]. In
Fig. 10 we illustrate the analogy with ferroelectricity for
the case of a uniaxial magnetoelectric such as CroOj3 in
which the M, component of the magnetoelectric mul-
tipolization tensor (which can be decomposed into the
magnetoelectric monopolar and 22 quadrupolar contri-
butions shown) is non-zero. The M, component re-
sults in a z-oriented magnetic moment pointing away
from the sample on the (001) and (001) surfaces in this
example.

Our procedure for extracting the surface magnetiza-
tion of a semi-infinite slab of an antiferromagnet from
its bulk magnetoelectric multipolization follows that
for determining the surface charge from the bulk ferro-
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electric polarization [14,15]. For a particular choice of
surface plane orientation and atomic termination, we
identify the unit cell that tiles the semi-infinite slab;
an example for the (0001) surface of CrpOg is shown in
Fig. 2. We then calculate the magnetoelectric multi-
pole of that unit cell, and normalize it to the unit cell
volume; by analogy with the ferroelectric case we call
this MP*_ For the illustrated surface, domain and
unit cell of CryOg, only M%* is non-zero, and it has
the value —2.35u5/nm? (taking the atomic positions
and lattice parameters from Ref. [16]). The surface
magnetic dipole per unit area, which we define to be
the intrinsic surface magnetization, can then be read
off directly from the i, j components of the M>“* ten-
sor, with the first index, ¢, indicating the x, y or z
orientation of the surface magnetic dipole moments at
the surface plane normal to the second index, j. For
the case of CryO3 both (0001) surfaces shown have a
surface magnetization of 2.35u 5 /nm? pointing into the
sample.

In the full manuscript, the procedure is also ap-
plied to calculation of the interfacial magnetism in het-
erostructures of FeoO3/Cry03, and to model non-mag-
netoelectric systems.

Summary and outlook. In summary, we re-
viewed the phenomenology of magnetoelectric multi-
polization in bulk, periodic solids, and provided an
analogy with various aspects of the ferroelectric po-
larization. We showed that the analogy provides a par-
ticularly convenient picture of the surface magnetiza-
tion that is associated with magnetoelectric materials
[10,11], and we provided the following straightforward
recipe to extract it from the bulk magnetoelectric mul-
tipolization for a given surface plane:

1) for the surface plane and chemistry of interest,
identify the unit cell and ionic basis that tiles a semi-
infinite slab of the system:;

2) calculate the components of the bulk magneto-
electric multipolization, /\/li-’;-”k, using this unit cell and
basis of ions, and normalizing it to the unit cell volume;

3) the non-zero components of ./\/lli’;-‘lk that have a
contribution normal to the surface plane then give di-
rectly the size and orientation of the intrinsic surface
magnetization.

We argued that such an intrinsic surface magnetiza-
tion is possible even at the surface or interface of a
non-magnetoelectric material, and distinguished two
cases: In non-magnetoelectric materials whose multi-
polization lattice contains zero it is always possible to
choose a stoichiometric termination with zero magnetic
moment for any choice of surface plane, although this
might not necessarily be the lowest energy termina-
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tion. In non-magnetoelectric materials whose multi-
polization lattice contains the half-multipolization in-
crement, in contrast, surface planes exist for which an
intrinsic magnetic moment can not be avoided for sto-
ichiometric terminations.

We mentioned some phenomena for which these
concepts might be relevant and which could provide
interesting directions for future work. In particular,
the intrinsic surface magnetization arising from the
magnetoelectric multipolization could have implica-
tions for the relative stability of antiferromagnetic
surfaces and interfaces, the formation of antiferromag-
netic domains, and the mechanism of exchange-bias
coupling. Finally, we suggested some experiments that
could be used to verify or disprove our proposals, and
we hope, in the spirit of Igor Dzyaloshinskii, that this
manuscript motivates future experimental work in
these directions.
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Abstract. Dzyaloshinskii-Moriya interaction
(DMI) represents an antisymmetric type of magnetic
interactions that favour orthogonal orientation of
spins and competes with Heisenberg exchange. Being
introduced to explain weak ferromagnetism in an-
tiferromagnets without an inversion center between
magnetic atoms such an anisotropic interaction can be
used to analyze other non-trivial magnetic structures
of technological importance including spin spirals and
skyrmions. Despite the fact that the corresponding
DMI contribution to the magnetic energy of the system
has a very compact form of the vector product of spins,
the determination of DMI from first-principles elec-
tronic structure is a very challenging methodological
and technical problem whose solution opens a door
into the fascinating microscopic world of complex
magnetic materials. In this paper we review a few
such methods developed by us for calculating DMI
and their applications to study the properties of real
materials.

1. Introduction. In a seminal paper [1]
I. E. Dzyaloshinskii has introduced a novel type of
anisotropic magnetic interactions which are antisym-

* E-mail: vmazurenko2011@gmail.com
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metric with respect to swapping the positions of two
spins. This was done based on a purely phenomenologi-
cal basis. Very soon, Moriya [2] suggested the first sim-
plified microscopic explanation of these interactions, in-
direct exchange and spin-orbit coupling (SOC) being
the key ingredients. The Hamiltonian governing these
interactions can be written in the following form:

Hparg = ZDij[Si X SjL

ij

(1)

where S; is the spin moment at the site i. Nowadays
the parameter D;;, which is, by construction, an axial
vector, is known as Dzyaloshinskii — Moriya interaction.

“Slow is the experience of all deep fountains: long
have they to wait until they know what has fallen into
their depths.” (F. Nietzsche).

Whereas the first decades DMI were considered as
more or less marginal subject in magnetism (with the
only exception of the phenomenon of weak ferromag-
netism) now they are the mainstream subject, of a great
conceptual meaning and of a great practical importance
[3-8]. This only contribution would be sufficient to put
the name of Igor Dzyaloshinskii among the main cre-
ators of modern physics of magnetism.

We are very thankful to the organizers for their kind
invitation to participate in the special issue dedicated
to Dzyaloshinskii. In this short review we present our
view on the fast growing field of DMI based mostly on
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our own experience of calculations and analysis of DMI
parameters for specific magnetic materials.

2. Methods for calculating the Dzyaloshin-
skii—-Moriya interaction. In this section, numerical
approaches for calculating DMI are discussed. We start
with a microscopic theory by Moriya [2] and show how
it can be extended to analyze the dependence of DMI
sign on the occupation of the 3d shell. Then we will
focus on a correlated band theory of the DMI, that is
free from basic limitations of the superexchange theory
and can be applied in a wide range of electronic Hamil-
tonian parameters corresponding to insulators and me-
tals. The last subsection of the methodological part
is devoted to first-principles approaches based on the
density functional theory.

2.1. Microscopic theory of DMI. The first mic-
roscopic theory of the antisymmetric anisotropic ex-
change interaction was developed by Moriya in 1960
and presented in Ref. [2]. It is based on the Anderson’s
idea on superexchange interaction [9] and formulated
on the basis of the simplest electronic model account-
ing the on-site Coulomb interaction and the spin-orbit
coupling on the level of the hopping integrals. Such an
electronic model can be written in the following form

H= > 177"

ij,00'

At s
AisAjo’

1
+ 5 Z U &jd&ja’/ &ia’ dizﬂ (2)

1,00’

where a!_(a;,) are the creation (annihilation) opera-
tors. U is local Coulomb interaction, t;»’j"/ is the element
of the spin-resolved hopping matrix. Formally, Eq. (2)
is nothing but the Hubbard model [10-12| that was offi-
cially introduced three years later in 1963. In the limit
when the on-site Coulomb interaction is much larger
than the hopping integrals such a Hubbard model can
be reduced to the spin model

HPm =T8S, + Y DislSi x Sj]+

RGN
+ Z LS, (3)
ij

where S is the spin operator, J;;, D;; and ?ij
are the isotropic exchange interaction, antisymmet-
ric anisotropic (Dzyaloshinskii-Moriya) and symmet-
ric anisotropic interactions, respectively. The summa-
tion runs twice over all pairs. In terms of the Hub-
bard Hamiltonian parameters the resulting expression
for the DMI has the following form [2, 13]:
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i

D ="57

[Tro {t;i} Tro{tiyo} —
— Tro{ti;} Tro{tjio}],

where o are the Pauli matrices.

Interestingly, the Moriya’s microscopic theory was
published in 1960, however, its first application to
quantitative analysis of the magnetic properties of real
materials was only done 30 years later by Coffey, Rice,
and Zhang in Ref. [14]. They have estimated D;;
for different phases of LasCuO,4 and YBasCu3Og com-
pounds. It was shown that peculiarities in the crystal
structures of these systems result in different patterns
of the DMI vectors, and as the result different ground
states with and without net magnetic moment can be
realized.

An important feature of the one-band considera-
tion of the DMI is that the Moriya’s results were ob-
tained by using an assumption of the constant U value
without orbital dependence as well as by neglecting the
intra-atomic (Hund’s) exchange contribution. Further
development of the microscopic theory of the antisym-
metric anisotropic interaction was mainly related to its
generalization to multi-orbital electronic Hamiltonians.
As was shown in Ref. [13] inter-orbital Coulomb and
intra-atomic exchange interactions play an important
role in formation of the DMI.

Another important peculiarity of the one-band con-
sideration of the DMI was demonstrated in Ref. [15].
It was shown that the resulting spin model, Eq. (3) is
characterized by a specific symmetry of thei_> symmet-

(4)

ric anisotropic exchange interaction tensor, I';; whose
principal axis coincides with DMI for each bond. It
means that the state of a system with weak ferromag-
netism is higher in energy than the pure (compensated)
antiferromagnetic state.

Despite of the above-mentioned and other limita-
tions of the one-band approach for calculating magnetic
interaction parameters, it provides a very simple and
transparent way to analyze the properties of the inter-
actions. For instance, it can be used for analysis of the
dependence of the DMI sign on the occupation of the 3d
shell experimentally observed in the series of isostruc-
tural weak ferromagnets, MnCOg, FeBO3, CoCOg3, and
NiCOj3 as it was done by us in Ref. [16]. We consider
the case of a transition metal oxide for which the crys-
tal field splitting is much larger than the spin-orbit cou-
pling, the latter can be treated as a perturbation. The
corresponding expression for Dzyaloshinskii—Moriya in-
teraction can be presented in the following form
4q

D" =7

nn’ n’n nn’ n’n
b7 CF;" — C by "],

(5)
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Fig. 1. (Color online) a) Minimal tight-binding model used for
explaining the DMI sign change at variation of the occupation.
The horizontal lines represent the electron levels and hoppings
are shown with arrows. b, ¢) Two antiferromagnetic ground
states corresponding to the S = 1/2 case, obtained in the
model for different orbital fillings: N =2 (b) and N =6 (¢)

where b%"l is the (unperturbed) hopping integral be-
tween n-th ground orbital state of i-th atom and n/-th
orbital state of j-th atom, C?j"/ is the corresponding
hopping renormalized by SOC and U is the on-site
Coulomb interaction. Thus, C;LZ, ™ is given by

*
G e

Lm/n/
J

’

A

2

L

4 n'm
n Ji ’
7

Chi" = (6)

’;771 _
where A is the spin-orbit coupling constant, L}*" is the
matrix element of the orbital angular momentum be-
tween the single m-th excited state and the n-th ground
state Wannier functions which are centered at i-th ion,
while €' represents the energy of the n-th Wannier or-
bital at the i-th ion.

Tight-binding model we considered contains two
atoms having non-degenerate (n and n’) and high-ener-
gy (m and m’) levels. The schematic visualization of
the model with the allowed hopping paths is presented
in Fig. 1. In the simplest case one can assume that the
same hopping integrals between high-energy (m and
m’) and low-energy (n and n') levels, b73™ '
The hoppings between orbitals of different symmetry
require more detail analysis, since they define the DMI
in the system in question. We assume that the geom-
etry of the model system is fixed, which means that
hopping integrals do not change with variation of the
occupation.

Our tight-binding model has two ground states with
different occupations N that correspond to the S = 1/2
case: N =2 and N =6 (Fig. 1). In the case N = 2,
the ground state magnetic orbital is of symmetry n(n’),
while for N = 6 it is m(m’). Another difference be-
tween these configurations is the different occupation
of the excited states: they are empty and fully occu-
pied for N =2 and N = 6, respectively.
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The difference between DMIs obtained for a system
with two and six electrons is related to the difference

’ ’
n n mom
between C3;™ and C3} ™,

AL™"
2AE

cyn=—cnm = (o =vym). ()
where AE = € — €.

It means that Dgﬁ/ (for the system with two elec-
trons) and ng/ (with six electrons) are of different
signs. Thus, on the level of Moriya’s approach, the
sign of the DMI depends on the occupation of the ex-
cited states. Depending on the symmetry and occu-
pation, each pair of 3d orbitals can result in positive
or negative contribution to the total DMI between two
atoms. It should be noted that similar dependence of
the DMI sign on the occupation of the 3d shell can be
also found in some series of metallic systems. In this
sense interesting methodological results were obtained
in Refs. [17-19].

It is important to discuss the limits of the Moriya’s
theory of DMI from the point of view of its using to
study real physical systems. In its original formula-
tion it is limited to the systems with the spin state
of S = 1/2. Real transition metal compounds and
nanosystems are of multi-orbital nature. In this case,
the main question is how to define the numerous hop-
ping and Coulomb interaction parameters of the Hub-
bard model. In principle, one can use approximations
of different types to define the parameters [20,21]| by
using available experimental data. Another approach is
based on performing density functional theory (DFT)
calculations and their parametrization using wannier-
ization procedure developed in Refs. [22,23] to con-
struct the Wannier functions [24]. Then, on this basis
the electronic model parameters are calculated. The
most accurate numerical scheme to estimate local (U)
and non-local Coulomb interaction parameters taking
screening effects into account is based on the con-
strained random phase approximation [25].

The situation becomes even more complicated if
one simulates a compound with a strong spin-orbit
coupling. For this case effective numerical schemes
based on the superexchange theory can be found in
Refs. [26,27].

2.2. Correlated band theory for DMI. We
start with correlated band theory of DMI developed
by us in Ref. [28]. It is based on the consideration of
the general Hamiltonian of interacting electrons in a
crystal:

ToT
E c1cpU1234C304,
1234

. 1
H = ;CItlQCQ + 5 (8)
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where 1 = (i1, m1, 01) is the set of site (i1), orbital (mq)
and spin (¢7) quantum numbers and ¢12 are hopping
integrals that contain the spin-orbit coupling. These
transfer couplings can be found by the Wannier-para-
meterization of the first-principle band structure with
the spin-orbit coupling.

We will take into account only the local Hubbard-li-
ke interactions, keeping in H,, only terms with i; =
= i3 = i3 = i4. This assumption corresponds to the
DFT+U Hamiltonian [29] that is also a starting point
for the DFT+DMFT (Dynamical Mean-Field Theory)
[30-32]. It is crucially important for the later consid-
eration that the interaction term H, is supposed to be
rotationally invariant.

We start with a collinear magnetic configuration,
for instance an antiferromagnetic state, which is close
to the real ground state (weak ferromagnet), but does
not coincide with it due to the DMI. Let us re-define
the DM Hamiltonian (Eq. (1)) in a slightly different
way:

Hpmr = Z Dj;le; x ej], (9)

]

where e; is a unit vector in the direction of the i-th site
magnetic moment and D;j is the Dzyaloshinskii-Mo-
riya vector. We analyze the magnetic configuration
that is slightly deviated from the collinear state,

e; = nieo + [0 X nieo], (10)

where 7; = %1, eg is the unit vector along the vector
of antiferromagnetism, and d¢; are the vectors of small
angular rotations.

Substituting Eq. (10) into Eq. (9) one finds for the
variation of the magnetic energy:

0E =Y Dj;(5¢; — o¢p;). (11)
ij
Now we should calculate the same variation for the
microscopic Hamiltonian (8). Similar to the procedure
used in Ref. [33] to derive exchange interactions for the
LDA+DMFT approach, we consider the effect of the
local rotations

R; = e0eidi, (12)
on the total energy; here jz = ]C.Jl + Ql is the total
moment operator, L; and S; are the orbital and spin
moments, respectively.

The resulting DMI is given by anticommutator of J
and £;;:

/L' ~
ng = _§’I‘rm,UNji[J7tij]+7 (13)
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where

Nji = (

1.

is the inter-site occupation matrix and G is the Green
function of the system, Fr is the Fermi energy. The
occupation matrix can be calculated by using a static
(such as DFT+U [29]) or a dynamic mean-field ap-
proach (DFT+DMFT [30-32]).

Note that the occupation matrix is calculated in the
corresponding collinear states, which strictly speaking
can be done self-consistently only within constrained
calculations [34]. Using the decomposition of the to-
tal moment J into orbital and spin moments, we have
a natural representation of the Dzyaloshinskii-Moriya
vector (13) as a sum of the orbital and spin contribu-
tions which are related with the rotations in orbital and
spin space, respectively.

The resulting expression Eq. (13) is of general na-
ture and its spin part can be also derived in the case of
the metallic systems as it was shown in [35].

2.3. DFT-based methods.
discuss mean-field approaches for calculating the DMI
that are realized on the basis of the numerical methods
of the density functional theory. The net DMI can be
assessed by calculating the DFT total energies for the
two sets of spin spiral states having opposite helicities
[36-38] or by using Berry phase theory [39]. In order
to calculate the individual pair-wise DMI, one can em-
ploy the magnetic force theorem [40]. According to this
theorem, the variation of the total energy of the system
due to a magnetic excitation can be expressed through
the variation of the single-particle energy.

In 3d systems, the spin-orbit coupling in itself can
be also considered as a perturbation [41,42]. One can
consider a mixed perturbation scheme with respect to
the rotation and spin-orbit coupling, which leads to the
antisymmetric anisotropic DMI [43]

In this section we

Er

1
K 87TSiSj Re / dE x

— 00

XY T (AGHH Gy A G —
k

— MG H5 G

+ J T grso ~T
j AjGji"'AiGijAjijHk TTGki -

- AiG; A ij Hlitj,J,Gtz) (14)

Other components of the Dzyaloshinskii-Moriya vector
for particular bond can be obtained from the z ones by
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rotation of the coordinate system. Similar expression
for DMI was obtained by Solovyev et al. [44].

We have applied the developed method for cal-
culating the DMI to give a microscopic explanation
to the scanning tunneling microcopy experiments per-
formed for chains of manganese atoms on CuN sur-
face [43]. Weak ferromagnetism due to the DMI be-
tween neighbouring manganese atoms was predicted.
Another important example is a first-principles study
of the molecular nanomagnet Mnio for which most the-
oretical works on molecular magnets are mainly relied
on the so-called rigid-spin model. Within such a model
a complex system of interacting spins is replaced by
just one big spin, with some magnetic anisotropy being
introduced artificially. However, such a description is
rather simplistic and largely ignores intermolecular in-
teractions. Previously, it was predicted that the DMI
plays a crucial role in the physics of molecular mag-
nets [45] and in particular magnetic tunneling effects in
Mn;s [46]. In our work [47] we have demonstrated that
the account of the inter-atomic anisotropic exchange
interactions in Mn;o gives opportunity to reproduce ex-
citation energies observed in the inelastic neutron scat-
tering experiments for this system.

In the case of the systems with strong spin-orbit
coupling one could still use similar Green’s function
approach within the magnetic force theorem [48]. The
expressions for DMI, which do not rely on the small-
ness of spin-orbit coupling constant have been derived
independently by several groups [49-53].

3. Applications.

3.1. Weak ferromagnetism in antiferromag-
nets. Discovery of the weak ferromagnetism in iron
hematite, FesO3 (Ref. [54,55]) was the starting point
for development of the DMI theory. More specifically,
Fey O3 is pure antiferromagnet with magnetic moments
parallel to the trigonal axis c at T' < 260 K. In the tem-
perature range between 260 and 950 K, the magnetic
moments are in-plane and a small canting of the mag-
netic moment exists. As the result of this canting there
is net magnetic moment in the antiferromagnetic sys-
tem. The weak ferromagnetism in FeoO3 was explored
with first-principles DFT calculations in Ref. [56] and
with Green’s function approach based on the magnetic
force theorem in Ref. [57].

A more interesting situation concerning weak ferro-
magnetism in antiferromagnets is observed in transition
metal oxides having calcite structure. Previous magne-
tization measurements [58—61] have confirmed the exis-
tence of the non-compensate in-plane magnetization in
several materials of this kind. However, the precise di-
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MnCO, FeBO,

CoCO;  NiCO4

Fig. 2. (Color online) Local atomic and magnetic orders in the
weak ferromagnets. The ions of the two magnetic sublattices
are represented by blue (site 1) and red (site 2) spheres, with
black arrows denoting the direction of their spins. Oxygen
atoms between the two adjacent transition metal layers are
represented as yellow spheres. The dotted circles highlight the
twist of the oxygen layer. The bottom panel shows the occu-
pation of the 3d level of a magnetic ion. The left and right
panels show the two possible magnetic configurations which
stabilize depending on the 3d occupation and, therefore, the
sign of the DMI, for a net ferromagnetic moment pointing
along the magnetic field H. Saprn denotes the direction of
the antiferromagnetic spin structure. This figure is reproduced

with permission from Ref. [16]

rection of the weak ferromagnetic moment with respect
to the crystallographic axes and hence the “sign” of DM
interaction remained unknown. For the first time, this
was unambiguously identified for FeBO3 using resonant
a-ray diffraction in Ref. [62]. We have performed ab
initio calculations and extracted the DM vectors using
Eq. (13). It was found that the theoretical calculations
do not only reproduce the correct sign of DM vectors,
but also give a very good estimate of the canting angle.

Next, we addressed the series of isostructural cal-
cite oxides, namely: MnCOj3, FeBO3, CoCOj3, NiCOs.
They all exhibit weak ferromagnetism and experiments
based on the technique developed in Ref. [62], have re-
vealed the change of canting angle sign across the series
[16]. More specifically, the compounds MnCOj3 and
FeBOg3 are characterized by the rotation sense which
differs from that for the CoCO3 and NiCOj systems.
It is schematically shown in Fig. 2. Taking into account
that these compounds have the same crystal structure
(and the same crystallographic chirality), such a sign
change can be attributed to the difference in the occu-
pation of the 3d shell.

To provide a theoretical support to these experi-
ments in Ref. [16] we have performed first-principles
calculations within local density approximation taking
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into account the on-site Coulomb interaction U and
spin-orbit coupling (DFT+U+SO). The resulting mag-
netic configuration is antiferromagnetic one character-
ized by a canting of the magnetic moments. Such a
canted state is the lowest-energy state for all the sys-
tems under consideration. The calculated magnitudes
and signs of the canting angles are in good agreement
with experimental data. However, the full calculation
does not provide a truly microscopic understanding of
the DMI sign change phenomena. For that a minimal
tight-binding model based on the Moriya’s theory as
described in the methodological part of this paper be-
comes extremely useful.

3.2. Magnetic skyrmions. Investigation of
skyrmions is a widely studied topic in the modern ma-
terial science [63—71]. Previous experimental and theo-
retical studies on the topologically-protected magnetic
skyrmion excitations were fully focused on the tran-
sition metal crystals and nanosystems. This seems
to be natural, since these materials are characterised
by well-localised magnetic moments originated from
the partially-filled 3d states and magnetic anisotropy
[72,73] that facilitates an experimental detection of the
distinct magnetic textures. In works [74-76] a new class
of materials, surface nanostructures with sp element re-
vealing skyrmion excitations at experimentally achiev-
able magnetic fields and temperatures was introduced.
The non-trivial result, that such sp-electron systems
are, in principle, characterized by a magnetic state, was
experimentally confirmed in Refs. [77-79].

Our first-principles calculations [74-76] have con-
firmed a long-range character of the magnetic states in
graphene derivatives CoH and CqoF as well as in sur-
face nanostructures Si(111):{C, Si, Sn, Pb} and in Sn
on SiC(0001). The corresponding Wannier functions in
these systems demonstrate that substantial amount of
the electron density is concentrated in the interstitial
region. In all the cases we have found that the values of
the calculated hopping integrals are much smaller than
that of the Coulomb interactions, which gives us oppor-
tunity to construct a Heisenberg-type Hamiltonian for
the localized spins S = 1/2 within the superexchange
theory.

The constructed spin models for graphene deriva-
tives, Si(111):{C, Si, Sn, Pb} and Sn monolayer on
SiC(0001) surface were solved by means of the Monte
Carlo methods, which gives us opportunity to de-
fine the magnetic phases of these materials depend-
ing on the external magnetic field and temperature. It
was found that one can stabilize skyrmionic solutions
in the case of the semifluorinated graphene (Fig. 3)
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Fig. 3. (Color online) Skyrmionic magnetic structure obtained
from the Monte Carlo simulations for C2F system. This figure
is adopted from Ref. [74]

and nanosystems with heavy adatoms Sn/Si(111),
Pb/Si(111) and Sn/SiC(0001). The key quantity here
allowing the formation of the topologically protected
magnetic structures is the anisotropic Dzyaloshin-
skii-Moriya interaction.

4. Perspectives. Despite there were several
decades of intensive investigations on DMI and related
phenomena we think that this is still young and very
promising research field within which one could focus
on the following directions for future investigations.
From the very beginning DMI is considered as a rep-
resentative of one of the smallest energy scales in the
magnetic Hamiltonians of the strongly correlated sys-
tems, |D;;| < J;;. It is due to the DMI always contains
additional relativistic small parameter, the ratio of elec-
tron velocity in atoms to the velocity of light. However,
such a dominance of the Heisenberg exchange interac-
tion can be overcome by different means. For instance,
manipulation of magnetic interactions via a strong pe-
riodic in time electromagnetic field [80] (“Floquet engi-
neering”) suggests that using real nanosystems and real
values of the laser fields one can reach the regime when
the Heisenberg exchange J;; is arbitrarily small, or even
equal to zero, whereas the Dzyaloshinskii-Moriya pa-
rameter D;; remains constant. As an interesting exam-
ple of such a situation, a new class of two-dimensional
Heisenberg-exchange-free materials where a completely
new type of skyrmions (Fig. 4) that emerge as the re-
sult of the competition between the DMI and uniform
magnetic field has been introduced [81].

Another fascinating research field is related to a
quantum skyrmions that in contrast to the classical
counterpart are practically unexplored. The main
methodological problem here is how to characterize the
topology of quantum system with a three-dimensional
magnetic structure when the orientation of a spin is
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Fig. 4. (Color online) Abbreviation of Dzyaloshinskii—-Moriya

interaction written with nanoskyrmions. This is a result

of Monte Carlo simulations of the Heisenberg-exchange-free

model on the square lattice with non-regular site occupation.

Arrows and colors depict the in-plane and out-of-plane spin
projections, respectively

ill-defined. One of the possible solutions was recently
proposed by some of us in Ref. [82] where scalar chiral-
ity operator was introduced to define a quantum analog
of the topological charge.

The other direction we consider to be very at-
tractive is DMI applications in quantum computing.
Existence of the anisotropic exchange interactions
between qubits can be used for preparing highly
entangled quantum states that play an important role
in quantum information processing [83,84|. The future
of DMI looks bright and promising.
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Mpeacraenen 0630p MUKpoOCKonuyeckoii Teopun B3aumogeincTeus [dssnowmnHckoro—Mopusa u gpyrux obmen-
HO-PENSTUBNCTCKUX 3PPEKTOB, TaKUX KaK ODMEHHAst aHW3OTPONUS, SNEKTPOHHO-SIAEPHOE aHTUCUMMETPUHHOE
KOCBEHHOE CBEPXTOHKOE B3aMMOZLENCTBUE, aHTUCUMMETPUHHBIE MarHUTOrMPOTPONHble 3PEKTLI U AHTUCUMMET-
pVYHasi MarHUTO3NEKTPUYECKAS CBA3b B CUJILHOKOPPENNPOBAHHbIX 3d-COefNHEHNSX, NPexXae BCero oprodep-
putax RFeO3 (R — peakosemensHbili noH unn uttpuii Y). OCHOBHOE BHUMaHME YAENeHO BbIBOAY BblPaXkeHuii
Anst BekTopa [135710WMHCKOrO, €ro BeIMYMHE, OPUEHTALMK U 3HAKY NPU PasanyHbix Tunax (cBepx)obmeHHOro
B3aUMOAENCTBUS N KpNCTainyeckoro nossi. [onyyeHHoe Ha MUKPOCKOMMYECKOM YPOBHE BbIpaXkeHne 151 3aBU-
cMMOCTMN BekTOpa [l3510WNHCKOro OT reoMeTpun cBepxobmeHa No3BOJISIET HATN BCE Yribl SBHOMO U CKPbLITOro
cKoca MarHuTHbIX nogpewetok B optodepputax RFeOs, a Takxxe COOTBETCTBYIOW NI BKAAL B MAarHUTHYHO aHu-
3otponuto. OCHOBbIBasICb Ha TEOPETUHECKUX MPEACKA3aHUsIX 3HaKa BeKTopa [I3s110WMHCKOro, Mbl Npeackasani
1 noapobHo uccnefoBany HOBOE MarHUTHOE siBjieHne, Cnabblii chepprMarHeTu3M, B CMeLLaHHbIX cnabbix dep-
pOMarHeTKax C KOHKypupyloLwmrmMn 3Hakammu Bektopos [3snowuHckoro. MNokasaro, 4to usmeperusi AMP na
AApax nMraHaos B cnabbix dheppomMarHeTukax siBASOTCS 3(PGPEKTUBHBIM UHCTPYMEHTOM A1l U3YYEHUS B3aNMO-
aeiicteusa [3snowmnHckoro— Mopus, B 4acTHocTu, 3Haka BekTopa [3snownHckoro. Hapsagy ¢ opTodepputamu
RFeOg3 un cnaboimn deppumartetnkamn RFe1_,Cr, O3 paccmaTprBatoTcsi, XOTs 1 B MEHbLUER CTeneHmn, Takue

TUNM4YHblE cnabble dpeppomarHeTukm, kak a-Fe2Os, FeBO3s n FeFs.

Cmamosa 0as cneyuanvrozo svinycka KITD, noceauwennozo 90-aemuro U. E. J[3ar0wuncrozo

DOI: 10.31857,/S0044451021040040

1. BBEAEHUE

B ucropum maykum HEYaCTO CJIy9AeTCS TAKOE, U4TO-
OBbI OJIHA CTaThsl OTKPBIBaJa HOBYIO 00JIACTH TEOPETH-
YeCKUX U HKCIEPUMEHTAJBHBIX UCCIeoBaHmit. VIMenHO
9TO IPOU3OILIO €O crarbeil JI3simommuuckoro [1], mocss-
IIEHHOW OObSICHEHWIO siBJIEHUsT CJ1aboro heppoMarte-
TH3Ma.

IIpomio 6osee cra jeT co BpemeHn OOHAPYKEHUsT
Cwumurom [2] B 1916 1. ci1aboro wim «napasuTHoros dep-
pOMAarHeTu3Ma B <«MEXKIYHAPOJHOM CeMeiCcTBe» pas-
JINYHBIX KPHUCTAJUIOB MPUPOJIHOrO reMaruta a-FesOg
u3 Uranuu, Beurpuu, Bpasuinun u Poccun (Schabry —

* . .
E-mail: alexander.moskvin@urfu.ru
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nocenok [abper okosio Exarepunbypra), mossieHue
KOTOPOT'O MEPBOHAYAIBHO OBLIO MPHUIIMCAHO HAJUIHIO
deppomarauTHbx npumeceil. [lozanee Takoe xe siBJie-
Hue OBbLIO ODHAPYYKEHO BO MHOTUX JIPYTUX KPUCTAJ-
nax, BKaodas ¢ropun NiFy co crpykrypoit pyTmia,
opropombuueckue oprodeppursl RFeO3 (R — pesxo-
3eMeJIbHBIN MOH Wi uTTpuii Y ), poMGO3IpuiecKue aH-
tudpeppomarseruku MnCQOj3, NiCO3, CoCO3 u FeBOs.
Ognako Tonbko B 1954 r. Marappece u Crayr s
NiF3 [3] u B 1956 r. Boposuk-Pomanos nu OpioBa st
OYeHb YHUCTHIX cuHTeTmYecKnx kKapbonaroB MnCOs u
CoCOs3 [4] mHagexHO ycTranoBuM, 910 C1abblii dbeppo-
MarHeTU3M HAOJIIOIAeTCsl B XUMUYECKH YUCTHIX aHTHU-
deppPOMArHUTHBIX COEIUHEHUSIX, TOITOMY OH SIBJISIET-
¢s1 BHYTPEHHUM CBONCTBOM HEKOTOPBIX aHTU(hEppOMAar-
HETHUKOB, TAK 9UTO MPsSMasi CBSI3b MEXKIY CJIabbIM (ep-
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POMATHETH3MOM U ITPUMECSMU UJIU HEOHOPOIHOCTSIMMA
BpsA Ju cymecTByeT. bosee Toro, boposuk-Pomanos
u OpJioBa CBsI3AJIN MOSIBJIEHUE HECKOMITEHCHPOBAHHOTO
momenTa B MnCO3z u CoCO3 co cKOCOM MAarHATHBIX
[TOJIPEIIIETOK B TOYTH AHTU(MEPPOMATHUTHON MaTpU-
1ie. Mojiesb «CKOIeHHOTr0» aHTudeppoOMarHeTnKa, CTa-
Jia, OOTIETPUHATON MOJIENBIO c1aboro heppoMarHeTuKa.

Teopernyeckoe 0O0bsICHEHUE U TIiepBasl TEPMOJIU-
HaMHUYeCKasl Teopusi CJadoro deppoMarHeTu3mMa B
a-Fe; O3, MnCOj3, u CoCOz 6num ganbr  J3sio-
mmacKuM  [1] B 1957 1. Ha OCHOBE CHMMETPHUITHBIX
coobparkernit u Teopunm Jlarmay ¢as30BBIX mepexo-
JI0B BTOpOro pojga. Kak ObLIO TOKa3aHO, CBOOOIHYIO
SHEPrUI0 JIBYXIOPEIIETOYHOT0 OJHOOCHOTO €J1aboro
deppomaraernka, Takoro kKak «-FeaOs, MnCOs,
CoCOg, FeBO3 MOXKHO IIpejicTaBUTh B BUJIE

F=MHg(m; -mo)-MHy(mi+ms)+Ep+E4 =
=MHp(m* —-1%) — MHym+ Ep+ Es. (1)

31ech M| ¥ My — €IMHUYHBIE BEKTOPBI B HAIIPABJICHIHT
MarHUTHBIX MOMEHTOB HO/pelteToK, M — HaMarnudeH-
HOCTb IIOJIPEIIETKH,

DN =

(m; + my),

N =

— BEKTOPBI COOTBETCTBEHHO (heppo- u aHTHdeppomMar-
HetusMma, Hy — BHemnHee nojie, Hp — obmeHHOe T10JI€.
DHepruro

Ep = —MHD[ml X mg]z = —|—2MHD[IT1 X l]z =

= +2MHp(mgzly — myly) (2)
IIPUHATO HA3BIBATH B3auMojelcTBueM JI3srommunacKo-
ro, e Hp > 0 — noute [I3sttommuackoro. Heprus anu-
zorporuu K4 nMeeT BUJ,

Hy

_Ha 2Ha
T oM

Ea oM

(m3, +m3,) = (m2 +12),

rme H, — nonre anm3orponuu. Boibop 3HaKa st TOJIs
arauzoTponun H 4 cOOTBETCTBYeT BBIOOPY C-OCU «TPY/I-
HBIM» HAIPABJIEHNEM HaMATrHWYWBaHWs. B obmeM ciry-
qae IoJ B3amMoJieficTBieM JI3sJI0MMMHCKOrO IOHMMA-
IOT cjaraeMble B CBOOOJIHOI SHEpPrUU, JUHEHHBIE KaK
10 KOMITIOHEHTaM BEKTOpa (eppoMarHeTu3Ma, Tak u
10 KOMIIOHEHTaM BeKTOpa aHTudeppomaraern3ma. Ha-
IpUMED 71T OPTOPOMOUIECKUX OPTODEPPUTOB U OPTO-
XPOMUTOB B3auMozelicTeue J[3sI0IMMHCKOrO BKIIIOYaeT
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1MOH S

Puc. 1. leomeTpus ceepxobmena un opneHTaumst sektopa [d3s-
JIOLLINHCKOTrO

KaK aHTHCUMMETPUYIHbIC, TAK 1 CUMMETPHUYHBIE CJara-
€eMbIe:

Ep =dim.l, +domygl,
di—dy
2

—2MHp[m x 1), +

di+d
(mzlm_mwlz)'*'%

di +do
2

(malp+mgl.)

(myly + mely), (3)
TOrJa KakK [iIsi TeTparoHajbHbIX (ropumoB NiFs u
CoF; B3ammogeiicrBue [3sIOMMHCKOTO BKJIIOYAET
TOJIBKO CUMMETPHUYHBIE CJIaraeMble.

J3somuHCK Ui moJiaraJt, 9To caadblil heppoMarte-
TU3M OOYCJIOBJIEH PEJIATUBUCTCKAM CIIUH-PENeTOTHBIM
¥ MArHUTOJUIIOJBHBIM B3aUMOIEHCTBUSAMU, OJIHAKO
Teopusi ObLTa (DEHOMEHOJIOTMYIECKO U HE PacCMaTpU-
BaJla MUKPOCKOIIMYECKYIO MPUPOIY B3aUMOAEHCTBUSI,
MIPUBOJISAIIETO K CKocy mogaperieTok. [Tozanee, B 1960 1.
Mopust [5] HpemoKuia MOAEIbHYI0 MUKPOCKOITMIEC-
KYK TEOPHUI0 OOMEHHO-PEJISITUBUCTCKOTO aHTUCHMMET-
PUYHOIO B3aUMOJEHCTBUS KAaK OCHOBHOI'O MEXAaHM3Ma

ciraboro peppomMarHeTu3Ma

VDM - Z(dmn . [Sm X Sn])v

mn

(4)

U TIOJIyYUBIIErO0 Ha3BAaHWE CIIWH-CIIMHOBOTO B3aMMO-
neficreus  Izanomunckoro — Mopust (DM-B3aumogeii-
crBue). 371ech, d;pn;, — AKCHATBHBIH BEKTOD JI3s101mH-
ckoro. Bekope Keddep [6] mpemmoxmn npocroe dero-
MEHOJIOTUIECKOE BbIpaXkeHune BeKTopa JI3sIommmHCKOro
B Ilape MarHUTHBIX HOHOB M; u M;, B3aumoneiicTByIo-
IUX «CBEPXOOMEHHO» {epe3 MPOMEXKYTOUYHBIN HeMar-

HuTHBI smrads O (eM. puc. 1):
dij X [I‘i X I‘j],

(5)

— eJUHUYHBbIE PaINyC-BEKTOPHI JJIs CBs3ei
O-M; ; c IpeaImoIOKNTETHHO ONMHAKOBBIMA JJITHAMHA

rae r;j
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Bsaumogeiicteune [I3s10WwnHCKOro u 0bMeHHO-pensTuBuCTckme apdexTsl. . .

Tabnuua 1. OcHoBHble NapameTpbl 0OMEHHOrO B3anMogeicTens u B3aumogelictens [zsnowunHckoro—Mopusi gns opto-

heppuToB B CpaBHeHUN € Apyrumun cnaboivmn deppomartetukamu (WFM), I — obmeHHbIli nHTerpan, ap — yron ckoca

MarHUTHbIX NOAPELUETOK

WFM Rreo, A 9 | Tw,K | I, K (MFA) | Hg, Tn ap Hp, Tn | d(6), K
YFeO; | 2.001 (x2) | 145° | 640 36.6 640 1.1-1072 14 3.2
a-Fey 0 2.111 145° | 948 54.2 870-920 | 1.1-1073 | 1.9-2.2 2.3
FeBO; 2.028 126° | 348 19.9 300 1.7-1072 10 2.3

FeFs 1.914 153° | 363 20.7 440 55-1073 |  4.88 1.1

cesizu. [losmaee MockBun [7] BBIBES MEUKPOCKOIHYEC-
Kyto hopMysy st BeKTopa JI3s/10MnHCKOTO

dij = dij (9)[1‘1 X I‘j] y (6)
rIe
dij (9) =d; (Rl, RJ) + do (Rl, RJ) coSs Hij , (7)

a 0;; — yrou ceasn M;—O-M;. 3HaK CKaJIApHOrO mapa-
Mmerpa d;;(f) MOXKHO paccMaTpUBaTh KaK 3HAK BEKTO-
pa Izanomunckoro. Kak 0b1710 moka3aHo, BbIpaXKeHHe
(6) cripaBeJIMBO TOJIBKO JIJI MAIHUTHBLIX HOHOB S-THUIIA
¢ OpOUTAIILHO-HEBBIPOXKIEHHBIM OCHOBHBIM COCTOSTHU-
€M B IIPE/ITOJIOKEHUN JIOKAJIHHON KyOUIecKoil CHMMeT-
punu T.e. Jyid 3d-MOHOB C HAIOJOBHUHY 3aIIOJIHEHHBIMU
obomouxanu (3d° wmu t3,, t3 €2, 15 e7).

OrmernM, 9To MHOT A BMeCTO (6) yI106HO HCHOIB30-
BaTb JAPYTYIO (GOPMY CTPYKTYPHOTO (haKTOPa I BEK-
Topa /I3sam0muHCcKOTO:

[r1 X 2] = 5 [(r1 —r2) X (r1 +12)] =

N =

= 21? [Ri2 X p12] , (8)
rie Ri2 = R; — Ry, p12 = (R1 + Ry).

Haunnast ¢ nmuonepekux pabor Jzsiommackoro [1]
u Mopus [5], DM-B3anmo ieiicTBrue HHTEHCHBHO HCCIIE-
goBasioch B 60-80 rogpl B OCHOBHOM Ha IIpUMeEpE CJia-
6oro deppomarnerusma remarura a-FeoOs m opro-
deppuros RFeO3 [8-11] (cm. Takske 0630pHBIE CTa-
Tbu [12,13]). Tunuusble 3HAYEHHST yIJIa CKOCA MAHAT-
HBIX TIOJIPENIETOK vp oKazaJsuchk nopsika 0.001-0.01, B
gactHocTH, ap = 1.1-1073 B a-Fey O3 [14], 2.2-2.9-1073
B LagCuOy [15], 5.5 - 10-3 B FeF3 [16], 1.1 - 102 &
YFeOs3 [17], 1.7- 1072 B FeBO3 [18] (cMm. Tab. 1).

B pa6ore [19] B 1968 1. BiepBbI€e ObLI IOCTABIIEH BO-
poc 00 ompesesieHnn 3HaKa BeKTopa J[3sTomHCKoro,
OJHAKO, TOMBKO B 1990 . aHaAM3 3KCIIEepUMEHTATHHBIX

3 KIT®, o 4

criektpoB AIMP sinep suramna °F B cirabom dpeppomar-
neruke FeFs mozBosmi mosyunTs HaeKHyI0 WHOOP-
Malio O 3HaKe BeKTopa J[3sIomuHCcKOro, TouHee, ma-
pameTpa dpere [20]. B 1977 1. MBI OKa3amm, 9T0 BEKTOP
JI3s17I0IIITHCKOrO B ITapax pa3HbIX 3d-UOHOB S-THIIA MO-
JKeT UMeTh pasHblii 3Hak [10], 4T0 03BOJIMIO OTKPHITH
HOBOE MATHWTHOE siBJeHWEe — cJialblit deppumarte-
TH3M, U HOBBIIl KJIACC MATHUTHBIX MATEPHUAJIOB, CJIa0bIX
deppumarnerukoB — cucreM tuna Y Fe; ,Cr, O3 cme-
IMAHHBIX COCTABOB C KOHKYPHUPYIOIUME 3HAKAMHU BEK-
Topa J3sI0MMHCKOTO 1 HEOOBITHBIMI KOHIIEHTPAITUOH-
HBIMH U TEMIIEPATYPHBIMHI 3aBUCUMOCTSIMU HAMATHU-
yeHHocTH [21].

CBa3b BeIUYMHLI W OpHUEHTaIuu BekTopa JI3s1o-
IIMHCKOTO € reoMeTrpueil cBepxoOMena (6) mo3BOJIH-
Jla HAM HANTU YUC/IEHHbIE 3HAYEHUS yIJIOB SIBHOTO U
«CKPBITOrO» CKOCa YeTBIPEX MATHUTHBIX MOJPENIeTOK
B peKO3eMesbHBIX oprodeppuTax [9], uTo momyunsio
Ho/ITBePK,IeHne B 3KcepuMenTax 1o AMP 57Fe [22] u
Helirpornoi qudpakiuu [23]. Bouia ycranosiena mpsi-
Mas CBS3b HEKOJLUIMHEAPHOCTH MATHUTHBIX MOMEHTOB
C KPUCTAJINIECKO CTPYKTY POt ciraboro peppomarte-
THKA.

Bozobuossienune kuBoro maTepeca k DM-B3anmo-
naeiictBuio B 90-€ 1ol OBLIO CTUMYIMPOBAHO OTKPBITH-
eMm BT CII-kynparoB, B 4aCTHOCTH, CJIa0ObIM eppoMar-
HETU3MOM, HAOJ/IONAEMBIM B POJIUTEIHCKOM KyIlpaTe
LasCuOy [15] u MHOrMMEU APYrHMU MHTEPECHBIMEU (h-
dexkTamMu, B 9aCTHOCTH, SIBJIEHUEM <HWH]IyI[HPOBAHHOM
nosieM 1eans> [24]. B oramame oT TUNMYHBIX TpexMep-
HBIX CHCTEM, TAKMX KaK OPTOMEpPpPUTHI, KyIPaThl Xa-
PAKTEpU3YIOTCsl HU3KOM Pa3MEepPHOCTHIO, OOJIBITUM pa3-
HooOpasueMm reomerpun cBsazeit Cu—O—Cu, cuyibHBIMU
kBaHTOBBIME 3dexTamu as s = 1/2 Cu?t-nenrpos
7 0CODEHHO CIIIBbHON KoBasleHTHOCTHI0O Cu—O, mpuBois-
mieif K CpaBHUMOI BeJIMYKHE [JIOTHOCTH 3apsi/ia,/ CIIMHA
JBIPOK HA MEJHBIX W KUCJTOPOIHBIX y3JIaX.
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Heckosbko rpymi (cM., Hanpumep, cratbu [25-27])
PA3BWJIM MUKPOCKOIINYIECKYTO Teoputo Mopus Jjiyist pas-
qaunaabX 1D- u 2D-kympaToB, UCIoOIb3ys pa3Hble cXe-
MBI BO3MYIIEHU, PA3Hble TUIBI HU3KOCUMMETPUIHO-
0 KPUCTAJIMIECKOTO TOJIs, PA3HBIE MOIXOJbI K BHYT-
PUATOMHOMY 3JIEKTPOH-3JIEKTPOHHOMY OTTAJKUBAHUIO.
O tHaKO, HECMOTPSI HA JIOBOJBHO OOJIBIIOE KOJIUIECTBO
nyGJUKANUi ¥ ropadue JAUCKyccuu (CM., HAIPUMED,
pabory [28]), mpobiema 0GMEHHO-PeNATUBUCTCKIX (-
deKkToB, B YACTHOCTH, AHTUCUMMETPHUIHOTO OOMEHA
U CBSI3aHHOW C HUM POOJIEMBbI CIIMHOBON aHU30TPO-
UK B KYIIPATax, OCTAETCA OTKPBITOH (CM., HApUMeED,
9KCIIEpUMEHTAJIbHBIE JIaHHbIe U O0CY:KJeHme B pabo-
Tax [13,29-31]). O6mue HEJOCTATKYE COBPEMEHHBIX I10/I-
x0710B K DM-B3aummoneiicTBuio B 3d-OKCUIAX KACAIOT-
€SI UTHOPUPOBAHUST MTPOOJIEMBI JIOKAJM3AINNA BEKTOPA
JI35I0IIMHCKOrO U COOTBETCTBYIOMIMX «CJIabbIX» (aH-
i) (PepPOMATHUTHBIX MOMEHTOB, IOJIHOTO IpeHedpe-
KEHUS CHUH-OPOUTAJIBHBIME 3P DEKTaMu Jisi HMOHOB
«HEMarHuTHOro» Kuciaopoga 02~ , KoTopble, Kak 06BIt-
HO TOJIAraiOT, UTPAiOT JIUIIb KOCBEHHYIO IPOMEXKY-
Tounyio pons. C Apyroit croponkl, Kuciaopoguse 70
uccaenoBanusas AMP-AKP cmaboro deppomarneru-
ka LagCuOy [32,33] cBUIETENLCTBYIOT, O-BUIUMOMY,
0 HETPAJUIMOHHON JIOKAJBHON «cabodeppoMarauT-
HOIi» TTOJISIPU3AIE KUCJIOPO/IA, TPOUCXOXKIEHNE KOTO-
POit HEBO3MOXKHO OO'bSICHUTD B PAMKAX CYIIECTBYIOIINX
MozesIei.

Bce ommcanHBIE BBINIE CHCTEMBI TAK WA HWHAYE
OBLLIN CBSI3aHBI CO CIAOBIMU (DeppOMarHeTHKaMU, TJIe
DM-BzanmoseiicTBue TPOABIISAETCT B «CKAITUBAHUI»
6a30B0i1 aHTU(MEPPOMATHUTHONW CTPYKTYpbl. OmHako
9TO B3aUMOJIENICTBUE MOKET BBI3BIBATH I'€JIMMATrHATHOE
nckakenue PeppoOMarHUTHOTO MOPSIKA, KAK B MEIHO-
nesuesom xgopuae, CsCuCls, KoTopwIit mpemcTaBis-
eT cobol yHUKAJbHBI BUHTOBOH (SCrew) aHTHCErHeTo-
JIEKTPUIECKUI KPUCTAJLT (CM., HAIpuUMep, paboTst [13]
U ccbulku B Hux). PaKTUIeCKH, JABHO U3BECTHO, YTO
DM-B3anmo/ieiicTBre MOXKET WHAYIHAPOBATDH JIJIMHHO-
[IEPUO/INYECKUEe MArHUTHBIE CIIUPAJIbHBIE CTPYKTYPHI B
deppOMarHUTHBIX W AHTU(MEPPOMATHUTHBIX KPUCTAJI-
JlaX, JIMIIEHHBIX WHBEPCUOHHOW CHUMMETPUU. DTOT Me-
XaHU3M ObLI NIPEJJIOXKEH I MeTajindeckoro MnSi u
JPYTUX KPUCTAJLIOB €O cTpyKTypoit B20, npudem Ob110
JoKa3aHo, 4To 3HaK DM-B3aumoseiicTBus, a cjeoBa-
TEJIbHO, ¥ 3HAK CIIUHOBOI CIIMPAJIHU, OIIPE/IEJISIETCS 3HA-
KOM KPUCTAJIJIHIECKON «CIUPAJIN».

DEeHOMEHOJIOTUIECKH AHTUCUMMETPUIHOE
DM-B3anmoseiicTBue B KOHTUHYAJIHLHOM TPUOJIAZKEHUT
[IOPOXKJAeT TaK Ha3blBaeMble nHBapuaHThl Jludmu-
1a — BKJAJbl B SHEPIUIO, JIUHENHBbIE [0 I[EPBBIM
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OPOCTPAHCTBEHHBIM IIPOU3BOJAHBIM HaMalrHUYCHHOCTHU

m(r) [34]

ij Bmi
mi——- — m;—— 9
? 8$l J 817[ ( )
(zr; — upocTpaHCTBEHHAs KOODJMHATA). DTU KUPAJIb-

Hble B3aMMOJIEHCTBHS CTAOHIN3HPYIOT JIOKAJIN30BAH-
Hble (BHXpHM) M NPOCTPAHCTBEHHO-MOJLYJMDOBAHHBIE
CTPYKTYpBI ¢ (DUKCHPOBAHHBIM HAIDPABICHAEM BpPa-
meHns HaMmaramuenHoctn [35].  ®akruveckwu,
€/IMHCTBEHHBI MEXaHU3M, OODBACHAIONAN MTPOUCXOK-
JICHAE HAHOPA3MEPHBIX CKUDMHOHHBIX CTPYKTYD B

9TO

KOHJIEHCUDOBAHHBIX cpenax. HecMmorpsi Ha SBHYIO
ciabocts Tunmaaoro DM-B3amMopeiicTBusi 10 Cpas-
HEHUIO C THUIUYHBIMA HU30TPOMHBIMUA  OOMEHHBIMEI
BlammoyieiicTBusMu,  DM-B3anmoeiicTBre
OBITHh IEHTPAJBHBIM HHIPEJINEHTOM B CTAOUIN3AIUN
CJIOZKHBIX MATHUTHBIX TEKCTYP.

MOZKeT

Bxkag DM-B3amMmoneiticTBus B MJIOTHOCTD MUKPO-
MarHUTHON CBOOOIHOI SHEPIUU OOBIYHO MPEICTABISIOT
B BUJE

Om(r)

F(r) = ZDi(m(r))- [m(r) X o,

| o

e BekTop Jzsnommackoro D, (m(r)) cunraercs 3aBu-
CSIIIIM OT HAIpaBJIeHnsl HamaraumdeHHoctr m(r) [36].
B pamkax ab initio-teopun bpyHKIIMOHAIA TIIOTHOCTH
(DFT) DM-B3anMo/iefiCTBHE YaCTO PACCIUTHIBACTCH IO
TEOPUM BO3MYIIECHUH BKJIIOYEHUEM CIIUH-OPOUTATBHOTO
B3aMMOJIEHCTBYS B PACUeT CIUPATH C KOHEYHBIM BOJI-
HOBBIM BEKTOPOM ( U BbljiesienueM D U3 JIMHEHHOTo 110
q 4wiena B qucnepcuonuoM cooraomenun F(q). Ogaako
[TOYTH UCKJTIOUYNTETHHO TEOPETUIECKIE UCCIIETOBAHNUS B
9TOM KOHTEKCTE B IIPOIIJIOM OBbLIN MPUBA3AHBI K 9ACTO
JIOKAJIU30BAHHBIM CITHHOBBIM MOJIEJISIM 6€3 yUueTa BJIUs-
HUSI 3aPSIZIOBBIX (DIIYKTYATHIA.

B mocsemHue rompl MHTEpPEC CMECTHJICS B CTOPO-
Hy apyrux mnposisjienuit DM-B3aumojeiicTBusi, Takux
KaK MarHuTodjekTpudeckuii adbdexr [37-39], rne Ha-
JIe’KHBIE TEOPETHIECKUE TPEICKA3AHUST OTCY TCTBOBAJIN.
Bce 910 cTUMYIMpOBaio KPpUTHIECKU IEPECMOTD MHO-
TUX CTapBIX IMOJXOJ0B K CHUH-OPOUTAILHBIM 3 dek-
TaM B 3d-OKCHJIaX, HAYMHAsI C BBIOOPA ONTUMAJIBLHOM
CXEMBbI T€OPUU BO3MYIIEHUN U Monean 3D HEKTUBHOTO
CIUHOBOTO TaMUJIBTOHUAHA, TTO/Pa3yMeBaoNieil 00bId-
HO JIAIIH KOCBEHHYIO MPOMEXKYTOUHYIO POJIb, KOTOPYIO
UrPAIOT «HEMATHUTHBIE» MOHBI KUCJIOPOJIA.

B »sro0it crathe MBI mpescTaBiisieM 0030p MUKPO-
ckormueckoir Teopun DM-B3anmoseiicTBusi, caboro
deppo-, antudeppo- u peppuMarHeTu3Ma, a TakKxKe U
JPYTUX CBSI3aHHBIX OOMEHHO-PEIITUBUCTCKUX P dek-
TOB ¢ akIeHToM Ha oprodeppursl RFeOs.
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OcrajibHasi 49acTh CTATbU OPraHU30BaHA CJIEILY-
oM obpazoM. B paza. 2 MBI KpaTKo wmW3Jjiaraem
OCHOBHBIE PE3YJIbTAThl MHKPOCKOIIUIECKOW TeopHn
U30TPOIHBIX CBEPXOOMEHHBIX B3aMMOJEHCTBUN ISt
WOHOB S-THUIA, 3aBUCUMOCTH OOMEHHBIX WHTEI'DAJIOB
OT 9JIEKTPOHHOW KOH(MUIYpPAIMA MATHUTHBIX HOHOB W
reoMeTpHuu CBepxoOMeHHON cBs3u. Paznes 3 nocssmnien
MHUKpOCKonnieckoit  Teopuu  DM-B3ammoneiicTus.
PazBuBass Teopuio Mopusi, MBI maem 0oJiee KOPpPEKT-
HBIl BBIBOJ MUKPOCKOIIMYIECKOTO BBIPAYKEHUST BEKTOPA
Jzsimomuuckoro st 3d-noHOB S-THITAa, €ro BeJju-
YUHBI, OPUEHTAIIMM W 3HAKA DU PA3JIMIHBIX THUIIAX
(cBepx)OOMEHHOIO  B3aMMOJEHCTBHS ¥ KDPUCTAJIN-
YECKOTO TMOJIsl. 371eCh MBI DACCMATPHBAEM TaKXKe WU
DM-B3aumozneiictBue ¢ ydacTHeM PeIKO3eMEeIbHBIX
noHoB. B pasm. 4 TeoperwyuecKuwe MpeCKA3aHUS
CPABHUBAIOTCS C JKCIIEPUMEHTAJIBLHBIMU  JAHHBIME
JUISE  YIJIOB SIBHOTO U CKPBITOTO CKOCA MATHUTHBIX
[IOJIPEIIeTOK, & TaK»Ke MATHUTHOW AHU30TPOIHNHA B
oprodeppurax. B pazzm. 5 mbl paccmarpuBaeM HeTpa-
JIMIMOHHBIE CBOHCTBa €JIaboro heppuMarHeTu3Ma Kak
HOBOT'O THUIIA MAarHUTHOTO YIIOPsIIOYEHHS] B CUCTEMAX C
KOHKYPUPYIOIIAMHI 3HAKAMHI BeKTOpa J[3s10mmHCKOTO,
B wacTHOCTH, OcobenHoctu 4 f-3d-B3ammoneicTBus B
ciabeix peppumarnernkax RFe; ,Cr,Os m HeoObIY-
Hble CHUH-IIEPEOPUEHTAIIMOHHDBIE [EPEXObl B CJIA0BIX
deppuMarmeTukax ¢ HeMarHuTHbIME R-mnomamu. B
pa3m. 6 MBI OOCYy>XKIaeM HECKOJIBKO IKCIIEPUMEH-
TaJbHBIX METOJIOB HUCCJIEJIOBAHUS 3HAKA BEKTOPA
JzsutomuHckoro, BKIOYas (SR MOJIOKHUTETHHBIX
MiooHOB u Jmrapaneiii AAMP B cmabnix  deppo-
marserukax. llocjefHsiss 9acTh CTATBU IOCBSIIIEHA
0OMEHHO-PEIATUBUCTCKUM 3ddeKkTaM, B YaCTHOCTH,
OOMEHHO-PEJISITUBUCTCKON JBYXUOHHON aHU30TPOIIUU
(pazm. 7), aHTUCHUMMETPUYHOMY KOCBEHHOMY CBEpX-
TOHKOMY B3aMMOJIEHCTBUIO — 3JIEKTPOHHO-SIEPHOMY
amasiory DM-B3anmosneiicrBus (pasf. 8), aHTHCHMMET-
PUYHOI OOMEHHO-PEJIITUBUCTCKON CBSI3U «CIIMH-Ty7Kasl
opouUTay, OMPEIEIIONel HeOOBITHYIO0 MAaTrHUTOOIITUKY
ci1abbix (beppoMarHeTukoB (pas3zg. 9) ¥ aHTHCHMMeET-
pUYHOl OOMEHHO-PEJIITUBUCTCKON — CIIUH-3aBUCUMOIL
asiekTpudeckoil nossipusaiuu  (pasg.  10). Kparkoe
3aKJIIOYeHne CeIaHo B pa3j. 11.

2. MUKPOCKOIIMYECKA I TEOPUSI
N30TPOITHOI'O CBEPXOBMEHHOT'O
B3AMMOJENCTBUS

DM-BzaunmoieiicTBue onpeaessercs «opouTaIbHO»
HEJIMArOHAJIBHBIM (CBEpX )OOMEHHBIM B3aUMOJIEHCTBUEM

1 OOBIYHO COIIPOBOXKJIAET JIMATOHAJBHBIH H30TPOIHBII
(cBepx)obmen Tuma efizentepra:

Vee = J12(81 - S2). (11)

CoBpeMeHHasl MUKPOCKOIIMYECKasi Teopusi (CBepx)o6-
MEHHOM CBSI3U pa3pabaTbhlBagach MHOTHMHA (DU3UKAMH,
HAYMHAZ ¢ U3BeCTHBIX paboT Auzepcona [40], ocobenno
unTeHcuBHO B 1960-70-e 1. (cM. 0630pHBIe craTbu [41]).
Meuorouucjiennbie paboThl, HOCBAIEHHbIE YTOM IPOGIIe-
Me, YKa3bIBAJIM HA CYIIECTBOBAHUE MHOIMX MEXAHU3MOB
00MeHa, KaXKyIIUXCs COMOCTABUMBIME 10 BEJINYUHE, B
YACTHOCTH, JJIs CBEPXOOMEHa vepe3 IPOMEXKYTOUHBIH
MOH JIMIaHJa, KOTOPBIA #BJIsIeTCd HanboJee UHTEPeCc-
HBIM JIJIs CUJIbHOKOPPETMPOBAHHBIX CHCTEM, TAKIX KaK
3d-oxcuapl. K coxkamnenuio, /1o cux mOp y HAC HET Ha-
JIEXKHBIX OIEHOK [IapaMeTpOB 0OMeHa, XOTsd, ¢ JIpyroii
CTOPOHBI, y HAC HET U HAJEIKHON IKCIIEPUMEHTAIHHOM
nadopMalmn 06 UX BeIUInHaX. B ¢BA3M C 3TUM MHO-
rue ycujus ObLI COCPEIOTOYEHDBI HA (DYHIAMEHTAJb-
HBIX BOIIPOCAX, TAKUX KaK Pa3paboTKa MHOIO3JIEKTPOH-
HOI Teopun, OpOUTATBHOMN 3aBucHMOCTH |7,42-44], acb-
dexroB Kpucramyeckoro moJs [45], HexuaroHab-
Horo obmena [46], o6MeHa B BO30OYKIECHHBIX COCTOSI-
uusx [47], yriaoBoil 3aBUCHMOCTH CBEPXOOMEHHOMN CBsi-
3u |7]. Henpusoaumble TeH30pHbBIE oniepaTopsl (aarebpa
Paka) okazaauch O4eHb yJOOHBIM MHCTPYMEHTOM KaK
JIJIS OIIMCAHUS, TaK U JIJIg AHAIU3a OOMEHHOI CBA3H B
3d- u 4 f-cucremax [7,42-45].

IlepBBlii MUKPOCKONMYECKUI BLIBOJ, 3aBUCAMOCTH
CBEpXOOMEHHOI0 HHTErpaJia OT yrila CBs3u (CM. puc. 2)
611 BoIIOJIHEH aBropoM B 1970 1. [7] 1pu yupoineHHbIx
npe;irosokenuax. s S-nonos ¢ Kouduryparueit 3d°
(Fe3T, Mn?T) yriioBasi 3aBHCHMOCTDL CBEPXOOMEHHOTO
MHTETPAJIA UMEET BHU/L

J12(0) = a + bcosbio + ccos? b1, (12)

rje mapaMeTpbl @, b, ¢ 3aBUCAT OT JJIMHBI CBsA3eil Ka-
THOH—aHnOH. [lapaMeTpsl @ u ¢ OIpeIesIIoTCs BKJIa-
JIOM 2p-000JI0YKY JINTAH/IOB, TOT/[A KaK CJIAraeMoe, Ipo-
TOPITUOHAIBLHOE COS 012, ONPeIesIgeTCs: BKIIA0M HA3KO-
SHEPreTUIECKUX MEKKOH(DUTYPAIUOHHBIX TEPEXOJI0B
2p — 3s.

ITosamee sToT BBHIBO GBI 000OITEH /111 3d-MOHOB B
CHIIBHOM KyOMIeCcKOM KpucTaymiaeckoM mode [11]. Op-
OUTATLHO-U30TPOIHBIN BKJIAJT B OOMEHHBIN HHTErDAJI
JJIst TAPhl 3d-MOHOB C KOH(MUTY PAITUSMEI t;’; €g* MOXKeT
OBITH TTPEJICTABJIEH CJIEIYIONINM 00PA30M:

T=>JO) gy = Vg5, — 1), (13)

YiyYj

3*
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Puc. 2. 3aBucumoctb 0bMeHHbIX wHTerpanos Fe3T-Fe3t,
Cr3t—Cr3T, Fe3*—Cr®* ot yrna ceepxobmeHnHoit cesisn B op-
TocbeppuTax n optoxpomuTax [49]

TOE Gr;, gy, — 2DdexTunnbe «g-baKkTOpBI» Mg Vi, V)

COOTBETCTBEHHO MOA00009eK NOHOB 1 1 2:

S(S+ 1)+ 8;(S; +1) = 5;(S; +1)
25(S+1) '

Gy = 1+ (14)
Brutas kmHeTmaeckoro o6MeHa B mapIuaIbHbIE OOMEH-
Hble mapamerpsl I(7;7y;), OLpenesseMble IIEPEHOCOM
9JIEKTPOHA B YACTUYHO 3AIIOJIHEHHBIE 0G0JIOUKHI, MOYKET
ObITH IpeJicTaBiIeH Kak [11,45]

(tssttoo cosf)? 2
J(egeq) = — oy J(egtag) = 3U sin? 0,
. 2
J(tagtag) = 9(7}” (2 —sin*6), (15)

e tog > the > Tan > tss — HOJOXKUTEJBHO OIIpele-
JIeHHBbIe HHTerpaJjbl d—d-nepenoca, U — cpejiHsist HED-
rusi d—d-tiepenoca (sueprusi koppessiiun). Bee mapriu-
aJIbHbIe OOMEHHBIE MHTErPAJIbI OKA3bIBAIOTCS TTOJIOKH-
TEJILHBIMU WJIN aHTU(DEPPOMATHUTHBIME HE3ABUCUMO
OT 3HAYEHUsI YIjIa CBEPXOOMEHHOW CBSI3M, XOTs «IIepe-
KpeCcTHBIN» 3PDEKT $S- U 0o-CBsA3€EH, TPOTOPITUOHA b
HBIX cos 0, B J(eg4e,) maer beppoMarHuTHBLI BK/IAL IPH
yraax casu /2 < 6 < w. Cieayer orMeTuThb, 9TO
«BOBIION» BKJIAJ (HePPOMATHUTHOTO MOTEHIUATHHO-
ro obMeHa [48] UMeeT aHAJIOTUYHYIO YTJIOBYIO 3aBUCH-
MocTb [47].

612

HekoTopbre npeickazannst OTHOCUTELHON BETMI-
HBI IHapaMeTpoB obMena J(7y;7y;) MOXKHO CIeaaTb, HC-
[OJIb3YsI COOTHOIIEHNE MEXK/Iy PA3JMIHBIMUA MHTErpa-
JamMu d—d-Tmrepenoca:

. ~ )\ . L2 L )2
ber @ tss AL 2 Axhe 0 AZ 2 AL, (16)

tog @ lro :

e Ay, Ar, A\s — IapaMeTpbl KOBaJEHTHOCTHU. YIIPO-
IIEHHBIH BKJI&J[ KUHETHYIecKoro obmena (15), cssaH-
HBIl C IEPEHOCOM 3JIEKTPOHA B YACTUYHO 3aIOJTHEHHBIE
000/I0YKH, HE YIUTHIBAET BHYTPUIIEHTPOBBIX KOPPEJIsi-
nuil, KOTOpble MMEIoT 0coboe 3HAYEHHE I BKJIAJIA,
CBSI3aHHOTO C IIEPEHOCOM JIEKTPOHA B IIyCThIe 000JI04-
ku. Hampumep, cooTBeTCTByOMINE BKIIA b, CBSI3AHHBIE
C TIEPEHOCOM B ITYCTYIO TTOJI000JI0UKY €4 JJIs OOMEHHBIX
urTerpasos Cr3t—-Cr3t u Fe3t—Cr3t, umeror Bug

AE(35) 82,

AJT‘ r= 29;

cre o U™
AE(35

AJFeCr:_$X
tes +togcos0)? 2
%—i—%sinm . (17)

rie AFE(35) — pasnocrs suepruit Tepmos *E, u 5B,
3 24
nust kouduryparun ty e, (Cr'-non). Ouesnano, aro
3TU BKJIJbI UMEIOT «(heppOMarHuTHBIN 3HaK». B pe-
gynbrare, oomenusiii uarerpasa J(CrCr) moxer cme-
HUTH 3HaK 1pu 0§ = O,
) -1

Teoperuveckas yryioBasti 3aBUCUMOCTH CBEPXOOMEHHBIX
WHTErPajioB  XOPOIIO ONHUCHIBAET 3IKCIIEPUMEHTAIIb-
Hble JaHHBle JIs oOMeHHBIX wuHTerpanos J(FeFe),

1

2

AE(35) 12,

3
s U 2,

S0, — < (18)

J(CrCr), u J(FeCr) B oprodeppurax, oproxpoMuTax
u oprodeppurax-oproxpomurax [49] (cm. pume. 2).
IMoaronka TMO3BOJIAET HAM TIPEJCKA3aTh CMEHY 3HAKA
st J(CrCr) u J(FeCr) coorercrBeHHO mpu 612
~ 133° m 170°. JIpyrumum cjaoBaMU, CBEPXOOMEHHAS
ceazp Crit-02=-Cr3t (Fe?T-027-Cr3") cramosurca
deppomarauTHoit npu 612 < 133° (012 > 170°).
OaHako cjeayer OTMETHTb, 9YTO CJIMIIKOM y3KHit
(141°-156°) nuana3oH yIJIOB CBEPXOOMEHHO CBsI3H,

~
~

KOTOPBIff MBI HCHOJIL30BAJIN ISl IOATOHKH C IPEJ-
[OJIOYKEHNEeM OJMHAKOBBIX JuinH cBssu Fe(Cr)-O wu
CPeJHNX YIJIOB CBEPXOOMEHHBIX CBsi3eil JIst BCex
CHCTEM IPHUBOJSAT K 3HAYUTEILHON HEOIPEIeIeHHOCTH
napamerpos, B vactHoctH, st J(FeFe) u J(FeCr).
Kpome Toro, Heob6xomMo OTMETUTH OOJIBITYIO HEOpe-

JEJIEHHOCTb B  OTHOIICHUU  «IKCIIEPHUMEHTAJIbHBIX»
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3HaYeHN!l OOMEHHBIX WHTerpajoB. /leso B ToMm, 4TO
«IKCIIEPUMEHTAJIbHBIE> OOMEHHBIE WHTErpaJjbl, KOTO-
pble MBI HCIOJIb30BaJIM, PaCCUYUTHIBAJUCHL HA OCHOBE
IIPOCTOTO NIPUOJIMKEHUS CPETHETO OJIs

zS(S+1)
3kp

T J, (19)

OJIHAKO 3TO COOTHOIIEHUE JaeT OOMEHHbLIE WHTerpa-
aet (J = 36.8 K B YFeO3), koropbie MoryT GbITH B
[TOJITOPA-Ba Pa3a MEHbBIIE MOJIYIeHHBIX IPYTUMEI Me-
romamu [11,50,51]. Tak, HegaBHue SKCIIEPUMEHTAIBHbIE
nanable naioT A YFeOs J. = 58.2 K, J, = 53.6 K
[52] mm J. = Ju = 51.5 K [53].

Beimre MBr  paccMaTpuBa M TONBKO — THITHIHBIN
aHTU(GEPPOMATHUTHBIN KWHETUIECKUI CBEPXOOMEHHBIH
BKJIaJ] KaK PEe3YJIbTAT TEOPUU BO3MYIIEHHI BTOPO-
ro nopsiaka. OJHAKO Ha caMOM Jiejle 3TOT BKJIAJ
peajibHO KOHKYPUPYET C THUOUYHBIM BKJIAJIOM dep-
POMArHUTHOIO TIOTEHIMAJIBLHOTO CBEPXOOMEHA  WJIH
obmena ['eitzenbepra, KOTOPDI SIBIASIETCS PE3YILTATOM
Hawubosee

BaXKHBIN MTOTEHITUAILHDBIN BKJIA B CBEPXOOMEH MOYKET

TEOPUHU BO3MYIIEHHUII IEPBOIO IHOPSIKA.

OBITH CBA3AH C BHYTPUATOMHBIM (beppPOMATrHUTHBIM
OOMEHHBIM B3amMojeificTBueM XyHJIa HECHAPEHHBIX
9JIEKTPOHOB Ha OPTOTOHAJIBHBIX JIUTAHIHBIX OpPOU-
TaJIfX,

rUOPUIM30BAHHBIX C  d-OpOUTAIAMU  JIBYX

GJIMKAMIITIX MATHUTHBIX KATHOHOB.

CujbHast 3aBUCHMOCTD CBEPXOOMEHHBIX d—d-WHTET-
DPAJIOB OT PACCTOSIHUSI KATHOH-JTUTAH-KATHOH OOBITHO
OTMCHIBALTCS «ITpaBWIOM Bioxas [54]:

olnJ oJ J

omR R’ R 10.

(20)

~ _
~

3. MUKPOCKOIIMYECKA I TEOPUHA
B3AMMOJIENCTBUS
JI3AJIOLUINHCKOT'O - MOPUA

3.1. Teopusi Mopusi

IlepBasi MuKpocKomuydeckass Teopusi cjiaboro dep-
pomaraeTusma 6bLia npeyokena Mopust [5], koropsrit
PACIIMPUII TEOPHUIO CBEPXOOMEeHa AHIepCcoHa, BKIIOYNB
CIINH-OPOUTAILHYIO CBS3b

Vso = Zf(li *8i).

Mopust Hadag ¢ OJHO3JIEKTPOHHOI'O TaMHUJILTOHHAHA
ISt d-3JIEKTPOHOB

613

A=Y il dpmot

fmo

R ST

m#m/ o
+ Y dh (Crmp @) dper, (21)
fm#f'm’ o0’

e

Cfmf'm’ = _g Z <

lfmfm” tfm” frm/ i

Em/ — €m

t m '/m//l '/m// /m/
L Lmpr L g ) (22)

— CIMH-OPOUTAJIbHAS IIOIPAaBKa K MHTErPaJy HEPEeHO-

Em// — Em/

ca. 3areM Mopusi BBIYUCINI OOOOIIEHHBIN KMHETHIeC-
Kuii 0OMeH AHIepcoHa, KOTOPBIHA CONEePKUT KaK OObIU-
HBIIl M30TPOIHBIN 0OMEH, TaK U AHU30TPOITHBIE CHMMET-
pUYHBIE U aHTUCUMMETDHYHBbIE HJIEHBI, T.€. KBa3W/IU-
MoJIbHYI0 aHu3oTponuio u DM-B3anmogeiicTBre cootT-
BeTCTBEeHHO. Bripaskenue i BekTopa J3smomuHcKo-
ro

4
dppr = *

X > Atfmprm Cpmgm — Crmprvtpm pm] - (23)

m#m/

6b110 TOJIydeno Mopust B IIPeIIoI0KeHH OpOUTaIb-
HO-HEBBIPOXKIEHHBIX OCHOBHBIX COCTOSIHUI m u m' co-
oTBeTCcTBeHHO Ha y3nax f u f’. Cienyer oTMeTHTD, 9TO
CIIMH-OTIepaTOpHas (opMa AHTUCUMMETPHIHOTO O0OMe-
na, 3sanomunckoro —Mopust ceayeT u3 COOTHOIIEHUS

81(81 . Sg) + (Sl . SQ)SQ = —z’[Sl X Sg] . (24)

Mopust ycTaHOBU CHUMMETDPUAHBIE OTPAHUYCHHS] HA
opuenranuio sekropa Jzamommuckoro d;;. Ilycrs 1asa
noHa 1 u 2 pacIiojIoyKeHbl COOTBETCTBEHHO B TOUKaxX A
u B, npuuem Touka C nepecekaer quanio AB momosiam:

1. Korma C — merrp uaBepcun: dis = 0;

2. Korya 3epkajbHasi IIOCKOCTD, TE€PIEHIUKYJISD-
nas AB, npoxojur gepes C, dio mapaJuiebHO 3epKajib-
Hoii minockocrn uwian dqo L AB;

3. Korya ectb 3epKaJibHasl ILIOCKOCTH, BKJIIOYAIO-
masg A u B, dis nepueH uKyiIsipHO 3epKaJIbHON I1j10C-
KOCTH;

4. Korma mnoBopoTHasi ocb Broporo mopsiiaka Co
1 AB npoxomur uepe3 C, dio 1 Co;

5. Korjia nmeercss n-kparHas ock (n > 2) BIOJb
AB, di; || AB.

HecMmotrpst Ha KaxKyIIyiocss IPOCTOTY, OllepaTopHast
dopma DM-B3anmoelicTBus (4) BbI3BIBAET HEKOTOPDIE
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BOIPOCKL. BO-TIEPBBIX, B OTJIMYNE OT CKAJISIPHOTO IPOU3-
Begienus (S1 - S2), BEKTOPHOE POU3BEIEHNAE CIMHOBBIX
ornepaTopos [S; X S3] MeHSIET CHMHOBYIO MYJIBTHUILIET-
HOCTB, T. €. TIOJIHBIH CITUH S12 = S1+ So, UTO MOTIEPKU-
BaeT HEOOXOIMMOCTh KBAHTOBOTO onucanus. CrmHoBast
HerarotajbHocTb DM-B3auMoieiicTBrsI BiedeT 3a, Co-
6011 01eHb HEOOBITHbIE CBOMCTBA BeKTOPa d12, HECKOJIb-
KO HAIOMUHAIONIME BEKTOPHLIN OpOUTAILHBIN onepa-
TOp, TpaHchOPMAIMOHHBIE CBONCTBA KOTOPOTO HE MO-
ryT GbITh U307MpPOBaHk! oT pemerku [55]. Kaxkercs, aro
BekTOp di2 BOOOIIE He mpeobpasyercs KaK OOBIYHBIN
BEKTOP.

Jlpyrast mpobJieMa, BBI3BIBAIONIAT HEKOTOPHIE BO-
[IPOCHI, 9TO CTPYKTYpa W JIOKAJM3anusi BeKTopa dis u
COOTBETCTBYIONIUX CIUHOBBIX CKOCOB. OYeBUIHO, UTO
BeKTOp di2 MO/KEH OBITH TaK WM WHAYE CBI3aH CO
CHUH-OPOUTAJIBHBIMY BKJIAIAME, JIOKAJIM30BAHHBIMI HA
y3nax 1 u 2. DTU KOMIIOHEHTBI MOI'YT Pa3JINYaThbCs 110
CBOEIi BeJIMYMHE W HAIIPABJIEHUIO, TOTJA KAK OTIePATOD-
Hast dopma (4) ToapasyMeBaeT HEKOTOPOE yCpeTHEHNe
Kak Jist BeKTopa di2, TAK M CKOCA CIIMHOBBIX MOMEHTOB
HA JIByX y3JIax.

Mopus #e yuurbiBaig 3dMEKTH CAMMETPUN U CH-
JIBI KPHUCTAJUIMYECKOTO IOJII U He YTOYHSUI Xapak-
rep (cBepx)oOMEHHOIl CBsi3M, KOTOpas, KAK Mbl yBHU-
JIUM HUYKE, MOYKET Kap/MHAJBHO BJUATHL HA HAIPaB-
JIEHHE ¥ BeJIMYNHY BeKTOpa J[3sIOMMHCKOrO BIJIOTH
JI0 ero obpalenusi B HyJIb. Kpome TOro, OH HUCIIOJIb-
30BaJl OYEHb YIPOIIeHHYO (hopMy (22) mompasku Ha
CIIUH-OPOUTAJILHOE BO3MYIIIEHUE K MHTEIPAJIy IIEPEHOCa,
(cM. cootnommenue (2.5) B pabore [5]). Hesmo B Tom, 91O
CTPYKTyPa 3JIEMEHTOB MATPHUIIBI IEPEHOCA 3aPsIa MO/T-
pa3yMeBaeT ydacThue HECKOJbKUX PA3JIMIHBIX JIOKAJIb-
HBIX KoHbUrypammit (tg, < (N — 1Ny + 1|EI|N1N2>).
Ciie1oBaTEIBHO, OMIPABKH TEOPUU BO3MYIIECHUS JTOTIK-
HbI OBITH GOJIee CIIOKHBIME, YeM (22), 1o Kpaiineii mepe,
OHM JIOJIKHBI BKJIIOYATH CIHH-OPOUTAIBHBIE MATPUU-
HBIE 3JIEMEHTHI (M 9Heprum Bo30yKeHust!) JJIsi OTHO-
U JIByXYaCTUYIHBIX KoHuryparmii. B pesynbrare 310
JleJlaeT CIOPHBIM BBIBOJ, aBTOPa 00 SKBUBAJIEHTHOCTH
JBYX CX€M BO3MYIICHUII, OCHOBAHHBII Ha IIOIpaBKax
Vso K uaTerpasty nepesoca u 0OMeHHOMY B3aUMOIEHCT-
uio. /Ipyroe orpanmdenue teopun Mopus cBsS3aHO C
[IOJIHBIM HUTHOPUPOBAHMEM CIUH-OPOUTAJIBHOTO BKJIa-
na gurauga B DM-s3anmosneiictsue. Hecmorpst Ha 3T
HEJIOCTATKM, OrneHKa Mopus i OTHOIIEHUS MKy
MozyiissMu BekTopa JI3sutommuckoro d = |d| u uzo-
TponHOTO O06MeHa J: d/J = Ag/g, rne g — rupomar-
HUTHOE OTHOIIEHUE, Ag — ero OTKJIOHEHUE OT 3HAUCHUS
JIJIsE CBOOOJTHBIX JIEKTPOHOB, COOTBETCTBEHHO, B HEKO-
TOPBIX CJIyYasiXx MOXKET ObITH [TOJIE3HO, OJHAKO TOJIHKO
JIJIst O9eHb rpy0Ooil ONeHKY.
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3.2. Mukpockonuieckasi Teopust
B3anMo/ielicTBus /I3siommmacKoro — Mopust:
cBepxoOMeHHOe B3ammoeiictBue S-MOHOB

IlepBass Mukpockomnmtdeckas Teopuss DM-B3anmo-
JeiicTBus i cBepxobMenHoi cBst3u M1—O—Mos, mpei-
JIO2KeHHast aBTopoM [7] (cM. Takxke pabors! [10-13,56])
[IPEJIToIaraia B3anMoIeiicTBre «CBOOOIHBIX» MOHOB C
ocHOBHBIM cocTosiareM %S xonduryparuu 3d° (Mn?t,
F63+), B3aUMOJIEHCTBYIOIMNUX Yepe3 IIPOMEXKYTOYHBINR
arnon tuna 02~ . OKoHUATeIbHOE BEIPAsKEHIe I BEK-
Topa JI3SIOIIIMHCKOTO UMEeJIO CJIE YOI BU;

diz = di2(612)[r1 x ra], (25)

puyaem

di2(0) = d1(Ry0, R20) + d2(R10, R2o) cosf12,  (26)

rJe TMEpBBIi W BTOPOIl WIEHBI ONPEIEISIOTCS MeXa-
HU3MAMU CBEPXOOMEHA, CBA3ZAHHBIMU COOTBETCTBEHHO C
MEe>KKOH(MUT'YPAIMOHHBIMUA BO30YXKIEHUAMH 2p —> 3§
JINTAHIOB U BHYTPUKOH(MUTYPAITMOHHBIMI b heKTaMu
2p—2p. Cnenyer ormerutsh, aTo tipu 6 = 0., T1e

cos 0o = —dy /ds (27)

BEKTOD JI3sJIOMTIMHCKOrO MEHsIeT 3HAK.

Onnako mnosxke 6bwI0 mokazano [10, 11, 56], [ro
npaBuabHasg Teopus DM-B3ammomeiicTBust jgaxKe Jis
MOHOB S-THUIA JOJXKHA YIUTHIBATH 3P DEKTHI KPUCTAI-
JINYECKOTO TIoJis. B KadecTBe HambOJIee HAIVISIHOTO
nprMepa MbI PACCMATPUBAEM APy HMOHOB C KOH(MU-
rypamueit 3d°, taknx kak Fe3T mm Mn?t ¢ ocmos-
HBIM COCTOSHEEM °S B IIPOMEXKYTOUHOM OKTA3IPIIe-
CKOM KPUCTAJLINIECKOE M0JI€, KOTOPOE IIPUBOUT K Pac-
merrennio TepMos 25T [ na KpucTasLIYecKie TepMb
25H1IT u cMemuBaHIo TEPMOB C OJIMHAKOBOI OKTad/I-
puueckoii cummerpueii, T.e. ¢ tem xke I' [57]. Cuun-
opOHUTAJIbHAS CBsI3b CMENINBAET OCHOBHOE COCTOSTHUE
6S ¢ repmom “PTi,, OIHAKO 3TOT TepM CMeNINBAET-
cd ¢ JIDYTUMH TepMaMH 4T1g, ir Ty u 4GT19. Nwmen-
HO nocsieami 3P HEKT OKA3BIBACTCS PEIIaiouM (hak-
TopoM it mosiByenust DM-B3anmoseitctBus. Bosno-
Bote dyukimu [4(L)T14) MOryT GBITH JETKO BLITHCIIE-
HBbI CTAHJAPTHBIM METOJOM [57] U MMET Ccjie Iy ouii
Buz [11]:

[4(P)Tyy) = 0.679[4PT},) — 0.604|4FTy,) +

+ 0.418|4GT1,),
[4(F)Tyy) = 0.387|4PTy,) + 0.777|4F Ty z) +

+ 0.495/4GT1,),
14(G)T1y) = —0.604|4PT,) — 0.169[4F T} ,) +

+ 0.737|4GT,),
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Tabnuua 2. BonHosbie dyHkuun 1 sHeprin Tepmos “Ti, ans nona Fe3t

B opTodeppuTax

BomnoBas dpynkius

-1
OHeprusi, cM

|4Tlg(41)> = 0. 988|t29 g Tlg>

0.123t3,€24 T 4) + 0.088[t3,¢3T1,)

E(41) = 0.96 - 104

|*T14(32)) = 0. 058|t2g g iTy,) +0. 844|t2g g iTy,) — 0. 534|t29 9 4T1,)

E(32) = 2.96 - 10*

|4T14(23)) = —0.140[t5,eL4 T g) — 0.522]t3,€2 Ty) + 0.841t3,€34T1,)

E(23) = 3.69-10%

C Y9€TOM [MapaMeTpOB KPUCTAJIIIMIECKOT'O TIOJIST U BHYT-
PHATOMHBIX KOppessiuii [57], TUNUYHBIX JJisi OPTO-
deppuros [58]: 10Dqg 12200 cv'; B="700cM L
C=2600ca'. Mel BuammM, uTo m3-3a 3pdeKTa cMe-
IIUBAHUASI TEPMOB OJIMHAKOBOI CHUMMETPUHA B KPUC-
TAJJIMYECKOM [0JIe BCE TPU KPUCTAJINIECKUX dJIe-
Ha, 4PT1g, 4FT19, 4CTy,y, OymyT BHOCHTD BKJI&J B
DM-szanmoseiicreue. Kpome Toro, pesyabTupyommit
BKJIaJ1 6y/IeT onpejieaThes cvmemusannem * P—2G [56].
Omnaxo B3ammojelicTBue 3d-MOHOB B CHCTEMaxX TH-

Ia OKCHJIOB U (PTOPUJIOB Hallle IPUHATO PACCMaTpU-
BaTh B CXEM€ CHJIBHOIO KPHUCTAJIMYecKoro mnoJis. Hu-
2Ke Mbl paccmorpuM DM-B3anmo/ieiicTBue 11 MArHUT-
HBIX 3d-MOHOB S-THITA ¢ OPOUTAIHHO-HEBBIPOK JIEHHBIM
BBICOKOCIIMHOBBIM OCHOBHBIM COCTOSIHHEM B CHJIBHOM
KyOHMYIecKOM KpPHUCTAJIMIeCKOM II0jie, T.e. I 3d-
I/IOHOB c HaHOJIOBI/IHy 3AII0JIHEHHBIMU ODOJIOUKAMHU t%g,
tQQ 7 t2ge 1 OCHOBHBIMU COCTOSIHUSIMU COOTBETCTBEH-
no 1Ay, A, 3 A, [10,11,56]. B wactHocTH, 115 Tep-
Mo 4T, 3d°-MOHOB B IPHOJIMIKEHUH CHIILHOTO KyOu-
YeCKOr0 KPUCTAJIIMYECKOTO II0JIs BMECTO BBIPAXKEHUit
(28) MBI HPUXOIUM K BOJHOBBIM (DYHKIUSM KOH(pU-
rypanuit t2g g%, KaKk mokasano B Tabu1. 2. Wcmombsys
BBIpaXKEeHUs JJIsI COUH-OpOUTAIbHOMN cBs3u Vso 1 oc-
HOBHOT'O KWHETHUYECKOTO BKJIAJa B IapaMeTpPhl CBep-
x00MeHa, KoTophle ompeessiior DM-s3anmozeiictsue,
[I0CJIE JIOCTATOYHO DPYTUHHON aJjredpbl, MblI IOKa3a-
gu, yro DM-B3anmoneiicTBiue MOXKeT OBITh 3aIlHCAHO
B crapgaprHoit dopme (25), rue diz MOXKHO 3aIHCATDH
Kak [10,11, 56]

di2 = X1Ys + XoY7, (29)

npudeM MHOXKHUTeM X u Y OTpazkaioT OOMEHHO-pe-
JISTUBUCTCKYIO CTPYKTYPY COOTBETCTBYIOIIETO BKJIAIA
TEOPUHU BO3MYIIEHU BTOPOTO TOPSIIKA U JIETAJIH JICKT-
ponHO# KoHbuUrypanun s nona S-tuna. s obmen-
HBIX MHOXKHUTesel X TosydaeM

(95, — 1)

X; =
2U

tro(tss + too cOSH) —

(g - 1)

Y tantor coSO,

(30)
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rae gty gt —

me) COOTBETCTBEHHO JJIA €4-, 194-TI0JI000/I0YEK, tyy >
> tng > Tox > tss HOJIO?KUATEJBHO OIIpeJieJIeH-
Hble mHTerpaJibl d—d-nepenoca, U — sueprusi d—d-te-

sadbdekTuBHbIe «g-DAKTOPBI» (CM. BbI-

penoca (sHeprusi Koppessinuu). O6mmit Buy Gespas-
MepHBIX KO3(pDUIIEHTOB Y, ONpeIe/sseMbIX CIIMH-OD-
OUTATHLHBIMI KOHCTAHTAMU U SHEPTUSIMU BO30Y XK JICHUS,
Goutee ciioxkeH (cM., HampuMmep, padory [56]). Koadbdu-
nueHTsl X u Y TpencTaBieHbl B Tabs. 3 i 3d-no-
HOB S-Tuna, rie £3q — CHUH-OPOUTAJIBHBIN ITapaMerp,
AFE:>s11p — 3HEPrust BO30YKIEHHOTO KPUCTAJLITIECKO-
ro tepma 25H1T, B3anMOIeHCTBYIOMErO C OCHOBHBIM CO-
crostHUEM 3a cueT Vso.

Suaku kKoadpdurumento X u Y B Taba. 3 mpeacka-
3aHBI JJIsi JIOBOJIBHO GOJIBIIUX YIJIOB CBEPXOOMEHHOI
cBsi3U | cos b1a| > tss/toe, KOTOPBIE TUITMIHBI J1JIST MHO-
rux 3d-coelMHEeHni, TAKNX KAK OKCHJIbI, U OTHOIIEHUS
AEsr,,(41) < AFEsp, (32), THITIHOTO JJTsT BBICOKOC-
nrHOBOH KoHduUrypamuu 3d°. Bo3byxaenHas KoHOH-
rypamus t5 e me maer Bkiaja B DM-3anmvozeiicrsue
nst 3d°-HOHOB.

Crour OTMETHTh, YTO PaHee Mbl BBISIBUIM W WUC-
NpPaBUIA CAyYaliHyl0 OIMMMOKY B 3HAKE ITapaMeTpPOB
X;, JOIMYIMEHHYI0 KaK B HAIMUX IPEIBIIYIX CTAThAX
[10,11], Tak u B HemaBHeil cTaThe [12]. 31ech n masee
MBI HCIIOJIb3YeM MpaBUibHBIE 3HAKK JIst X; B (30) u
Tabi. 3 [56].

JIOBOJIBHO TIPOCTBIE BBIPAXKEHUsI I MHOXKUTEJIEH
X; m Y, monydennl 6e3 ydera 3HHEKTOB CMEIINBa-
" /B3anMoeiicTeua Tepmos 22T oaumraroBsoit ciM-
METPHUU U BKJIAJIA IyCTHIX MOJ060JI09EK B OOMEHHYIO
cBs13b (cM. pabory [11]). Tem He MeHee nanuble TabI. 3
[O3BOJISTIOT HAM OIEHUTH KAK YUCJIEHHOE 3HAUEHUE, TAK
7 3HAK [AapaMeTpPOB di2.

Ciiejyer OTMETUTD, 9TO JIJIsi KPUTUYIECKOrO yTiia O,
CMeHBI 3HaKa BEKTOPa JI3SIOMUHCKOTO MMeeM

€08 0ep = —dy /do = N2 /N2
Tt map d-d® m
cosBer = N2 /(A2 — \2)

s map d°—d®. Vcnonb3ys pa3iHyuHble IKCIEPHMeH-
TaJbHBIE JIAHHBIE [JIsI IAPAMETPOB KOBAJEHTHOCTH
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Tabnuua 3. Buipaxenus ans koadpduunertos X n Y, onpeaensiolynx BeNMYMHY W 3Hak BekTopa [l3snowmHckoro B

napax 3d-noHoB S-Tuna C JIOKaNbHON OKTasgpu4yeckoli cummeTpueli. 3Hakn koadduuymeHTos X; COOTBETCTBYIOT yriam

ceepxobmeHHol cBazun 0 > 0.,

OcHOBHOE X Srax X v Srax Y Bosbyxiennoe
COCTOsTHUE COCTOsIHUE
3d3(t3,):*A 1 2 1 2
(t3y):" Az ———trrton cOSH + €3d + t3 e
V2+, Cr3+, Mn4+ 3U 3\/§ AE4T2Q AE2T2g 9 q
1
3d5(t2g g) 644, ~ 7 — (tpntom cOSH — L 634 ( 1 B 1 > B 4 2
Mn?*, Fe?t —tro (tss + too cOSH)) 5v3 \AEir, (41)  AEar (23) 29° 97 29° g
3d3(t§,e2):3 Ay 3€34q 1 1
q g g _tﬂ'a' tss tcrcr 9 * t5 3
N12+, Cu3+ 2U ( i o8 ) 2\/§ AE?’ng * AE1T29 N 2(] ’
(cM., manpumep, paGory [59]), Mbl mpExOmMM K Tabnuua 4. TeopeTuyeckmne npegckas’aHns 3HaKOB BEK-

di/ds ~ 1/5 —1/3 u 6, = 100°-110° aua nap
Fe?t—Fe3t B okcunax.

CooTrHollleHre MEXKY PA3JIMIHBIMU MHOKUTEIAMU
X npwu Tunuusbix s oprogeppuros RFeOs u opro-
xpomuToB RCrO3 reomerpun cBepxoOMeHa U IIapaMeT-
pax KOBaJIEHTHOCTH BBITVISIAT Kak [11]

|de| > |Xd3| > |Xd5

(31)

TeM He MeHee, CJIEIyeT HOJYEPKHYTh UX 3aBHCHMOCTD
OT TeOMETPUH CBEPXOOMEHa M HapaMeTpPOB KOBAJIEHT-
voctu. IIpocToe cpaBHeHME OOMEHHBIX MHOXKUTENEH X
(eM. (30) 1 Tabu. 3) ¢ obMmenHbIMHU TapaMerpaMu I (y;y;)
(15) cBuzmeTesbcTBYET 0 MX cpaBHUMON Beamuune. Co-
orHotexue (16) M03BOJISIET YCTAHOBUTD OoJiee orpejie-
JIEHHOEe COOTBeTCTBHE. IIpH THIIMYHBIX BEJMYHHAX I1a-
1.5 3B wmbr
HOJIyYUM CJIEJLYOIIE COOTHOIIEHUST MEXK/LY PA3JIMIHbI-

pameTpa Kpucrajuimdeckoro nossa 10Dg ~

My MHOKHATesiMT Y [11]:
[Yas| > [Yas| > [Yosl, (32)

~
~

~
~

npmaeM Yys = 7.0 - 1072, Yys —2.5-1072, Yz
~1.5-1072

Haunbosbiree 3uadenune xodddurmenta dis mpe-
cKasbIBaeTcs i map d° —d°, a mis map d°—d°® MoxKHO
OKMJIATH TOPA3JI0 MEHBINEro (MOXKeT ObIThb, Ha HOPs-
N0k ) sHavenns. Jjis nap d°—d® sror koaddunment 6y-
JIET, 110 BUIMMOMY, HECKOJIBKO BBIIIE 3HAUEHUS JJIsT I1ap
d°~d®. Ina pasmbix nap: diao(d®~d®) ~ —dia (d*~d?);
d12 (d8*d5) ~ dlg (d/5*d5); dlg(d/gfdg) Z dlg (dgfdg).
VInBUATEIBHO, HO, HECMOTPSI HA CHJILHYIO H30TPOITHYIO
06MeHHYIO cBA3L A1d map d°—d° u d°—d®, DM-B3ammo-
JieficTBHE JIJIsT HUX OXKUJIAETCsl ObITh HAUMEHBIITIM CPe-
i map moHoB S-tuma. s map d°—d°, B gacTHOCTH

Fe3t-Fe3T, MbI mMeeM /1Ba, KOMIIEHCAITHOHHBIX 3P deK-
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Topoe [3anowunHckoro B napax 3d-noHos S-Tuna c no-
KaJIbHOUI OKTasfpu4ecKoil CUMMETpPUEl 1 yriiom cBep-
xobmeHHol cBsA3mn 0 > O,

3d™ 3d3(t3,) | 3d°(t3,e2) | 3d®(t5,e?)
3d°(83,) + - +
3d°(t3,e2) — + +
3d8(t2g g) + + -

Ta. Bo-11epBBIX, BKJIAJ 0-CBA3W B MHOXKUTEIb X dYac-
TUYHO KOMIIEHCUDPYETCS BKJIAJIOM T-CBsI3U, BO-BTODPBIX,
Bk or Tepma T, Kondurypamnun t%ge}] TaCTUIHO
KOMHeHCI/IpyeTCH BKJIaJIoM oT Tepma T}, Koudurypa-
jadsict tQQ 7

Teoperudeckue mpejcKa3anus
3Haka BeKTOpa /JI3sommHCKOro B mapax 3d-MOHOB

«HCIIPaBJIEHHOI'O»

S-Tuma ¢ JIOKAJbHONH OKTA3IPUIECKON CHMMETpPUei
(mpaBusia 3HAKOB) mpejcTaBieHbl B Tabu. 4. 3Haku
ot map do—d3, d°—d°, u d>~d® oxa3bIBaIOTCST OMHAKO-
BBIMH, HO IIPOTHBOIIOIOKHBIMI 3HAKAM [JIg Map do—d°
u d®d8. Tlomo6HO TOMY, KaX pa3Hble 3HAKH ODBITHOTO
OOMEHHOTO WHTerpaja ONpeJessaioT pasHbii  (dep
po-anTUdEPPO) MAIHUTHBIA HOPSIOK, PA3HbIE 3HAKH
BEKTOPOB /J[3sLJIOIMMHCKOTO CO3/1al0T BO3MOXKHOCTH
(deppo-anTudeppo)  ymopsimode-
cnabeix  (aHTH)dEpPOMATHUTHBIX

HEOHOPOIHOTO

HHUA  JIOKAJIbHBIX
WM JIOKAJIbHBIN  SIBHBIN /CKPBITBI  CKOC
Hosoe wmarnuTHOe sBieHHE

MOMEHTOB,
MATrHATHBIX MOMEHTOB.
U HOBBIl KJACC MATrHUTHBIX MATEPHUAJIOB, KOTODBIE
[IPEJICTABISIOT €000l CHCTEMBI THIIA TBEPIBIX pac-
T80poB YFe;_,Cr,O3 ¢ KOHKypUPyONIUMA 3HAKAMUI
BeKTOpOB JI3sstomuHCKOr0, 6y/IyT PacCCMOTPEHBI HUXKE
(cM. pasn. 5) noxpobGHee.
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3.3. DM-B3auMoeiicTBre B TPUTOHAJIbHBIX
rematute o-Fe; O3 u 6opare FeBOg

[IpuMensist HAIILy TEOPHIO, MPEIIOJIATAIONLYIO HJIe-
AJIBHYIO0 OKTA3IPUIECKYI0 CUMMETPHUIO MOHOB S-THUIIA,
K KJIACCHIECKOMY cjiabomy deppomarnetuky a-FesOs,
MBI MPUXOJIUM K HECKOJIHKO HEOYKHUIAHHOMY BBIBOJLY,
[TOCKOJIbKY TEOPHS PEJICKAZBIBAET, YTO BKJIAJ] TPEX K-
BHBAJICHTHEIX CBePXOOMEHHEBIX cBsaselt Fe3T-02~-Fe3t
TSI TBYX Feog_-OKTaS,ZLpOB B CyMMAapHbIi BekTop /351~
JIOIITUHCKOTO CTPOro oOpalnaercs B Hy/ab. TOYHO Ta-
KOU ¥Ke pe3yJsibraT Oy/erT MOJIydeH, eCU PacCMOTPETD
npsimoit o6men Fe?t—Fe3t B cucreme nByx mieasbHbIX
Feog_-OKTaSLLpOB, CBSI3aHHBIX Yepe3 TpU OOIUX MOHA
kuciaopona, korga Ris || Cs. OgeBuino, 4ro uMeHHO
9TOT PaKT ABIAETCS MPUIUHON CTOJIH MAJIONW BeJIUIU-
HBI yIJIa CKOCa MATHUTHBIX MOJIPENIETOK B NeMAaTHTE,
KOTOpDBIIl HA TOPSIOK MEHbIE, UeM, HAIPUMED, B Op-
todeppurax RFeOs mim 6opare FeBOg3. Tak B uem xe
UCTUHHAS IPUPO/Ia CJIaboro peppoMarueTu3mMa B remMa-
tuTe -Feo O3, craBIieM UCTOPUIECKU IEPBBIM CJIA0BIM
deppomaraeTnkoMm? KakoBO MHKPOCKOIIMYECKOE IIPO-
HCXOXKJIEHNEe HEHYJIEBOTO BEKTOpa JI3sJIOMIMHCKOr0, KO-
TOPBIi JIOJIZKEH OBITH HAIPABJIEH BJOJIb OCH CHMMET-
puu Cs coryacao npasuiaam Mopus? Ilpexnae Bcero,
MBI JIOJIZKHBI OOPATUTH BHIMAHUE HA TPUTOHAJIBHBIE UC-
KaKeHUsI OKTadIPOB FeOg_, KOTOpbIE 00JIATAI0T CUM-
MeTpueir 75 ¥ MPUBOJASAT K CMENIMBAHUIO TEPMOB 4Tlg
¢ repmamn * Ay, u *Th,. B npunnune, aywmuii cnocod
peIuTh IpPobJIEMY, 9TO HCHOJb30BATH CHCTEMY KOOD-
JIMHAT, B KOTOPOit ochb O, HampaBJieHa BJOJb OCH CUM-
verpun C3, a He OOBIYHO ITPUMEHSIEMYIO T'€OMETPHUIO
O, || C4 [56]. Cummerpuiinbii aHAIN3 TTOKA3BIBAET, UTO
AKCHALHOE MCKAKeHWe BJOJb chasu FedT-Fel™ wo-
KeT mHIynupoBaTh DM-B3amMoseiicTBue ¢ BEKTOPOM
JI3sTOMMUHCKOTO, HAPABJIECHHBIM BJIOJIb CBSI3W, OJTHA-
KO TOJIBKO JIJIsl JIOKAJBbHO HEIKBUBAJIEHTHBIX IEHTPOB
Fe3T, mmade MBI IPHXOIUM K TOTHON KOMIICHCAITHIT
BKJIAJIOB CIUH-OPOUTAJIHLHBIX B3aWUMOJEHCTBUI Ha y3-
aax 1 u 2 [56].

Tpuronaibublit remaTut a-Feo O3 nMeer Ty 2Ke Kpu-
CTAJUIIIECKYIO CHMMeTpuio R3c — ng, 9TO0 U CJ1abbIit
deppomaraeruk FeBOj3. Kpome toro, Gopar moxker
OBITH «IIPeoOPa30BaH» B IEeMATHUT 33 CUET 3aMENTEeHUs
nonos B3 na Fe3T co cMermennem Kax «crapbixs, Tak
U «HOBBIX» HOHOB 2XK€Ji€3a BJ0JIb TPUTOHAJBHON OCH.
B pesyibpraTe MBI IPUXOAMM K IOSIBJIEHUIO JIOTIOJIHU-
TeJIbHON CHJIbHOI M30TPOIHOM (CcBepX)0OMEHHOIT CBsA3U
HEIEHTPOCUMMETPUYIHBIX OKTadipoB FeOg depe3 Tpu
0o0IUX KHUCJIOPOJa ¢ KOPOTKUMHU paccrosinusimu Fe—O
(1.942 A), YTO OIpe/IesisieT OYeHb BBICOKYIO TeMIlepa-
Typy Heenss Ty = 948 K B remaTtuTe 1o cCpaBHEHUIO C
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Tn = 348 K B 6opare. Omnako cummerpus Dsj, 9Tux
OOMEHHBIX CBsI3eil yKa3bIBAET HA Y€TKYIO KOMITEHCAIHIO
BKJIaJa JIBYX noHOB Fe B BekTop JI3smommuackoro. JIpy-
FUMU CJIOBaMHM, CJIabblii (heppOMArHeTH3M B I'eMaTHTe
a-Fe; O3 onpenensiercsas DM-B3anmomeiicTBIEM 1T TEX
ke cBuazeit Fe—-O-Fe, uro u B Gopare FeBOj3. Omna-
Ko jymana csseii Fe-O B remarnre (2.111A) samer-
HO Goutbie, ueM B Gopate (2.028 A), uro ykassiBaer Ha
3HauYnTEIHLHO 6ostee caaboe DM-3anmmoneiicteue. Kom-
ounanms 6oJsiee ciraboro DM-B3aumMmojieiicTBus u 6oJiee
CIJIBHOTO M30TPOIHOro obmeHa B a-Feo O3 1mo cpasme-
auto ¢ FeBOg3 neiictBurenbHO 00bsSICHSET PA3HUILy HA
OJIVH TOPSIJIOK B yTJIaX CKOCA MATHUTHBIX IIOJPEIIeTOK.

3.4. DM-B3aumMo/ieiicTBUEe C y4acTueM
peako3eMeJIbHbIX NOHOB

CrmH-0pbuTaIbHOE B3ANMOEHCTBIE IS PEIKO3e-
MeJIbHBIX HOHOB C BaJIeHTHO! KoHdurypanueit 4 f nua-
roHajgpbHo Ha Gasuce (LS)J-MyJbTHIIETOB, Tak dTO
obbranoe DM-B3anmo/ieiicTBue

I;[Hw = Z (dmn - [Sm x 8y]) =

m>n

= Z (gm — D)(gn — D(dmn - [T x Tn])  (33)

m>n

(gm,n — daxTopsl Jlan/ie) MOKeT MOSABUTHCS /IS CBEP-
xobmena f—O—f Tonabko Ojaromapsi CHUH-OPOUTAJIB-
HOMY B3aMMOJEHCTBHUIO Ha IIPOMEKYTOYHOM JIUTAH/IE.
OueBngHO, UTO M1 cBepxoOMeHa R-moH — 3d-moH MbI
“MeeM JIOIOJIHUTEJIbHBIA BKJIaJ[ CIHUH-OPOUTAJIBHOIO
B3auMoieiicTBuss st 3d-nona. DM-B3aumoieiicTBre

R-non — 3d-uon R3T-027-Fe3T (R = Nd, Gd)

Ay =Y (dn - [Jm x Syl)

m>n

(34)

PACCMATPUBAJIOCH TEOPETUYECKH U IKCIIEPUMEHTABLHO
B paborax [60,61].

DddexTuBnoe none Ha R-mone moxker ObITH IpeI-
CTaBJIEHO B BHUJIE CYMMBI (peppo- U aHTU(PEPPOMATHUAT-
HOT'O BKJIQJIOB:

Re
HdeOAF—FﬂG, (35)

e « oupejessierT BKJIaJ, U30TPOIHOro obmeHa f—d,
<>

TOrZa KaK TEH30p (3 OIHCLIBAET BKJIAJ CHUMMETPUY-
HBIX U AHTUCAMMETPUYHBIX AHU30TPOIHBIX B3aMMO-
jgeiicrBuil f—d. DT B3auMO/I€fiCTBHUSI UCCJIE0BAJIUCH B
GdFeO3 [60], mpudem aBTOPbLI HALLIU, YTO

oF, = —0.19;

BroGs = (Bl + Ber)Ge = —0.05+0.21 = 0.16 (36)
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(B Tecna). JIOBOJBHO HEOXKHUJAHHO OKA3aj0Ch, YTO
AHTUCUMMETPUYHBIA  aHTH(DEPPOMATHUTHBIA — BKJIA/T
B%.G, B 3bdexTusnoe mose na nonax Gd3t B daze
T'y mpu T = 0 K, xoropsrit onpenensiercs DM-B3anmo-
neiicrBueM f—d, siBJisieTcss BeIyIUM BKJIaJgoM. Boiee
TOro, corsacHo JaHubM paborsl [61], B GACrO3

oF, = —0.13,

B22Ge = ( zz +Bgac)GI

1. e. DM-B3aumoyeiicrBue f—d umeer erie OOJIBIIYIO Be-

= +0.05—0.47 = —0.42, (37)

smanny, veM B GdFeOs, onHako ¢ mpoTHBOMIOIOKHBIM
3HAKOM, 9TO COIJIACYETCs C MPOTHBOIIOJIOXKHBIMU 3HA~
kamu kKoadbdummenrta Y s Fe3™ u Cr3t (em. tabu. 3).

4. TIPEJCKA3AHNA TEOPUN B
CPABHEHUU C SKCIIEPUMMEHTOM

4.1. BzaumogeiictBue /I3s0/7I0IIIMHCKOTO B
opTodeppurax

Yerripe mona Fe3t zammmaror mosummm 4b B op-
TOPOMOMYIECKOl 3/IeMEHTaAPHON sueiike opTodheppuTOB
RFeO3 (upocrpancrsennas rpyuma Pbnm):

1(1/2,0,0);2(1/2,0,1/2);3(0,1/2,1/2);4(0,1/2,0).
Knaccuieckune 6a3ucHble BEKTOPHI MATHUTHON CTPYK-
TYPBI Uit 3d-TIOIPENIETKU OIPEJIEIIAIOTCS CIIETYIOTIIM

obpazom:

4SF =S, + Sy + S3 + Sy,
45G =S; — Sy + S5 — Sy,
45C =S +S,—S3 -S4,
4SA =S, —S;,—S3+8,.

(38)

Snecb G onuchIBaeT OCHOBHYIO aHTH(EPPOMarHUT-
HYIO KOMITOHEHTY MarHUTHON CTPyKTypbl, F — BekTOp
deppomaruerusma (ABHBI CKOC IOAPENIETOK), CJia-
6nie anTudeppoMarunTHbie KoMmoneHTel C u A omu-
CBIBAIOT CKOC MATHUTHBIX MOJPENIeTOK 0e3 cymmap-
HOIO MAIHUTHOTO MOMEHTa (CKPBITBIH CKOC IIOJperie-
TOK). «Pa3spemenuble» coumHOBbIe KOHMUIYpAIMU JJIs
3d-oppemerkn obo3Hadatorcst Kak 11 (Ag, Gy, C.),
Iy (Fy,Cy,Gs), T4 (Gqe, Ay, F.), roe B ckoOKax dury-
PUDYIOT €JIMHCTBEHHBIE OTJIUIHBIE OT HYJIsT KOMIIOHEH-
ThI GA3UCHBIX BEKTOPOB. OTMeTHM, 9TO B JIATEpAType
MOYKHO HAWTHU pa3Hble BADUAHTHI HYMEDAIUU TO3UIHI
nonos Fe3™ (cm., mampumep, paborer [53,62]), Tax 4aro
6asucubie BekTophbl G, C, A MOTyT pa3juvaTbCs 3Ha-
KOM.
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B mpocreiimem kitaccnaeckoM MPUOINKEHUN OIle-
paToOp CUMMETPUYHBIX M AHTUCUMMETPUIHBIX OOMEH-
HBIX d—d-B3anMOIeficTBU B opTOdeppuTax

H= ZJij(Si -S;) + Z(dij -[Si x S;])

i>j i>]

(39)

MOYKHO 3aIUCATh B TEPMUHAX OA3UCHBIX BEKTOPOB KAK
CBOBOIHY IO HEPTUIO CJIELYOIIM 00pa3oM (CM., Halpu-
mep, padory [11] u ccbutku B Heit):

JF G 2
—G
2 2 +

D, (C,G. — C.G,) +
D.(A,Gy, — A,G.) +
+dy(Co Az — CoAz) +

TJie JIJIsl 9HePrUM, PacCUUTAHHON Ha OJIMH WOH,

Jege, a

2

Cc? 4+ A%+
y( w _FwGZ)"’
(AyFZ —AF)+

d=""F?+

(40)

Jp = —Ja = S*(2Ju + Jo),

Ja c=8%2Juw — Je),

_52 de(12)7

2 <Z dy(14) + > dy(12)> ,
4 2
—S* "d.(14).
4

MUHEMHA3APY$ CBOGOIHYIO SHEpPTHIO Ipu yeaosuu F2 +
+G2+C24+A%2=1uF,C A< G, naiinem

(41)

D,

D D
Fo=——Gyy, Ay= -G,
Jr—Ja Yo Ja—Ja
D D
F,=—YG, 0,=-—>+G,, 42
Jr—Ja Y Jo — Ja (42)
D D
Ap=——"2-G,, C,= ——G,.
Ja—Jg Y Jo —Ja

4.2. SIBHBII M CKPBITBIII CKOC MAarHUTHBIX
MOZIPeIlleTOK B opTodepputax

Pucynox 3 moka3bpBaeT JOCTATOYHO CJIOXKHYIO
CTPYKTYDY CBepxo6MeHHBIX cBaseil Felt-02 —Fe3T s
oprodeppuTax, UTO ONPEJENSIET U CJIOXKHYIO CTPYK-
TYPHYIO BEeKTOpPOB  JI3sI0mmHCKOrO.
B Tabn. 5 mpeacraBiieHbl CTPYKTYpPHBIE (DAKTOPBI
[r1 x r2]11y7Z JUIsT CBEPXOOMEHHBIX CBsi3elt mona Fe3™
B mosuiun (1/2,0,0) ¢ OumKafmmMy —coceasaMu
B oprodeppuTax ¢ UNCICHHBIMU 3HAYEHUSIMH JIJIs

3aBHUCHMOCTbH

YFeOj3. Jlerko Bujierhb, 4To cj1abblii (peppoMarHeTusm
B oprodeppuTax CBs3aH C Y-KOMIOHEHTOHW BEKTOPA
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Puc. 3. CtpykTypa cBepxobmeHHbix cBsizeli Fe3T-02~—Fe?t

B opTodbepputax. Jup U J. — oBMeHHbIe HTerpanbl ans 6aun-

alilwnx cocegeid, J' — obMeHHbI WHTerpan ans cocegei,

cnepytowmx 3a 6awkaiwnmu. 1, 2, 3, 4 — vousl Fe*T B ye-

ThIpeX HE3KBMBaNEHTHbIX no3uunsix. Bocnponseegero uns pa-
6otbl [53]

JI35TONTUHCKOTO, BEJIMYUHA KOTOPO# COCTABJISIET BCETO
JIUIIH OKOJIO TPETH OT €r0 MaKCUMAJIbHOM BEJNIMHBI.
B 1975 r. MBI ucnosib3oBasu npocTyo hopMysTy [
BekTOpa J3sunomuuckoro (6) u cTpyKTypHBIE (GAKTODHI
u3 TabJ1. 5, 9TOOBI HAWTHU CBSI3b MEXKJIY KPHUCTAJIOTDa-
(bUYIeCKoil U «CKOIIEHHOW» MATHUTHOW CTPYKTYpaMu
JTst 9eThIpexto/penteTonbix oprodepputoB RFeOs u
oproxpomutos RCrOj [9,11] (em. puc. 4), r71e 0CHOBHOI
aHT(hEepPOMArHUTHBIN TOPsI0K G-THIa COMPOBOXKIa-
eTcsl KaK sIBHBIM CKOCOM IIOJIDEIEeTOK, XapaKTepu3yIo-
mumMest peppoMarHuTHEIM BekTopoM F (cnabbiii dep-
pomarmeTusm!), TAK W ABYyMsl THIA CKPBITOIO CKOCA
nozapenierok, A u C (cnabbiit antudeppomarnerusm!):

(z1+222)ac d _ (#1+222)ac d

Fw = r) Fz = x)
612 J 612 J
(1/24+ya —x2)ab d
A, = —Gy,
212 J Y
1/2 —
Ay:_(/ ty2 —zs)abd
v 212 J Y
(1/2—y1)bc d
C,=——~——"T"——-G,,
212 J Y
rme a,b,c IapaMerpbl 3JIeMEHTApHON dA4YeiKku,
T1,2, Y12, 72 — kucaopomuble (Oryr) mapaMerpsl,
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| — cpenmsis AJWHA CBS3W KATHOH-AHHOH. DTH CO-
OTHOIIIEHUs TIPEJNIOJIAral0T YCPEIHEHUE [0 CBIA3SM
Fe?t-02~—Fe?t B ab-muockocTd M BIOJIL OCH C.
Ormernm, uro |Ay | > |Fy 2] > |Cy .2l

IIpexxme Bcero, Mbl IPUXOAUM K IIPOCTOR CBS-
30 MeXKJIy KPUCTAJIOIPAMDUIECKUMH IapaMeTpaMu U

MATHUTHBIM MOMEHTOM Fe-TIOfIpeImeTkn: B eUHUTAX
I'c-r/em®

4 S
MFe = gu—‘f|Fw,z| =
2gupSac d(0)
= ey it 2)gEy. (44
rme p u V. — COOTBETCTBEHHO IIJIOTHOCTH U OOBEM

9JIEMEHTAPHON sf9efikn. IBHBIN CKOC MATHUTHBIX IO/I-
peIeToK, UM BeKTop deppomarHernama Fj, . MoKeT
OBITH paccIUTaH Yepe3 OTHoIeHue 1mojs J3smormmH-
ckoro (Hp) k obmennomy noso (Hpg):

F=Hp/2HE. (45)
Ecau mbl 3H86M 1105151 JI351/TOMITUHCKOTO, TO CMOXKEM Pac-

cunTaTh MHOXKUTEND d(f) B opTodeppuTax Ciemyomum
obpazom:

s
Hp = —— %" |d,(1d)] =
D gMBZi:ly( )|

KB

(21 +222) 5 [d(O)] . (46)

aro paer |d(f)| = 3.2 K = 0.28 m3B B YFeO3 upu
Hp 140 k9 [17]. D10 3HAYECHHE HAXOJUTCS B XO-
POIIEM COIVIACUH C JAHHBIMHI HEJABHUX JKCIEPUMEH-

T0B [52,53], KoTOpbIe M03BOIMWIN HaiiTh MH(DOPMAIIUIO O
BekTOpE JI3SIOMMMHCKOTO HA OCHOBE U3MEPEHU CIIEKT-
pa CIHOBBIX BOJIH. OTMETHM, YTO HECMOTPS HA TO, ITO
F, =~ 0.01 mapamerp d(f) Bcero Jimib Ha MOPSIIOK Be-
JINYUHBI MeHbITe 0OMeHHOro nHTerpaja B Y FeOs.

Hamwm pesysibprarsl ¢TUMYJIHPOBAIH IKCIEPUMEH-
TaJbHBbIE UCCJIEJIOBAHUS CKPBITOIO CKOCA MATHUTHBIX
[TOJIPEIIETOK, WU «CJIaDOro aHTHuMEPPOMArHETU3MAY B
oprodeppurax. Kak mokaszano B Tabi1. 6, TeopeTuIecKn
[Ipe/ICKa3aHHble OTHOIEHUs MEXK/Ty sIBHBIM U CKPBITHIM
CKOCOM MAarHUTHBIX MOJPENIeTOK XOPOIIO COTJIACYIOTCS
C 9KCIEPUMEHTAJIBHBIMU JTAHHBIMU, IOy 9€HHBIMU JIJIsT
pasmmaHbIX opTodeppuTos ¢ momomnsio AMP [22], pac-
cestHUSI HEWTPOHOB, M3MEPEHUN HU3KOIHEPreTHIeCKUX
CIIMHOBBIX BO30Y2KJIEHUI ¢ IMOMOIILI0 HEYIIPYTOro pac-
CestHUsI HEHTPOHOB U MTOTJIOIIEHUsI TEPATrePIEBOrO HU3JTy-

venus [23,52,53,63].
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Tabnuua 5. CTpykTypHble MHOXUTENN [ X Ig] ans ceepxobmeHHo-cBA3aHHbIX nap Fei—O—Fez 4 B opTodbepputax

T,Y,2z
C yncneHHbiMu 3HadveHusimu gast YFeOs, a, b, ¢ — napamertpbl pewetku, | — cpegHsas gavHa cessu Fe-O, 1,1,

Z2,Y2, 22 — KUCIOPOLHbIE NapameTpbl cooTBeTcTBeHHO ans noduuuii O(4c) n O(8d)

[I’l X I'2]z [I’l X I'Q]y [I’l X I'Q]Z
(1/2 = 1) be x1ac
2 —— =0.20 — = —0.55 0
212 212
zobe zZoac (y2 —x2 +1/2) ab
4 +— = 40.31 ———=-0.29 =0.41
212 212 212
F
» > > d<0
Ay F, ¢y A, G,
Gl'
G
F Yz
! A FQ Fl
GZ
F, G, Gy Cz A
> > < d>0

Puc. 4. BasucHble BekTOpbl MarHUTHOR CTPYKTYpbl anst 3d-nogpeweTkn B opTodepputax RFeOs n oproxpomutax RCrOs

4.3. DM-B3aumogeiictBue u 3 dpeKTuBHAaS
MarHuTHasi aHU30TPOIINS

Hwke mpr mponemoncTpupyeM BKi1a DM-B3anmo-
JefictBust B 39PEKTUBHYI0O MATHUTHYIO aHU30TPOITHIO
oprodepputos. Kiaccuaeckme sHEprum Tpex CIUHO-
BbIx Komndurypamuit B oprodeppurax I'1 (A, Gy, C,),
To(Fy, Cy, Gy), n Ty(Gy, Ay, F,) upu |F,| = |F,| = F,
|ICy| = |Cs| = C, |Az| = |Az] = A moryr 6biTh mpes-
CTaBJICHBI CJleyomuM obpasom [11]:

B 2 2
FEr, = Eq — 48JS%F? %(%) +§ (%) ., (47)
sin | 1/C\?
FEr, = Eqg —48JS°F 1+§ F s (48)
sn |2 (AN
Er, = Bq —48JS°F* |1+ 2 ( &) |, (49)
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¢ oueBuIHBIM coorHomenneMm Fr, < Er, < Er,. 3Ha-
HUE 3TUX JYHEpPruil I03BOJIAeT HANWTU BEJIUYUHBI CO-
OTBETCTBYIOIIETO BKJI/1a B KOHCTAHTBHI «BHYTPHUILIOC-
KOCTHOI» anuzorpormu Eq, = ki cos20 (ac-, be-ntoc-
KoCTH), Eqpn = ki €082 (ab-110CKOCTS ):

1 1
k1(ac) = §(EP2 — Er,), ki(bc) = §(EF2 - Er,),
1
kl(gb) = E(EF4 - EFI)'

JlerabHbIN aHAIN3 PA3IUIHBIX MEXAHU3MOB Mar-
HUTHOH aHm3orpormu oprodeppuros [11, 64] ykasbr-
BaeT Ha Bemymwmit BKIaJ DM-B3ammoneitctBuga. s
Bcex oprodeppuroB RFeO3 sToT MexaHusMm meiicTBu-
TEJIBHO IIPEJICKA3bIBAET MUHUMAJBHYIO SHEPIHIO JIJIsS
kouduryparuu ['4, Koropas HakTUIeCKn peaan3yer-
Csl KAK OCHOBHOE COCTOSIHUE JIJIs BCEX OPTOMEPPUTOB,
eciu nipenebpedb BlammogeiicteueM R—Fe. Kpome To-
ro, IIPE/ICKAa3bIBAEMOE 3HAUEHNE KOHCTAHTHI MATHUTHOMN
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Tabnuua 6. CKpbITbIi CKOC MarHUTHbLIX NOAPELLETOK B opTodeppuTax

Oprodeppur | A,/F., teopus [9] A, /F., skcm. A,/Cy, teopus [9] | A,/C,, sKcIL
1.10 £ 0.03 [22]
1.23+0.2 [23]
YFeOs 1.10 1.1£0.1 [63] 2.04 ?
1.14 [52]
1.03 [53]
HoFeO; 1.16 0.85 = 0.10 [63] 2.00 ?
TmFeOs3 1.10 1.25 4+ 0.05 [22] 1.83 ?
YbFeOs 1.11 1.22 £ 0.05 [23] 1.79 2.0+ 0.2 [22]

aHm3oTpormu B wiockoctu ac st YFeOs ki (ac)
2.0 - 105 spr/em® gocraTouno 6JM3KO K 9KCIEPH-

MeHTaIbHOMY 3Hauenmio 2.5 - 105 spr/cm® [17]. Umre-
PECHO, 9TO MOJE/b NPEJICKAZBIBACT OJIM3KYIO SHEPIHUIO
s koudpurypanmii I'y u Iy, Tax aro |k (be)| upumep-
HO Ha OJIMH HOPsJIOK MeHbIne, deM |ki(ac)| u |ki(ab)]
Jst GosbmHcTBa oprodeppuTos [11,64]. D10 03HA-
9aeT, YTO aHU30TPOIUs B IUIOCKOCTH bc OyIeT ompeie-
JATbCs KOHKypeHnueit DM-B3anmoeiicTBus ¢ oTHOCH-
TeJIBHO CIAOBIMU BKJIQJIAMU, TAKAMEA KAK MATHUTOJIU-
MOJIBHOE B3aMMOJICHCTBHE U OJHOUOHHAS AHU30TPOIINS.
Cielyer OTMETHTD, YTO 3HAK U BeJuunHa k1 (bc) mMeror
GOJIbIIIOE 3HAYEHUE JJIsI OIPEJIEJICHAsT THIIA JOMEHHDBIX
CTEHOK B opTodeppuTax B UX 6a30BOM KOHMUTYPAITIHT
Iy (cM., manpumep, padory [65]).

5. CJIABBINI ®PEPPUMATHETU3M — HOBBIN
THUII MATHUTHOT'O YIIOPSIJOYEHUS B
CHUCTEMAX C KOHKYPUPVIOIIINMU
3HAKAMU BEKTOPA I3SIJIOIIIMHCKOT'O

[TepBble SKCIIEPUMEHTAILHBIE HMCCACJIOBAHU CMe-
MAHHBIX OPTOMEPPUTOB-OPTOXPOMUTOB, IPOBEICHHBIE
B MockoBckoMm yHnuBepcuteTe B rpyuie KamgoMmiesoii,
MTOATBEP/ININ TEOPETUIECKNE MPEICKA3AHNUS OTHOCH-
TEeJIbHO 3HAKOB BEKTOPOB [[3sJIOMMHCKOTO U BBHISBUIN
cnabodeppumarautHoe nosenenne YFe;_,Cr, O3 [21]
n3-3a KoHKypeHiuu DM-s3aumopeiicrsuit Fe—Fe, Cr—
Cr u Fe-Cr ¢ anTunapaJiepHOil opueHTaInneil cpe-
HUX c1a00EepPPOMATHUTHBIX MOMEHTOB TosicucteM Fe
u Cr B mmpokoM jamama3oHe KoHIeHTparwmii. JIpyru-
MU CJIOBAMU, OBLI IIPEJCKA3aH HOBBIM KJIACC CMEIaH-
HBIX 3d-CHUCTEM C KOHKYPHUPYIOIMUMI 3HAKAMU BEKTOPA
J3/TOIIMHCKOT0, TaK Ha3bIBAEMBIX CJIaOBIX heppumar-
HETHUKOB.
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ITontepeunsriit crabodeppoOMarHuTHBIN MOMEHT ITPHU-
Mmecuoro nona Cr3t B oprodeppure YFeO3 MoxKHO ome-
HUTDH CJIEJIYIONIIM 00pa30M:

mc; = gupScr(20 —1)F, (50)
e 6e3pa3MepHBIi mapamMeTp
_ dCch IFCFC (51)

dFeFe ICrFe

XapaKTepu3yeT OTHOCUTEIbHYIO Beaumdunny DM-B3aun-
MOJIeficTBUsT TpuMech—MaTpuria. CpaBHEUBas mgc; €O
3HAYEHUEM My, = GUBSFF s MaTpUIlbl, Mbl BU-
JM, 9TO cIabodhepPOMATrHUTHBI MOMEHT JIJIsi TIPUMe-
cu Cr anTunapaJsuiees cjaadbodeppoMarHUTHOMY MO-
MEHTY MaTpuilbl Fe jae JJjis MOJI0XKUTETbHBIX, HO Ma-
apix 0 < 1/2. Opnako addekr 6osee BbIpayKeH st
OTPHUIATEIBLHBIX 3HAYEHU §, T. €. JJIsT PA3HBIX 3HAKOB
dcrFe U dpeFe. Pe3ysIbTaThl MPOCTOTO pacyera B IMpU-
Guimzkennu cpenuero nosa (MFA), npejicrasiennbie Ha
puc. 5-7 B CpaBHEHUU C SKCIIEPUMEHTAJbHBIMU JIaH-
HbBIME it citabbix peppumaraetrukoB RFe; ,Cr,Os,
Mn;_,Ni,CO3, Fe;_,Cr,BOs [21, 66-70], yka3biBa-
0T Ha HETPUBHAJbHBIE KOHIIEHTPAIMOHHBIE U TeMIIEPa-
TypHBbIE 3aBUCUMOCTH HAMATHUYIEHHOCTH, B YACTHOCTH,
TOYKYU KOMIICHCAIIAU.

Ha puc. 5a-6 nupencrasienst pacaernas (MFA) da-
30Bas aAuarpamMma caboro gpeppuMarHeTuka, KOHIEH-
TPAIOHHAS 3aBUCHMOCTb HU3KOTEMIEPATYPHON CyM-
MapHOl HAMAIHUYEHHOCTH U HAPIUAJbHBIX BKJIAJ0B
Fe-, Cr-nogpemerok B YFe;_,Cr,O3, BbIYHCIIEHHBIX
[pu 1MoCTOosiHHOM 3HadyeHun § = —4. CpaBHeHue 3Kc-
MEPUMEHTAJIBHBIX JIAHHBIX JIJIsi CyMMAPHONH HU3KOTEM-
neparypuoit namaranaennoctu [21] ¢ MFA-pacaeramu
npu § = —2 (puc. 56) yKas3blBaeT HA JOCTATOTHO XO-
portitee coryiacue Be3jie, Kpome x ~ 0.5, T/e mapameTp
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Puc. 5. a) KoHueHTpaunoHHas 3aBUCHMOCTb napumanbHbix Bkaagos Fe-, Cr-nogpewetok B HamarHudentocts YFeg 5Cro.503.
6) @Pazosas (MFA) anarpamma YFe;_,Cr,Os npu § = —4; nesasi 1 npaBas CTPefKn yKasblBalOT OPUEHTALMIO 1 OTHOCH-
TE/IbHYIO BEIMYUHY MarHUTHBIX MOMEHTOB cooTBeTCTBeHHO Fe- n Cr-nogpeluetok. « BHewHME» n «BHyTpeHHME» TOHKME INHWN
YKa3bIBalOT Ha TOYKN KOMMEHCALMN COOTBETCTBEHHO MosHONA 1 napumanbHbix (Fe, Cr) HamarHu4eHHOCTER. JKcneprMeHTab-
Hble 3HaYeHns TN A1t MOHO- U NOJIMKPUCTANNNYECKUX OBPa3sLOB yKa3aHbl COOTBETCTBEHHO CBET/ILIMU U TEMHBIMU KPY>XXKaMu.
6) KoHUeHTpaumMoHHas 3aBUCMMOCTb HU3KOTeMnepaTypHoli HamarHudeHHocTn B YFei_;Cr,Os: Kpy>XKM — 3KCnepumeHTasb-
Hble faHHble [21], KpuBble — pacyeTHble faHHble npu § = —2 n —4. 2) TemnepaTypHas 3aBUCMMOCTb HaMarHUHEHHHOCTU B
YFe1_;Cr;Os: XnpHble KpuBble — 3KCnepuMeHTanbHble aanHble ans x = 0.38 (kpueas 1 — [66]) u gns © = 0.4 (kpueas 2 —
[71]), nyHkTuphas kpusas — MFA-pacyet gnsi x = 0.4 [71] npu drecr = —0.39 K

0 Kaxercs: oyimke Kk 6 = —3. Ha puc. 52 cpaBHuBa-
I0TCSI [IEPBBIE IKCIIEPUMEHTAIbHBIE JTAHHbBIE [0 TeMIIe-
paTypHoii 3aBucuMoctn HamaranaerHoctn m(7T) B cia-
6om dbeppumarneruke YFe; _,Cr, O3 (z = 0.38) ([66] —
KpuBas 1) ¢ HeJJABHUMHE JAHHBIMHU JJIsl GJIM3KOIO COCTA-
Ba ¢ ¢ = 0.4 ([71] — kpusas 2). Crour oTMETUTH, YTO
uenasune MFA-pacyersl, Boinosnenasie B pabore [71]
pu drecy = —0.39 K, maior ouenn xopoiiiee onucaHme
m(T) upu = = 0.4. OrmernMm, uTo aBrops! [71] o6Ha-
PYKIWIN JIOBOJIBHO CHJIBHYIO 3aBHCHMOCTH IapaMeTpa
dFeCr OT KOHIIEHTPAIIUH I.

Konnenrpanuontass u TeMIepaTypHas 3aBUCH-
moctu HamarumdernHoctu B LuFe; ,Cr,Os xopormro
onmchiBatoTcad mpocroit mogensto  MFA B mpemmo-
JIOXKEHUU IIOCTOSHHOTO 3HAKA HAMAIHHYEHHOCTH WU
HOCTOSIHHOM 3HadeHnu 6 = —1.5 (puc. 6 [67]), uro,
CTPOTO TOBODsI, HE HCKJIOYAJO BO3MOYKHOCTH AJIb-
TEPHATUBHOI'O OIMCAHUS 3aBUCHUMOCTH M (X) C AByMs
TOYKAMH KOHIEHTPAI[MOHHON KOMIIEHCAIMH HAMAIHI-
YEeHHOCTH (CM. ILyHKTHPHYIO JuHuIo Ha puc. 6a). Kpome
TOro, BOOOIE TOBOPs, OTCYTCTBHE TOYEK KOHIEHTDA-
[UOHHOI KOMIICHCAIMUA JId HU3KOTEeMIIepaTypHOU
Hamarangennocrn m(z, T) 77 K me oznauaer

OTCYTCTBHUSI TOYEK KOMIICHCAIIMU IpH 0O0JIee BBLICOKUX
TeMreparypax. JlelcTBUTEIbHO, HAMHOIO IIO3XKE, B
2016 r., aBTOpEI [72] HAOIIONANN CHOHTAHHOE II€PEMAr-
HUYuBaHMe B mHoJuKpucraaandeckoM LuFeg 5Crg 503

ke T 290 K mpu TemmepaType KOMIIEHCAIIAN
Teomp = 224 K, a aBrops [73| mpoBenn pacdeTsl ¢
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Puc. 6. a) KoHuUeHTpaLoHHasi 3aBUCUMOCTb HU3KOTEMMepa-

TypHoli (T = 77 K) HamarHndenHoctn LuFe;—; Cr; Os: kpyx-

KU — 3KCMepUMeHTasbHble faHHble [67], XupHble KpuBble —

MFA-pacuet npu 6 = —1.5. 6) TemnepaTypHasi 3aBUCUMOCTb

HamarHudeHHocTn LuFe;_;Cr;O3: kpyxxkm — skcnepumeH-

TanbHble fgaHHble [67] gns . = 0.6 (1), 0.5 (2), 0.2 (3), 0.1 (4),
0 (5), xupHble kpusble — MFA-pacyer npu § = —1.5

IOMOTIBIO KJlaccudeckoro Merona Mourte-Kapiio s
RFe;_,Cr,O3 ¢ R = Y u Lu, cpaBHuUB pe3y/brarhl
YUCJIEHHOTO MOJIEJIUPOBAHUS C 3IKCIEPUMEHTAMU U
pacueramun MFA. Tlomumo sasucumoctu Ty (x), 12
MO/JIeJIb CIIOCOOHA BOCIIPOM3BECTH CMEHY 3HaKa Ha-
MarHM4YeHHOCTH, HabJII0/IlaeMOe IKCIEPUMEHTAIBHO B
[IpoIiecce OXJIAXK/IEHUsI B TIOJIE IJIs ITPOMEXKYTOIHBIX
suadennit . B ormmane or YFeOs u YCrOg, koTopsie
ABJISIIOTCS  CJIA0BIMU  (beppOMATHETUKAMUA C OCHOBHOIT
MarHuTHO# crpykrypoit Tuna G.F, mmke Ty, cia-
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Puc. 7. a) Pesynstatei MFA-mogenuposaHus casosoii T—z-guarpammbl cnaboro deppuamrietuka Fei_,Cr,BO3s [68] npu
Ivere = Ivecr = —20.3 K, Icrcr = 2.0 K, cTpenkn ykasbiBaloT OpMeHTaumMio CyMMapHOro cnabodeppyMarHuTHOro MOMEHTA.
Kpueble 1, 2, 3 ykasbiatoT To4kn komnencaumn npu d(FeFe) = d.(CrCr) = 0.67 K, d.(FeCr) = —0.67 K (1), —0.75 K (2),
—0.90 K (3). 6) Peaynsbtatel MFA-MogenupoBaHus TemnepaTypHOI 3aBUCHMOCTM CyMMapHOIA HamarHndenHoctu B Feq—; Cry BOg
[68] npun d.(FeFe) = d.(CrCr) = —d.(FeCr) = 0.67 K ans pasin4yHbiX COCTaBOB, Ha BCTABKE — SKCMEPUMEHTaSIbHbIE JaHHble
pabotbl [77] Bo BHewHem MarHuTHoMm none 1 Tn. 6) Pesynbtatel MFA-MogennpoBaHusi KOHUEHTPaLMOHHON 3aBUCUMOCTM HU3-
KoTeMnepaTypHoll HamarHuyenHoctn B Mni_oNi, COs [70] npu d.(MnNi) > dgo)(MnNi) n d.(MnNi) < dgo)(MnNi)

O6ble  (beppUMarHeTUKN OPTO(PEPPUTHI-OPTOXPOMUTHI
YFe;_,Cr,O3 oOHApYKMBAIOT TOJHYIO WIM YaCTHI-
Hyl crous-riepeopuenTaruio  tuna G.F.,-G,F, B
[IIPOKOM JIHAIIa30He 3aMeIleHns. Takoe HeOXKUIaHHOe
[IOBEJIEHNE, OOBITHO THUIMYHOE IS OPTOMEPPUTOB C
MATHUTHBIME pejiko3eMenbHbiMu noHamu  (Er, Tm,
Dy u T 1), obbscHsIeTCsI, IVIABHBIM OOpa30M, CHJIb-
HBIM yMeHbINleHneM BKJaga DM-B3anmomeiicTBust B
MarHUTHYI AHU30TPOINI0 B IJIOCKOCTH GC TPU T =
= 0.5-0.6 [74,75]. B orimune or uTTpHEeBoOil CHCTEMBI
oprodeppuThl-opTokpoMuTsl Jorerust LuFe; ,Cr,Og
(x =0,0.1,0.2, 0.5, 0.6, u 1.0) coxpaHsIOT OCHOBHYIO
MarHuTHyto cTpykrypy tuna G F, 0e3 mpusHakos
CIIOHTAHHOT'O  CIIUH-TIEPEOPUEHTAIINOHHOIO  IIePexo-
Ja. DTO pasndme MOXKHO OObICHUTH 3HAUUTETHLHO
GOJIBINTIM BKJIAJIOM OJTHOMOHHON aHU30TpONUU B k.- B

LuFeO3 mo cpasrenuto ¢ YFeOs [11,76].

Obparumcst K 0COOEHHOCTSM APYrux cyaabbix dep-
pumaraetuxkoB. Ha puc. 7a nmokasana pacdernas dhazo-
Basg JMarpamMMa TPUTOHAJIBLHOTO cj1aboro dpeppumarte-
tuka Fep_,Cr,BOs [68]. Dkcuepumenraibabe uccie-
JIOBAHUSI TEMIIEPATYPHON 3aBUCUMOCTH HAMATHITIEHHO-
cru B uaTepBasie ot 4.2 g0 600 K 6butH mpOBEIEHBI
st cucTeMbl TBepabix pacrBoposB Fej_,Cr,BOs, rme
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0 <z <0.95 [77]. Habuonaercst GbICTPOE yMEHbIIEHIE
HAMATrHUYE€HHOCTU HACBIMIEHUs] C YBEJIUYEHUEM T TPHU
T = 4.2 K no 0.40, nocsie 4ero oOHapyKUBAETCS MU~
POKUII MUHUMYM JI0 &
0.40 < z < 0.60 geMOHCTPUPYIOT HEOOBITHOE TIOBE/IE-
HIe HAMArHUIeHHOCTH B 3aBUCHMOCTH OT TEMITEPATYPhI

0.60. CocraBnl B JualasoHe

C MAKCHUMyMaMU U MUHIMYMaMU Ha KPUBBIX HUXKE TE€M-
nepatyp Kropu. Pucynok 76 nemoHcTpupyer xopoiiee
COIVIACHE MEXKJIy SKCIIEePHUMEHTAIbHBIMU JaHHBIMU [77]
n HamuMmu MFEFA-pacgyeramu.

B ormame ot cMemannbix cuctem d—d3 (Fe-Cr),
Taknx Kak YFe; ,Cr,O3 wm Fe;_,Cr,BO3 npogsie-
Hue pasjndHbix DM-B3aumoueiicteuii Fe—Fe, Cr—Cr u
Fe—Cr B (Fe1_;Cr;)203 Gosee yauBuTebHO U3-3a Pas-
JINIHOM MArHUTHOHN CTPYKTYPBI «KOHEIHBIX» COCTABOB,
a-Fes O3 u CroO3 u nosiyienust Henysesoro DM-B3au-
mozeiicrBue Jyist okTasapoB FeOg u CrOg, cBsI3aHHBIX
gepe3 TpH OOIMUX KHCIOPOIA, <«3AIIPEIIeHHOrO» I
ceasu Fe-Fe u Cr—Cr. Bce 310 nejlaer MarauTHbIe
cpoficTBa cmemanubix coctaBos (Fej_,Cr,)205 ouenn
HeoObIYHbIME [78].

B dP—d3-cucrem

YFe;_,Cr,O3 miu Fe;_,Cr,BOg3, rue npu 10BoJIBHO

oTIn4due oT CMeENIaHHBbIX

6osIbIITOM TIapamMeTpe dpeCy HOSBJSIOTCA [IBE TOYKH
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KOHIIEHTPAIIMOHHO} KOMIICHCAINH, B d°—d°-cHcTeMax
3aMEMIEHHBIX  OPTOMEPPUTOB THUNA  HUKEIb/dTop
RFe;_;NiyF,03_, [69] wam Mn;_,Ni,CO3 ¢ napamu
Mn?+-Ni?* [70] BO3MOXKHA TOIBLKO e€JIMHCTBEHHAS
TOYKa KOHIEHTPAIMOHHONW KOMIICHCAIINU, HE3aBUCHMO
OT BeJUYMHBI mapamerpa dynNi- OJHAKO XapakTep
KOHITEHTPAITMOHHOT cirabodeppumar-
HUTHOIO MOMeHTa m(Z) CHJIBHO 3aBHCHT OT €ro
Besmaunbl. C POCTOM KOHIEHTparmu m(r) cHadaa

3aBUCUMOCTU

pacTeT WM MajaeT B 3aBUCHMOCTH OT TOTO, OOJIbIIE
WIM MeHBIEe BeJMYnHA mapamMerpa dy,Ni HEKOTOPOTO
«KPUTUIECKOTO» 3HATEHUS

<1+

Pucynoxk 76 Harysino wumocTpupyer 3Ty 0COOEHHOCTD.

SMn
SNi

Fe) IvinNi

MnNi —

dNnMn -
2IMnMn MnM

Cuieslyer OTMETHTB, 9TO COBCEM HEJABHO aBTODHI [79)
3KCIHEPUMEHTAJILHO OOHAPYZKWJIH, 9TO B COOTBETCTBUN
¢ Hameil teopueii (cM. Tabu. 4) 3HaK BekTOpa JI3s710-
murckoro B MnCO3 (d®—d®) cosnasaer co 3axom aTo-
ro Bekropa B FeBO3 (d°—d®), Torga xax NiCOjz (d8—d®)
JIEMOHCTPHPYET TIPOTHBOIIOJIOKHBII 3HAK.

5.1. Ocobennocru 4 f—3d-B3aumoieiicTBusi B
ciabbeix ¢peppumarnerukax RFe;_,Cr, O3

HecomuenHbI MHTEpEC NPEICTABIISIET UCCIEI0BA~
HU€ BJIUSHUS CIa00(hEepPUMATHUTHOTO YIOPSIOIEHUsT
3d-niopererku [OBEJIEHNE  PEeJKO3EMETbHOM
I0/ICUCTEMBI CMEIAHHBIX  (DEepPPUTAX-XPOMUTAX
RFe;_,Cr,O3. Xapakrep nossipuzanuu R-uoHoB u ee

Ha
B

KOHIIEHTPAIMOHHBIE U TEMIIEPATYPHBbIE 3aBUCUMOCTH
JIAIOT TEHHYI0 WHQPOPMAIUIO HE TOJHKO O COCTOSHUU
d-nojicucreMsl, HO U 0 MexaHu3Max 4 f—-3d-B3anmo/eii-
CTBUS, TIPEXK/Ie BCETO 00 OTHOCUTEBHOM posin (heppo-
u aHTUOEPPOMATHUTHBIX BKJIAJIOB B 3DPEKTUBHOE
nose na R-uonax [61,75,80,81]. Ocobolit unTepec, Ha
Harm B3, npeacrasiasger cucrema GdFe; ,Cr,Ogz ¢
4f- u 3d-monamu S-Tuna, rie MOKET MOKa3aThCs, ITO
UMeHHO (hEePPOMATHUTHBIN BKJIAJT 38 CYET U30TPOITHOTO
4 f-3d-obmena JTOKEH UIPATh OMPEIEISIONIYI0 POJIb
B nosigpusaruu nojapemerkn Gd. OaHaxo jerabHbII
apaan3 MarauTHbix cpoiictB GdFeOs3 um GdCrOs
[60,61] coBepIeHHO HEOKUJIAHHO BLIABUJI CYIIECTBEH-
HYIO POJIb aHHM30TPONHOro obmena S-moxos Gd3T c
S-monamu Fe3T u Cr®t u coorsercrenno antudep-
POMArHUTHOIO BKJIAJIa B TMOJISPUBAIUIO IOJIPEIIETOK
Gd ¢ mpeobsiaaHreM AHTHCHMMETPUIHOTO BKJIAJA,

onpenensiemoro DM-s3anmopeitcreuem  4f-3d  (cm.

(36) 1 (37)).
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m, OTH. €]l

Puc. 8. a) PacueTHasi KOHLEHTPALNOHHasH 3aBUCUMOCTb CPea-
Hero schcbekTuBHOro nons Ha uoHax Gd3t s cnabom dep-
pumarnetuke GdFei_;Cr;Os npn T = 0 K. 6) PacuetHas
TemnepaTypHasi 3aBUCUMOCTb CMOHTaHHOW HaMarHW4YeHHOCTU
anst psiga cnaboix dpeppumarvetukos GdFei—,Cr; O3 u kpaii-
Hux coctagos, 7 = T'/Tn. MKnpHble KPyXXKU — KCneprMeH-
TanbHble fgaHHble ansi moHokpuctannoe GdFep.g3Cro.170s3,
Tn = 550 K [61]

SHaHUe YNC/IEHHBIX 3HAYEHWII [TapaMeTpoB H30-
TPOITHOTO U aHW30TponHOro 4 f-3d-B3ammojeiicTBust
ITO3BOJIMJIO HAM BBIYUCIUTH B PAMKaX TEOPUU MOJIEKY-
JIIDHOTO TIOJIsI KOHIIEHTPAIIMOHHBbIE U TeMIIEPAaTyPHbIE
3aBHCUMOCTH cpemHero sddekTuBHoro nojs H,, Ha-
MarHn4eHHocTs nojperrerkn Gd u mosHyo HaMarHu-
4eHHOCTH cjiaboro peppumaruernka GdFe;_,Cr, O3 Bo
BCEM JianasoHe KoHreHrparmit - (cm. puc. 8) [61]. O6-
MEHHbIe MHTEerpajbl U mapameTpbl DM-B3anmoieiicT-
BHUS B d-IIOJIPEITIETKAX BBIOMPAINCH PABHBIMU COOTBET-
CTBYIOIINM 3HAYEHUSM JJIsi ¢j1aboro (peppruMarHeTuka
YFel_zCI‘zOg.

Konnenrpannonnas sapucumocts H,(x) npu T =
= 0 K mmeer oyeHb HEOOBIUHBIN BUJ C IBYMS TOYKA-
MU KOMITEHCAIINH [IPU MAJIBIX ¥ OTHOCUTEIHHO OOJIBIITNX
KOHIIEHTPAITUSAX NOHOB Cr3t. Torna kax npu x 0.5
KOMIIEHCAIUS TIOJIHOTO MArHUTHOTO MOMEHTA BCE €Ile
nabsrogaercs, npu © = 0.10 u3menenue 3Haka H, npu-

~
~

BoJUT K runepbosmaeckomy pocry m(T) B obiacru
HU3KUX TeMIepaTyp. B To ke BpeMs pacueT MOKa3bl-
BaeT, uro npu z ~ 0.27 u T T/Twn 0.17 MBI
MPUXOJMM K TOYKe KOMIIEHCAIMH, KOTOPAasl 3aTeM IIpU
YBEJIMYEHNN T «Pa3/IBAMBAETCsI» CO CMEIeHNeM OJHOM
(BBICOKOTEMIIEPATYPHOM ) TOUKH KOMIICHCAIIUU B CTOPO-

~
~

Hy Tx, a Apyroii (HM3KOTEMIEPATYPHOI) B CTOPOHY
T = 0 K. IIpu £ > 0.5 TOYKH KOMIIEHCAIIUU HCUe-
3aI0T U TOJBLKO JJI COCTABOB, HEIOCPEJCTBEHHO IIPH-
JIETAIOMUX K YHCTOMY OPTOXPOMHUTY TAJOIHHUA, SBJIC-
HUE KOMIEHCAIUU CHOBa HABJIIONACTCS, IPUIEM C yBe-
JMIeHIeM KOHIeHTparuy noHos Fe3t Touka kommenca-
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man eMemaeTcs oT Teomp = 110 K B wmecrom GACrOs
K Teomp = Tn upu x =~ 0.95. B nmemom paccuurtan-
Hble KOHIIEHTPAIIMOHHBIE U TEeMIIEPATyPHbIE 3aBUCHMO-
cru HamaramvyernHoctu B GdFe;_,Cr,Oj3 yuosiierso-
PUTEIBHO COTJIACYIOTCSl C IKCIEPUMEHTAJTbHBIMU JAH-
weivu [61]. B sakioueHne oTMeTHM HEOGXOIMMOCTH
JAJHHEANITNX IKCIIEPUMEHTAIBHBIX UCCIIEIOBAHUI Pe/l-
KO3EMEJIbHBIX CJIa0bIX (hepPUMArHETUKOB, TAKUX KAK
GdFe;_,Cr,; O3, Kax ¢ TOYKH 3pEHUS U3yUEHUS pas-
JINYHBIX f—d-B3auMoIefiCTBU, TAK U BO3MOXKHOCTH 10~
HCKa HOBBIX MaTEPHUAJIOB ¢ WHHOBAIIMOHHBIMU MATHUT-
HBIMHA CBOXCTBaMU.

5.2. HeoObiuyHasi cnuHOBAasI IEPEOPUEHTAIUASI B
cy1abbIx peppMarHeTukax

Bkiam  KOHKypHPYIOIIEro  aHTHCHMMETPUIHOTO
obMeHa B MATrHUTHYIO aHU30TPONUIO CIabbix deppu-
MAarHeTUKOB HMeeT HeOOBIYHYI0 KOHIEHTPAIMOHHYIO
3aBUCUMOCTL. 1akK, ecjam B YUCTOM opTodeppure
YFeO3; u oproxpomure YCrOs aHTHCHMMETPUIHBIN
0oOMEeH BHOCUT peNIaionnii BKJAJ B CTAOMIH3AIUIO
MarauTHO# kKoHburypamuu 'y, To B ciaabom deppu-
margeruke YFe;_,Cr,O3 oH MOXKeT BBLI3BATL CIIMH-
repeopueHTanuoOnnbIi mepexox ['y—I'2, xapakTepHbIit
Jist HeKoTopbix oprodepputroB RFeO3 ¢ MarHuTHBIME
penkozemesbubivu nonamu (R = Nd, Sm, Tb, Ho,
Er, Tm, Yb). Ha puc. 9 nokasana KOHIEHTpAaIu-
OHHAsl 3aBUCUMOCTL BKJAaJa DM-B3auMoneiicTBust B
mepByI0 KOHCTaHTy aHu3orporun misa YFe; ,Cr,Os
B QC-IUIOCKOCTA TPH PAa3JIMYHBIX 3HAYCHUSX —I1a-
pamerpa ¢, PACCIATAHHOTO B pPaMKaxX IIPOCTOrO
npubJivzkenus cpegHero noid |74, 75] B upezene
HU3KUX TEeMIEeparyp. XapaKTepHOW 0COOEHHOCTHIO
9TOI 3aBUCHMOCTH SIBJISIETCS] TOSIBJICHUE HECKOJIb-
KAX 9KCTPEMYyMOB C PE3KHM YMEHbBIIIEHUEM BKJIAJA
B 00JIACTH NPOMEXKYTOUYHBIX KOHIEHTPAIMil BOJMA3U
z ~ 0.6-0.7. Kpome Toro, kaxk m HaMarHUIEHHOCTD,
9TOT BKJIQJ] B AHU30TPOIHMIO MMEET CIEIUMDUIECKYTO
TeMIIepaTYPHYIO0 3aBUCUMOCTH |74, 75]. B nesom o06a
addexTa MOryT IPUBOJIUTD K HOSBICHAIO CHIOHTAHHBIX
CITUH-TIEPEOPUEHTAIMOHHBIX ITEPEXOJIOB B CJIA0BIX dep-
pumarsernkax twuma YFe; ,Cr,Os ¢ HeMarHUTHBIM
«Ry-nonom. JleiticTBUTEILHO, B MMOJHOM COOTBETCTBUU
¢ TeopHWell TakuWe Nepexoybl HaBJIIOIAINCH IKCIIEPHU-
MEHTaJbHO, HAIPUMEp, CIWH-II€PEOPUEHTAITNOHHBII
nepexon I'y—T's B YFeq g5Crg.1503 [74,75] (cMm. puc. 9).

Bonee ymuBuTenbHasi cuTyanus HabIIOgAaCh B
ciabom deppumarunernke DyFe;_,Cr, O3 npu orHOCH-
TeJbHO HI3KOH KommenTparuu nonos Cr. Momsr Dy3+
B DyFeOgs crabmwmmsupyior koudurypammo I'i(Gy),
tak aro npu 1T = 40 K wnabiromaercs ckadkoobpas-

4 KITOD, Boin. 4
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Puc. 9. KoHueHTpaunoHHas 3aBucumocTtb Bkaaga DM-e3au-

MogeicTens MepBYIO KOHCTAHTY aHW30Tponuu

MAOCKOCTM MpW Pas3/iNYHbIX 3HadveHusix napametpa 6. Ha

BCTaBKe: TeMnepaTypHasi 3aBUCMMOCTb HAaMarHWHYeHHOCTU B

cnabom cpeppumarnetuke YFeo.s5Cro.1503 [75], aemoHcTpu-

pytoLlas cnuH-nepeopueHTaLmoHHblii nepexoa I'4—1"2 B Temne-
paTypHom mHTepBane 240-400 K

B B ac-

il mepexon, Mopuna I'y—I'y. Bo Bcex momokpucral-
Jgax ciaabbix ¢eppumarserukos DyFe;_,Cr,Os (z
= 0.07, 0.10, 0.13, 0.15, 0.36, 0.40) cMHTE3MPOBAHHBIX
U UCC/IeZI0BaHHbIX B jraboparopun Kamomiesoi (Moc-
KOBCKuii yausepcurer) [74,75], obHapyzkeH cuuH-mnepe-

OopHeHTAIMOHHBIH epexon Mopwuna ['y—1'1 B HU3KOTEM-
neparypHyio dasy 'y, 3a ucka0IeHneM cocraBa ¢ & =
= 0.36, r7e BBICOKOTEMITEPATY PHOM (ha30ii HEOXKUIAHHO
oka3zajach ¢aza ['y. YIuBuTEIHHO, HO B COCTaBaX T =
= 0.1 u z = 0.13 epexox MopuHa MPOUCXOINIT CJTOXK-
HbIM 06pazoM 1o cxeme ['y—Tyo1—T91-T'1 (z = 0.1) wm
IyT42:-T1 (x = 0.13) u coupoBOXKIAICSH OTKJIOHEHU-
eM aHTH(dEPPOMATHUTHOTO BekKTopa G B IPOCTPaHCTBO
C TIOSIBJIEHUEM B Y3KOM JIHANA30HE TeMIEPaTypP MPOEK-
UM MAarHUTHOTO MOMEHTa Ha och b. Hukorma panee
TaKoOe HEOOBITHOE COCTOSTHHE CMEIIaHHON KoHdUrypa-
mun 421(G,GyG,) ¢ IPOCTPAHCTBEHHON OpHEHTAIN-
el BeKTopa aHTH(EePPOMarHeTU3Ma U IOABJICHIEM «3a-
[IPEIEHHON» B YUCTBIX OPTOgEepPUTaX U OPTOXPOMUTAX
b-KOMIIOHEHTBI MarHuTHOrO MoMenTa (M x GGG )
He HabJII0IAJIOCH.

5.3. HepjaBHee BO306HOBJIEHNE MHTEPECA K
cJ1abbIM peppuMarHeTUKaM

CucreMbl ¢ KOHKYPUPYIOIMUM aHTUCUMMETPUAIHBIM
0OMEHOM MHTEHCUBHO UCCJIEJ0BAJINCH JI0 KOoHIIa 80-X ro-
JIOB B OCHOBHOM B Jjaboparopun Kamomiesoit 8 Moc-
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KOBCKOM yHHBepcuTere. Bo30OHOBIEHME HMHTEpeca K
cuCTEeMaM C TOYKON KOMIIEHCAIMU B IOCJIETHEE Bpe-
Msi OBLJIO BBI3BAHO IMEPCIIEKTUBAMH WX IIPUMEHEHUs B
MarHUTHON mamstn (cM., Hanpumep, paborsr [71, 82]
u ccouiku B Hux). Hanpumep, ciabbiit deppumarue-
K YFe( 5Crg.503 m1eMoHCTpUpPYeT IIepeMarinInBaHue
[IPU MAJIBIX [IPUJIOKEHHBIX T0JIsTX. Huke TeMiieparyphr
kommencaruu (T,omp) HacTpanBaeMoe GUIOJISPHOE IIe-
PEKJIIOUeHNe HAMATHUYEHHOCTH JIEMOHCTPUPYETCs ITy-
TeM U3MEHEHHSI BEJUIHHBI TOJIsI IPU COXPAHEHUH €ro
nanpasjenns. CoeuHEHNE TaKXKe JTEMOHCTPUPYET Kak
HOPMAJIBHBIH, TaK 1 0OPATHBIN MArHUTOKAJIOPUIECKUN
addekT coorBercTBeHHO BhIme n HIKe 1 = 260 K.
DT sBJIEHUs], COCYIIECTBYIONINE B €JIMHON MArHUTHOM
CHCTeMe, MOYXKHO HACTPAamBaTh IIPEJCKA3yeMbIM 00pa-
30M U OHH MOTYT UMETh MOTEHIHAJIbHOE MPUMEHEHHE
B 9JIEKTPOMATrHUTHBIX ycrpoiicteax [82]. Cmabere dep-
pUMAarHeTUKU MOT'YT IPOSIBJIATE 3P MEKT MePeCTPanBa-
emoro obmennoro cmerenns (exchange bias, EB) [83].

Hemauo EB-sdderr ¢ m3menenmem 3HaKa OBLI
obuapyxen B deppure-xpomure LuFeq 5Crg 503 [84],
KOTODBIiT sIBJIsieTcsl c1abbIM (hbeppuMarHeTUKOM HUKe
TN = 265 K, gemoHCcTpUpPys aHTHUNAPAJLIETHHYIO OPHU-
EHTAINIO0 CPEJHUX CAab0MEPPOMArHUTHBIX MOMEHTOB
mojiperrerok Fe m Cr m3-3a IPOTHUBOIOJIOKHOTO 3HA-
ka BekTopa JI3sutommackoro Fe-Cr mo cpaBHeHHUO co
suakoM g ceaseit Fe-Fe u Cr—Cr [56]. Crabodep-
poMarauTHble MOMEHTHI Fe- u Cr-mosmpenterok B 5ToM
COEIMHEHUN KOMIIEHCUDYIOT JIPYT JpyTa IIPU TeMIIe-
parype Tcomp = 230 K, uro mpusBoauT K uHBepCHM
CyMMapHOIO MArHUTHOTO MOMEHTA, U HADJIIOIAeMOit OT-
pULaTeJabHON HaMAarHWYEHHOCTU IIPU YMEPEHHOIl Be-
JYUHE TPUIIOYKEHHOTO TOJA HUXKE Teomp. PaszHoob-
pasue TaKuX HeOOBITHBIX CBOMCTB, KAK BBICOKAS TEM-
meparypa KOMIIEHCAIIUU, PETryJINPYEMbIil HOJOKUTEhb-
Hblit/oTpunareabusiit EB-addext mmke/soime Teomp
U TMEPEeKJIIOYEHNE HAIPABJICHUS HAMATHUIMBAHUS HA
[IPOTHUBOIIOJIOXKHOE C MOMOINBI0 MATHUTHOTO T0JIsi 6e3
U3MEHEHUsI ero IMOJIPHOCTH, JejaeT ciabbiii deppu-
marmetuk LuFey 5Crg503 mepCcreKTUBHBIM KaHIuIa-
TOM JIJTsl TIPUMEHEHUsI B MATHUTHON MAMSITH.

Coueranne 3¢ dekra nepeMarinInBaHus ¢ MarHU-
TO3JICKTPOHUKON IIPEJICTAB/IACT OIPOMHBII TEXHOJIOIU-
9eCKUil TOTEHINAJ I TPUJIOXKEHWA B PA3JIAIHBIX
YCTPOMCTBAX, HAIPUMEDP, TEPMUYECKH TOJIEPKIBAC-
MBIX MArHUTHBIX 3aIIOMUHAIOINIMX yCTPOMCTBAX € MPO-
U3BOJIBHBIM JIOCTYTIOM, TEPMOMATHATHBIX HEPEKJII0Ya-
TeJIX U JIPYTUX MHOTOMYHKITMOHAJBHBIX YCTPOICTBAX
C TPEIBAPUTEIHLHO BBLIOPAHHBIM U YAOOHBIM CIIOCOOOM
HaCTPOMKU.

B macrosmiee Bpemst 0G0IbINIOE KOJMYECTBO Mar-
HUATHBIX MATEPHAJOB MOXKHO PACCMATPUBATH KaK CHC-
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TeMbl C KOHKYPHUPYIOIIUM AHTHCHMMETPUYIHBIM OOMe-
HOM [85], BKJIIOUAsl HOBBIH KJIACC CMEIIAHHBIX TeJId-
MarHUTHBIX CIIJIABOB €O cTpykKTypoit B20, Takmx kak
Mn;_,Fe,Ge, rjie BuHTOBaSsI IPUPOJIA OCHOBHOM (heppo-
MAarHUTHOHM CIMHOBON CTPYKTYPBI OIPEEIsieTCsi KOH-
kypennueit DM-zaumoseiictsuit Mn—Mn, Fe-Fe, u
Mn—Fe. Nnrepecto, 9TO MarHuTHas KHUPAJbHOCTDL B
CMEIAHHOM COEJIUHEHUN MeHsIeT 3HAaK NPHU Lo =~ 0.75,
BEPOSITHO, M3-3a PA3HOIO 3HAKA BEKTOPOB J[3stmomuH-
ckoro mist map Mn—Mn u Fe-Fe [86].

6. OIIPEAEJIEHNE S3HAKA BEKTOPA
A3 AJIOIMIMHCKOTI O

Onpenenenre 3Haka BekTOpa JI3sa/0MUHCKOTO U
B3anMHO# opuenTanyu BeKTopoB F u G B c1abbix dep-
pOMarfeTHKax uMeer (DyHIAMEHTAIHLHOE 3HAYECHUE KaK
C TOYKH 3peHnusI MUKPOCKonmiecKoit Teopun DM-B3an-
MOJIEHCTBYS WM AHTUCHMMETPUIHOTO OOMEHA, TaK U C
NPAKTUYECKON TOYKM 3pEHUd JJid HaJIe’KHOU HUAEHTU-
dukanuu mapaMerpoB PasInIHbIX AHI30TPOIHBIX B3a-
nUMoOefCcTBUl B 9TUX Marepuasax. B dacTrHOCTH, JJId
peakosemenbubix oprodeppuro RFeOs sto kacaer-
cst mapameTpos 4 f—3d-s3anmogeticteus [60], mapamer-
POB HABEJIEHHBIX M KOCBEHHDLIX CBEPXTOHKUX B3aMMO-
neitersuit [87], Bemmauabl 3bGEKTUBHONO MATHATHOTO
noJtst yist (-Me30HoB [62]. 3Hak BekTOpa JI3stmommHc-
KOT'O OIIpeJIeJisieT HAIPABIEHHOCTh CIMHOBOW crupa-
JIM B KPUCTAJJIAX C HEIEHTPOCUMMETPUIHONR CTPYKTY-
poit B20.

Kak namepurs 3HaK B3anMo,ieiicTBusI BeKTopa J3s1-
JIOIIMHCKOrO B cJjiabbix deppomarnernkax! CoryiacHo
pa6ote [19], oTBeT Ha 3TOT BOIPOC MOXKET BBITh JIaH, €C-
JI 3KCIEPUMEHTAJIBHO OIPEEUTh HAIIPABJIEHAE BPa-
MeHnsT BeKTOpa anTudeppoMarneru3mMa 1 BOKpyr mar-
uurnoro nojs H B reomerpun H || d || serkoit ocu.
Onnako, Kak ObIIO yKaszaHO Ho3ke (cM. pabory [88]),
peIaraeMblit aBTopaMu MeccOaydIPOBCKUN IKCIEPH-
MEHT C TeMaTUTOM He JIaJI OJJHOZHAYHOIO PE3Y/IbTATA.

Cornacuo pabore [89] HeobxomuMO, mpexKae BCe-
ro, MPUJIOXKUTH JIOCTATOYHO CHJIbHOE MArHUTHOE TIOJIE,
9TOOBI IOy YUTh OJIHOJIOMEHHOE COCTOSIHUE, B KOTOPOM
DM-B3anmoieiicTBre KECTKO «TUHHUHTYET> aHTHep-
POMArHUTHOE YIOPSJIOYeHNEe B KPUCTAJIMIECKON pe-
merke. ajee cieyer UCIOIb30BATH METOBI iU PaK-
MU Ha, MOHOKPUCTAJIIAX, IyBCTBUTEIbHbBIE KAK K KUC-
JIOPOTHBIM KOOPIUHATAM, TaK 1 K (aze anTudeppomar-
HUTHOIO ymopsijgodenus. Jlpyrumu cjioBamu, ciieiyer
HabJIIOJIATh Te Op3rroBekue oTpaxkenus hkl, st KOTo-
pbIX uHTephEPEHI MeXKIy MATHUTHBIM PACCesTHUEM
Ha MAarHATHBIX ATOMAaX U HEMATHUTHBIM PacCesTHueM Ha,
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Bsaumogeiictene [3snowmHckoro n obMeHHo-pensitusnctTckme spdekThl. . .

aTOMaX KUCJIOPOJIa ABJIAETCS 3HAUUTENBHON. EcTh Tpu
MOJIXO/IAIIIX METOJ[a: HeWTPOHHAs TU(PAKIUsL, MeCC-
b6ayspoBcKast y-audpaKIis U Pe30HAHCHOE PACCesTHUe
pentrenoBckux Jgydeit. Tak, 3uak BekTopa J3stmormmn-
ckoro B ciraboMm deppomaraernke FeBO3 ObL1 BhIBEIeH
u3 HabJoaeMoit nHTEepMEPEHIINT MEXKJIy PE30HaHC-
HBIM ¥ MATHUTHBIM DEHTT€HOBCKUM paccessHueM [89].

Asropsr paborbl  [88] yrBep:kaiu, 9TO XapakTep
MHIYIIHPOBAHHOI'O MTOJIEM [IEPEX0/1a U3 aHTH(dEpPOMAr-
HUTHOIT (a3bl B CKOIEHHYIO BO (dTopumae KobaabTa
CoFy obycioBeH «3HakoM» B3amMmomeiicTBus JI3stmo-
IITHCKOTO, M 9TO JIAET BO3MOXKHOCTH IKCIIEPUMEHTAIb-
HO OIIPEJIEINTD 3HAK BeKTopa J3sutommuckoro. Oaa-
KO Ha CaMOM JIejie OHH PACCMATPUBAJIN CHMMETPHIHOE
B3auMogelicTeue JI3s/I0MMHCKOr0 — MArHUTHYIO aHU-
30TPOIHIO

Vsym = —D(mzly +myls),

a He aHTHcUMMeTpuaHOe DM-B3auMoielicTBue.

Ha mamr B3ryisin, HanboJtee HAJIEKHBIM SKCIIEPUMEH-
TaJIbHBIM METOJOM OIIPEeJIeJIEHIsI B3aUMHOIl OpHEeHTa-
U BeKTOpoB peppomaruerusma F n anTtudeppomar-
metu3Ma G, a cje0BaTeIbHO, U 3HaKa BeKTopa 131510~
IIUHCKOI'O, SBJISIETCS U3y4eHre BEJIUMIUHBI U 3HAKA -
(BEeKTUBHOIO MArHUTHOTO TIOJIsT Ha, JINTAHIAX, & TAKXKe
Ha [-Me30HaX B cJIaObIX (heppoMarHeTuKax.

6.1. ITooxkuTEABbHBIE MIOOHBI B OpTOdEeppUTaAX
KaK MHCTPYMEHT HCCJIeJOBaHUA 3HaKa BeKTopa
J3sis1ommHCKOTO

B skcmepuMeHTax MO BPAIIEHUIO CIIHHA MIOOHOB
(4SR)  CUMH-NOJIAPU30OBAHHBIE II0JIOKUATEJIbHBIE (aH-
TH ) MIOOHBI MCTIOJIB3YIOTCST JJTsT UCCIIEOBAHUS PACIIPE-
JIeJIeHs] MUKDPOCKOTIMIECKOTO TIOJIST B MEXKY3€JIbHBIX
HO3UIASX, ABJISIONAXCS TEHTPAMK JIOKAJU3AIUN f4 T
BHYTPH UCCJIEyeMOTo 0bpasiia. Upe3Bbraaiinas TyBCT-
BUTEJIHHOCTH MIOOHOB K MAJIBIM MATHUTHBIM IIOJISIM, &
TaK¥Ke OTCYyTCTBUE KBAIPYTIOIBHON CBA3H JETAI0T STOT
METOJT O9€HD MIEPCIIEKTUBHBIM B 30HIUPOBAHAT MATHUT-
HOTO TIOPsIJIKA, B YACTHOCTH, M KAK BayKHYIO AJbTEPHA-
THUBY PACCesSHWIO HEHTPOHOB. DTOT METOJ, ¥ KOTOPO-
rO MHOTO OOIIEro ¢ S/IePHBIM MATHUTHBIM PE3OHAHCOM,
UMeeT TPEnMYIIECTBO B IPHUMEHUMOCTH TTPAKTUIECKH
K JI000MY MATEpHaJy, HO MMeeT HEJOCTATOK — MEXK-
JIOY3JIHsS, TJe JIOKAJIU3YETCs MIOOH U XapAKTep B3auMO-
JiefiCTBHsI MIOOHA ¢ MaTpuiei 06braH0 HenssecTHbI [90).
Nnentudukanus Mecta JTOKAIUIAIUTNA MIOOHA — KJTIO-
YeBOIl NCXOJHBIN HHTPEJUEHT B HEUACTHIX CITyIastX, KO-
rJla JOMUHUPYIOMHU BKJIa ] BO BHYyTPEHHEE MATHUTHOE
M0JIe BHOCUT JAJTHHOJIEHCTBYIONIEE AUTIOIBHOE B3AMMO-
JeficTBue, KOTOpoe TpebyeT TOJLKO 3HAHUS MECTa JIO-

KaJU3AINH, JIJIsl TOrO YTOOBI OBITH BHIYUCICHHBIM KJIac-
CHYECKUM CYMMUPOBAHUEM II0 JUIOJBHBIM MOMEHTAM
OCHOBHOIT perreTkn. Takum 006pa3oM, CpaBHEHUE MTPO-
FHO3UPYEMBIX M M3MEPEHHBIX JIOKAJIbHBIX ITOJIEH 1 MO-
JKeT TMOATBEPIUTDH MACHTU(MUKAINIO MECTa JIOKAJIM3a-
MM MIOOHA, M, B CBOIO OYepe/ib, 3Ta OIEHKa JaeT, Ha-
[IpUMep, BEJIMYNHY MArHUTHBIX MOMEHTOB. OIHAKO Cy-
IIECTBYIOT JIOMOJIHUTE/IbHBIE JIOKAJIbHBIE BKJIAJIBI B 10~
Jie Ha, MIOOHE U BO MHOTUX CJIyYasiX UMU HeJIb3s [IpeHes-
peus [91].

MarauTouoabHOE TOoJI€ MOYKET OBITH AIMPOKCH-
MHPOBAHO C XOPOIIEH TOYHOCTBHIO B IPEINOTOXKEHII
KJIACCUYECKUX MOMEHTOB M € IIEHTPOM B TOMHBIX ITO-
3AIUSAX MATHUTHBIX ATOMOB:

3r (M -ryy) M

H(r,) = Z 5 3 )

j Thj i

(52)

rje r, — HO3WIHA MIOOHa, M, — MarHNTHBINI MOMEHT
J-TO MOHA, T, — PACCTOAHUE MEXKIY j-M HOHOM U MIO-
onoM. BkJ1a 1 cBEpXTOHKOTO KOHTAKTHOTO 11011 Pepmu,
HaBEJIEHHOT'O WJIM KOCBEHHOT'O, MOXKET OBITh IIPEJICTaB-
JIEHO B CJIEYIOIIEM BHJIE:

Hr,) = 2 jmps(r,) (53)

3

rJie ps — COMHOBAs IUIOTHOCTH B IIO3MIMK MIOOHA [91].

ITepBoe JeTayibHOE MCCIEI0BAHUE MIOOHOE B OPTO-
deppurax RFeO3 (R = Sm, Eu, Dy, Ho, Y, Er) 6bu10
BBIIOJIHEHO aBTopamu paborel [62]. Tlo ux upejacras-
JICHUSIM CBEPXTOHKOE II0JI€ Ha MIOOHHOM Y3JI€ B OPTO-
deppuTax MOKHO 00BACHUTD C YIETOM TOJBKO JUIIO b=
mbix noJieit. CpaBHUBas M3MEpPEHHbIC BHYTPEHHUE Mar-
HUTHBIE TIOJI ¢ PACCUUTAHHBIMHA JTAMOJIbHBIME TTOJISAMA
nonoB Fe?t| aBropbl HaIUIN 1OJIOMKEHHE CTAOUILHOTO
y3J1a MIOOHA, KPOME TOTIO, YCTAHOBUJIM, 9TO B KOH(U-
ryparuu 'y 3Hak G, JOJKEH OBLITH II0JIOKATEIHHBIM
npu F, > 0 B COOTBETCTBUH C HANIMME IIPEIBLILY -
MU TEOPETHIEeCKUMU Tpeckasanamusivu [10], mockombKy
TOJILKO 3TO IPEIIOJIOKEHAEe IIPUBOIUT K PAa3yMHOMY
OJIOYKEHUIO TO3UIH MIOOHA. OIHAKO 3TU PE3YJIbTATHI
[OABEPIVIMCH PE3Koil kpuruke B pabore [92], aBrops
KOTOPOIi yTBepK A/, 4To uHTepiperaims [62] comep-
JKHUT CEePbE3HbIe HeIOPAGOTKY: BaykKHBIE JIETAJIA HE Pas-
paboTaHbl PABUIBHO U MX aHAJU3 HE 3aBEepIIeH Ha-
CTOJILKO, 9TOOBI OATBEPIUTH HEKOTOPBIE M3 UX BLIBO-
J10B. B 1epByIo ouepesp 3TO KacaeTcs BKJIAIA KOCBEH-
HOT'O CBEPXTOHKOT'O IOJIsA, KOTOPBIA HEJIb3s HE YIUTDI-
BaTh. Kpome Toro, onu o6paTuin BHUMaHNE Ha HEO6XO-
JIMMOCTB CTPOTOT'O ydeTa COIJIAIEHUS O 3HAKaX, Map-
kuposku nonos Fet u npejcrasienus cimHOBBIX KOH-
durypanuii, KOTopoe HeOTHOZHAYHO B JUTepaType. Bee

4*
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9TO CTABUT II0J, COMHEHUE HCIIOIH30BAHNE TEOPETUIEC-
KUX COOTHOIIEHUH, B YACTHOCTH, KACAIOIIUXCS B3aNM-
HOIT OpHEeHTAINsT BEKTOPOB (heppo- 1 aHTudeppoMarie-
THKA, T. €., 10 CYyTH, 3HaKa BeKTOpa /[3sTONMHCKOTO.

6.2. AMP smep aurangoB B CJIA0OBIX
deppoMarserukax M nmepBoe HaeXXHoe
orpeesieHne 3HaKa BeKTopa JI3s/I0IIMHCKOTro

Kaxk 6bu10 nokaszaHo B Hameil crarbe [20], Hagex-
Hasl JOKaJIbHasg MHPOpMAaIHs O 3HaKe BekTopa J3s110-
MITHCKOTO, a TOYHee, mapamMerpa JI3smommuHcKoro dyo,
MOKeT OBITH M3BJIeUeHa n3 JaHHbIX AMP anep nuramn-
0B B c1abbix deppomaraerukax. [logpobHO mporesy-
pa omucana jias ganabx AMP F B cirabom deppo-
marHeruke FeFs3 [20].

WNonnr F~ B snemenrtapuoit sueiike FeF3 3amnnma-
10T mmecth nosuimit [93]. B rpuronassHOM Gasuce 3To
t(x,1/2—x,1/4), £(1/2—2,1/4,2), £(1/4,2,1/2—x),

Y9TO COOTBETCTBYET

i) + Bp(x —1/4),V3p(1/4 - z),c/4),
i) + (3p(1/4 — ), V3p(1/4 - x),c/4),
i) + (0,2v3p(x —1/4), ¢/4)

B oproroHanbHoM Gasuce ¢ O, || C3 u O, || Cz. Kax-
nprit mor F~ oxkpyzken aBymsa monamu Fe3T us pazima-
HBIX MATHHUTHBIX IIO/JPEIIETOK. 37eCh MBI UCIOJIb3yeM
6asucHble BeKTOpLI peppomarnerudma F u antudep-
pomaruerusma G:

2SF = S1+S,, 259G =8,-S,, F?4+G?=1, (54)
e Fed™ u Fel™ sammmaror coorsercrsento nosuimu
(1/2,1/2,1/2) u (0,0,0); FeF3 — nerkomiockocTHOii coia-
61t beppomaraeruk ¢ Bekropamu F u G, jgexanimmn
B miockoctu (111) ¢ FLG. [Ipa BapuaHTa B3aUMHOI
opuenTtanuu BeKTopoB F 1 G B 6a3uCHOM IIJTOCKOCTH,
YCJIOBHO Ha3BAHHDBIE COOTBETCTBEHHO <«JIEBOW» M «IIpa-
BoOli», moKa3aubl Ha puc. 10. Dueprus DM-s3ammogeii-
crBust juisi casu Fe3t-F~-Fe3t moxxer 6bITh mpej-
CTaBJIeHA KaK

Epy = —25%d,(12)(F.G, — F,G.) =
_ A3 <x+1) d()

=TEr\"T

= +0.785%d(0)(F,G, — F,G.) .

(55)

Jpyrumu ciioBaMu, «JieBasi» U «IIpaBas» OPUEHTAIII
6a3MCHBIX BEKTOPOB PEAJH3YIOTCH COOTBETCTBEHHO IIPU

d(0) < 0ud(f) > 0.

628

d<0

Puc. 10. [Ba BapuaHTa B3aumHoii opreHTauum sektopos F n
G B basucHoli nnockoctn FeF3

Abcomornast BennanHa (hepPOMArHUTHOIO BEKTOPA,
YUCJIEHHO PaBHA SIBHOMY YIJIy CKOCA MATHUTHBIX MO/I-
PELIeTOK, KOTOPBIA MOXKHO HAMTH, UCIIOJIb3yd U3BECT-
Hble 3Ha4deHus 1ot J3sitommuackoro: Hp = 48.8 k9 u
obmennoro nosist: Hg = 4.4 - 103 k9 [16],

F=Hp/2Hp ~55-1073, (56)
Ecmu mbr 3naeMm Benmauny 1mosist J[3s/I0IIMHCKOTO, MBI
MOKeM paccuurarh napamerp d(6) cuaemyrommum obpa-
30M:

65

= 55 0. a2) = 520.3014(0) = 48.8 ©3, (57)
guB

guB

Hp

uro maer |d(0)| ~ 1.1 K, upumepno B Tpu pa3a MeHbIIIe,
gem B YFeOs.

JIokasbHOE TI0JIe Ha Spe HEMArHUTHOTO aHnoHa F—
B ciabom deppomarneruke FeFs, maBemennoe cocer-
HUM MarauTHBIM noHoM Fe3t S-tuma, MokHO mpejicra-
BUTH B Bujie [94]

1 «
H=—-—AS (58)
Tn
(Yo ~— TIHPOMATHHTHOE OTHOUIEHHE, Yy =
= 4.011 MI'u/k®, S — couH MarHUTHOIO HOHA),

TJie TEH30p HABEAEHHBIX CBEPXTOHKNX B3aMMOAeHCTBIH

g
(HFI) A Briouaer paBa cCjaraeMbIX: H30TDPOIHBI
KOHTaKTHBIN BKIaL A;; = Asd;;,

fs o 16
Ay =2240) 0 40) = = s (0)]? 59
2g*"s ) s 37TMB'7 |902 ( )l ) ( )
n aHI/ISOTpOHHbII'?I BKﬂa,ZL
Aij = Ap(3ninj — d45), (60)

rje N — eJIMHUYHbIA BEKTOP B HAIIPABJICHUU CBA3U HA]I-
PO — MATHUTHBII WMOH, a mapaMeTp Ap BKJIIOYAET JIU-
OJIbHBII 11 KOBaJIEHTHBIN BKJIAIbI

Ay = A + Ay, (61)
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cov fU B fﬂ' 0
A = = AD,
4 1
A9 = Zun () (62)
2p
_ 9sEBYn
Ad = T

31ech fo .o — HDapaMeTphl IepeHoCa CIIMHOBOMN IIJIOTHO-
CTU: MATHUTHBIA MOH — JIMTAHJ| 0 COOTBETCTBYIONIEH
s-, 0-, T-cBs3u [95]; |¢2(0)|? — MIOTHOCTH BEpOATHO-
et obHapyzKenusi 2s-smeKTpona Ha sape; (1/r3)a, —
paauaJibHOE CPEJTHEE.

Hagejiennble CBepXTOHKHE B3aUMOJIEHCTBUST JJIsT
siep OF Bo uroopuaax HCCIIeI0BAINCH C IIOMOIIBIO
passmanbix MerooB — AMP, OIIP u JIDAP [94]. Hnsa
anep '°F Haifnens! 60/IbITe BeITINHLI KAK A(SO), TakK u
AP AD = 454. 104, ALY = 1.28- 103 MT'rt [94], uro
BMecTe ¢ 100-TpoIieHTHBIM TTPUPO/HBIM COJIEPYXKAHUEM,
cimaoM snapa I = 1/2 u 601bIIM MrHPOMArHUTHBIM OT-
HOIIIEHUEM JIeJIaeT N3y IeHNe HABEIEHHBIX CBEPXTOHKHX
B3aMMO/IEHCTBHI OCOOEHHO TTPOCTHIM U JIOCTYITHBIM.

Bxuta; ©30TpOITHOTNO ¥ AHU30TPOITHOTO HABEIEHHO-
'O CBEPXTOHKOI'O B3aUMOJIEHCTBUSI B JIOKAJILHOE TI0JIE Ha,
surpe OF MOKHO 3aIIMCATh CJIeYIONIM 06Pa3oM:

2

H(iso) = ——SASF = arF,
Tn

(63)

H(an) = aG,

ITapamerpsr Ag u A,, HeOOXOIUMBIE JJIS PACUETa Be-

JUYMH GF W TEH30Da aHU30TPOIUH g, T.€. JJIsT pac-
qera «deppo-» u «aHTudEPPO-» BKIAIOB B H, MOXK-
HO HalTH B JIATEPATYPHBIX JAHHBIX /I mapbl F-
Fe?t. Hanpmvep, 8 KMgF3:Fe3t (Rygr = 1.987A)
[96] AS = +72, Ap =418 MFH, B KgNaFeFﬁ (RFeF =
1.91A), B KoNaAlFg:Fe?t A, = +70.17, A,
+20.34 MT'1; [97]. Takum 06pa3soM, Mbl O2KUIAEM JJIst
FeF3 |ap| ~ 350-360 MI' (ap < 0) u H(iso) ~ 2 MI'n
(=~ 0.5 k).

B OTCYTCTBHE BHCHTHECT'O MAarHUTHOT'O ITOJIA 9aCTOTHL

SIMP s °F B mosumusax 1, 2, 3 MOTyT GBITH 3aIIMCAHLI
CJIETYIOIIIM 00PAa30M:

v = 22[(dG)? + (asF)? + 20pFaG] =
=2(a2, + b F? £ 2apa,, F) +

cos?
+valay. FapazyF) { cos?(p + 60°) ,
cos?(p — 60°)

(64)

rjie KOMIIOHEHTBI Gy, Gy, B34THI jyuid anep °F B 1o-
aurun 1; ¢ — a3uMyTaJbHBIA yroJ (heppoMarHuTHOTO
Bekropa F B 6asucHoil minockocru. Popmyma (64) ma-
eT mpsMyIo cBsi3b Mexny dacroramu AMP F u ma-
pamMerpaMu KPUCTAJLIMIECKON (p, ¢, x,l) U MarHUTHON
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(F,¢,+) crpykryp. Ocobo cieiyer OTMETUTD CIIeIu-
duaeckyio zasucumocTs acTor AMP 9F or Bzamm-
HOIl OpHeHTaInu BEeKTOPOB (eppo- n aHTmdeppomar-
HeTHU3Ma, WIN 3HaKa BEKTOpa JI3sIIOMMHCKOro: BepX-
HUe 3HaKU B (64) COOTBETCTBYIOT «IIPaBOii OpHEHTa-
mun> (d(@) > 0), a HIKHEE 3HAKH — <«JIEBOIl OpHeH-
ramun»> (d(f) < 0), Kak nokasaxo Ha puc. 10.

Jljis MUHEMAJIBHOTO M MaKCHMAJIBHOTO 3HAYEeHUi
gactor SIMP °F umeem

+

Vimin = Tn

= ynlal, +al. + abF? F 2apaq., F)

[aiy +a% + 2aFamyF]1/2,
N (65)

1%

1/2
max °

YYuThIBasg MAJIOCTh BKJIAIA W30TPOITHOIO CBEPXTOHKO-
IO B3aUMOJIEHCTBUS, 3HAKH GF U Agy, MBI IPUXOAUM K
OlleHKe

V:i:

min

~ y(lazy| F lap Fl) = 2.924, F |ap P,
V;F’L(l:l) =

[
a2, +a2.]'/?

=3.65A4, + 0.8|apF|.

2 ]1/2

Y lapF|

~ Y [aiy +a
(66)
Takum obpa3zom,

Umin)E = 0.684, £ 1.8lapF|.  (67)

(Vmam -
HWcnonw3yst 3nauenust A; u A,, TUINIHbIE [T CBSI-

zeit YF-Fe3t (96,97, mosyunm (B MI'm)
vt =576, = 75.7,

(Vmaz — Vmin) T = 18.1

+
Vmam

(68)

upu «ipasoii» opuentaiuu BekropoB F u G (puc. 10)
u

Vm,

Vi =614, vy =727,

(Vmaz — Vmin)~ = 11.3

(69)

upu «JieBoii» opuenranuu Bekropos F u G (puc. 10).

Crextp IMP '°F B HysIeBOM II0JI€ 1151 MOHOKPHC-
Tasutnaeckux oopasnos FeF's, KoTopsrit Mbl cMoeIHPO-
BaJI B IIPEJIIOJOKEHIN TPEHEOPEKUMO MAJION III0C-
KOCTHOH aHm3orpormu (98|, mokasan Ha puc. 11 mus
JIBYX DPa3JINIHBbIX B3aWMHBIX opueHTarmii Bekropos F
u G. Jlna cpaBHeHUsI TPUBEIEHBI IKCIIEPUMEHTAJIb-
uble criekTpbl AAMP mosmkpucraminiaeckux oopasros
FeF3 [99, 100], koTopble XapaKTepU3yHTCsS OMHAKO-
BBIMU TPDAHUYHBIMU YACTOTAMU, HECMOTPS Ha, JTOBOJIb-
HO pazindHyio dopmy. OUeBUIHO, YTO TEOPETUIECKU
cMogenupoBannblii criekTp IMP xoporrio cormacyercs ¢
9KCIIEPUMEHTAJBHBIM TOJIBKO JIJIsi «IIPABOIT» B3AWMHOMI
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d<0
L Lo b b B
60 65 70 75 80
d>0
1
> G
P TR T -2 ST T TN T Y S T T T AT TN T U Y SN T ST SN AN S
60 65 70 75 80
/\\
P TR T - ST T TR T Y S T T TN AT T T N Y SN T N S AN S|
60 65 70 75 80
v, MI'g

Puc. 11. CmogennpoBatHbie (BepXHUE NaHENN) 1 SKCNEPUMEH-
TanbHble (HUKHAs navens) cnektpsl AMP agep '°F & Hynesom
none gns FeFj

opuentaiu BekropoB F u G wu d(FeFe) > 0, B nos-
HOM COOTBETCTBUHU C HAIIUMU TEOPETUIECKUMHE IIPET-
CKa3aHUsAMU 3HAKOB (CM. Tabu. 4).

Tor ke pesynbrat, d(FeFe) > 0, cienyer u3 ganubix
U3MepeHUi AMILIATYT MATHUTHOTO PACCEsSTHUsI PEHTTe-
HOBCKUX Jiydeil B ciiabom deppomarneruxe FeBOs [89].

6.3. 3nak BekTopa zsimommuckoro B FeBO3 n
(X-F8203

HUcnonbsysa crpykrypubie ganubie s FeBOs [101],
MBI MOXKEM PACCIATATH Z-KOMIIOHEHTY BeKTOpa JI3s-
somusckoro st nap Fej-O-Fey ¢ Fey o B mosumusix
(1/2,1/2,1/2), (0,0,0) coremyromum o6pasom:

d.(12) = d12(0) [r1 x 13, =

(-0)

~73\2
e a = 4.626 A, b=8012A — mapaMeTpbl OPTOTeK-
caroHaJILHOM 3jeMeHTapHOl sueilikm, xp = 0.2981 —

ab

2 d12(9) ~ +0.61 d12(6‘) s

(70)

KHUCJIOPOJHBIiI TapameTp, | = 2.028 A— CpeHss JIIn-
Ha cBs3u Fe-O [101].
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Ananoruuno FeFs smeprus DM-p3zaumoneiicTsus
st cBsizu Fe3t—027—Fe?t mosker 6bITh 3amucana Kak

EDM = dz(12) [Sl X SQ]Z =
= -25%d,(12)(F,G, — F,G,) =
= +2-0.61-S%d12(0)(F.G, — F,G,). (71)
Jpyrumu cjaoBaMu, «JieBasi» U «IIpaBasi» OPUEHTAIUU
6a3MCHBIX BEKTOPOB PEAJU3YIOTCS COOTBETCTBEHHO IIPU
d(0) < 0wud(f) > 0.
AbcosrorHas BemunHa (pePPOMArHUTHOIO BEKTOPA
YUCJIEHHO PaBHA SIBHOMY YIVIy CKOCA IOJPENIETOK, KO-
TOPBI MOYKHO HaiTH, UCIOJIb3Ys N3BECTHDIE 3HATEHUS

oyt [zsutommackoro: Hp ~ 100 kD 1 06MeHHOr0 10-
st Hp ~ 3.0 - 103 k9 [18,101],

F=Hp/2Hp ~1.7-1072, (72)
Ecom Mb1 3H8€M 110716 [I35UI0IMTIMHCKOTO, MBI MOZKEM PaC-
cuntarh napamerp diz(6)

(12) = 55.0.611a(0)] = 100 3, (73)
guB

5,
guB

Hp

qgro naer |d(0)| ~ 1.5 K, BeauuuHy B 7Ba pa3a MeHb-
myto geM B YFeOgs. D710 pasymune jierko oObsICHsIET-
Csl, €CJIM yUeCTh Pa3jIndne yIjIoB CBEPXOOMEHHOI CBsi-
su B FeBO3 (6 ~ 125°) u YFeOg3 (0 145°), m.e.
cos §(FeBO3)/cos O(YFeO3) 0.7, uro penaer -
dexT KoMmIeHcann p—d- u S—d-BKJIAIOB B KO3 uIm-
enr X (cMm. Tabu. 3) Gojiee CYIIECTBEHHBIM, Y€M B Op-

~
~

~
~

Todeppute. InTepecHo, 9To CTPYKTYPHBIH MHOKUATED
[r1 X ro], B FeBO3 B 1.6 pasa Goublie cpejmeil Besmn-

YUHBI MHOYKHUTEJIS [F] X T'a] s B YFeOs.

Buak Bekropa JI3sutommackoro B FeBOj
HEJIABHO 9SKCIEPUMEHTAJbHO YCTAHOBJIEH 6J1aroja-
Pl WCMOJIb30BAHUIO HOBON METOJUKH,
Ha WHTEP(EPEHIN MATHUTHOIO PACCESHUS] PEHT-

ObLI
OCHOBAHHO

[EHOBCKHUX JIydell ¢ 3alpeleHHBIM KBaAPYIOJbHBIM
pe30HAHCHBIM paccesiHueM [89].  ABropel obGHApY-
JKHUJIM, 9YTO MArHUTHOE <«3aKpyuMBaHHE» CJEIyeT 32
«CKPYYIHUBAHUEM» IIPOMEXKYTOUHBIX ATOMOB KHCJIOPO/IA
B IUIOCKOCTSIX MEXKJy IJIOCKOCTSIME IKeje3a,
DM-BzanmozeiicTBie BBI3BIBAET HEOOJBIIOE JIEBOE

T. €.

3aKpyYUBAHUE [POTHBOIOJOXKHBIX CIMHOB ATOMOB B
roukax (0,0,0) u (1/2,1/2,1/2). D10 o3ma4aeT, 9T0 B
HAIMX OOO3HAYEHHUSX BEKTOD JI3SAIONIMHCKOrO st
napst Fei-O-Feq manpasien no c-ocu, d.(12) > 0, . e.
d12(0) > 0 B LOJHOM COOTBETCTBUY C TE€OPETUIECKUMU
npejickaszaHusaMu (cM. tabi. 4).
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7. OBMEHHO-PEJIITUBUCTCKA S
AHUN3O0TPOIINS: HETPAJIUIIMOHHBIE
OCOBEHHOCTMU TPAJUITMOHHON
JIBYXWNOHHOM OBMEHHOI
AHU30TPOIINU

Tak HaspiBaeMast KBA3UAUIOAbHAS ABYXUOHHA 00-
MeHHag aHU30TPONUs (AHU30TPOIHBI 0OMEH )

Van = Y Kap(mn)SmaSns

m,n,o,3

(74)

¢ GeCIIITypOBBLIM CHMMETPHYHLIM TeH30poM K og(mn)
rmapamMeTpoB aHuszoTpornuu ObL1 BBeseH Ban diexom
eme B 1937 1. [102]. oz S1 = So 1/2 »ra aHm-
30TPOIHKs JETAJBHO PaccMaTpUBAJIACh B paborax [5]

u [103]. C rex mop npocToii ravMuibroruaH (74) nCrosrs-
30BaJIca 0e3 0COOBIX OCHOBAHUIA JIjisl JIIOOBIX 3d-MOHOB
u obbix cimuoB S > 1/2. Ilpocrag kBagpaTudHas
TeMIeparypHas 3aBUCUMOCTH 3B MEKTUBHON KOHCTAH-
b1 annzorponnn Krra(T) ~ BE(T) ~ m?*(T) pac-
CMATPUBAJIACH KAK CBUETEHCTBO MAIHUTOUIIOTHHO-
ro W OOMEHHO-AHU30TPOIHOTO MTPOUCXOXKICHUST AHU-
sorponuu (cM., Hampumep, cchiku [104,105]). Onma-
KO JIeTAJbHBIN aHaIu3 MHOTO3JIEKTPOHHOW OOMEHHO-
PEJISITUBUCTCKOI AHM30TPOINH, SIBJISIONIEHCS DPe3yilb-
TaTOM y4ueTa 3PPEKTOB TPETHETO MOPSIIKA TEOPUU BO3-
mymennii [106, 107]

Veo(1)Ver (12)Vso0(2)
AE?
VSO(l)VSO(2)‘/€LE(12)
AE?

+ ‘/so(l)vvem(12)vvso(1) + %0(1)%0(1)%1(12)
AE? AFE? ’
(mmroc wreHsl ¢ 1 4> 2) BBISBAJI PsiJi HOBBIX OCOGEHHO-
CcTeft IByXMOHHON aHM30TPOIINHN, HE YITEHHBIX B TP, IH-

Van(1,2) ~

(75)

[IUOHHBIX MOAX0JaX. IIpexkie BCero, 3To KacaeTcs TeH-
30pHOI (POPMBI AHU30TPOITHOTO CIIUHOBOTO TAMHJILTO-
uuana. [Ipocras xkBasumunosbuas dhopma (74) onpas-
JlaHa TOJIBKO JJIs MOHOB ¢ S, = S, = 1/2 u opbu-
TAJIbHO-HEBBIPOXKICHHBIM OCHOBHBIM COCTOSTHHEM, TO-
718 Kak JIs IPOU3BOJILHBIX CIMHOB TeH30pHAas (hopMa,
ycaoxkugercs. Tak, JId MOHOB S-THUIIA, T.€. HOHOB C
OpOUTAIBHO-HEBBIPOKICHHBIM OCHOBHDBIM COCTOSTHUEM
Aig, A2y B KybmueckoM kpuctasmdeckom nose (Cr3t,
Mn?*, Fe3* Ni%2t, ...) nomyqaem scbekTusnbIi crm-
HOBBIl TAMUJIBTOHUAH cJeyonero sumaa [107]:

Ean = Z Pky Pky X
kikso

y (zzfQ(kl,kg)- [ch(81) % c:kz(sg)}2> . (76)
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rae pUrypupyeT TEH30pHOEe IPOU3BEIeHMe chepudaec-
KUX TEH30PHBIX rapMoHUK, pr(T) — remmeparypHblie
dakropsr [108]

(5:)

pl:BS(T): S ?

p0:17

(352 - 5(S+1))
S(s—1)

p2 =

([35(S+1)—1]S, + S S2)
S(S—1)(25 —1)

p3 = —

(pr(T = 0) = 1).

Hapsiny ¢ xBasuaunosnbubiM wieHoM (k1 = ko = 1)
B V,pn TOABIISIETCS PSIA HEIUMOIbLHBIX WIEHOB C k1ky =
= 20(02),22 u k1k2 = 13(31), upuuem ki o MOAIMHSIOT-
csl IpaBHILy TpeyrojbHuKa: ki < 25, ,. aTepecno
OTMETHUTD, YTO HAPSLY C TPAUIIMOHHBIM CIIHH-3aBICH-
MBIM OOMEHOM, YUCTO OPOUTAJIBHBIN OECCIUMHOBBIH 00-
MEH TaKKe JaeT BKJAJ B KBa3WJUIIOJBHYI0 OOMEHHYIO
arnzorpommio [107].

B npubsmkenuu cpeiHero moJis TeMiepaTypHast 3a-
BUCUMOCTH 9P PEKTUBHBIX KOHCTAHT OOMEHHO-PEe/TSATH-
BHUCTCKOW aHU30TPOIINU BTOPOT'O IMOPSIAKA JIJISI MarHe-
THKOB C 9KBUBAJIEHTHBIMY CIIHHAMU MOKET ObITDH IIPeI-
cTaBJIeHa cyeytomuM obpasom [107):

K(T) = K(0)pi + Kao(p2 — p7) +

+ Kas(p3 — p1) + Kis(pips — p1),  (78)

rje Temneparypubie daxTopbl (p2 — p1), (p3 — p?) u
(p1p3 — p?)) obpamaioress B Hyab Kak npu T = 0 K,
rak u T = Tn(T.). Koncranra K11 /s TPaIuIiioH-
HOW KBa3UIUMOJBHON AHU30TPOIIMU OIPEJIEIISIETCsST KAK
K11 = K(0) — K99 — Koo — Ki3. OrmeruM, 9to z0-
OaBJjieHrEe OOBIYHONM MarHUTOIMUIIONLHON M OJIHOMOHHOI
AHU30TPOIMH TPUBOJUT BCErO JIUIID K TEPEHOPMUPOB-
ke koHcraHT K(0) m Koo, Tak uro BhIpaxkeHue (78)
[IPEJICTABJISIETCSl YHUBEPCAJIBHON YeThIPeXIIapaMeTpu-
qeckoit opMysioit [ TeMIepaTypHO 3aBUCUMOCTH
KOHCTAHT aHU30TPOIUU BTOPOro mopsiiaka. Kak BUJIHO
Ha puc. 12, 3Ta dpopmysa MO3BOJIET XOPOIIO OIMUCATH
HETPUBHUAIBHYIO TEMIIEPATYPHYIO 3aBUCUMOCTD 3P dek-
TUBHBIX KOHCTAHT aHm3oTponnu B a-FesOs m CryOg.
Tlozanee, 3TOT MOAXO OBLI UCIIOJIH30BAH JIJIsl OMUCAHUS
TEMITEPATYPHOU 3aBUCUMOCTHU KOHCTAHT aHU30TPOITNH B

YFeOj [110].
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1.0
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T="T/Ty

Cr,0,4

T="T/Ty

Puc. 12. TemnepaTypHas 3aBUCMMOCTb KOHCTaHT adpcpekTumeHoi aHusotponuu B a-FeaOs n CraOs. Kpyxku — akcnepumen-

TanbHble faHHble paboT [109] n [104] cooteetcTBeHHO Anst a-FeaOs n CraOs3. Kpusble 1 npeacTaBAsitoT pesybTaTbl NOATOHKM

¢ nomoubto chopmysnbl (78), KpuBas 2 ANnst remMaTuTa NOKa3bIBAaeT Pe3ynbTaT MOAFOHKM C YHETOM BKJ1af0B 0bbl4HOV OfHONOHHOI

n kBasuaunonsHoli aHnsotponun. Kpuesie a, b, ¢, n d 4EMOHCTPMPYIOT TEMNEPATYPHYIO 3aBUCUMOCTb KBa3ngmnosbHoro (a) u
«HEAMNONbHLIX> MHOXUTeNel (p2 — p3), (03 — p?) n (p1p3 — p3) COOTBETCTBEHHO

8. AHTUCNMMETPNYHOE KOCBEHHOE
CBEPXTOHKOE B3AMMOJENCTBUE —
DJIEKTPOHHO-SAIEPHBIN AHAJIOT
DM-B3AUMOJENCTBUA

Hetanpueri apamms gapaex SIMP °"Fe B op-
rodeppurax [22] mo3BOMI OGHADYXKUTH AHTUCHM-
METPUYHOE KOCBEHHOE CBEPXTOHKOE B3aUMOJIEHCTBUE
(antisymmetric supertransferred hyperfine interaction,
ASTHF)

];AIASTHF = Z (amn . [Im X Sn]) (79)

m>n

KaK 9JIEKTPOHHO-sIJIEPHBINA AHAJIOT aHTUCAMMETPUIHO-
ro DM-B3aumoieiicTBusS 1 HAMTH €ro BKJIAJ B JIOKAJIb-
HOeE TI0JIe Ha sapax 57Fe: Hasrrr ~ 0.26 T, masbrit B
CPaBHEHUU C COOTBETCTBYIOIUM U30TPOIHBIM BKJIAJIOM
5.8 Tut [87]. 3mecy I — cumn sgjpa, a,,, — JIEKTPOH-
HO-SIJIEPHBIA aHAJIOT BeKTOpa JI3sI0mmHCKOrO.

Briepsbie Takoe 3JEKTPOHHO-sJIEPHOE B3aUMO/Iel-
cTBre paccmarpubasnock OxkormabiM [111], Mukpocko-
nuyeckas TeopHs paccMmarpuBajach MocksunbiM [87],
MOKA3ABIIAM, YTO JKCIEPUMEHTAIHHO M3BECTHAS I10-
JeBasi 3aBHCUMOCTH criekTpoB SIMP smep ®"Fe B op-
rodeppurax [22] mozBosser OOHAPYXKUTH U OLEHUTH
ASTHF-B3aumoneiicTsue.

JeitcTBUTENBHO, C YI€TOM YeTHIPEXIIOIPEIIeTOTHOM
MarHuTHO# CcTpyKTyphl opTodeppnuta RFeO3 ¢ memar-
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HutHbIME R-nonamu (La, Y, Lu) jokanbHOe moJsie Ha
supax °'Fe; B ofHO#t U3 4b-103uIMil MOKHO 3aIlICATH
CJIETYIOIIIM 00Pa30M:

Hioo(i) = aq(i)G + ar(i)F + ac(i)C +
+as(i)A+a0)G, (80)

e G, F, C, A — 0azucuble BEKTOPHl MAarHUT-
HOIt CTPYKTYPbI, HOPMUPOBAHHBIE CJIEIYIOMIM 00Opa-
som: G2 + F?2 4 C? + A? = 1. 3gecn, mepBrle He-
ThIPE WIEHA IPEICTABJISIOT BKJIAJ JIOMUHUPYIOIIETO
M30TPOITHOTO JIOKAJHHOTO U M30TPOIHBIX KOCBEHHBIX
CBEPXTOHKUX B3aUMOJICHCTBUNA, TOTJIa KaK IIOCJIeTHUMN
qJIeH TPEeJCTABJACT BKJIAJI AHH30TPOIHBIX CBEPXTOH-
KX B3aUMOJeHCTBUIA. 3/1eCh W HUXKE Mbl YUUTHIBAEM,
gro F,C,A ~ 1072G, u mpemmonaraeM, 4To aHH30-
TPONHBIN BKJIAJ, HE IPEBBIMACT BeJIUIUH mopsaaka 1 %
OT OCHOBHOI'O U30TPOITHOTO BKJIasa Hy = agG.
Basucumocts gactorel AMP 57Fe or BHermHero mo-

ns B MarauTHO Koudurypanuu 'y (G, Ay, F,) Bbiris-
AT KaK

vr,(h || €) = 1= aus + (20Ge + apF.)h + 1 /2, (81)

rJle BCE BEJUYUHBI Q.;, OF, Qgpz, N 38JaHBI B €IUHU-
nax Hy (B YFeO3 mpu T = 4.2 K Hy = 551 k9 [22]),
Torma Kak ¥ — B emuHUNax vg = yHo/2m (v/27 =
= 0.138 MT'ui/k3). Hosesag npoussoauas (Jv/0h)n—o
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[Ovr, (h || €)/Ohlh=0 = apF, + a.. G, , (82)

nupejicrapiser coboit cymmy dbeppomaraurnoro (apF)
u anaTudeppoMarauTHoro (a,,G,) Braanos. IIpuio-
JKeHHe MArHUTHOTO T0Jis napaJuienbro a-ocu (h || a)
UHYIUPYEeT  CHUH-TIEPEOPUEHTAIMOHHBI  [TEPEXOT
Ty(Gg, Ay, F.) —Ty(Fy, Cy, G;), Tax 910 7181 YIIOBOM
(1)&3]31 1—‘42

vry, (b || @) = 1 — (052G2 £ 209 GG, + a..G?) +
+ (a2.G. + apFy + acGo)h +h?/2, (83)
(s)

TIe Qg CHUMMETPHUYHAS YaCTb Cuy:
= (e + ag2)/2). Buaku £ B (83) COOTBETCTBYIOT
sapaM B HO3UIUAX cooTBeTcTBeHHO 1, 3 m 2, 4 (cM.
pabory [112]). Cnunosast mepeopuenTamust ['y—T'o
compoBoKIaeTcs: paciiemienneM dacror IMP ®7Fe ¢
aMILIUTY10#

(s)

aZI

Av = 2(2a3,G, + h)Gy ,
()

UTO MO3BOJIAET HAHTU IapaMeTp asy, TOuHee, ero ab-
comorayio senmuanny: |aly| = 3.2- 1073 5 YFeOy [22],
10l = 3.4-1073 5 ErFeOs, u o) = 2.9-107% &
HoFeO3 [112].

DKCIIePUMEHTAILHOE 3HAYEHHUE TI0JIEBOH IIPOU3BO/I-
noit [Ovr,(h || ¢)/0hlh=0 = —10.2- 1072 B YFeOs3
[22] ¢ yuerom ap = 2Hgrpp/Hp — 1 —0.79
(HsrHFp — BKJIAL KOCBEHHOIO CBEPXTOHKOI'O B3AHMO-
neitcreus °TFe-0?~-Fe?ts nokanbuoe mose) [22] u
F., = 1.1 - 1072 [17] nosBosiger HaifiTH BeJUYHHY
a.2Gy = —1.6 - 1073, OKOHuYATEJLHO HAXOJUM, UYTO
s 0t +3.2 - 1073, o9 1.6 - 10~3 mpu
F,>0,G, <0(Gy=~—-1)mn ag(;) = 74.8-1073 mpn
F,>0,G, >0 (G = +1), T.e. COOTBETCTBEHHO JJIsi
d(9) > 0 u d#) < 0. B yobom ciaydae aHTHCHMMET-
pUUHAs ¥ CHMMETPHIHAS IACTH aHU30TPOIHOTO CBEPX-
TOHKOTO B3anmoieiicTBusa B Y FeO3 0Ka3bIBAIOTCS CpaB-

(84)

~

~
~
~

HUMBIME TI0 BejimduHe. [Ipuposia aHTHCHMMETPUIHOM
YACTH B MOKET GHITb CBA3AHA TOMBKO C AHTHCHMMET-
puaabiy STHF-ssanmoneiicrsuer Hagrr (79), T.e.
3JIEKTPOHHO-51/IepHBIM anajorom DM-B3anmogeiicTBus.

Torma
Z ay(2j).
J

ITonoono DM-szanmoneiictsuro ASTHF-B3auMmoeii-
CTBHE SIBJISETCS PE3YJIBTATOM COBMECTHOIO JEHCTBUS

S
9nBn

al¥ (i) = — (85)

o06o6mmennoro anusorponroro STHFE-p3anMoneiicrBust
STFe-02?~-Fe?t [113] u crmH-OpOGUTAIBHOTO B3aMMO-
neiicrug s noHos Fe3T. Takske Kak CIMH-CIIHHOBOE
DM-BzanmopeiicTBue  3JIEKTPOHHO-SIEPHBIN  aHAJIOT

BEKTOPA JI35IOMMHCKOr0 3aBUCUT OT T€OMETPHUH CBI3M
5TFe-Q2%~ —Fe3t
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a(ij) = a(f) [r; x rj], (86)
rjge r;, rj — eJUHAYHBIE DPaJyC-BEKTODPBI CBfA3eH
KATHOH-aHWUOH, a

a(f) = a1 + ag cosb, (87)

rje 0 — yroJi CBsI3W KaTHOH—aHHOH—KATHOH.

I rpy6oii omenku mapamerpa a(f) MOXKHO uc-
noab30BaTh coorHommenue a/Asryr < E/AE, tae £ —
OJ/THOJIEKTPOHHAS KOHCTAHTA CIUH-OPOUTAJILHON CBd-
3u jist 3d-snekTpona; AE — sHeprust Bo30yKIEHHBIX
tepmos Tumna 4T aus nona Fe3T: Agryp — mapamerp
nzorporroro STHF-B3anmoneiicTBus:

Vsrar = Y Asrur(ij)(Ti - 8)).
i#]

(88)

B mammewM ciayuae £ < 5-10%2 e !, AE > 10* em™ !, Tax
YTO MBI TIOJIyY9aeM

a/Asrgr <5-1072,

YTO XOPOIIO COMVIACYETCs C OLIEHKAMU, OCHOBAHHBIMHY Ha
9KCIIEPHUMEHTAJILHBIX JIAHHBIX [22],

10l /Hsppp| ~4.6-1072.

DTO0 OTHOIIEHNE CPABHUMO C OTHOIIEHHWeM moJist JI3s-
JiommHCKOro Hp K obmenHomy mosito Hp: B YFeOsj
Hp/Hg =~ 2.2 -1072. DT0 J0CTATOYHO €CTeCTBEeH-
HO, €CJIH Y4YeCTb OOMEHHO-PEJIATUBUCTCKYIO IPUPOLY
nosst JIzsuomuuckoro: Hp/Hp o« ¢/AE, tak dro
|a,(;;)/HSTHF| x Hp/Hg. HOpyrumu cioBamu, eciau
Hsrpgr — 3/7€KTPOHHO-SITEPHBIN aHAJOr OOMEHHOI'O
monst, 10 Hasrgr = |ai’i)| — 3JIEKTPOHHO-I€PHBIIA
anajior o Jzsutommackoro. B YFeO3 Hgrpp =
58 K9, Hasrgr = 2.6 x9 npu G, > 0 win
Hasrgr = 0.9 k9 npu G, < 0. dns rpyboit orenkn
3JIEKTPOHHO-SIJIEPHOIO  aHAJIOra, IOJst JI3s1/I0IMHCKO-
o MOXKHO HCIIOJIb30BaTh U CcooTHOIIeHne Haosryp ~
~ (Hp/Hg)HsTHF-

Antucummerpuunoe STHF-s3anmoneiicTeue m0mxK-

HO HAOJIONATHCS W B JIPYTUX CAaObIX (deppoMarueTu-
kax. OTMernm, ITO I JIETKOILJIOCKOCTHON ha3hbl pOM-
6O’IPUIECKHUX CIA0BIX (DEePPOMArHETUKOB, TAKUX KakK
FeBOs3, FeF3, a-FesOg3, anTudeppoMarHuTHBIN BKJIaL
B moseByio npoussoauyo [0v(hL1Cs)/0h|p—¢ ompeze-
sgercd Tojbko ASTHF-s3aumoneiicreuem:
[0v(hLC3)/0h]h—0 = a\)Gy + arF,,  (89)

qTO JIeJIaeT ero obHapy:KeHue W OIEHKY O6oJiee Mmpoc-
TBIM, HEXKEJIU YeM B OpPTOdEppUTax.
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OrmernmM, ASTHF-B3aumoseiicTBue
207Ph-02--Gd?*t 6B OOHAPYIKEHO € IIOMOIIBIO
U3MEpPEeHU JBOMHOIO 3JIEKTPOHHO-5IEPHOIO PE30HAHCA
(ENDOR) B Pb5Ge3011:Gd?* [114], npuuem ero mpu-

poay MOZKHO CB43aTh C BKJIAJI0OM CHI/IH—Op6I/ITaJII)HOI‘O

qTo

BSaHMO,Z[efICTBI/IH JJ1d CMJIBHOKOBAJICHTHBIX cBs3en

Pb-O.

9. AHTUCUMMETPUYHA £1
OBMEHHO-PEJIATUBUCTCKAA CBA3b
CIINH-9YVY2KAAd OPBUTA 1 HEOBBIYHA A
MATHUTOOIITUKA CJIABBIX
PEPPOMATHETMKOB

WuTepecHo, 9T0 NUPKYIIAPHBbIE MATHUTOOIITUYECKUE
3bdeKTH B ¢a0bIX (heppoMarHeTHKax aHOMAJILHO Be-
JINKA W CPaBHUMBI ¢ 3dderramu B deppurax-rpaHa-
Tax, HECMOTPsI HA JBa-TPHU HOPSIKA MEHBIIYIO HAMAT-
HUYeHHOCTH [58,115,116]. B pabore [117] sTa anoma-
Jinsi ObLTA CBS3aHA C HOBBIM BHUIOM OOMEHHO-DEJISITU-
BUCTCKUX 3(PDEKTOB — B3aMMOJIEHICTBUEM CIIMH-TYKasl
opouTAa, IPEICTABIISIIONINM KOMOMHUPOBAHHDIH 3pdeKT
TPATUIIOHHON CIINH-0POUTAILHON CBA3U Ha, y3JI€ U Op-
OuTaIbHO-HEINArOHAJILHON OOMEHHOI CBA3M IS BO3-
Oy KJIEHHOTO OPOUTAIHLHO-BBIPOXKIECHHOTO COCTOSTHUSI,
oununeiinas popMa KOTOPOTO MOXKET OBITH 3aIncaHa
KaK CyMMa HU30TPOITHBIX, AHU30TPOITHBIX AHTHUCHMMET-
PUYHBIX ¥ aHU30TPOIHBIX CUMMETPUYHBIX UJIEHOB CO-
OTBETCTBEHHO:

VSOO = Z /\ggzl(Lm . Sn) +
m>n

+ > o L X Sal) + Y (L NXon Sn) . (90)

m>n m>n

CTouT OTMETUTH, UYTO Ay, UMEET CHMMETPHUIO BEKTOPA
JI3S1I0IIINHCKOr 0, & MOCJIEIHUI YJIeH NUMeeT CUMMETPHUIO
JBYXVOHHOH KBa3UIUIIOJIbHON CIMHOBOY aHU30TPOIINN.
Boobie roBopst, Bce Tpu wiieHa MOTYT MMEThb CPaBHU-
MYIO BeJIMYNHY.

WNurepecHo, 1TO BKIa B OUINHEHOE B3anMOIeiCT-
Bue Vo0 BHOCAT KAK CIIMH-3aBUCHMBILI, TAK U CIIHH-HE-
3aBUCUMBII 9UCTO OpOUTAIBHBINA 0OMeH. OIHAKO CIIUH-
3aBUCHUMBIII OOMEH MPUBOJAT K MOSBJICHUIO JIOTIOJ-
HUATEIbHBIX HEJIMHEHHBIX CIUH-KBAIPATHIHBIX CJIATAe-
MBIX, BKJIAJT KOTOPBIX MOXKET OBITH yITEeH (DOPMAJIbHON
3aMEHO JIMHEHOTO CIIMHOBOTO orepaTopa S, B (90) Ha
HEJIMHEHHBIH onepaTop Sy, :
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1

q

Sy(mn) = Sy(n) + 7 [V?(S(m)) X sl(n)]

N 2
Sq(n) + Z
q1,92

q1
x V2 (S(m))Sy(n), (91)

1
q2

1
q

X

rae V2(S) — comHOBBIi HENPHBOIMMBIA TEH30PHBI
oLepaTop BTOPOro para. B gacrHOCTH,

— 2!
o2 (25 — 2)!

(2S + 3);} - (35”3 = S(S+ 1)). (92)

5)=2|
Kosdpdunuenrt v B (91) Moxker ObITh paccIuTan mjist
OIIpeJIe/IEHHBIX TepMOB. M3oTpornnast dactb Vs,o MO-
2KeT OBITH IPEJICTABJIEHA B OOIEM CJIydae Kak

Vésh = > A(mn) (L(m) - S(n)) +
+3 X(mn)(L(m).S(m)) (S(m).S(n)). (93)

m#n

Tloo6mHO BekTOPY JI3SATOMMHCKOTO JJIsT OIEHKU TIapa-
METPOB B3aUMOJIEHCTBUSI CIUH-Iy>Kash OPOUTa MOYKHO
HCITOJIb30BATH COOTHOITICHIE
! ’
AJ

/\(mn) ~ FSF,

(94)
rme A nJ — cIMH-OpOUTAJIBHBIC KOHCTAHTBI IS Tp-
moB Ti, To W HeIMArOHAJIBHBIN OOMEHHBIH MapameTrp
coorBercTBeHHO, A Egr — aneprus Bo30yxkaeuus. [Ipo-
CTasi OLEHKA MOKA3BIBAET, UTO V500 IIPHBOIAT K -
(bEeKTUBHBIM MAarHUTHBIM IIOJISAM, TEHCTBYIONIIM Ha Op-
o6uranbHble cocTosiuus 11 u Th, HAIpUMED, /I MOHOB
Fe3T B deppuTax, KOTOPEIE MOTYT JOCTUIATDL BEIHIHH
nopsika 100 T u Gostee.

Mpbr mOKazasm, UTO aHTUCUMMETPUIHAST OOMEH-
HO-PEJISITUBUCTCKAsl CBS3b CIUH-UyKas opOuTa 1aer
HETPAJIUINOHHBIN «aHTU(DEPPOMATHUTHBIT> BKJIAJ B
NUPKYJIIPHYIO MATCHUTOONTHUKY I CJIa0BIX (heppo-
MAarHeTUKOB, KOTODBI MOXKET IPEBBIMNATh OOBIYHBIN
«heppomaruurubiiiy wien [117,118] (cm. Takxke pabo-
Ty [119]).

[upkyaspHasi MATHUTOOITHAKA OIIPEJIEIISIETCS BEK-
TOPOM THUPAIUU g, AyAJbHBIM TEH30DPY JIU3JIEKTpUYIe-
ckoif mponumaeMoctu €;;. Hampumep, dapaieesckoe
Bparenne O p B HEKYOMYIECKUX KPUCTAJIAX MOYKHO 3a-

[IACATH CJEIYIOMUM 00pa3oM:
Or =A(g-n), (95)

rJle N1 — eJUHUYHBI BEKTODP B HAIIPABJICHUH PACIPO-
crpanenus csera k, A — xkoadpduiment, 3apucamuit or
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HampasJjeHus K, mosisspusauu cBeTa u rJIaBHBIX 3HAYE-
HU TeH30pa MoKaszaTesiell mpesoMienusa. Bekrop rupa-
U AMEET Te K€ CBOWCTBA CUMMETPHUH, YTO U BEKTOD
deppoMaraseTusmMa, YTO OIPABIHIBAET U3BECTHOE COOT-
HOIIICHUE

> <
g=a F+ 7 Hy, (96)

rJle BEKTOP THPAIAN — CyMMa TaK HAa3bIBaeMbIX (heppo-
MarHUTHOTO U JIMAMATHATHOTO BKJIAJOB COOTBETCTBEH-
vo. OmHAaKO B CabbIX (beppOMArHETHKAX, TJe OpPTO-
TOHAJIbHBIE KOMIIOHEHTHI BEKTOPOB (heppOMarHeTu3Ma
u aHTUGEPPOMATHETU3MA MOTYT MTPeoOPA3OBHIBATHCS
OJIMHAKOBO, MBI IIOJIy9Ya€M JIOTIOJHUTE/bHBIN <«aHTHU-
dbeppomarauTHbIit» BKaaJ. Hampumep, B ciaydae opTo-
GbeppuTOB ITOT WIeH, eCn IpeHedpedn ciaboantudep-
POMATHUTHBIMEU MOJAMU, MOXKHO 3aIIUCATH CJIE/LY FOIIIM
obpazom:

Ag =3 G (97)

C €JIMHCTBCHHBIMU HEHYJICBbBIMU W, BOO6IH€ TroBOpPA,
nd

HEpaBHBIMU KOMIIOHEHTaMu [3,, U [, TeH3opa (3.
HecMorpsi HA OCHOBHOI M30TPONHBINA BKJaJ (KOMIIO-

A xd
HEHTHI TEH30pa ¢, OYEBUIHO, 3HAUUTEJHHO OOJIBIIE,
nd

YeM KOMIIOHEHTHI TeHzopa (3), coorHomenune F < G,
TUINAYHOE I CJIAOBIX (DepPOMATrHETHKOB, YKA3bIBAET
HA yJIUBUTEJbHBIN 3 (DEKT MOSIBJICHNST, BO3MOYXKHO, Be-
JIyIIero anTudeppOMArHUTHOTO BKJIAJIa B BEKTOD T'H-
panun.

[IpunaTo cYUTaTh, YTO IVIABHYIO, €CJIH HE JIOMU-
HUPYIOILYIO, POJIb B MArHUTOONTHIECKOM BPAICHUH
JIJISE BAIUMOI'O U YIBTPadUOIETOBOIO CBETA B PEIKO3€e-
MeJIbHBIX OpTOdEPPUTAX UI'PAIOT PA3PEIIEHHBIE JJICKT-
POH-JUTIONBHBIE TIepexobt 0 Aq,—5T1, ¢ nepenocom 3a-
psana O2p-Fe3d B okrasmpudaeckux komriekcax FeOg
[58,118,120], B wacTHOCTH, N3-3a OPOUTAIBHOTO 3e€Ma-
HOBCKOTI'O PACHIEIJIEHNsT BO36Y K IeHHOro Tepma 9T, ¢
addexkTuBHBIM OpouTATbHBIM MOMeHTOM L = 1. [ToMu-
MO OOBIYHBIX OPOUTAJIBLHOTO 3€EMAHOBCKOTO

_ﬁe Z(Lm . Hemt)

m

orb __
V7" =

1 JIOKAJIBHOT'O CHI/IH—Op6I/ITaJ'H>HOFO

Vso = )\Z(Lm “Sim)

B3aUMOJICIICTBUII TaKOe pacllellJIeHue BbI3BAHO HeTpa-
JIUTIHOHHBIM  B3aMMOJIEHCTBUEM CIIMH-Uy»Kasi opouTa
(90). Bo Bcex ciay4agx Mbl UMEEM JIEJIO € PeajbHBIM
i 3pHEKTUBHBIM OPOUTATBHBIM MATHUTHBIM TIOJIEM.
Bkuia1 n30mpoBasHOro TepMma 8T, B BEKTOP rupaIn
MOKHO [IPEJCTABUTD CJieryiomum obpasom [117,118]:
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ng + 2
3

% 21 far OF (w,wo)
X
8&10

(*57)

X _NﬁeHewt + Aeff Z<Sm> +

mwo

D A (Sn) -

m>n

= Y P x (S + Y Non (Sn) | (98)

m>n m>n

rme N — uncio kaactepoB FeOg B emuaunie obnbema,
far m hwy — cuina oCHMIIATOpA W SHEPIHUsS IIEPEXO-
na 6A;,-%Ty, coorsercrBenno, F(w,wy) — mucnepcu-
OHHBIN (paKkTOp. 3J1eCh [IEPBbIi U BTOPOIl YJIEHBI OIpe-
JIEJISIOT OOBIYHBIE «JIOKAJIbHBIEY TUAMATHUTHBIN U U30-
TPONHBIN (DePPOMATHUTHBII BKJIa 16l COOTBETCTBEHHO, B
TO BpeMsI KaK TPU JIPYTUX YJIeHA, OIPeJieisieMble B3a-
UMOJIEICTBAEM CIIMH-TyXKasi OPOUTa, JAI0T HETPAIUIIN-
OHHBINA «HEJIOKAJIbHBIA» BKJAJ|, XOTd IEPBBIA U3 HUX
JaeT IPOCTYIO MONPABKY K (PepPOMATHUTHOMY HJIEHY.
OpHako BTOPOi U TpeTHii HEJIOKAJIbHBIE BKJIAJIbI AT
HOBBIE€ AHTUCUMMETPUYHBIN U CUMMETPUYHBINA AHI30T-
poiHble aHTU(DEPPOMATHATHBIE BKJIAIBI B BEKTOD I'Pa-
nuu coorBeTcTBeHHO. VX 3dbdeKT sKCIepuMeHTaIbHO
usyuen B oprodeppure YFeOs [117]. Ananus 3aBucu-
moctu O p(Heyt) TTO3BOINI ONPENEUTH BCE BKIAJBL B
BekTop rupanuu (A = 0.6328 MrM):

a..F. = (0.95+0.55)- 1073,

B.eGy = (3.15 4 0.55)) - 1073,

By = (02 4£0.7) - 1072, (99)
Be-G, = (—2.14+1.0))- 1072,

=(-1.1+28)-107%xd>7*.

IYZZ ~ /YJIXE

JoBosibHO 06OJIbINITE OMMUOKU M3MEPEHU ITO3BOJISIOT,
TeM He MeHee, C YBEPEHHOCTHIO ONIPEIeTUTh (paKkT 60T
IIIOT0, €CJU He JIOMUHUPYIOIIEro, aHTUCUMMETPHYIHO-
ro aHTuEPPOMATrHUTHOTO BKJIAJA, CBI3aHHOTO C AaHTHU-
CUMMETPHUYHBIM B3aUMOJEHCTBAEM CIIMH-YyKas opou-
Ta. Hayinuve CrIOHTAHHBIX CHUH-IIEPEOPUEHTAIMOHHBIX
dazosbix nepexonos L'4(F.G,) — I'y(F.G,) B HEKOTO-
PBIX PEIKO3eMEIbHBIX OPTOdheppuTax OTKPHIBAET MU~
POKHe BO3MOXKHOCTH [IJIsl H3YUEHUs AHI30TPOIINH ITUD-
KyssipHOit MaruuToontuku [58, 115, 116, 118]. B pa-
6ore [118] uzmepen sxBaropuaibubiil 3bdekr Keppa
B TmFeO3 u HoFeO3 u nHaiiieHa aHU30TpOIMS BEK-
TOpa THPAlAXA B IIMPOKOM CIEKTPAJIHLHOM JUAIIA30HE
1.5-4.5 »B. Marauroonruieckue CII€KTPbI OBLIH XO-
POIIO OIIMCAaHbI MUKPOCKOIINYECKON MOJEJIBLHON Teopu-
eil, OCHOBaHHOI Ha JOMUHUPYIOIIEM BKJIQJEC IIEPEeXO-
noB ¢ epenocoM 3apama O2p-Fe3d n B3anmoneiicTeun
CIIMH-Yy2Kast OpOUTa B OKTa3/Ipax FeOg_. Nccnenona-
HUs TPOJEMOHCTPUPOBAJIH BEIYINUN BKJIAJl aHTUCUM-
METPUYHOIO B3AaWMOJIEHCTBUSI CHOUH-UyKasd opOuTa u
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[TO3BOJIMJIA OTIEHUTH (D DEKTUBHBIE OPOUTAJIBHBIE Mar-
HUTHBIE [OJIF B BO30yKIeHHEIX 0T, -COCTOIHIAX OKTa-
3]IPOB FeOg_, Hj; ~ 100 Ti. 9T anoMaabHO OOJIbIINE
TIOJIsT MOYKHO €CTECTBEHHBIM 00pPa30M OObSICHUTH KaK
PE3YIBTAT CUJIBHBIX OOMEHHBIX B3AUMOJIEHCTBUIN COCTO-
samit 977, ¢ mepeHOCOM 3apsiyia ¢ GIM3JIEKAIIME OK-
TaspaMu, KOTOPbIE OLPEIEISIOTCS IPSIMBIM OOMEHOM
p—d. Hanmane anTudeppoMaroHuTHOrO BKJIAAA B BEKTOP
TUpAIMA TUIMAIHO JJIsT OOJIBIIIOrO YMCJIa, MHOTOIIOIpE-
IIETOMHEIX MATHUTHEIX MATEPHAsIOB, HO AHTHCHMMET-

PUYHOCTb TeH30pa (3 SBJSIETCS CHEIUMUIECKON 0co-

OGEHHOCTHIO TOJIHLKO CJIAOLIX (heppoMarHeTukoB. B ciy-

qae POMOOIIPUIECKUX CJIAOBIX (DEPPOMATHETUKOB, Ta-
g

kux Kak FeBOgs, FeF3 unu a-Fe;O3, tensop B, ompe-
JeJIAoNuil aHTuEPPOMArHUTHBIN BKIa B 3PdeKT
Dapajiest, TEJUKOM O0YCJIOBJIEH AHTUCAMMETPUIHBIM
BKJIAJIOM C y9IeTOM TPeDOBaHMIl, HAKIABIBAEMBIX CHM-
MeTrpueil kpucrasuia. Tak 94To B TaKMX KPUCTAJIAX IO~
sIBJIEHNE aHTU(MEPPOMArHUTHOTO BKJIAJA B BEKTOD T'U-
DALMY [TOJTHOCTHIO OIPEJIEJIsieTCsl AHTHCUMMETPUIHBIM
B3aMMOJIEHCTBUEM CIIHH-TyKasi OpOUTA.

10. AHTUCUMMETPMNYHAA
OBMEHHO-PEJIATNBNCTCKAZAI
CIINH-3ABUCUMAA SJIEKTPTYECKA
IMOJIAPM3ALIN A

Hzanomunckuit 8 1959 1. Teopermyecku mpejicKa-
3aJ1 CyIIeCTBOBAaHIE MATHUTOIJIEKTPUIECKOTO 3 derTa
(ME) B antudeppomaraernke CraOg [121], a romom
mo32ke ACTPOB 3SKCIIEPUMEHTAIbHO 3aPErHCTPUPOBAJI
HaMarHM9eHHOCTh, MHAYIMPOBAHHYIO 3IEKTPHICCKUM
nostem [122]. C MoMeHTa NpeJCKA3aHUs W OTKDPBITHS
ME-sddekra B CraO3 6bLIO TPEJIOKEHO HECKOJBKO
Pa3IMYHBIX MEXaHU3MOB MArHUTO3JIEKTPHIECKON CBH-
3H, HO HACTOAIINI IIPOPBIB B 9TOM HAIIPABJICHAU CBA3AH
C OTKPBITHEM U M3y4eHHeM MyJIbTudhepponkos [123].

B nacrogmiee BpeMsa B OCHOBHOM PacCMaTPHBAIOTCH
JiBe pa3iu4dHble POPMBI CIIMH-3aBUCHMOM 3JIeKTpUYec-
KO OJIAPHU3AIUH KPHCTAJLIOB: OMINHEeHHAA HEPeJITH-
BUCTCKAsl CAMMETPUIHASI CIIMHOBAsI CBsI3b [124]

P, =) I, (Sm-S,) (100)

1 OWinMHeHHAs DeJSATHBHCTCKAsl AHTHCHMMETPHIHAS
crmHOBasi CBsi3b [37, 38|

Po= Y TunlSm x Sul).

m>n

(101)

>
Crporo roBops, I, — TEH30p BTOPOTrO pamHTa, aHTH-
? )

CUMMeTpHUYHas YacTh KOTOPOIO JIaeT BKJIAJL B 3JI€KTPU-
qecKylo nosisipusanuio P, Buga
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P, =Y [, x [Sm x S]]

mn

(102)

DddexTuBnble gumosbHble MoMeHTH! II))% 3aBucar
KaK OT T€OMETPUU CBsI3U, TaK M OT OPOUTABHBIX COC-
TOAHUI MOHOB M, N.

Ecyi nepBbIii 4jieH Tak Uin WHAYEe CBA3AH CO CIIITHO-
BBIM W30TPOIHBIM OOMEHHBIM Tel3eHOEPrOBCKUM B3a-
umozeiicrsueM (cM., Hampumep, ccouiku [124, 125]),
TO BTOpOI UJIEH CBSA3BIBAETCS C AHTHUCAMMETDUIHBIM
DM-gzanmogeiicteuem. Cnenyst padore [37], smekrpn-
veckuii gunonas P, cauraercs nHAyIUPOBAHHBIM MeXa-
HU3MOM CITHOBOT'O TOK&, MOCKOJIbKY BEKTOPHOE IIPOU3-
BesieHne [S,, X S;,| IPONOPIMOHAIBEHO CIHHOBOMY TOKY
cBsI3H, T7ie BeKTOp J3stmoruuckoro d,,,, JefcTByeT Kak
€r0 BEKTOPHBINH IIOTeHIHUas. VIMEHHO 3TOT <«CIHH-TO-
KOBBIif» BKJIQJI HBIHE YACTO CUMTACTCS OJHUM M3 OC-
HOBHBIX MeXaHu3MoB Mynbrudepponsma [126], oxma-
KO B HACTOSIIIEE BPEMsI HET HAJIEIKHBIX TEOPETUIECKUX
000CHOBaHUI ¥ 3KCIEPUMEHTAJIBHBIX JT0KA3aTEIbCTR
ero mpeobsIaJIaHnsT HaJ, TPaAJUIUOHHBIM CUMMETPUY-
HBIM H30TPOIHBIM WieHoM [39,127].

Muxkpockonuyeckas KaHToBass Teopus ME-3d-
dekTa ere MOJTHOCTHIO HE pa3paboTaHa, XOTd OBLIO
[IPEJIJIOYKEHO HECKOJIBLKO CIIEHAPUEB JJIsi KOHKPETHDIX
MaTepuaJoB. Apropel paBorbl [37] mpejcraBmin Me-
ruranTckoro ME-addekra, Teopermuecku
BBIBEJIEHHBIN «B TEPMHUHAX MUKPOCKOIMYIECKON JIEKT-
POHHOM MO JIJIsi HEKOJJIMHEAPHBIX MATrHETHKOB».
ABTOpBI TIOJIYYMJIN BBIPAYXKEHUE JIEKTPUIECKOTO JIU-

XaHU3M

TOJIBHOT'O MOMEHTA JJIsl CIIMHOBOIT Maphl CJe/IYIONIEro
BUA:

Pij =a [R” X [Sl X SJ]] s (103)

rae R;; — panuyc-BekTop cBa3u i—j, S; ; — CIUHOBLIE
MOMEHTBI, ¢ — HEKOTOPBI OOMEHHO-PEJISITUBACTCKUIT
napamerp. OJIHAKO BBIBOJ OPUTHHAIBLHON «CIUH-TOKO-
BOIt» Mosiesn [37] KarKeTcst CIOPHBIM, TTOCKOJIBKY aBTO-
PBI HCHOJB3YIOT (DU3NIECKU HEPEATUCTHIHbIE TPHOIIH-
skenust [127].
CruH-TOKOBasi MOJE/Ib MOXKeT OObsICHATH Ha-
npaBjieHne (heppoIEKTPUIECKON TTOJISIPU3AIIH  JIJIsT
CHUH-TUKJIOUTHBIX [IEPOBCKUTHBIX MAHTaHUTOB,
OJIHAKO HE MOXKET OObSCHUTH AHUBOTPOIUIO IOJIsl-
pusanuu B crnuH-crupaJbHbX LiCusOs um LiVCuOy,
HAIPABJICHWE  CECHETORJIEKTPUIECKON  IoJIsipu3a-
[UU  CIUH-TIUKJIOUJIHBIX  J1e7a(OCCUTOB, TAaKUX KaK
AgFeOs; um «a-NaFeOs, orcyrcrBue noJsipusalnyuu B
crmn-ciimpaiabHoM  NaCuoOs. Dra Mozenbr He Mo-
KeT nosiBjieHue  (heppO3TIEKTPUIECKOIH
MOJISIPU3AINY, CBA3AHHOW C «BHHTOBBIM» MATHUTHBIM

0O'bACHUTD

YIOPSITOYEHNEM B HECKOJBKUX MYJIbTA(dEPPOUKAX,

Briouasi CuFeOs, CuCrOs, AgCrO;, CuzNbsOsg,
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CaMn;0O12, u RbFe(MoQy4)s, moromy 49TO BEKTOD
pacmpocrpanenus R;; || [S; x S;]. Apyrumu crosamu,
JiTst OOJIBITIEN 9acTH MYJIbTH(MEPPOUKOB CIIMH-TOKOBAS
MOJIETb HEITPUMEHHMA.

AbrepHATUBHBIN MEXaHU3M TUTAHTCKOIO MArHU-
TORJIEKTPUIECKOTO 3hDEKTa B MEPOBCKUTHBIX MAHTa-
HUTAX, OCHOBAHHBI HA AHTHCHUMMETDPUIHON MarHUTO-
YTIPYTOIt CBsi3u, ObLI IpeIoXKeH B padore [38]. Asro-
pbl yUIN CHAJBHYIO 3aBUCUMOCTH BeKTOpa J3simommH-
CKOT'O OT yTJIa CBEPXOOMEHHON CBSI3U M CMEIEHUsT PO~
MeKyTOUHOrO Jurana. OIHAKO 3/1eCh Mbl BCTPEIAEM-
cst co «CJ1abbIMy» BKJIAOM. JleiicTBUTEIbHO, MUHUMATh-
Hoe 3uadenue mapamerpa v (v = dD/dR), neobxomu-
Moe it OObICHEHUsT SKCIEPUMEHTAJIBLHOTO (Ha30BOr0
mepexoia B MyJIbTUMEPPONIHBIX MAHIAHUTAX, HA J[BA
opsi/iKa OOJIbIE PA3YMHON MUKPOCKOIHUYECKOH OIeH-
Kk [38].

Benuunna maxpockonmteckoit mongpuzanuu P B
HEMArHUTHBIX CErHETO3JIEKTPUKAX, PpPaCcCUMThIBaEMAast
COBpeMEHHBIMU ab nitio-MeTonaMu 30HHONW CTPYKTY-
pbI, Kak MPAaBUJIO, UCKJIOYATEJHHO XOPOIIO COrja-
cyercst ¢ HabomaeMoil sKcrnepuMenTagabHo. OHAKO
COBpEMEHHBIE ab initio-BLIYUCICHUS JJIsl Pa3JIMIHBIX
mysibrudepponkos: ManraanToB HoMnOg, ThMnsOs,
HoMns O35, ciuH-clinpaibHbIX KBA3MOJHOMEPHBIX KYII-
paroB LiCuVO, u LiCuzO2 maror pa3dpoc maHHBIX B
npejiesiaX OJIHOrO-JBYX MOPSIKOB ¢ abCOJIIOTHO HEO/I-
HO3HAYHBIME U HEOOOCHOBAHHBIMU 3HAYEHUSIMU IOJIsI-
pusaruu. /leiicTBUTEIbHO, OCHOBHBIE OTIIPABHBIE TOYKI
TEKYIUX BEPCUI TAKUX CIUH-TIOJISIPU30BAHHBIX ITOJIX0-
J10B, Kak LSDA, uckiouaror o6y BO3MOXKHOCTE I10-
JIyIUTh HAJEXKHYIO KOJIMIEeCTBEHHYIO OIEHKY CIIMH-3a-
BUCHMOU 3JIEKTPUYECKON MOJIAPU3AINI B MyJIbTUdED-
poukax. OCHOBHOI HEJIOCTATOK TAKUX CHUH-IIOJISIPU30-
BAHHBIX MOJXO/I0OB COCTOUT B TOM, YTO OHU <«CTapTy-
10Ty ¢ (QYHKIMOHAJA JIOKAJIBHO IIJIOTHOCTH, KOTOPBIi
MIOIpa3yMeBaeT HAJIUIHE OOJIBIIOr0 (PUKTUBHOIO JIO-
KAJIbHOTO OJTHOJIEKTPOHHOTO CIUH-MATHUTHOTO TIOJIS.
Cunraercs, YTO BeJIMINHA [OJIS OIIPEJIEJIsIeTCS] BHY TPU-
ATOMHBIM OOMEHOM XyHJIa, B TO BPEMsI KaK €r0 OpUEH-
TaIys peryanpyercs 3P eKTUBHBIMU MOJIEKYJISIPHBIME
Wi OOMeHHbIME TI0JIsiMU. HecMoTpst Ha mpenosioxu-
TEJIbHO CIIMHOBYIO IPUPOJLYy STOIO II0Jisi, OHO BBI3BIBA-
er HeU3NIECKH TUTAHTCKYIO CIUH-3aBUCAMYIO TI€pe-
CTPOUKY 3apdaA0BOIi IIJIOTHOCTU, KOTOPYIO HEBO3MOXK-
HO BOCIIPOU3BECTHU C IIOMOIIBIO JII000H TPa UInOHHON
TEXHUKY, pabOTaroIeil Co CIMHOBBIMU TMaMUJIBTOHUAHA-
mu. B TakoMm citygae npsimoe npumenenue cxembl LSDA
MOXKET IPUBECTU K IepeolieHKe 3(PMEKTOB WU JTarKe
K KaueCTBEHHO HEBEPHBIM Pe3yJibTaraM u3-3a Hedusu-
9ecKoT0 3P PEeKTa HAPYIITEHNST TPOCTPAHCTBEHHON CIM-
MEeTPHH, UHYIIMPOBAHHOIO CIIMHOBOM KOH(MUTY paIiuei.
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B nenmom, moaxom LSDA kaxkercs 6ojiee mim MeHee
ONPABIAHHBIM JIJIsI TI0JIyKOJUIECTBEHHOI'O OIMCAHUSI
3¢ deKkTOB 00MEHHOI CBA3U [IJIsi MATEPUAJIOB C KJIAC-
CHYIECKUM KOJUIMHEAPHBIM MATHUTHBIM MOPSIIKOM Hee-
JieBckoro tuna. OIHAKO 9TO MOXKET IIPUBECTU K OIIHU-
GOYHBIM PE3YIbTATAM JJIsd CHCTEM U 9DPEKTOB, B KOTO-
PBIX HapyIIIeHne CHMMETPUU U KBAHTOBBIE (DIIYKTyaIlnn
MMEOT IPUHIMIINAJIBHOE 3HAYEHNE, TAKUX KaK: HEKOJI-
JINHEeAPHbBIE CIIMHOBbIE KOH(UTYPAIMHA, B YACTHOCTH, B
KBAHTOBBIX MAarHETHKaX CO CIMHOM § = 1/2, penaru-
BUCTCKHE 3(P(EKThI, TaKhe KaK CUMMETPUYHAS CIIU-
HOBasi AaHU30TPOMHs, anTucuMMeTpudHoe DM-B3anmo-
JeCTBUE U CIIMH-3aBUCUMAS JIEKTPUIECKAST TIOJISIPUA3aA-
nusi. B camom 7esie, mpaBmiibHAs TPAKTOBKA 9TUX -
(beKTOB BBICIINX IIOPSJIKOB TEOPUU BO3MYIIEHUS TPe-
OyeT IPaBUJIBHOIO yUeTa KaK JIOKAJbHOU CHMMETPHUH,
TakK U KBaHTOBBIX (biryKTyanuii (cM., Hanpumep, pabo-
Ty [31]).

CranmapTHas MAKPOCKOIIUIECKAS TEOPUsT CIIIMH-3a-
BUCHMOU 3JIEKTPUIECKON MOIAPUIAIIN, KOTOPas MO/
pa3ymMeBaeT BBIBOJ 3 (DEKTUBHBIX CIHHOBBIX OIIEPATO-
POB JJIsI HEPEIATUBUCTCKUX U DPEJIATHBUCTCKUAX BKJIa-
JIOB B JIEKTPUYECKYIO TOJISIPU3AIAI0 B TUIUIHON 3a-
Jlade «TPU LEHTPa — JBa JEKTPOHA /IBIPKU» HA LPU-
mepe ceasu Cu;—O0—Cugy B Kymparax ObLIa MpeioxKe-
Ha B paborax [39,127]. ABTOPBI HCIIOIB30BAIM XOPO-
1[I0 U3BECTHBIE CTAHIAPTHBIE HOJXOIBI JIJIs ydYeTa KO-
BaJIEHTHBIX 3B (EKTOB it p—d-CBsA3€il, BHYTPHATOM-
HBIX KOPPEeJIANNi, KPUCTAJINIECKOrO TI0JIsl ¥ CIIUH-OD-
6uTtanbHO cBsa3u. HecMoTpst Ha TO, ITO onucanHue ObLIO
cocpeioTodeHo Ha TpexysenbHoit cucreme Cu;—0-Cug
C JByMsl JBIDKAMU, TUIUIHON IS KYIIPATOB C TET-
paroHaJIbHOI JIOKAJbHONH CHUMMeTpUeil W OCHOBHBIM
cocrosareM Cuddga_y2, 0000ImEHNE pe3ysIbTAaTOB Ha
riractepel M1-O-My B apyrux 3d-okcummax He IIpe-
craBJisieT 0COObIX TPYAHOCTe. DddEKTUBHAS IJIEK-
TPHUYECKas TOJISIPU3AINS PA3THIAETCS JJIsI CUHIJIETHO-
0 U TPUILJICTHOI'O COCTOAHUN U3-3a COOTBETCTBYIOMIEH
CHHIJVIET-TPUILJIETHON PA3HUNBI B aMIUIUTYIaX TI'HOpu-
jusanuu. CrieoBaTeIbHO, MbI MOYKeM BBeCTH 3] dek-
TUBHBII HEPEJISTUBUCTCKUI OOMEHHO-IUIIOJIbHBIA CITU-
HOBBII ollepaTop

Pio =P +1015(3 - 82) (104)
C O6MeHHO—,ZLI/IHOJ_H)HbH\/I MOMEHTOM
Iy = (P)s—1 — (P)s—o (105)

1 OECCIIMHOBBIN BKJIAT

P = — (3(P)s—1 + (P)s—o).

] =
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Hy»KHO OTMETHTD, UTO CyMMApHAsl JIOKATbHAS JJIEKT-
pHUYeCcKasl TOJSPU3ANHsS JIEXKHT B IUIOCKOCTH CBSI3U
Cu;—0-Cus. Kaxk nokasano B paore [39] (cm. Takxe
pabotsr [127]), B obmem cirydae 0OOMEHHO-UIOIbHBII
MOMEHT MOZKET OBITH IIPEJICTABJIEH B BHJE CYIEPIO3H-
UK <IIPOJIOJIEHOIO» W <IIONIEPETHOr0» BKJIAJIOB:

Il = pyRi2 + pipi2 (106)

(R12 = Ry — Ra, p12 = (R + Ra)), rie p) ne ucue-
3a€T TOJIBKO IIPU CHEIM(PUICCKON HEIKBUBAJIEHTHOCTH
MEeHTPOB 1 U 2 IIpU OTCYTCTBUU IEHTPA UHBEPCHUU JTAXKE
st kojuinHeapHoit nernoukun Cu—O—Cu.

Vso mig
MOHOB M€l U KHCJIOPOJIa IPUBOJUT K CHHIJIET-TPHUII-
JIETHOMY CMEITUBAHUIO, KOTOPOE JTA€T PEISITUBUCTCKUI
BKJIAJT B IJIEKTPUIECKYIO TOJISIPUBAINIO, TPEICTaBIIs-

Crua-opOuTasbHOE  B3aUMOIEHCTBUE

eMbIif B BHUJE 3P(HEKTUBHONO CIUHOBOTO OIepaTopa,
Wi OOMEHHO-PEIITUBUCTCKOTO JUIOJBHONO MOMEHTA,
KOTODBII MOXKHO 3aIIMCATH CJIEIYIONIM 00pa30M:

1
J12

d12(0)

Prcl _ el S
12 202.J15

ITi; (D2 - [81 X 82]) =

x (pRiz + prpi1z) ([Riz X p12] - [81 x 82]) . (107)

Jpyrumu cioBaMu, aHTACHUMMETPHYHBII OOMEHHO-pe-
JISTUBUCTCKAN BKJIAJ B JIWAMOJBHBI MOMEHT IIPE-
cTaBsieT cobOil CyIepIO3UIuIo IBYX («IIPOIOJILHOIO>
U <IOTEPEYHOTO0» ) B3aMMHO OPTOTOHAJIBHBIX BKJIAJIOB,
OIIpeIe/ITEMBIX TOJIBKO TeoMeTpueil ceepxobmena Cu—
O—Cu, Torna Kak «CIUH-TOKOBBIT» (DAKTOP BCETO JIUIIb
TOJIBKO MOJYJIUPYET €ro BEJIUINHY.
AnTucuMmmeTpuIHbIT O0OMEHHO-PEeIITUBUCTCK I
JIUIOBHBIN MoMeHT Tria (107) MOXKeT CIIy»KHATbH JI0-
MUHHPYIONUM DPEJIATHBACTCKAM BKJAJOM B 3JIEKT-
puueckyto nosspusaruio B Cu;—O—-Cuy min mogo0HbIx
cucremax. Ciejyer OTMETHTBb, UTO ONEPATOp OOMEH-
HO-umosIbHOrO MoMeHTa (104) m omepaTop o6MeHHO-
PEJSATUBUCTCKOIO JIUIOJBHONO MoMeHTa (107) siByisi-
I0TCS OYEBU/IHBIMHM aHAJOTAMU COOTBETCTBEHHO CHM-
METPUIHOTO M30TPOIHOr0 obmeHa leitzenbepra m am-
TUCUMMETPUYIHOTO oOMeHa /JI3stommuackoro — Mopust.
CrnemoBarenbio, coorromenne |Plst| ~ Ag/g|lla| —
aHajor cooTHOINeHuss Mopus — KaxKeTcsd pasyMHOil
OIIEHKOIl Pe3yJIbTUPYIONIEr0 PEIATHBACTCKOTO BKJIAIA
B 3JIEKTPHUYECKYIO MOJIApU3aIuio B Kjaacrepax M;—O-
M,. B nacrosiee BpeMs MpEJIOKUATL Oojiee HaJIexkK-
HYIO U CTOJIb K€ (PU3NYECKH sCHYIO OIEHKY — CJIOXK-
Has W, HaBepHOe, Oe3HajekHAs 3amada. llpuHUMas
BO BHUMaHue Tunmdnoe 3Hadenue Ag/g < 0.1, Mmbr
d

MOKEM OIEHHTHb MAaKCHMaJlbHOe 3HaueHnue |Pjs

1073|e]A (~ 102 MxKi1/m?), 910 yKasbIBaeT Ha TO, UTO

KaK
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9TOT OOMEHHO-PEJISITUBUCTCKUN MEXaHU3M BHOCHUT OT-
HOCHUTEJILHO CJIaOblil BKJIAJ, B TUTAHTCKUN MyJIbTUdEp-
pousM ¢ heppodTEKTPUIECKOM TTOIAPU3AIIAEH TOPSIIKA
10® mxKu/m?, kak 8 TbMnOj3 [128], xoTst on mower
JlaBaTh 3aMeTHBIH BKa, Hanpumep, B NigVyOg [129].

B sakouenune pazzena obparuy BHUMAHIE HA Mar-
HuTOdIeKTprdeckuit 3ddekT B oprodeppurax RFeOs.
Nx crpykrypa Pbnm o0cODEHHO WHTEpEeCHa C TOUYKH
3peHus HEKOJIMHEAPHOI0 MarHeTU3Ma, O/THAKO I1€POB-
ckuTHas asza Pbnm HemoJspHa W MOSTOMY HU O/I-
HO U3 COCAUHEHUI, KPUCTAJIIUIYIOIUXCA B TOI IPO-
CTPAHCTBEHHON IpyIIe, He OyAeT IPOSBJIATH CIIOHTAH-
HYIO 3JIEKTPUYECKYIO moJisipu3anuio. M3 wumero cum-
METPHUIHBIX COODPaXKEHUNl MOYKHO ITOKA3aTh, UTO HU
CIIOHTAHHAS IOJISIPU3allns, HA JIMHEWHbINA, HI KBaJpa-
TUYHBIA MATHUTOIJIEKTPUIECKUT 3(DPeKT HEBO3ZMOK-
HBI, €CJIM MATHUTHBINA MOPSIIOK BKJIFOYAET TOJBKO CITU-
bl Fe-y3/10B. B To 2Ke BpeMsi, CIUH-CKOIITEHHBIE CTPYK-
TYPBI PEIKO3EMEJIbHBIX OPTOMEPPUTOB MOTYT JIEMOH-
CcTpUpOBaTh (HEePPO3TEKTPUIECTBO, €CJIU CYIIECTBYIOT
HEKOTOPBIE YIIOPAI0UEHNs PEIKO3EMETbHOI IO IpeneT-
KM, KOTOpbIe caMu 10 cebe 0DecredmBaioT JTUHEHHDBIH
MarauTodekrpudeckuii addexr. Hanpumep, GdFeOs
u DyFeOg3 npejcrasisior coboil 1Ba BaXKHBIX [IPUMePa
TAKUX HU3KOTEMIIEPATYPHBIX Mysibrudepponkos [130].
WMuTepecHo orMeTuTh, 9TO 3aMeHA YACTU MOHOB JIHC-
nposust B DyFeOg na MOHBI BUCMyTa HPHUBOJIUT K IIO-
sIBJIEHUIO CHJIBHOTO KBAJIPATUYHOI'O MATHUTOIJIEKTPU-
qeckoro 3dg@deKra, Ipupoaa KOTOPOro CBA3aHA C aHO-
MAaJILHO BBICOKOI TIOIAPU3yeMOCTEIO noHoB Bi?t, mpu-
BOJIAIIEH K O0OPA30BAHUIO MTPOTSKEHHBIX 00JAKOB JIO-
KaJbHOW JIEKTPUIECKON TOIIpU3aIui BOJIM3M MOHOB
Bi?* [131].

11. SBAKJIFOUEHUE
Bzaumoneiictsue /I3somunckoro —Mopus,

AHTUCUMMETPUIHBIN OOMEH, OyIydn JOCTATOYHO IIPO-
CThIM 110 (hOpMeE, TIPUBOIUT K CAMBIM Pa3HBIM MAarHUT-

njimn

HBIM SBJIEHUSAM: cjabomy deppo-antudeppo- u ciabo-
My MOmepevHOMY (eppUMarHeTu3My B OOJIBIIIOM KO-
JITYECTBE MATHUTHBIX 3d-OKCUIOB, MyIbTU(MEPPOU3MY,
requmaraerusmy B CsCuCls, crnupajibHBIM B CKUP-
MHOHHBIM CTPYKTypaM B Kpucrajuiax tumna MnSi n
ap. B crarbe mbl mpejcraBuiin 0630p MUKPOCKOIH-
qeckoii Teopuu DM-B3amMOIEHCTBUS U CBI3AHHBIX
0OMEHHO-PETATUBUCTCKUX 3(PHEKTOB, TaKMX Kak 00-
MEeHHasl aHU30TPOIHUs, JJIEKTPOHHO-SIIePHOE aHTUCUM-
METPUYHOE KOCBEHHOE CBEPXTOHKOE B3anMOJIEHCTBUE,
AHTHUCHUMMETPUIHBIE MAaTHAUTOIHPOTPOIHBIE 3(DMDEKTHI
U AHTUCUMMETPUYHAS MArHUTOJIEKTPUIECKAs CBSI3b B
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oprodeppurax RFeO3 m HECKOTBKAX TUNHWYHBIX CJIa-
6b1x beppomaruerukax. bBoJibioe BHUMaHME OBLIO yiie-
JieHo obobrennio Teopun Mopus u BBIBOJIY BEKTOpa
JI3SI0IIINHCKOrO, €ro BeJUMYHHe, OPUEHTAIMN U 3Ha-
Ky TIPU PA3JINIHBIX TUIAX CBEPXOOMEHHOTO B3aUMOIEli-
CTBUS U KpUCTAJINYecKoro 1moJis. [losyuennoe Ha Muk-
DPOCKOIIMYECKOM YPOBHE BBIPAaKEHUE I 3aBUCAMOCTHU
BeKTOpa J[3JIOMMHCKOTO OT TeOMETPHUH CBEPXOOMEHA
[TO3BOJIMJIO HAWTHU BCE YIJIBI SBHOTO U CKPBITOTO CKOCA,
MATHUTHBIX MTOJPEIIeTOK, T. €. cjlabble (heppo- U aHTHU-
deppomarauTabie MOALI B opTodeppurax RFeOs.

Teoperudeckue mpeacKazanus ObLIN YCIEITHO O~
TBEPKICHBI PA3ITMIHBIMU YKCIIEPUMEHTATbHBIMA METO-
namu. OCHOBBIBAsICh HA TEOPETUIECKUX BBIBOAX OTHO-
CHTEJIBHO 3HaKa BeKTOpa JI3S/I0MUHCKOrO, MBI TIPEI-
CKa3aJM W MOAPOOHO U3YYW/IM HOBOE MATHUTHOE SIB-
Jienne, caabblit peppuMarHeTu3M B CMENTaHHBIX CJla-
Obix peppomarserukax, takux kak RFe;_,Cr,Osz c
KOHKYPUPYIOINUMHI 3HAKAMA BEKTOPOB J[3siytommucKo-
ro. B orimmume oT KOHEYHBIX COCTABOB, Cjaabble dep-
pUMAarHeTUKu 00JI1a/1al0T KOMIIJIEKCOM HEOOBIYHBIX Mar-
HATHBIX CBOWCTB, BKJIIOYAsi TOYKU KOHIIEHTDPAIIMOHHON
U TEeMIEPATYPHON KOMIIEHCAIINN, HOBbIE CIIMH-II€PEOPU-
€HTAIMOHHBIE IIEPEXO/IbI, B TOM YHCJIe HEJIABHO OOHADY-
JKEHHBIH [TePeXo/] B yIJIOBYIO (Da3y C MPOCTPAHCTBEHHOM
OpHeHTaInell BEKTOpa aHTU(MEPPOMATHETA3MA U OB~
JIEHHEM <«3allPEIIeHHoii» B opTodeppurax u OpToXpo-
MHUTaX D-KOMIIOHEHTBHI MarHuTHOro momenta. Cirabbre
dbeppuMarHeTUKN UMEIOT MIUPOKHUE MEPCIEKTUBBI JIJIst
[IPAKTUYIECKOr0 IIPUMEHEHUs, BKJII0OYasi TEPMOMATHUT-
HblE 3aIIOMHUHAIONINE YCTPONCTBA C IPOMU3BOJIHLHBIM IO~
crynom (MRAM), TepMOMATHUTHBIE TIEPEKJIIOYATEU 1
Apyrue MHOrOMYHKITHOHAIbHbBIE YCTPOUCTBA.

Kak mokasarmo, namepenns jgurananoro AMP B cia-
ObIX (beppoMarHeTuKax sIBASIIOTCA dPDEKTUBHBIM WH-
crpyMeHTOM udydennss DM-B3anmomeiicTBuSI 1 OIIpe ie-
JIEHUsI B3AWMHOI OPHEHTAINU BEKTOPOB (heppo- m aH-
TudeppoOMarHeTU3Ma U, CJIEI0BATEIBHO, YCTAHOBICHHS
3HaKa BeKTOpa J3simomuuckoro. Mbl paccMoTpesn psif
OOMEHHO-PEJISITUBUCTCKAX B3aUMOJIENHCTBUI, KOTOpPbIE
TaK WIN WHATEe WUMEIOT OOIIYIO MPUPOIY CO CIWH-OU-
smHeitHbiM DM-B3anmogeiicrBuem. Tak, B pe3ysibra-
Te JIeTaJbHOTO aHAJIM3a TEeH30PHOU CTPYKTYPhl OOMEH-
HO-PEJIATUBUCTCKON IBYXWOHHONW AHU30TPOIUU YCTa-
HOBJIEHO IIOSsIBJICHWE HOBBIX HEIWIIOJbHBIX BKJIAJIOB C
HETPAJIUIINOHHON TeMIIEPATYPHON 3aBUCUMOCThIO. AHa-
73 ToJIeBBIX 3aBucnMocTeit gactor AMP °"Fe B opro-
deppuTax ykazaJs Ha CyIECTBOBAHIE 3aMETHOI'O AHTHU-
CHMMETPUIHOTO KOCBEHHOTO CBEPXTOHKOTO B3aUMOJIEli-
CTBHS KaK 3JEeKTPOHHO-sepHOTO anajiora DM-s3anmo-
nefictBus. HaMu ycranoB/ieH HOBBIN HEOOBIMHBIN aHa-
jior DM-B3anMoieficTBust — aHTUCUMMETPUYHOE B3au-
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MOJIeiCTBYE CIIMH-TyXKasi OpOUTa, KOTOPOE, KAK MOKA3a-
HO, MOXKET BHOCUTH PEMAIONIN BKJIAJ B IUPKYJISIPHYTO
MATHATOOIITUKY CJa0bIX (hbeppoMarHeTnkoB. Mbr pac-
CMOTPEJI OOMEHHO-PEJISITUBUCTCKUNT AHTHCUMMETPUY-
HBII BKJIQJ] B CIIMH-3aBUCUMYIO 3JIEKTPUIECKYIO TOJIsI-
pusanuio s 3d-MarHETUKOB M YCTAHOBUJIM €0 3aBU-
CHMOCTH OT T€OMETPHUU CBEPXOOMEHHOU CBSI3U MATHUT-
HBIX MOHOB.

Bzanmoneiictsue I3sumormackoro — Mopust u py-
rrne OOMEHHO-PEeTITUBUCTCKIE 3DPEKTHI MPOIOTIHKA-
FOT OCTABATHCS MIPEIMETOM IUPOKUX TEOPETUIECKUX U
9KCIIEPUMEHTAJIHLHBIX MCCIeIOBAHNN B (DU3UKE CHIIHHO-
KOPPEJMPOBAHHBIX MATEPUAJIOB.

Baaromapuoctu. { 6maromapen U. E. [I3smo-
MIAHCKOMY 3a IMOJJEPXKKY MOeil pabOThl M CTUMYJIU-
pytorue obcyx)aenusi. CUnTar0 CBOMM JIOJITOM OTMe-
TUTH, 9TO OOJIbITAs YaCTh PaOOTHI ObLITA CIeIaHa B TEC-
HoM corpyaamdectse ¢ A. M. Kagomuesoit u apyrumu
COTPYJIHUKAME TPOOJIEMHOI J1TaD0OpATOPUK MAarHETH3Ma,
Mockogsckoro yuusepcurera. biarogapio E. B. Cunn-
nprHa u 1. T. Bocrpem 3a ma010TBOPHOE MHOTOJIET-
wee corpyauudectso, C. B. MaJjeeBa, A. K. 3Besnu-
uva, P. B. Ilucapesa, b. 3. Mankuuna, M. B. Epemuna,
A. A. Myxuna, B. C. llykep6sara, I11.-J1. Ipekciepa,
P. E. Yoacrenra, B. E. JImurpuenko 3a ctumysimpyio-
[Ue JIUCKYCCHH.

PdunancupoBaHue. Pabora BbIIOIHEHA B paM-
Kax IIporpammer 211 mpaButenbcTBa Poccuiickoit Pe-
neparuu (cormamenne Ne(02.A03.21.0006) u mpoekTa
Ne FEUZ-2020-0054 MumncrepcTBa HAyKN W BBICIIIETO
obpazoBanus Poccuiickoit Qeneparium.
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N3yuatotcsa cBoiicTBa okcugHbix coeauntennii xenesa FeAlOs n FeSiOs, koTopbie BCTpeYatoTcsi B HUXKHEN MaH-
Tun 3emnn. BoinonHeHbl pacyeTbl 31eKTPOHHON CTPYKTYpbl coeanHerunii B pamkax metoga DFT+U Ha ocHose
nNpubnvxeHns obobLeHHON rpagMeHTHOR NONPaBKM C YYETOM 3NIEKTPOHHbIX koppensauuii. Lensto paboTsl sens-
€TCs NCccnefoBaHmne BAUSIHUS 3EKTPOHHbBIX KOppensiuunii B 3d-060104Ke NOHOB NepPexXofHOro MeTasna Xenesa Ha
3N1EKTPOHHYIO CTPYKTYPY U MarHuTHble cBoiicTBa coeguHennii FeAlOs n FeSiO3. PaccmoTtpero chopmuposatine
dheppo- 1 aHTUdEePPOMArHUTHOrO YNOPSiZOYEHNUT MarHUTHBIX MOMEHTOB MOHOB xenesa B FeAlOs n FeSiOs.
MpoBeneH cpaBHNUTENbHBIVE aHAaAU3 NAPaMETPOB 3EKTPOHHOW CTPYKTYPbl Y MarHUTHbIX XapaKTEPUCTUK, BbIsiB-
NeHbl OCHOBHbIE XapaKTEPUCTUKM, TaKUE KaK BENUYMHbI SHEPreTUYECKON LEN, MarHUTHbIX MOMEHTOB WNOHOE,
Ha KOTOpblE BAUSIET y4eT 3AeKTPOHHbIX koppensuunii. [poseseHo cpaBHeHME NONYYEHHbLIX TEOPETUYECKUX pe-
3yNbTaTOB C ONYBANKOBAHHLIMU B HAy4YHOU NUTEpaType NpeabiaywuMin pesynbTaTaMn TeopeTnyeckux pabot un

N3BECTHbIMU 3KCNEPUMEHTANIbHBIMU AAaHHbLIMW.
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1. BBEAEHUE

Coenunenue Mgy _,,Fe,SiO3 (Munepan 6Gpumpxma-
HUT) B HIDKHEH 9aCTH 3€MHOU MAHTHHU XapaKTEPH3yeT-
sl HEBBICOKUM COJICPIKAHHMEM 2KeJIe3a, 10 JAHHBIM Pas3-
angHBIX uccnaeposannit x = 0.1-0.2 [1]. Beicokorem-
NEpaTypHBIE SKCIIEPUMEHTBI OKA3BIBAIOT, 9TO GPUIK-

MaHUT ¢ KOHIeHTpamnuei kejesa 28 % crabunen upn
massennn 50 I'lla. ®azoas auarpamma [2] noxkasbisa-
eT cTabMUJIbHOCTD COEJIMHEHHSI C COJIEPIKAHIEM 2Keje3a
65 % npu 88 I'ITa u Temneparype 1000 °C, a Taxske ¢ co-
nepxkanueM xkene3a 50 % npu masrennsx 85-108 I'la
u temmepatype 1800-2330 K. /lamnbrit Mmunepaa Kpu-
CTAJITN3YETCS B OPTOPOMOMIECKOI NCKAYKEHHON CTPYK-
Type IIEPOBCKUTA, 33 MUCKJIOYEHHEM CaMOI0 HIKHErO
TOHKOT'O CJIOsi MAHTHH, IJie OH IPUHUMAET CTPYKTYDY
IOCTIIEPOBCKUTA. [loHMMaHWE CBONCTB OPUIKMAHUTA

* . . .
E-mail: via@imp.uran.ru
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OCJIO’KHEHO He TOJIbKO HCKAXKEHHUSIMH CTPYKTYPBI, HO
1 U3MEHEHUAMHU XUMHIYECKOI'O COCTaBa, & TAKyKe M3Me-
HEHUSIMH BAJIEHTHOCTH MOHOB 2KeJie3a. VIOHbI Maraust B
opmmxMannTe Mgt sanmvaror 1o/19KasiputdecKne mo-
summu A, a nonsl Kpemuns Si‘t 3aHmMaoT OKTasIpPH-
Jeckne mo3unun B. DKCIepnMeHTATbHbIE UCCIIEI0Ba-
HUSI COJIEPIKAIIEr0 AJIOMUHAN OPUKMAHUTA TIPEIIO-
JIaraioT, 9TO aTOMBI AJIOMUHUSA HOSBJIAIOTCA B PeIIeT-
Ke cpady B nosuiusax A m B, 3amemias B HUX Mg u
Si coorsercreenno. /s samemenus Mg ma Fe3T(A)
u kpemuust Ha Al(B) Hanbosee sHEPreTUIECKH BBITOJI-
HOM SIBJIsIETCSI BBICOKOCIIMHOBAS KOH(MUTYpAINs JKeJIe3a
S = 5/2 Bo BceM JuanazoHe yCJIOBUil HUXKHEH MaHTHU
Bemun [3]. HuxHsAsi MaHTHS [OKa3aHa Ha CXeMe CTPO-
enust 3emJin Ha puc. 1.

Koneunsrit 4ien psia 2Kere30Co/IePKAIIIX COeT-
wernit (Mg, ,Fe;)SiO3 musa x 1 — deppocuur
FeSiOg3, kpucrammsyercs B opropombmueckoit Pbca
U JAByX MOHOKJMHHBIX P21/¢ m C2/c¢ crpykrypax.

Kpucraur oprodgeppocuiura FeSiO3 Bo3MOXKHO 110-
JIy9UTh CHHTeTHYecKN npu maBiaeHnax 1.8-4.5 I'lla
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3eMHas KOpa

40 xn (0.9 T'Tla)

Bepxusaga manTus

660 km (24 I'Tla)
900 xm (36 I'Tla)

Huxuasas manTus
[(Mg,Fe)O;

1700 xm (68 T'Tla) (Mg, Fe,Al)(Si,Al) O3]

2900 kM (136 I'Ila)

Buermmnee sapo

4980 kM (340 I'Ila)
Buyrpentee s11po

Puc. 1. (B ugete oHnalin) Cxema cTpoerus 3eman

u temmeparypax 1150-1400°C. Wwmerommecs Teope-
TUYECKIE WCCJIE/IOBAHUs CIIMHOBBIX IIE€PEXOJI0B B 3a-
BUCHMOCTH OT JIABJICHUS B YKEJIe30COoJIeprKalieM Opu-
JorMannTe [4], a takxke FeSiOs [5], nposeneHHbIE B
paMkax Teopun byHKIMOHAJIA IIOTHOCTH (TIPUOJIIIKE-
ausg LDA u GGA), namu [10BOJILHO INUPOKHil Jua-
[Ma30H JABJICHUI, HEOOXOMUMbBIX IJjis CIIMHOBOTO Iepe-
xoma (77-1000 I'lla). Cremyer 3aMeTuTh, YTO 3HAUU-
TeJIbHAST YACTh JAHHOTO INATTa30Ha PACCIUTAHHBIX JTaB-
JIEHUI TIepexXo/I0B HEe XapaKTepHa Jjis HUXKHEU JacTu
mantnn 3emun (1000 T'Ila u 284 I'Tla [4,5]). Teope-
Trnyeckue ucciaenopannsg Merogom DFT+DMFET g
MOHOKJIMHHOI 9SKCIIEpUMEHTAJBHON CTPYKTYPBI, COOT-
BETCTBYIOIIEH BBICOKUM TEeMIIepaTypaM W JaBJIEHUSIM,
[IPEeJICKA3aJId HAJNYINe COTHOBOTO [IEPEeX0/[a TUIIA KPOC-
cosep nOHOB keje3a Fe?t B nuanazone masiennii 100
150 T'Tla upu 1200 K [6], a pacyerst mis GoJiee BbICO-
KUX TEMIIEPATYD IPeJICKA3aIN HEJOCTUKUMOCTh HU3-
KOCIIMHOBOTO COCTOSIHHSA B MOHaX »Kesesa Fe?T, uro co-
IJIacyeTcs ¢ SKCIepHMeHTAILHBIM JAHHLIME Jig Fe?t
OpuKMaHuTa. BMecTe ¢ TeM J1s coeIMHeHn JKee3a
FeAlO3 u FeSiO3 mmeercs: 10CTaTOYHO MaJIO SKCIIEPU-
MEHTAJIbHBIX W TEOPETHUYECKUX JAHHBIX 00 IJIEKTPOH-
HOHI CTPYKTyp€ U MarHUTHBIX CBOHCTBaX.

2. METOAbI NCCJIEJOBAHUNA

JlJist IpOBEJIEHNsT PACYETOB DJIEKTPOHHON CTPYKTY-
pot coequnennii FeAlOz u FeSiO3 ObuL1 ucnosb3oBan
[makeT KOMIIBIOTEPHBIX IporpamMm Quantum Espresso
[7]. B pacuerax BonHOBBIE DyHKIUE OBLIN PA3IIOKEHDI
0 TJIOCKUM BOJIHAM JIJIsI CTAHJAPTHBIX YJILTPAMSIT-
KNX TICEBOINOTEHINAJIOB u3 OmbamoTekn Quantum
Espresso.  O6MeHHO-KOPPEJIAIMOHHBIA  OTEHIHAJ
OpaJica B MPUOJIMKEHUN 0O0DIIEHHOM I'PaIMeHTHOI Mo~
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Tabnuua 1. KoopguHaTtsl atomos coegunenns FeAlOs
B €4UHNLAX NOCTOSAHHON peLueTKN

Tun
aToMa v Y ‘

Fel 0.185 0.1518 0.1533
Fe2 0.1731 0.4666 0.3688
All 0.1729 0.1528 0.5706
Al2 0.1845 0.84 0.3741
01 0.4822 0.177 —0.0083
02 0.0101 0.0089 0

03 0.3419 | —0.0019 0.2711
04 0.3445 0.6629 0.2654
05 0.3451 0.3317 0.2433
06 0.0089 0.3273 0.5115

npasku (GGA) sepcun Ileapo — Bypke — dprzenxoda
(PBE) [8] u B merone DFT+U [9]. NnTerpuposanue
B 0OpaTHOM NPOCTPAHCTBE IIPOBOJMIOCH IO CETKe
k-Ttouex 8 X 8 x 8. Iy ToCTUKEHUS HYKHON CXOIUMO-
CTU TIO TIOJIHOW SHEPIUU TPU CAMOCOTJIACOBAHUU OBLIT
BbIOpaH sHepreTuyeckKuil npemgesn cutoff mia miockux
BoJia 60Ry.

3. PESVJIBTATBI 1 OBCY2KJAEHUNE OJI4
FeAlOs

Coenunenne FeAlO3 kpucraumsyercs B OpTOPOM-
6uveckoit Pna2;-cTpykrype rpyimi cuMmMerpun (HoMep
33 B criucke kpucrasuiorpadbudeckux rpyii). [lapamer-
PBI SJeMeHTAPHOI suefiki cocraBisior a = 4.984 A,
b=28554A,c=9.241A, o= =~ = 90°. Koopuna-
ThI BCEX HEIKBUBaJIeHTHBIX aToMOB FeAlO3 nmpuBenennt
B Tabs1. 1. KoopuHATHI OCTAJILHBIX ATOMOB 3JIeMeHTap-
HOI sT9eiKN OBLIHN MTOJIyYeHbl IIyTEM y9eTa CHMMETPHH
coenuHenusi. [IpuBeieHHbIE BBIIIE MAPAMETPhI PEIeT-
ku st coequnenust FeAlO3 B3siter u3 paorer [10].

I'paduku mosHBIX U TAPIAAIBLHBIX IOTHOCTEH CO-
crosinit (Density of states — DOS) nmpejicraBieHs! Ha
puc. 2 B ciaydae aHTH(GEPPOMATHUTHOTO YIOPSIOYe-
uust. s anTndeppoOMarHiTHOTO YHOPSIOUEHUsT Mar-
HATHBIX MOMEHTOB HOHOB Fe Hab 10126 TCsT Tepepaciipe-
JieJIeHne 3JIeKTPOHHBIX 1toTHOCTEl. [lmorHOCTH CocTo-
STHUIL JIJIsT TTPOEKITUIT CIINHOB «BBEPX» U «BHU3» OYEHD
6sm3Kku. B 30HE MPOBOAMMOCTH MOXKHO OTMETUTH Ha-
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Puc. 2. (B ugete oHnaiit) MNOTHOCTU 3N1EKTPOHHbIX COCTOSI-

Huii FeAlO3 B cnydae aHTUeppOMarHuTHOrO YNOpsAoYeH s

MarHuTHbIX MOMeHTOB noHoB Fe B npubnuwxennn GGA. Ipa-

uk cmewteH oTHocuTenbHo yposHs Pepmu (BepTuKanbHas
WITPUXOBAs NNHNS)

Tabnuua 2. MarHuTHbIE MOMEHTBI OTAENbHBIX NOHOB

B coeantenun FeAlOs npu deppomartutHom (PM)

u anTucpeppomartiutHom (APM) ynopsigoueHusx mar-

HUTHBIX MOMeHTOB noHoB Fe B npubnnxernun GGA. Be-
JINYUHBI yKa3aHbl B MartetoHax Bopa

Nonbr OM ADM
Fel 3.70 3.49
Fe2 3.68 —3.46
Al 0 0

) 0.09-0.39 —0.06-0.07

JIIUE CTPYKTYPBI U3 JBYX MAKCAMYMOB, JIOKAJIUA30-
BaHHBIX 1pu 1 3B u 2.5 3B, nmuku B ocHOBHOM CHOP-
MupoBaHbl 3d-37eKTpoHaMu Fe, HO TakKe MBI BUJIMM,
9TO HEMTOCPE/ICTBEHHOE yYIacThe B (DOPMUPOBAHUU -
KOB NIPUHUMAOT 2p-31eKTpoHbl O. CTOUT OTMETUTB,
9TO MAKCHUMYMBI B IPOEKIUMH CIIMHA <«BBEPX» HMMEIOT
GOJIBIITYI0 NHTEHCUBHOCTD. B 06111eM cirydae IJI0THOCTH
SJIEKTPOHHBIX COCTOSTHUIT JIJTsl PA3HBIX [TPOEKIHIl CIIMHA
UMEIOT OJIMHAKOBBIN XapakTep.

B rabJ1. 2 nmpuBeieHbI 3HAYEHNST MATHUTHBIX MOMEH-
ToB A coeaunenns FeAlO3. MarauTHbIii MOMEHT Kuc-
Jopoza mMeeT Beamunay Mexnay —0.06 n 0.39up, Be-
JINYUHA MATHUTHOIO MOMEHTA JIJIsi MOHOB AJIIOMUHUS
cocrasisier Menee 0.01pup. Kpome Toro, us-za rubpu-
JU3aIun p-opouTasieil KHCaIopoaa ¢ d-opOuTajIsaMu JKe-
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Puc. 3. (B ugete onnaiit) lMnotHoctn coctosiinii FeAlOs

npn U = 1 3B n A®PM-ynopsago4eHun MarHWTHbIX MOMEH-

ToB uoroB Fe. pacuk cmeleH oTHocuTensHo yposHst @epmu
(BepTukanbHas WTpuUxoBas AUHNS)
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Puc. 4. (B ugere onnaiit) lMnotHoctn coctosiinii FeAlOs

npn U = 4 3B n A®M-ynopsago4eHun MarHWTHbIX MOMEH-

ToB uoroB Fe. pacuk cmeleH oTHocuTensHo yposHst @epmu
(BepTukanbHas WTpuUxoBas AUHNS)

Jie3a IIPU U3MEHEeHNH MArHUTHOIO MOMEHTa ¥Kejie3a Oy-
JeT U3MEHSITHCH TaKKe MAUHUTHBIA MOMEHT KHCJIOPO-
ja. ITosrydeHHbIe 3HAYEHUS] MAIHUTHBIX MOMEHTOB JIJIsl
nonos O 6ymsku. MarunTaele MOMeHTHI nOHOB Fe 110-
crarouno Oym3ku. Ho HeoOXoamMo ydecTb cpaBHEHUWE
[IOJIHBIX SHEPIuil, KOTOpOe IPUBEIEHO HUXKE U II0KA3a-
g0, aro s FeAlO3 6onee cTabmiIbHBIM SABJIAETCA aH-
ThEPPOMATHUTHOE YIIOPSTOICHUE.
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Puc. 5. 3aBUcMMOCTb LIMPUHBI SHEPrETNHECKON LENN COean-
Henust FeAlO3 ot napamerpa U B AOM-cny4yae

Kaxk B ciyuae pacaeroB nmpu aHTH()EPPOMATHUTHOM
YIOPSIOYEHNN MATHUTHBIX MOMEHTOB HOHOB Fe, BuI-
HO, YTO 3JIEKTPOHHAS IJIOTHOCTb COCTOSTHUI COeInHe-
Hust FeAlO3 xapakrepHa Jjisl JUSJIEKTPUKA C [IEPEHO-
COM 3apsijia, JIAHHbIE TPEJICTaBJeHB Ha puc. 3, 4. B
ciygae U = 1 3B (puc. 5) Habsrogaercst 3HAYATEb-
HOE PaCIUpEHNe SHEPreTUIECKON MeIN U ee 3HAYECHUEe
cocrasiiger 0.9 3B. Ilepepacnpenesnenue 371eKTPOHHO
ILUTOTHOCTHU TIPUBEJIO K MCIE3HOBEHUIO OTAEIHLHOTO TIHKa
Ha Kpal0 BAJIEHTHON 30HBI B CJIy4ae CIUHA «BBEPX», K
CMEIIEHUIO JIBYX MAKCUMYMOB B 30HE ITPOBOJIMMOCTH 110
HAIPABJIEHUIO JIPYT K JIPYTY U UX YBEJIUICHUIO KaK JJIst
CIVHA «BBEPX», TaK U JIJIsI CIIHHA «BHU3».

[Ipu yBemmyenun mapamerpa U B FeAlOs 1o
4 5B wHabmromaeTcs TepepaclipeiesieHue ILIOTHOC-
T 3d-3s1eKTpoHOB Fe B CTOpPOHY HHU3KHX 3SHEPruil
BaJIEHTHON 30HBL. Hapsiy ¢ mepepacipejesieHueM
3JIEKTPOHHOI MJIOTHOCTU B BaJICHTHONA 30HE, IIPOUC-
XOJIUT TIepepacipe/ie/ieHne JIEKTPOHHOM IIJIOTHOCTH
U B 30HE TPOBOJIMMOCTH, & MMEHHO, HA €e KpPalo JBa
OTJEJIbHBIX TMKa, 0bpa3oBaHHbIe 3d-3jieKTpoHaMu Fe,
HAYMHAKOT 00bEeIMHATHCS.

B xome pacderoB 3/eKTPOHHOUW CTPYKTYPBHI ObLIa
obHapyxKeHa uHTepecHas ocobennocTb monoB Fe. Bo
BCEX pacdeTax 3J1eKTPOoHHOi cTpyKTypbl FeAlO3 aekT-
ponHast KoHduryparms nonos xejesa Fe?t (3d%), uro
BuHO 10 unciay d = 5.86 sexrpoHoB. M3 mosyuen-
HBIX PE3YJIbTATOB, IPEICTABJIEHHBIX HA, pucC. 6 u 7, BUI-
HO, YTO OPOUTAN TOJHOCTHIO 3AIMOJHEHBI COCTOSHUSI-
MH C OJHOI TPOEKIMell crimHa — <«BBepX». B ciydae
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Puc. 6. (B ugete onnaiin) MnoTHOCTM cOCTOSIHUIT NOHOB >Ke-

nesa Fel B coegnHernn FeAlOs npn U = 4 3B n A®M-yno-

pS8OYEHNN MAarHUTHLIX MoMeHTOB noHoB Fe. pachuk cmelen

OTHOCUTENBHO ypoBHst Pepmu (BepTrKanbHas LITPUXOBasH NU-
HUS)
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Puc. 7. (B ugete onnaiin) MnoTHOCTM coCTOsiHUI NOHOB >Ke-

nesa Fe2 B coegunernun FeAlOs npn U = 4 3B u A®GM-yno-

PAJOYEHNIN MarHUTHBIX MOMeHTOB noHoB Fe. Mpacdbuk cmelen

oTHOCUTENbHO YpoBHst Pepmu (BepTUKaNbHASH LUTPUXOBAS JN-
HUS)

[IPOEKIIMY CIIUHA «BBEPX» [TOJIHAS 3aCEJIEHHOCTD 3d-COC-
rosuuit nona Fel pasna 4.96¢ (c opburajibHbIMU 3ace-
sgerHocramu 1.00, 0.99, 0.99, 0.99, 0.99¢). Ocrapmmecs
0.84e B 3d-o60m0uke Fel 3amoqHsAI0OT COCTOSHUS C IPO-
eKIMell CIMHa «BHU3», M BcexX 3d-opbuTaJjieii 3ace-
nerroctu Majenbkue: 0.10, 0.20, 0.20, 0.17, 0.15¢e. 3a-
cesernHoctu 3d-opburaseit nona Fe2 apisrorcs nnien-
TUYHBIMEA 3aceJeHHOCTsIM 3d-opburaseit mona Fel. Ho
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Tabnuua 3. CpaBHEHNE MarHUTHBLIX MOMEHTOB OTAES b-

HbiXx noHoB B coeaunHeHun FeAlOs npn U = 1 3B npn

DPM- n APM-ynopsgoyeHusix. Bennuumnbl ykasaHbl B
MarHetoHax Bbopa

Nonbt OM ADM
Fel 3.87 3.73
Fe2 3.84 —3.70

Al 0 0
(@) 0.09-0.39 —0.07-0.06

Tabnuua 4. CpaBHEHNE MarHUTHBLIX MOMEHTOB OTAES b-

HbIX noHoB B coeanHenun FeAlOs npu U = 4 3B npn

DPM- n APM-ynopsigoderusix. Bennymnbl ykazaHbl B
MarHetoHax Bbopa

Wonst OM ADM
Fel 3.93 3.85
Fe2 3.91 —3.83

Al 0 0
0] 0.07-0.33 —0.06-0.07

B cuny ADPM-ynopsovueHnst 3aCeIeHHOCTH JIJIsT TIPOEK-
Ui CIIMHA «BBEPX» U «BHU3» IOMEHSIIOTCSI MECTAMU —
3aCeJIEHHOCTH JIJIs IIPOEKIINNU CIIMHA «BHU3» OYIyT MaK-
CHMAJTbHBIMU.

3HadeHnsT MArHUTHBIX MOMEHTOB nOHOB B FeAlOs,
[IOJIy4YeHHbIE B PE3yJIbTATE PACYETOB, IIPE/ICTABJIEHbI
B Tabs. 3, 4. IIpu cpaBHeHWH TOJTYUIEHHBIX 3HAYUECHUN
gist OM- u AOM-yrnopsijiouennii BUIHO, 9TO B CJIy-
qae OM-ynopsiodenns: 3HaUY€HNS MArHUTHBIX MOMEH-
ToB noHoB Fe GoJibie, yem npu ADPM-ynopsigoueHnn,
Takasi e TeHJeHIs HabJojgaercs u st mouoB O.
Takoke I KaXKJI0Or0 W3 CIIyYaeB yIOPsIOUYEHUsT Ha-
OJII0Ta€TCS TEH IEHITNS YBEJINIeHNsT MAarHUTHBIX MOMEH-
TOB MOHOB Fe ¢ yBesmmueHnem napameTpa KyJIOHOBCKOTO
B3anmogeiicreus. s wonos O mosrydmiics ITPOTHBO-
TIOJTOXKHBIN pe3ynbTaT — B ciaydae PM-ymopsgodenns
3HAYEHNs] MArHUTHBIX MOMEHTOB YMEHBIIAIOTCs, & B
ADM-ciryuae oCTAIOTCS HEM3MEHHBIMUA. UTO Kacaercs
nouoB Al, TO 3HAYEHWS] MATHUTHBIX MOMEHTOB TaKiKe
cocrasisior Meree ¥eM 0.01pp B PM- u AOM-cayuasx
ymopsimouenns: noHOB Fe. Ilosryaentbie pe3ysibTarst Xo-
POIIIO COTVIACYIOTCS C PE3YIBTATAMU TPEIBIIYIIETO PACc-
gera: 3.69up [11], a Tak:ke ¢ pesynbTaTamMu IKCIEPU-
MmenTa: 3.4+ 0.2up [10].
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Tabnuua 5. 3HayveHns nonwbix sHepruli gns FeAlOs
B AOM- n PM-ynopsifoueHnsix MarHUTHbIX MOMEHTOB
noHos Fe n ux pasHoctu

Tun marauTH. U. 5B E. Ry AE, Ry
VIIOPSIIOYEHHS
ADOM 0 —2900.3378 0
1.0 | —2896.6972 0
2.0 | —2896.3899 0
3.0 | —2896.1226 0
4.0 | —2895.8658 0
oM 0 —2900.0874 | 0.2504
1.0 | —2896.5299 | 0.1673
2.0 | —2896.2465 | 0.1434
3.0 | —2895.9967 | 0.1259
4.0 | —2895.7548 | 0.1110

B rabu. 5 mpeacraBieHO cpaBHEHUE TOJIHBIX dHEP-
ruit Mmexxiry @M- u AOM-ynopsiouenusimu. V3 mosry-
YEHHBIX PE3Y/IbTATOB BUIHO, 9TO OOJIee SHEPreTUIeCKU
BBINOJHBIM siBJIsieTcst ADM-ynopsiiouenmue.

4. PE3VJIBTATHI 1 OBCY2KJEHUE 1JIdA
FeSiOs

Coenunenne FeSiO3 B mamnoit pabore 6ymem pac-
CMATPHUBATDH B HU3KOTEMIIEPATYPHOI MOHOKJIUHHON (a-
3e P2;/c (nomep 14 B cumcke Kpucrajiorpadguaeckux
rpyumn). IlapaMeTpsl ajieMeHTapHOl sd49efiku cocTaBiisi-
or: a = 9.485A, b = 9.081A, ¢ = 5.235A, o = v =
= 90°, 8 = 103.207°. Koop/iuHATHI BCeX HEIKBUBAJIEHT-
ubix aroMoB FeSiOs mpusemenst B Tabm. 6. Koopanna-
THI OCTAJILHBIX ATOMOB 3JIEMEHTAPHO STIeHKU OBLIN IO~
JIy9deHBI IIyTeM ydeTa CHMMEeTPUH coeuaeHust. 4eiika
cozepKuUT 8 aToMoB xkeJie3a (4 nepsoro Tuna Fel u 4
Broporo tuna Fe2), 8 aromoB Kpemuus (4 nepsoro tu-
na Sil u 4 Broporo Tuna Si2) u 24 aroMa KHCIOPOJA.
Arom Fe mepBoro tuma mmeer OKpy:KEHHE U3 INECTH
aromoB O B popmMe OKTasapa, BTOPOro THUIa — TeTpa-
sapa u3 O. Arombr Si 000X THIIOB UMEIOT OKPYYKEHHE
u3 gerbipex aromMoB O B hopme Terpaspa. [Ipusenen-
HBIE BBIIE KOH(MUIYPAIMHA PEINeTKU JJIsi COeIUHEHUS
FeSiOg Gblan B3aATH U3 crarsu [12].

I'paduku moNHBIX U TAPIHAAIBLHBIX TLIOTHOCTEH CO-
CTOSTHUI TIPeJICTABJIEHBI Ha puc. 8 B ciiydae (eppomar-
HUATHOTO yropsiiodenns B coequuernnu FeSiOs. B cioy-
4qae (heppOMAarHUTHOTO YIIOPSIJOUEHNsT MATHUTHBIX MO-
MeHTOB MOHOB Fe mist ciimba «BBepx» ypoBenb Pepmu
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Tabnuua 6. Koopguratbl atomos coegurerns FeSiOs
(B eaMHMULAaxX NOCTOSIHHON peLueTKn)

Tum aToma x Y z
Fel 0.7512 0.3462 0.025
Fe2 0.2744 0.4855 0.4983
Sil 0.4546 0.3384 0.2461
Si2 0.0531 0.1666 0.31
01 0.629 0.338 0.307
02 0.121 0.663 0.258
03 0.375 0.496 0.21
04 0.133 0.019 0.246
05 0.394 0.234 —0.009
06 0.108 0.298 0.138
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Puc. 8. (B ugerte onnaiin) MnotHoctn coctosiHnii FeSiOs B

cnyvae PM-ynopsagodeHnsi MarHUTHbIX MOMeHTOB noHos Fe B

npubnmxernn GGA. pacbuk cMewieH OTHOCUTENBHO YPOBHS
@epmn (BepTUKanbHash WITPUXOBAs JNHUS )

PACIIOJIOZKEH B SHEPreTHUYeCKOH IIesu, INIMPUHA KOTO-
poii cocrasiisier 1.5 3B. B BasenTHO# 30He HAbIIOMAET-
csl UK IIJIOTHOCTH 3JIEKTPOHHBIX cocTosiHuil. Kak Buj-
HO u3 rpaduKa, OCHOBHOI BKJIaJ| B BEPXHIOIO YaCcTb Ba-
JIEHTHOM 30HBI BHOCAT 3d-31ekTpons! Fe. B ciryyae criu-
Ha <«BHH3», HAIIPOTUB, UK 3JIEKTPOHHBIX COCTOSHUIA,
KOTODBII HAXOJINTCSI B 30HE IIPOBOJIMMOCTH, IIPUXO/UT-
cst Ha ypoBeub Pepmvu. OCHOBHOMN BKJIAJL B HEI'O BHOCHT
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Tabnuua 7. CpaBHEHNE MAarHUTHBLIX MOMEHTOB OTAES b-
HbIX noHoB B coeanterun FeSiOz 8 PM- u AOM-yno-
PAAOYEHUAX MArHUTHbIX MOMEHTOB noHos Fe B npu-
6nvxennn GGA. BenuumHbl ykasaHbl B MarHeToHax

Bopa
Wonbt oM ADM
Fel 3.47 3.42
Fe2 3.23 -3.20
Si 0 0
O 0.02-0.11 —0.02-0.05

3d-snekrponst Fe. CronTt 3aMeTuTh, 9TO UK HAXOIUT-
cs1 B 30HE TPOBOJIMMOCTH, & 9TO 3HAYUT, YTO COEIMHEHUE
CIOCOOHO TPOIYCKATH TOK, HO TOJIBKO C OJIHON ITPOEK-
nueit — «BHU3». V3 3TOrO ClleiyeT, 9TO coeuHEHNE B~
JISIETCSI TIOJTy METAJLIIOM.

B Tabs1. 7 mpuBeieHbI 3HAYEHNST MATHUTHBIX MOMEH-
ToB jy1s coeunenns FeSiO3. Kak u B ciiyuae ¢ FeAlOg,
MOXKHO OXKHJIaTh, YTO MAUHUTHBIH MOMEHT KHCJIOPOJIa
Oyner umers 3uadenue mexkay 0.02 u 0.11 marazeToHoB
Bopa. [I1g noHOB KpeMHUS BeJIMINHA, MATHUTHOTO MO-
MenTa cocraBiser Meree 0.01 pp. 3HAUEHHSA MarHUT-
HBIX MOMEHTOB HOHOB Fe B ciiydae dpeppomMarHuTHOrO 1
aHTU(GEPPOMATHUTHOTO YIIOPSIOUECHUN OJIU3KU MEXK LY
coboit. Ho meo6XoanMo y1IecTh MOJHbIe SHEPTUH, MPHU-
BeJleHHbIe Jist cpaBHenus: B Taba. 10. CpaBrenue mo-
KazaJio, aro misa FeSiOgz 6osree cTaOUILHBIM SIBJISETCSI
OM-ynopsinouerne. Takum 06pazom, st MarHUTHBIX
YIOPSJIOYEHU ¢ MUHUMAJIBHON IIOJIHOI 9Heprueil, Ko-
TOPBIE COOTBETCTBYIOT OCHOBHOMY COCTOSIHUIO B COEJIH-
menusx FeAlOsz u FeSiOs, BeJMuMHBI MArHUTHBIX MO-
MEHTOB JIOCTATOYHO OJIN3KU.

B pacuerax nnsa coemmmenuss FeSiOs ¢ yderom
9JIEKTPOHHBIX KOPPeJIANnii B ciydae peppOMarHUTHO-
ro ymnopsioueHus MoHOB Fe mpu pasHbIX mapamerpax
U 6buti TOJIyYeHbl Pa3IndHbIe XapaKTephbl 3JIEKTPOH-
weix 1moTHocteit. Ha puc. 9 gma U = 1 3B Bua-
HO, uTO coexuHenne FeSiOj mposiBiisier cBOICTBa I0-

JyMeTaJlsia U MOZKET HIPOIyCKaTh TOK TOJBKO C TIPO-

eKnuel crmHa «BHU3». Ha Kpaio 30HBI MTPOBOIUMOCTH
MBI MOXKEM HaOJIIOIATh IBA MAKCUMYMa, 0Opa30BaHHbIE
3d-snmekTpoHaMu Fe, oMH M3 KOTOPBIX HAXOJUTCS HA
ypoBae @epmu, apyroit — B uaTepnaje 0.5-2.5 3B.

B jmasbHeiimeM npu yBeJIMYeHHH Tapamerpa KyJo-
HOBCKOro B3aumogeiictsuga 10 4 3B (puc. 10) mpowuc-
XOJIUT Pa3/IBUKKA 3JIeKTPOHHLIX COCTOSIHUI Ha ypOBHE
®epmu, B pe3y/IbTaTe 9ero 00pa3yercs SHePreTuIecKas
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Puc. 9. (B ugete onnaiin) MnotHocTn coctositnii FeSiOs npm

U =1 3B n ®M-ynopsifoHeHnn MariuTHbIX MOMEHTOB NOHOB

Fe. Ipachuk cmewien otHocuTensHo yposHsi Pepmn (BepTu-
KaJbHas LUTPUXOBAs INHUS)
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Puc. 10. (B ugete onnaiit) MnotHoctun coctosiHnii FeSiO3 npm

U = 4 3B n ®M-ynopsifoHeHnn MariuTHbIX MOMEHTOB NOHOB
Fe. Ipachuk cmewien otHocuTensHo yposHsi Pepmun (BepTu-
KaJbHasi LUTPUXOBAs INHUS)

eIb, U COeJVHEHNe HAYNHAET IPOSBJISATH CBOHCTBA
U30JIATODA.

PaccvoTpum pesymbraThl pacieToB B ciydae dep-
POMATrHUTHOIO YIOPSJJIOYEHUsI MAHUTHBIX MOMEHTOB
noHo Fe B FeSiOgs, npeucrasiiennbie Ha puc. 9, 10.
Ha mmxunx qactax rpaduKkoB, COOTBETCTBYIOIIUX ITPO-
€KINN CIIMHA, <«BHU3», €CThb JIBA MAaKCHUMyMa, KOTO-
pbie obpasoBanbl 3d-aekTponamu Fel u Fe2. Makcu-
MyM, oOpazoBaHHBIH 3d-asekTponamu Fel, maxonurcs
Ha Kpalo BAJEHTHOI 30HBI, & MAKCUMYM, 0OpPa30BAHHBIIH
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Puc. 11. (B ygete oHnaiit) M0oTHOCTM COCTOSIHMII NOHOB >Ke-

ne3za Fel B coeguHennn FeSiOs npn U = 4 3B u ®PM-yno-

PAJOYEHNIN MarHUTHBIX MOMeHTOB noHos Fe. Mpacdbuk cmeler

OTHOCUTENbHO YpoBHs Pepmu (BepTUKaNbHAS LUTPUXOBAS JN-
HUS)

3d-snekTponamu Fe2, — Ha Kparo 30HBI IIPOBOIIMOC-
. CTOUT 3aMETUTH, 9TO B CJIydYae IPOEKIUH CINHA
«BBEPX» MAKCHUMYMbI HaXOAATCs BOm3u ypoBas Dep-
MH, HO H& CAMOM YPOBHE HAXOJIUTCS dHEPTeTUIecKas
IETTh.

B cnyaae pacueros mys FeSiOj3 snexkTponnasi KOH-
duryparus nOHOB Kejle3a Takas 2Ke, KaK U B CO€eJIU-
venun FeAlO3, HO u3-3a OoJiee HUBKONH CUMMETPUU MO-
HOKJIMHHOU CTPYKTYPBI BBIPOXKJEHNE YPOBHEN CHUMaA-
€TCsl, HIOITOMY OJIMH JJIEKTPOH B IIPOEKIINY BHU3 CAUT-
Csl TIOJIHOCTBIO Ha OJIHY OPOUTAJIb, XOPOIIO OT/IEJIEHHYIO
emme B PBE-pacuerax n3-3a MOHOKJIMHHHOM CTPYKTYPHI.
1 ocrasibabie OpOUTAJIN BBIIIE U HIXKE 10 SHEPIUN TOXKE
XOPOIITO OT/EJEHBI, ITO MBI U BUAUM Ha puc. 11 n 12. B
CJIydae IIPOEKITNH CIINHA «BBEPX» MOJIHAS 3aCEJIEHHOCTh
3d-cocrosianii nona Fel pasHa 4.98¢ (¢ opburaibHbIME
zacenennoctssvu 1.00, 0.99, 1.00, 1.00, 0.99¢). Ocras-
mmecst 1.21e B 3d-obostouke Fel zamonmusior cocTosiHmst
C TPOEKIMEl CIUHA <«BHHU3», IJIABHBIM 0Opa30M OTHO-
camuecsd K 3d,2-opburtanu nona Fel c 3aceeHHOCTHIO
0.68e, /st ocTaMbHBIX 3d-opbuTasieit 3aceJIeHHOCTH Ma-
sgenbkue: 0.17, 0.07, 0.20, 0.09e. 3acenennoctu 3d-co-
crosgauil noHa Fe2 mMOIHOCTHIO MIEHTUYHBI 3aCEIEHHO-
cram 3d-cocrosnnii nona Fel. C oanHaKOBBIMM CIIMHO-
BBIMU HalpasjeHussMu B ciaydae OM-ynopsigodenust u
[IPOTUBOIOJIOXKHBIME B citydae ADM-yropsiiouenust.

SHavyeHNsT MATHUTHBIX MOMEHTOB, IIOJIy9YeHHBIE B
pe3yJjibTare pacdeToB, IIPeJCTaBjeHbl B Tadia. 8, 9.
IIpu cpaBHeHun moaydeHHbIX 3HadeHuit qas OM- u
ADM-ynopsinodennit Bugno, uTo B ciaydae OM-ymo-
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Puc. 12. (B ygete oHnaiit) MnoTHOCTM COCTOSIHMI NOHOB >Ke-

nesa Fe2 B coegnHenun FeSiO3 npn U = 4 3B n ®M-yno-

pS8OYEHNN MAarHUTHLIX MoMeHTOB noHoB Fe. pachuk cmelen

OTHOCUTENBHO ypoBHs PepMu (BepTrKanbHas LITPUXOBasH NU-
HUs)

Tabnuua 8. CpaBHeHne MarHWTHLIX MOMEHTOB WOHOB

B coeguteHun FeSiOs npu U = 1 3B npu ®PM- u

ADPM-ynopspoyerusix. BennuunHel ykasaHbl B mMarHe-
ToHax Bopa

Wonst OM ADM
Fel 3.54 3.45
Fe2 3.29 -3.33

Si 0 0
) 0.01-0.07 —0.01-0.02

Tabnuua 9. CpaBHeHne MarHUTHLIX MOMEHTOB VMOHOB

B coegurenun FeSiOs npu U = 4 3B npn ®M- un

ADPM-ynopagoyeHusix. BennuunHel ykasaHbl B MarHe-
ToHax Bopa

Wonst OM ADM
Fel 3.50 3.49
Fe2 3.38 —3.38

Si 0 0
@) 0.01-0.04 —0.01-0.01

Tabnuua 10. CpasHeHue nonHbix sHepruii gns FeSiOs
ansa PM- n AOM-ynopsigoHeHnii MarHuTHbIX MOMEH-
T0B noHos Fe

Twun MarauTH.
U, »B E, Ry AE, Ry
YIIOPSTOYCHUS
oM 0 —2876.8092 0
1.0 —2873.1691 0
2.0 —2872.9778 0
3.0 —2872.8857 0
4.0 —2872.7702 0
ADOM 0 —2876.7595 | 0.0497
1.0 —2873.1517 | 0.0174
2.0 —2873.0046 | 0.0268
3.0 —2872.8821 | 0.0036
4.0 —2872.7587 | 0.0115

psLIOYeHnsT 3HAYEHUsI MArHUTHBIX MOMEHTOB MOHOB Fe
6obInie, ueM npu ADOM-ynopsijouenunn, Takast ¥Ke TeH-
genrust Habsomgaercs u it noHoB O, I MOHOB
Si 3HaYeHMs] MATHUTHBIX MOMEHTOB COCTABHJIM MEHEe
0.07up. Ilo Mepe yBenmuenus: napaMeTpa KyJIOHOBCKO-
ro B3aMMOJIEHCTBUSI MArHUTHBIE MOMEHTHI B DM-ciiy-
9ae OCTAIOTCS IPAKTUIECKN HEM3MEHHBIMU U COCTABJIS-
o1 nopsifka 3.5up. [Ipu AOM-ynopsaouennn, Ha060-
pPOT, BeJIMYIMHA MAarHUTHOIO MOMEHTa MOHOB Fe yBesn-
YUBAETCs U CTPEMUTCS K 3HAYEHUsIM, OJIN3KUM K 3Ha-
qenusM B caydae OM-ymnopsaodeHus.

B tabs. 10 npencraBiieHO cpaBHEHME TOJIHBIX SHEP-
ruit B ciaydasx OM- u AOM-ynopsigodeHuit st
FeSiO3. U3 mojiyyeHHBIX Pe3yabTaTOB BHUJHO, 9TO 0O-
Jiee SHEPreTUIeCKN BhITOMHBIM siBjisieTcst DM-ymopsiio-
YeHHe, XOTSI BBIMTPBIIT B SHEPTUN COCTABJISIET HOPSIJIKA
cotbix, a pu U = 3 3B — reicaunsix. Buano, arto
[IpY yBEJUIEHUH TIAPAMETPa KYJTOHOBCKOTO B3aUMOIEli-
CTBUsI OyJIeT yBeJIMUIMBATHCS 3HAYEHUE ITOJTHON IHEpP-
ruu. [losrydennbie pe3ysibTaThl XOPOIIO COTJIACYIOTCS C
pesysbraraMu peabLLyero pacaera: 3.8+0.1up [6], a
TakkKe ¢ pesyabraramu dkcrnepumenta: 4.0+0.1up [13].

5. BAKJIFOYEHUNE

B namvOii pabore OBLIM BBIMOJHEHBI PACYETHI
9JIEKTPOHHON ~ CTPYKTYPBI  OKCHIHBIX
xejesa FeAlO3 u FeSiOs, koropble BcTpedarorcs

COeJIMHEeHU

B HIDKHEH MaHTHH J3eMyu. Pacdersl OpPpOBEICHBI B
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paMKax [puOIMKeHust ODOOIIEHHON TI'DAIMEeHTHON
MONPaBKM, & TakxKe mpu momomnm Meroqga DFT+U
C yYeTOM 3JIEKTPOHHBIX Koppessuii. Paccmorpeno
dopmupoBanne ¢eppo- U AHTUHEPPOMATHUTHOTO
VIOPSITOYEHNI T MATHUTHBIX MOMEHTOB HOHOB 2K€JIe3a,
B FeAlO3 u FeSiOjz. O6napyxkeno, uro B FeAlO3 u
FeSiO3 upu yBesmuenun mapamerpa U OTKpbIBAETCH
sHepreruyeckas Ieab. B ormimume or FeAlOgs, rme
SHEPreTUYIeCcKas IMEIb MPUCYTCTBYET yKe B pacderax
GGA s aHTU(EPPOMATHUTHOIO — YIIOPSIOYEHUST
MarHATHBIX MOMEHTOB moHOB Fe, B coequuenun FeSiOg
SHEPreTUIEeCKasl MeJib OTKPBIBAETCS IMPU JTOCTATOUHO
6ostbIniux 3HaUeHusx mapamerpa U. Ilpu yBenuuenun
nmapamMeTrpa KyJIOHOBCKOrO B3amMmojeiicteuss U s
FeAlO3 kak B cayuae M-, rak u B ciryaae AOM-ymo-
pSIOYeHUs], JHEpreTHYecKasi Iejdb yBeIHINBACTCS
nporoprinonaabHo mapamerpy U. B pesynbrare pactie-
TOB OBLIM TOJIyYEHbI 3HAYEHUST MATHUTHBIX MOMEHTOB
Fe nnsa coenunennit FeAlO3 u FeSiO3. st pacueros
C yYeToM 3JIEKTPOHHBIX KOPPeJsuil HabJIIoaeTcs
TEHJICHINS] YBEJIUYEHUs] MArCHUTHONO MOMeHTa Fe
npu yBeqmdenun mapamerpa U. CpaBHeHHE TOJIHBIX
HEpruil Jyuid KakKJIO0ro U3 COCJUHEHHUN I10Ka3aJo, 4TO
CAMBIM JHEPIe€TUYECKU BBITOJHBIM COCTOSTHUEM JIJIst
FeAlO3 saBnsiercss AD®M-ynopsiiodenne MArHATHBIX
MomenToB Fe, a s FeSiO3 — ®M-ynopsigoueHue
MArHATHBIX MOMEHTOB Fe B COOTBETCTBHUM C SKCIIEPH-
MEHTAJIbHBIMU JIAHHBIMU.

PdunaHcupoBaHue. Pe3yabTaTbl MCCIEI0BaHNIM,
[IPEJICTABJICHHBIE B pa3ld. 3, HOJyJYeHbl Ipu (DUHAH-
coBoit mopzep:xkke Poccuiickoro douma dyHIaMeH-
TaJbHBIX WCCIEJOBAHAN B paMKaX HAYYHBIX ITPOEK-
ToB NeNe19-52-18008, 20-02-00234. Pesymbprarhr wnc-
CJIEJIOBAHUI, TPeJCTaBJIeHHbIE B pa3fa. 4, MOJIyJYeHbI
B paMKax TOCYJapCTBEHHOro 3ajanus MwuHucrepcrsa
obpazoBanust u Hayku Poccum (reMa «DJIEKTPOH,

Ne AAAA-A18-118020190098-5).
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MosiBneHne HamarHM4YeHHOCTM NpPpU NPUNOXKEHUN MEXAHNYECKOIO HaMPsAXXEHNA N CO34aHNE yl'lpyFOI7| p,ecbopmau,mm

NpY HAIOXKEHNN MArHUTHOTO Nost — ABa (PyHAAMEHTAsIbHBIX CBONCTBA Nbe30MarHuTHbIX MaTepuanos. Cummer-
pus ceepxnposogsawmx deppomartetukos UGez, URhGe, UCoGe gonyckaeT nbesomarHetnsm. B gononHenme
K OBbI4HbBIM NbE3OMAarHMTHBIM CBOCTBAM, UMEIOLLMM MECTO KakK B HOPMaJIbHOM, TaK 1 B CBEPXNPOBOASILLEM CO-
CTOSIHUN, CBEPXMPOBOASILLEE COCTOSIHUE 3TUX NbE30MArHETUKOB MEET CBOKO creuunduky. B otandne ot 0bbiuHbIX
CBEPXMPOBOAHUKOB, B YPaHOBbIX (heppOMarHeTnkax KpuTUHecKasi TEMMNepaTypa Nepexofa B CBEPXNpPoBOsiLiee
COCTOSIHNE MEHSIET CBOIO BEJIMHMHY MPY W3MEHEHUN HAMpPaBJeHUs NOJis Ha NPOTUBOMOJIOXKHOE.

Cmamva daa cneyuaavrozo swnycka 2KITDP, noceawennozo 90-aemuro U. E. J[3ar0wuncrozo

DOI: 10.31857,/S0044451021040064

ITbe30MarHeTu3M — 3TO HOSABJICHHE HAMATHUICHHO-
CTU KPUCTAJLIA TIPU HPUJIOXKEHUM MEXAHUIECKOIO Ha-
npsizkenus. Jpyroe mposiBJICHUE 3TOTO YKe CBOHCTBa —
BO3HHKHOBEHHE JeOPMAIMU KPUCTAJLIA, THHEHHOH 110
HAJIO)KEHHOMY Ha KPHUCTAJI MATHUTHOMY MOJIO [1].
IIbe3oMarneTn3M BO3MOXKEH B MATrHUTHBIX MaTepha-
JIaX, CUMMETPUS KOTOPBIX (MAHUTHBINA KJIACC) COIEP-
JKAT OIEPAINIo OOpaIleHnsi BpeMeHU JIUIb B KOMOU-
HAIWAX C MOBOPOTAMHU HJIM OTPAYKEHUSIMU UJIM HE CO-
JIEp2KUT 3Ty onepaiio Bosce [2]. [Tepsbie npumeps! Ta-
KuX BemecTs 6bun ykasansl . E. JI3suomuackuM [3].
Bckope mociie 3T0TO Mhe30MArHeTu3M OBLT OTKPBIT B
aHTU(OEPPOMATHUTHBIX (DIIOOPUIAX KOOAIBTA U Map-
ranra [4]. BoJsiee nosqHne nccie0BaHus STOTO sIBICHAS
U CCBUIKH MOXKHO Haiitu B pabore [5].

Omnepanust oOpalleHnst BpEMEHH B COYETAHUHU C I10-
BOPOTaMM BCTPEYAETCsI HE TOJBKO B MATHUTHBIX KJIAC-
cax aHTU(EPPOMATHUTHLIX MaTeprasoB. Takas cuM-
MeTpHUsl UMEeEeT MEeCTO, HAIPUMED, B (hepPOMATHUTHBIX
KPpHUCTAJIJIaX C OPTOPOMOMYIECKON CTPYKTYPOl U CHJIb-

* . . . .
E-mail: vladimir.mineev@cea.fr
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HBIM CIIMH-OPOUTAJBHBIM B3aUMOJeHCTBUEM, (DUKCU-
PYIOIIUM HAIIPpABJICHHUE CIIOHTAHHON HAMArHUYEHHOCTH
BJ10JIb OJTHOM M3 OCceil BTOPOTro IIOpsJiKa, CKaKeM, BI0JIb
HamnpaBjeHusa z. ['pynna CHMMETPUN TAaKOTO KPHUCTAJI-
Jla COCTOUT U3 BPAIleHUd HA yroJl T BOKPYT OCH 2 U
BpalllcHUi Ha yrojl T BOKPYL OCed & U Y B COYETAHUN
¢ oneparueii oopaienns BpeMenu R, nu3aMeHsIONel Ha-
IpaBJIeHUe CIIOHTAHHOU HaMarHM4YeHHOCTH Ha IPOTUBO-
TIOJIOZKHOE, a TaKzKe olepaluii tHBepcun I, OTparKeHus
O B IIJIOCKOCTHU, EePHEHAUKYJIAPHON OCh 2, U OTpazKe-
HUIA 0, 0y B IJIOCKOCTSX, IEPHEHIUKYIAPHBIX OCAM T
1 Y, B COUETAHUN C omeparmeit R:

Doy (D2) = (E,C3,RCS,RCY, I, 01, Roy, Roy). (1)
OTO TIpynma TOYedHOH cuMMeTpuH (heppPOMArHUTHBIX
coenunennii ypana UGes, URhGe u UCoGe, uarencus-
HO M3YyYABIIMXCS B TEUEHUE JIBYX MOCJIETHUX JECATHIIE-
Tuii (cM. HenasHUE 0030pHI [6,7]). 3neck cieayer yrod-
HUTb, 9TO B pabore [7| B KadecTBe TOYEIHON TPYIIIBI
GbeppOMATrHUTHOTO COCTOSIHUS JTAHHBIX BEIECTB ObLIa
HEBEPHO yKa3aHa I'PYIIIA

DQ(OQ) = (Ev Céza ROQIv RCZy)v
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ABJIAIONIALCA OArpynnoit rpymist Dop(D2) Opgaako
3TO He IIPUBOJUT K MOJMQPUKAIUAM TEOPHU CBEpX-
IPOBOJIAIIAX COCTOsTHUM, passuToit B pabore [7]. Ie-
JIO B TOM, 9TO IIAPAMETPLI IOPSAIKA CBEPXIIPOBOJI-
MIAX COCTOSHMI, COOTBETCTBYIONIAE HEIPUBOIUMBIM K
HESKBUBAJICHTHLIM KONIPEICTABJIeHusIM A 1 B rpymnms!
Dop(Ds), 3anarorcst Temu ke GOPMyIaMu, 9TO U st
rpymusl Do(Cy) (em. ypasrenus (6) u (7) B pabore [7]).

VHBapHAHTHBIA 110 OTHOIIEHUIO K IIPeo0pa3oBaHy-
siMm rpynmbl (1) TepMoAMHAMAYECKUI MOTEHIUAJ, JIU-
HEHHBII 10 MATHUTHOMY IIOJIIO U KOMIIOHEHTaM TeH30Da,
HANPSZKEHUIT, IMeeT BHT

S =-Nyor.Hy — Nyo, . Hy —

- (Azlamm + AzQa'yy + )\ZBUZZ)HZ-

(2)

IIpu npuiokeHnn K KpUCTAJIIy MEXaHUYECKUX HAIIP-
JKEHUH, HAIIPABJICHHBIX BJIOJIb OCEl OPTOPOMOMIECKOMH
CHMMETPHUH, KPUCTAJII TPUOOPETAET JIOMOJTHUTETBHYIO
HaMarHU4eHHOCTb

OH.

M (Azlamm + )\z20'yy + )\ZBUzz)v

= (3)
9TO BBI3BIBAET yBEJWUYEHUE N0JU 00beMa deppomar-
HUTHBIX JIOMEHOB, HAMarHM4YeHHOCTb KOTODPBIX IIapaJ-
JleJIbHa HaMarHum4eHHOCTHU, MHIAYIIUPOBAHHON C2KaTueM
KpHCTaJLIA.

[TonepevyHble KOMIIOHEHTHI HAMArHUYEHHOCTH BO3-
HUKAIOT IIPU IPWIOXKEHNU K KPHUCTAJIYy CKPY4YUBaIO-
IUX HAIPAXKCHUN:

0P
0H,

0P

M, = — =
oH,

= A$0$Z7 = /\yayz' (4)

M, =

Hanoxkenne MarHuTHOTO TOJIS BIOJIbL HAIPABJICHUS 2
BBI3BIBAET IOSBJIEHUE IIPOJIOJIBHBIX jedopMaIuii

0P

Ugy = _FM = /\leZa (5)
0P

Uyy = _aayy = Ao H, (6)
0P

2z — — - )\z H27 7

“ 00, 3 (™

a BJIIOJIb HAIpaBJeHUN x 1 y — JAedopManuiit KpydeHust

0o

004,

0P
Uyy = ——
Y 0oy

Ugpy = Ao Hy, =\ Hy. (8)

Ilepeunciennnie cBoiicTBa hepPOMATHUTHLIX KPUC-
tasioB UGes, URhGe 1 UCoGe aHaJIOrU9IHBI CBOMCT-
BaM JIpYI'UX Ibe30MarHeTukoB. C IOHUIKEHHEM TeM-

IepaTypbl 3TH BEIIECTBa IIEPEXOJAT B CBEPXIIPOBOJIS-

654

mee cocrosinne, obJragaoniee CrennuIecCKIMI Ihe30-
MarHUTHBIME CBoicTBamu. PopMUpoOBaHUE CBEPXIIPO-
BOJIAIIETO COCTOSHUS B TAHHBIX (DePPOMATHUTHBIX Me-
TaJIlaX IPOUCXOJAUT IO KpaliHeill Mepe B JBYX 30HAX
[IPOBOJIMMOCTH, PACIIEIIEHHBIX OOMEHHBIM B3aUMOJIEli-
CTBUEM, U OIHUCHIBAETCH MHOI'OKOMIIOHEHTHBIM I1apa-
MeTpoM nopsaika [7-9]. Urobbl He meperpyKaTh U3J10-
JKEHUE COOTBETCTBYIOIIUMHU IPOMO3IKAMU BBIIUCJIEHU-
sIMU, MBI IIPOJEMOHCTPUPYEM IIPOsiBJIEHHE THE30MarHe-
THU3Ma B CBEPXIIPOBOJIAIIEM COCTOSIHUU, UCIIOIB3Y S IIPO-
CTEHIYI0 OTHOKOMIIOHEHTHYIO MOJIE/Ih CBEPXIIPOBOJIM-
MOCTH.

Paccvorpum dazoBbIil mEpexol B CBEPXIIPOBO/IA-
mee cocrosgHme B MaruuTHoM mosie H, srexkarmem B
ILUIOCKOCTU TZ. B M0CTATOYHO OOJIBIINX MATHUTHBIX
[IOJITX MOXKHO IIpeHeOpeddb JeWCTBYIONIMM Ha 3aPsiIbl
3JIEKTPOHOB BHYTPEHHUM II0JIEM, BBI3BAHHBIM CIIOHTAH-
HOIl HAMATrHMYEHHOCTHIO, U PACCMATPUBATH KPHUCTAJLI
Kak OfHOOMeHHbIH. PyHKIIMOHA CBOOOIHOIT SHEPTUH,
KBa/IPATUYHBIA 110 IMapaMeTpy IMOPsIKa CBEPXIIPOBOJI-
HUKA 7], IMeeT BU]I

F= /dV {04|77|2 + K. Dn(Dyn)* +
+ K, Dyn(Dyn)* + K.D.n(D.n)* +
1 ) .
+ G [Den(D.n)* + D.n(Dyn) ]}7 9)

31ecn

KiZKi—f—)\in, 1=2,Y, 2. (10)

KommonenTst Bekropa D = —iV + (27/¢9)A — one-

PATOpPbl «JUINHHBIX» TIPOU3BOJHBIX, ¢og = whe/e —
KBaHT MATrHATHOTO TOTOKA W KOMIIOHEHTBI BEKTOD-
norennmana A, = —H.y, Ay, = 0, A, = Hpy. Bce

JIEHBI 5TOr0 (OYHKIMOHAJIA MHBAPUAHTHBI 110 OTHOIIIE-
HUIO K IpeobpasoBaHusaM rpymust (1).

Bripaxkenue s koaddunmenta o = ag(T — Tep)
BKJIIOYAET «KPUTHUIECKYIO TeMIepaTypy» 1o, Ompese-
JIeMYI0 CliapuBalonM B3anmoeiicrsuem. Crapusaio-
Iee B3aMMOJEHCTBHE B YyPAHOBBIX (HePPOMArHETHKAX
3aBHCAT OT MArHUTHOTO NOJIA, U BeqwmdauHa 1.9 3aBU-
cuT oT MarHuTHOrO mouss [7|. Bymyuwm saBucumoii or
BEJIMYMHBl U HAIPABJICHAA IOJIs, «KPUTHIECKAA TEM-
nepatypa» T,y He MEHSIETCs NP 3aMEHE HANPABJICHU
[OJIsL Ha IPOTHBOIOJIOXKHOE:

Too(H) = Too(~H). (1)

Hacrosmas ke Kpurudeckast TeMIIepaTypa mepexo/ia B
CBEPXIIPOBOJISIIEE COCTOSTHUE B MATHUTHOM ITOJIE€ OIIpe-
JIeJISIeTCsT KAK 3aBUCUMOCTBIO OT TOJIs BeIUIUHBI 1
Tak ¥ opOUTAIBHBIM 3MDPEKTOM, K PACCMOTPEHUIO KO-
TOPOrO MbI U MIEPEXOJIUM.
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MNbesomarHeTnsm B heppoMarHUTHBIX CBEPXMPOBOAHMKAX

Coorsercriyioriee dynkuuonany (9) ypasHenue
T'uasbypra— Jlanmay ectsb

_ o 2
0477—Kw<8 msz) n—

or  ¢o
- 0% - 0 2w 2
59T k(L 4+, -
Y oy? (32 T % y> K
0 2m 0 2mi
_+_

(g ) (@G

oz ¢o

Permernne sToro YpaBHEHUA MOXKHO HUCKaTb B BUJIE

Hmy> n=0. (12)

n(w,y,2) = exp(iqex + iq.2)Y(y). (13)

st onipesiesieHnst BEpXHETO KPUTHIECKOTO TI0JIS TOCTa-
TOYHO PACCMOTPETH PeIleHne pu ¢, = ¢, = 0. B atom
ciydae dyuxiys ¥(y) HAXOJAUTCS U3 YPABHEHUSI

2
27TF 2 > 82/¢) _
o<1/)—|—<¢0~;/2> y1/)—Kya—y2—0, (14)
rie
F=FMH)=
= (7 g2 | & 172 2 Y

—{&, [K,m? + Kom2 - ammz|} (1)

DyHKIHST

F

U(y) =exp | ——=y° 16
) ( Po Iy ) 1o

ecThb pemieHne ypasHeHus (14) Ipu ycioBAM BBITIOJIHE-
HUS COOTHOIIICHUS
®o
-2,
2
KOTOPOE TaKXKe MOXKHO IIE€pelncarb, KakK ypaBHEHUE
JJIsI 3aBUCUMOCTH TEMIIEPATYPHI IIEPEX0/Ia B CBEPXIIPO-

F(H) = (17)

BOJdIIee COCTOAHNE OT MAaIrHUTHOI'O IIOJIA:
2
Poao

X {Ky [KIHQ + R H? - AHZH;ﬂ }1/2. (18)

T.(H)

T.o(H)

OTKyﬂa BUOHO, YTO 3a UCKJ/JIIOYCHUEM HallpaBJICHUA I10-
JIsd BOOJIb OCU T KPUTHUYICCKad TeMHepaTypa MEHddeT Be-
JIMIUHY IIPU 3aMeHe HallpaBJIEHUA I10JIsA Ha IIPOTUBOIIO-
JIOJKHOE,

T.(H) # T.(-H). (19)
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Takum obpasom, B paboTe MMOKa3aHO, ITO B (dep-
pomarauTHbix Kpuctamiax UGey, URhGe u UCoGe
BO BHEIITHEM MATHUTHOM I10JI€ BO3HHUKAIOT Jie(hOpMAIIUK
(5)—(8), IPsIMO TPOIOPIMOHAIBHBIE BEJININHE TIOJIST, &
B OTCYTCTBYE TI0JIsI HAMATHHYEHHOCTh KPUCTAJIOB MO-
JKeT OBITH MHIYINPOBAHA IIPHIOXKEHIEM MEXAHIIECKO-
ro Hanpsizkenust (3), (4). B orsmame oT 0GBIMHBIX CBEPX-
[POBO/IHUKOB, B YPAHOBBIX (DEPPOMArHETHKAX TEMIIe-
paTypa IIepexo/ia B CBePXIPOBOJISAIIEE COCTOSTHIAE B Mar-
HUTHOM T10J1e (18) MeHsteTcst IpH 3aMeHe HaIlpaBJICHUS
BHEIIHErO TI0JIs HA IPOTHBOOJIOXKHOE.
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MarHnTHble asbl KybuHecknx xmpanbHbix heppoMarHeTnkos ¢ B3aumogeiictanem Jzsnowmnckoro—Mopus
(MnSi, Cuz0Se03) uccneayroTcsi B paMKax MUKPOCKOMUYECKOTO 1 (PeHOMEHONOrMHeckoro noaxopos. Mokasa-
HO, YTO B3aMMOAENCTBME MArHUTHbIX MOMEHTOB aTOMOB C JIOKaJbHbIM KPUCTANIMYECKNM MOJIEM MPUBOAUT K
BO3HUKHOBEHMIO KyGUYECKOro aHM30TPOMHOro YaeHa B sHeprun Jlangay — Jlucbwmua suga M;‘—&—M;H—Mf (M —
nosie HaMarHN4eHHOCTU). ITOT HYMeH OTBEYAET 3a CyLUECTBOBAHME reNIMKOMAANLHON hasbl Npu BAUZKOM K HyIHO
MarHuTHOM nofe, a B 6onee BbICOKUX MOJSIX MOXET BHOCWUTb BKJaj B YCTOMYMBOCTb MarHuTHoii ¢asel A. Mpo-
BeAeHO mogennpoBaHue asbl A npy pasHbix MarHUTHbIX nossix. [lokasaHo, YTO Npu BKAKOYEHUU MArHUTHOMO
nosisi CNUpann B renkonganbsHoli dase NprmobpeTatoT /INNTUHECKYIO N KOHUHECKYIO COCTaBJSIHOLLNE.
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1. BBEAEHUE

CrupaJsbHBI TOPSIJIOK B IPUPOJE BO3HUKAET B
OY€Hb HEIIOXOXKUX JIPYT HA JPyra CACTeMax, OT (PU3UKH
KOHJICHCHPOBAHHOI'O COCTOSTHUS J10 GroJiornw [1], u ciy-
JKUT BayKHBIM IIPUMEPOM IIPUMUTHUBHON CAMOOPraHU3a-
U, DTa cCaMOOPTAHU3AIMST MOYKET CO3/IaBATh JIOBOJIb-
HO CJIOJKHBIE CTPYKTYPBI, TaKue KakK roJjiyobie (a3bl B
XOJIECTEPUYIECKUX JKUJIKUX KpUcTaax [2,3] wiu ckup-
MUOHHBIE TEKCTYPbI B XUPAJBbHBIX KyOUIECKHX MarHe-
tukax (MnSi, MnGe, Fe;_,Co,Si, Cuz0SeOs u ap.)
[4-9]. TIpu sTOoM B u3MKE CTOIb PA3JIUUHBIX CHCTEM
HabIIOIaeTCs 3aMedaTesbHoe ¢xoneTio [10-12]. Tem He
MeHee B KarXKJIOM OTJIETLHOM CJIydae 38 BOSHUKHOBEHUE
MAKPOCKOIIUIECKON CIIMPAJId OTBETCTBEHHBI CBOU COO-
CTBEHHBIE MUKPOCKOIINIECKUE MEXaHU3MbI, U TPeOyeT-
Cs1 MPUJIOYKUTH HEMAJIble YCUJIMsI JIJIsi UX OTBICKAHUSL.
B uacrHOCTH, HEOOXOJMMO YCTAHOBHUTH B3aUMOCBSI3b
MEXK/ly HapaMeTpaMu JIOKAJbHBIX B3aMMOJEHCTBUN B
cucTeMe W ee KOHedHO# cTpyKTypoit. Hampumep, mep-
BbIl BOIIPOC — YTO OIIpEJIeJisieT [IEPUOJL U HAIIPABJICHUE
crimpadieii? C 1pyroit CTOPOHBI, ONMCAHNE MUKPOCKOIIU-

* E-mail: chizhikov@crys.ras.ru
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YeCKOII CIIMHOBOI CTPYKTPBI BazKHO KaK JIJIs IIPUJIOZKE-
Huil (cmHTpOHUKA, MysbTudepponkn [13-15]), Tak u
anst pyHIAMEHTAIbHBIX IPO0JeM, TAKUX KaK TOIOJIO-
ruvecknii addexr Xosna [16].

Hayunasg ¢ OTKpBITHS XHMPAJbHBIX MATHHTHBIX
cpoiicte MnSi B 1976 r. [17, 18] mo cerogmsiHuMit
JIeHb HauboJiee YacTO MCIIOJNb3YEMbIM METOJIOM OIIH-
CaHMs U NPEJCKA3aHUs 3aKPYYeHHLIX MATHUTHDLIX
CTPYKTYp oOcTaercs (beHOMEHOJOTHIECKAsT TeOpHs,
OCHOBaHHas Ha cBOboxHON sueprun Jlannay — JIudmru-
na ¢ J00ABOYHBLIM HJIEHOM, BIEPBBIE IIPEIJIOKEHHBIM
Hzstmonmackum [19, 20]. OfiHAKO JAHHBIA IOJXOJ, B
KOTOPOM HCHOJIb3yIOTCS HAIIM 3HAHUA O CHMMETDPHUH
dUzMIeCKOil CHCTEMBI, HUYEro HEe MOXKET CKa3aTb O
3HAMEHUAX BXOJAININX B CBOOOJHYIO SHEPIHIO KOI(D-
(PUIMEHTOB U 0 TOM, KaK OHU CBA3AHDBI C PEATHHBIME
MEXKATOMHBIME B3aMMOJICHCTBUSAMU.

MukpocKonuaeckne TeOpUH, TaKhe KaK MOJIEeNb
KJIACCUIECKOTO Teit3eHOeproBCKOTO (heppoOMarHeTuKa
CO CHMH-OPOUTAJIBHBIM JIEHOM, M3HAYAJILHO pa3pado-
rannasg Mopus [21,22], B cBoio 04epeb 06/1a1a10T TeM
HEJIOCTATKOM, YTO KOJMIECTBO MEPEMEHHBIX, BKJIIOYA-
FOIlee CIUHBI BCEX MATHUTHBIX ATOMOB, OECKOHEYHO, U
[TO3TOMY 3TU MOJIEJIA CJIOXKHO KCIIOJIB30BATH B JIOOBIX
AHAJIMTUIECKUX pacderax. 1eM He MeHee, HECMOTPsI Ha
HEKOTOPBIE COMHEHUsI B CIIPABEIMBOCTU Mojen | eii-
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3eHbepra Jjis 30HHBIX MATHETUKOB, OHA YACTO MCIIOJIb-
3yercsl Il YHCJAEHHOrO MojesnupoBanus [12, 23-25].
Jutst aTO# MOIe I HEOOXOIUMO 3HATH ITapaMeTPhl MEXK-
CIIMHOBBIX B3aMMOJIEHCTBUl: KOHCTAHTHI J;; M30TPOII-
HOrO OOMEHa MEeXKIy i-M U j-M aroMamu u (mces-
Jio)BekTopsl D;; anTucuMmerpuyanoro obmena JI3siro-
muHCKOro — Mopust. 9T napaMerpbl MOXKHO MTOJIY YUTh
JIByMsI CIIOCODAMU: U3 CPABHEHUS TEOPETUIECKUX pe-
3yJIBTATOB C YKCIIEPUMEHTAJIbHBIMI JTAHHBIMUI U [TOCPE/I-
CTBOM BBIUHCJIEHUH ab initio [26,27].

JBa 3Tux moxo/a, MUKPOCKOTTHIECKuit n heHome-
HOJIOTUYIECKUIT, HA MPOTAXKEHUU MHOTHUX JIET HCIIOJIhb-
30BAJIACH JIJIsi OIUCAHUS OJHUX U TEX YK€ MATHUTHBIX
CTPYKTYP, XOPOIIO JONOJIHSS ApYyT Japyra. Tem He Mme-
Hee OCYLICCTBUTL KOPPEKTHLIR IlepexoJ OT OJHOU MO-
JIeJId K JPYroit JI0JIFO He YAaBAJIOCh JIaXKe JJIsl TAaKOI'o
pocroro ciydast, Kak MnSi. 3ech nepexos, B 9acTHO-
CTH, T0JIPA3yMeBAET BbIpaKeHWe KOHCTAHT, BXOJISIIINX
B sHepruto Jlannay — JIudmuna KoHTHHYAJIBHON! MOIE-
Jm, depe3 napaMeTpsl J;j, Dj; refizen6eprosckoii Mojie-
sin. O6paTHBII IepPeX0/1, 09€BUIHO, HEOIHO3HAYEH B CHU-
Jiy OOJIBITIOTO YUCIa MUKPOCKOIMYECKUX ITaPAMETPOB.
B pa6orax [28,29] Takoii nepexos ObLI BIEpBBIE OCY-
IIECTBJIEH JIJIs KpUCTaJLUIoB MnSi B ipubJinzkeHun B3a-
UMOJEHCTBHSA OIMKafmmx coceneil. BaxKuabiM mo6od-
HBIM PE3YJIbTATOM 3TONH pabOTHI CTAJIO MpeICKa3aHUe
U ONHCaHue aHTHU(OEPPOMATHUTHBIX CITHOBBIX CKOCOB,
KOTOPBIE SIBJISIFOTCST HEOTbEMJIEMOIT 0COOEHHOCTHIO Mar-
HATHOU CTPYKTYPhI 3aKPYYEHHBIX (PEPPOMATHETUKOB,
BJIMSIIONIEH Ha BOJHOBOE YUUCJIO k CIIMHOBBIX CITHPAJIEH.
Hamee momaxod OB CHAYAJA PACIIAPEH 3a CUeT yte-
Ta B3auMOJIEHCTBUI CO cieayromumu coceassymu B MnSi
[30] u, mHakoHen, 0Go0mIEeH Ha cayvail pyrux KyOwde-
CKHUX resuMaraernkos, riodas Cup0SeOs [31]. dua
mynbTrdepponka CuyOSeOs cCIMHOBBIE CKOCHI UTPAIOT
JIOMIOJTHUTEIbHYO0 BayKHYIO POJIb, OCYIIECTBIIsisI CBSI3b
MAaTrHATHOM CTPYKTYPBI C 3JIEKTPUIECKON TTOITPU3AIA-
eit [32].

Opnnako mporpamMma OObeIMHEHNsT MUKPOCKOIIIIe-
CKOTO 1 (DEHOMEHOJIOTTIECKOTO OMMUCAHNI KyOMIeCKUX
XUPAJbHBIX (PEepPPOMATHETHKOB TIOKA OCTAaeTCsl He
BIIOJIHE 3aBEpIIEHHOW. XOTsS BBICOKAsSI CHMMETPHUS
KPUCTAJIJINIECKOI PEIIEeTKN U MMO3BOJISIET B OTIEIbHBIX
CJIydasix [MoJjiaraTh MarHUTHBIE CBOMICTBA CUCTEMBI U30-
TPOIHBIMHU, cjabas KyOumdeckas aHU30TPOIHUS MOYKET
[IPOSABJISATH ce0sl, HATIPUMED, B OPUEHTAIINNA MATHUTHOMN
CTPYKTYPBl OTHOCHTEJIbHO KPHUCTAJTMIECKHX —OCeid.
AHuzorponHble WJEHBI BHOCST MEHBIIUH BKJIAJ B
suepruto Jlangay — Jludimmia, dem B3anMomeiicTBue
Jzsmomuuckoro — Mopus, TeM He MeHee WMEHHO
OHH OTBEYAIOT 34 CYIIECTBOBAHUE TIeJIMKOUIATBHOM
da3pl B ca1aboM MarHUTHOM ToJie. B mamHoil pabore

6 2KIT®, o 4

OyJeT MOKa3aHO, KaK MHUKPOCKOIHMYECKNEe ITPUINHBI,
B YaCTHOCTH B3aMMOJEHCTBUE CIMHOB C JIOKAJbHBIM
KPHUCTAJIJINYECKUM I10JIeM, MOT'YT BBI3bIBATD IIOSBJICHUE
AHU30TPONHBIX YJIEHOB B 3HEpruu. Takxke OyIyT
PacCMOTpPEHBI HEKOTOPBIE CJIEJACTBUSI aHU30TPOIINH, B
TOM 4YHCJIe OPUEHTAIUS CIUpaJeidl B IeJIUKOUJAJIbHOU
daze, NpenMyIIeCTBEHHbIE HAIPABICHUS HAMATHU-
YUBAHUs KOHMYECKOW (Dasbl U BKJIAJ[ aHU30TPOIUU B

YCTOIU/I‘II/IBOCTI) (l)a3131 A Ky6I/I‘IeCKI/IX reJIMMaroeTuKOB.

2. KYBUYECKWE XMNPAJIbBHBIE
PEPPOMATHETUKN

leuMarneTuky IpeaCcTaBIISIOT COOOM OCOOBIN TOI-
BHUJ MarHUTHBIX KPHUCTAJJIOB, B KOTOPBIX JIOKAJIb-
HOe ynopsioverne cnuHOB (deppo-, deppu- winm aH-
TudEPPOMATHUTHOE) COMPOBOXKIAETCST 3aKPYTKOH Ha
Macrradax, MHOTO OOGJIBIUX JIEMEHTAPHOU sTIeiKu.
IIpuaunoit cTOb HEOOBITHOTO TOBEIEHUST MOXKET CJIy-
JKATh, HAIIPUMED, KOHKYPEHIII MeX 1y (hbeppo- U aHTU-
dbeppoMarHuTHBIM OOMEHHBIMU B3aMMOIEHCTBUSIMU Ha,
dpycTpUpOBaHHOI perieTke CIUHOB. B jraHHON pabo-
T€ MBI COCPEJOTOYMMCA Ha JAPYroil BO3MOXKHOU IIpU-
qUHE MOSIBJICHUS 3aKPYYeHHBIX MATHUTHBIX CTPYKTYD,
a UMEHHO, Ha, aHTUCUMMETPUIHOM oOMeHe [[3sitommHc-
Koro—Mopus. Paccmorpum psif ycoBumit, criocobcTBy-
IONUX BO3HUKHOBEHUIO T€JIMMArHETU3Ma TAKOI'O POJIA.

1) Huskas cummerpus MEKATOMHBIX CBs3eil 00y-
CJIOBJINBAET BO3HUKHOBEHUE B3ammogehcTeus JI3sio-
MUHCKOT0 — Mopust MeKTy MArHUTHBIMU aTOMAaMA. 3a-
METHM, YTO BHYTPHU OJHOIO KPUCTAJIIMIECKOTO KJIAcca
6oJtee HU3KOI cMMMeTpUeil ATOMHBIX TIO3UIIAN U CBA3€i
00JIaAI0T KPUCTAJLIBI HECUMMOP(MHBIX I'DYIIIL.

2) OrcyTcTBHE 3€pKAIBHON M MHBEPCUOHHON CHM-
METPHH IIPUBOAUT K BOSHUKHOBEHUIO MATHUTHBIX CIIU-
paJjieii ¢ ompejesleHHBIM HaIpaBJIeHUEM 3aKPyTKA —
[IpaBbIX WJIU JIEBBIX TeJIMKOWJ. B IpuHIMIe, 3aKpyT-
K& MOXKET BO3HHKATH U B KPHUCTAJIAX C IEHTPOM HH-
BepCHM KaK CJIEJICTBUE CIIOHTAHHOTO HAPYIIEHUS] CHUM-
verpun. OHAKO B IIEPBOM CJjIydae IOMOJTHUTEIBHOIO
HapyIIeHns CHUMMETPHH He TPeOyeTcss W CIUpajbHbBIE
CTPYKTYDPBI BOBHUKAIOT 3aKOHOMEPHO.

3) Tlockonbky B3amMmoeiicrBue JI3sAI0IIUHCKO-
ro—Mopusi  sBJIsieTcss  CJIa0bIM  CIIMH-OPOUTAJIBHBIM
acddekToM, OHO TposiBigercs Jjy4ire Ha (GoHe ocmabd-
JIEHHOTO  M30TPOITHOTO Kak cioencrsue,
reJIMMArHeTHKN OOBIYHO MMET HU3KYIO TEMIEPATYPY
repexo/ia OT IapaMarHUTHOTO HOPSIIKA K MArHUTHOMY.

obMeHa.

Paccmorpennble B jmaHHO paboTe KPHUCTAJLIBI,
MnSi u Cua0SeOs, yHoBIEeTBOPSIOT BHIIIEIEPEINCICH-
HbIM yestoBusaM. O6a 00/1a/1a10T KyOndecKoi XupaJsibHOM
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Puc. 1. ®azoBas guarpamMma Kybrnyeckoro xmpanbHoro dep-

pomarHeTnka. Huxe kputnyeckoii Temnepatypsl T cyluecT-

BYET psif dhas, 3aBNCALLMX OT MarHuTHoro nossi. Kputnyeckue

nonsi Hei n Heo paspensitoT rennkonpanbHyto, KOHUYECKyto

U NONSIPU30BaHHYO heppomarHnTHyto asbl. Bbansu Toukn

Kropu HaxoanTcs 0bnacTb CyLecTBOBaHNS 3aragoyHon gasbl
A c [BOIiHOl 3aKpyTKOI

HecUMMOPQHONH TPOCTPAHCTBEHHON Tpymnmoit P2:3 u
HU3KOH TeMIlepaTypoil Iepexojla U3 IlapaMarHATHON
B yuopsymouennyo deppo- (MnSi, To = 29 K) wim
deppu- (Cuz0Se0s, T = 58 K) marautHyo dasy.

Jlpyroe 3aMedaTesbHOE CBOHCTBO 3THX KPHUCTAJI-
JIOB 3aKJII0YAeTCS B TOM, YTO, OJIarofaps BBLICOKOI TO-
YEUHOI CHUMMETPHHU, CIIUHOBBIE CIIUPAJA MOTYT HOYTH
CBODOJIHO OPUEHTUPOBATHCS MAIHUTHBIM II0JIEM BJOJIb
IPOM3BOJILHOIO HAIPABJIEHUA. BCIeICTBIE 3TOTO B Ky-
OMYIECKUX TeJUMATHETUKAX HaOIOAeTCsl MHTEPECHOe
dasoBoe pazHoobpasue [8,9].

2.1. ®azoBasg auarpaMmma

B xpucrammax tuma MnSi u CuyOSeOs temmepa-
Typy $a30BOro mnepexojia U3 apaMarHUTHOTO COCTOsI-
HOAs B MarHMTHOE YacTO Ha3bIBalOT Toukoil Hees,
mofipa3yMeBasi IIPU 9TOM, 9TO, OJIarofaps IPOCTPAHCT-
BEHHBIM OCITWJIIAIMASAM II0JId HaMarHUYEeHHOCTH, CYM-
MapHBI MATrHUTHBIH MOMEHT TeJTUKOUIAJIHHON (a3
paBen mysao. OaHako npaBuiibHee OBLIO OBI OIpejie-
JINTh MATHUTHOE COCTOsSIHUE He KaK aHTudeppoMarte-
THK, a KaK <«3aKPy4eHHBbIH (eppoMarHeTuk» u, COOT-
BETCTBEHHO, TEMIIEPATYPY Ilepexoja Kak Touky Kiopm,
IIOCKOJIBKY 3TO COCTOSHHUE XapaKTepU3yeTcs HeHyJIeBOl
JIOKQJIbHONT HAMarHMIeHHOCTbHIO, & IIePHUOJIbI OCITUJIIIS-
OUil BO MHOTO Pa3 IPEBBIMIAIOT IIapaMeTp dJIeMeHTap-
HOM f9efKM KPUCTAJIA. DTO, B YACTHOCTH, O3BOJISIET
OTJIMYUATH JIAHHBIA CJIydail OT ciaydas «3aKpydeHHOI'O
anTugeppOMarneTuKa», KOTOPhIl TaK»Ke BCTPEYAETCs
B npupoyie [33].

658

Ha puc. 1 cxemarnano m3obpazkeHa haszoBasi Jua-
rpaMMa XUPaJbHOTO KyOHMUIecKoro eppomMarHeTHKa.
IIpu Temmeparypax HaMHOTO HUXKe TOUYKH Kiopw BbI-
JeITIoT Tpu Bas3bl — TeJTUKOWIAIBHYI0, KOHUIECKYTO
U MOJISTPU30BaHHYI0 (DEPPOMArHUTHYIO — C (DAa30BBIMU
epPexXoaMU TI0 MATHUTHOMY TIOJIIO MEXKJTy HUMH. DTH
das3bl, pas3TMIAONIIecs TJIABHBIM 00pa30M IO MOBEIe-
HUIO MArHUTHON BOCIPUUMYHMBOCTH, CTPYKTYPHO BECh-
Ma TOXOXKHU. J[efCTBUTE/IBHO, TeJTMKOUIAJIBHYIO U II0-
JISPU30BAHHYIO CTPYKTYPBI MOYKHO CUUTATH TACTHBIMA
CJIydasiMi KOHUYECKO: B IIepBOii M3 HUX PaBHA HYJIIO
BBICOTA KOHYCA, BO BTOPOH — paJinyC ero OCHOBAHUSI.
DaKTUIECKN MeJINKOU 1A TPUOOPeTaeT KOHMIECKYIO CO-
CTABJIAIONIYIO YK€ IMPU MPUJIOKEHUH MUHUMAJIHLHOTO
MarHUTHOT'O II0JIs, & KPUTUIECKOe 3HadeHue 1oJist Heq
OIIpeJIesIseTCs, KaK Oy/1eT 00CyKIaThCs 03/IHee, Tepe-
OpHEeHTAINEel OCU CITUPAJIN BJIOJIb HAIIPABJIEHUS TIOJISI.

Hawubostee unrpuryiomeit ¢azoit 6€3ycI0BHO sIBJIsI-
ercsi Tak HasbiBaeMasi a3za A, BOZHHKaOIas BOJIMA3U
touku Kropu npu nmpomMezKyTOIHBIX 3HATEHUSIX MATHIT-
Horo nousisi [34-41]. Pacnosoxkenune Ha dasopoii aua-
rpaMMe IM03BOJISET IIPEION0KUTh, YTO 33 MOsIBJIEHUE
dazbl A 0TBEYAIOT MEXAHW3MBI, CXOXKHE C TEeMHU, UTO
[IPUBOJAT K IOSIBJIEHUIO TOIyObIx a3 B Xojecrepu-
YeCKHUX JKUJKUX KpHUCTAIax. B HacTOAmUil MOMEHT
CUYUTAETCS YCTAHOBJIEHHBIM, 9TO (a3a A mpemncrapiser
€000t TPEYTOIBHYIO PEIIETKY CTAOUIM3NPOBAHHBIX 10~
JIEM JIMHEHHBIX TOMOJIOIUYECKNX 1e(DEeKTOB — CKUPMU-
ouos (puc. 2a) [4-7,35,42,43]. Hamarauuennocts B da-
3e A 3aKkpydeHa BOKPYT OPUEHTUPOBAHHBIX BJIOJIb Mar-
HUTHOTO TIOJIsI /1P CKUPMHUOHOB, 8 Ha CAMUX SIPaX —
OTPOKWHYTa TPOTUB T0Jist. OUeBHIHAS SHEPTeTHIeCKAsT
HEBBITOJIHOCTH 9TOTO OIPOKHILIBAHNST KOMIIEHCUPYETCS
BBITOJION OT JIBOWHOI 3aKPyTKHU TOJIsI HAMATHUIEHHO-
CTH, 9TO YTUIyOJIsieT aHaJOTHIO C TOJYOBIMU (ha3aMu.
Ha puc. 26 mokazana s;reMeHTapHass SUeiika MarHUTHON
cTpyKTypbl paser A ¢ aemenramu cummerpun. Komio-
HEHTa HAMATHUYIEHHOCTH BJIOJIb II0JIs ODO3HAYEHA I[BE-
TOBBIM T'DAJIMEHTOM, ITPOEKITHUS [TOJIsT HAMAIHUIEHHOCTH
Ha IJIOCKOCTh — CTpesiKaMu. BeeM ocsiM cuMmmMerpun co-
OTBETCTBYIOT CHUHI'YJISPHOCTH, B KOTOPBIX HAMArHUJEH-
HOCTH CTPOrO TApAJIeTbHA MATHUTHOMY TOJIO: OCSIM
6 — BUXpU-CKUPMHUOHBI, OCSIM 3 — BUXPH, OCSIM 2 — aH-
TuBuxpu (27-muckauranmmn). Kpome toro, cummerpust
BKJIIOYAET MATHUTHBIE NICEBIOOCH 2', MEpPIeHIUKYIIAp-
Hble 110J10. MarauTtHas rpymma p62'2" [44].

2.2. MuKpocKonu4iecKuii u
deHoOMEeHOTOTUYEeCKUl TOAX0IbI

SakpydueHHbIe MATHUTHBIE CTPYKTYPbI XUPAJIbHBIX
KyOmdeckux eppoMarHeTukoB, Takmx Kak MnSi u
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Puc. 2. (B ugete oHnaiin) ®Pasa A xupanbHoro kybnueckoro ceppomartHetnka (a) 1 ee 3jeMeHTapHasi siyeiika C 3/eMeHTaMm
cummetpun (6). LigeToBoii rpagueHT obo3HayaeT NpoekLyMio HaMarHUHEHHOCTM Ha HaMpPaB/iEHWE MAarHNTHOTO MO KPacHbI —
no nonto, cuHuii — npotue nons. CTpenkn — NpoekLnn Nosst HAMarHUHEHHOCTN Ha MJIOCKOCTb, NEPREHANKYNSAPHYIO MO0

Cuz0SeO3, MOTYT OIHUCHIBATHCS B PAMKAX MHUKPOCKO-
[IIYIECKOTO I0JIX0/1a, OCHOBAHHOTO Ha 3Heprun [eitzen-
Gepra [23], 6o deHoMeHOIOrmYecKH ¢ dHeprueil JIaH-
nay — JIudbmmna [45, 46]. Dueprus reitzeH6eproBcKoro
MarHeTHKa MMeeT BUJ

1
E= 522(—Jia‘si'sj+Dij “[si xs5]) =
i
—gus Y H-s;, (1)

rJie CyMMHUPOBAHHE BEJIETCs 110 MAIHUTHBIM aroMaM (7)
u ux cocenam (j), s — Kmaccuvyeckue crmusl ([s| = 1),
Jij — KOHCTaHTBLI H30TPOIHOTo obmena, D;; — mcesmo-
BeKTOpH! [3sommHckoro — Mopusi. B pa6orax [28-31]
GBI OCYIIECTBIIEH [IePeXos OT cooTHommeHus (1) K BbI-
paXKeHuto [jisi II0THOCTH dHeprun Jlannay — Jludmm-
a:

1 _ou ow

=395 o

+Dp- [V xp]—MH-pn,  (2)
rae p = M /M — HanpasjieHre BEKTOPa HAMAIHUYIEH-
HOCTH; 3/I€Ch IIPEJIIT0JIAraeTCsi, YTO INIOTHOCTh MATHHT-
HOTO MOMEHTa, MMEET IOCTOsTHHOE abCOJIIOTHOE 3HAYe-
Hre |M(r)| = My, 9T0 IpaKTHIECKN BEPHO IPU TEMIIe-
paTypax mocrarouHo Huxke Toukn Kiopu. Koadbdumm-
enThl J u D Bhramcssitores corsacHo dopmynam [31]

\72% E E JijTes (3)
v g

D:—% g g Dyj - Ty, (4)
g

rJe CyMMHPOBaHHE IO ¢ TElePb BEJETCs 110 aToMaM
BHYTPH 3JIEMEHTAapPHOH sf4eilku. 3Jech Tj; = Ij — Ty —
PACCTOSTHUS MKy HEKUMU WA TbHBIMU TOJIOKEHUSI-
MH JIBYX @TOMOB, TAKXK€ HA3bIBAEMBIMH «OOMEHHBIMU»
[30,31], KOTOpBIE HAXOJATCST U3 CUCTEMBI ypABHEHMIT

> Jijti; = 0. (5)
J

3ameTuM, 4TO KOHCTAHTHI J u D He MOI'yT 3aBHCETD
OT peaJIbHBIX KOOP/IMHAT aTOMOB, IIOCKOJIBKY peasbHbIe
KOODJIMHATHI HE BXOJAT B BbhIpazkeHue jjig suepruu (1).
IIpu BeIBOsIE bopMys (2)—(4) 3a eaUHUILY JUIMHBL IPU-
HUMAJICST TIEPUO/T KPUCTAJLITHIeCKOi penterku. [Tpemo-
JIATAeTCsI, YTO M3MEHEHHs] MArHUTHON CTPYKTYPBI TIPO-
HCXOJIAT Ha MacHITadax, MHOTO OOJIBINNAX JIeMEHTap-
HOI siIefiKM KpHUCTasia. [[TOTHOCTH dHEPTHH B IIPO-
U3BOJILHBIX €IUHUIAX u3MepeHus ymHbl ectb €/ Vy, .,
riae V... — 00beM gdeiiku.

Dopmyist (3) 1 (4) HO3BOJIAIOT BEIMUCIHUTD U3 IIED-
BBIX NPUHIIAIIOB BOJHOBOE YHCJIO MATHUTHBIX CIIHPa-
aeit, k = D/J. B zakpydenunix QeppoMaraeTukax
J > 0 u 3HaK k, OIpeeIsIONnyii HalIpaBIeHne 3aKPyT-
KU TeJIMKOW/I, COBIIA/IAeT CO 3HAKOM IIceBJIocKamsipa D.
Takum 06paszom, BoipaxKkenue (4) ycTaHABIUBAECT CBSI3b
MEKJy CTPYKTYDPHON XWPAJIbHOCTBIO KPUCTAJLIA W XU-
PAJIBHOCTHIO €10 MAIHUTHBIX CBOICTB. DTa CBA3D UCCIIE-
JIOBAJIACH KCIEPUMEHTAJILHO U TEOPETHIECKH B I1€JIOM
psaze pabor [47-52].

Ecrb o118 0c06€HHOCTD MUKPOCKOIIUYECKON CIITHO-
BOIl CTPYKTYPBbI, KOTOpasl He OIHCHIBAETCH (heHOMEHO-
Jjorudeckoit teopueii. OHa 3aK/II0OYAE€TCS B TOM, 9UTO
KaXKJIbIil CIOMH S; OTKJIOHSIETCSI OT HAIPABJICHUS TIO-

6*
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JIsi HAMAHHYIEeHHOCTH f4(r;) B TOUKe, IJIe OH HAXO/MUT-
s [29]:

s; =p+ As;y + ASiHa (6)
rae As;| — IepHIeHIuKyJIsIpHbIA K L MaJiblii CKOC, a
As;| = —(As;1)?{1/2 — BBI3BAHHOE CKOCOM yMEHBIIIC-
HUE IIPOEKIUK CIIUHA HA HAIPABJIECHUE HAMAIHUIEHHO-
ctu. B niepBoM mpub/IMKeHINn nMeeM

(7)

rJie IIepBoOe CjaraeMoe CBS3aHO C Pa3HUIEH peaJIbHBIX

As;i = (T —1i) - V) + [pi x pl,

1 OOMEHHBIX KOOpAuHaT aTOMOB, a BTOPO€ OIIMChbIBaeT
CKOCBI CIIMHOB H3-3a BSaHI\fIO,ZLefICTBI/IH ,H3HJ'IOIHI/IHCKO—
I‘O*MOpI/IH; YIJIbI CKOCOB O BBIYUCIAIOTCA U3 YpPaBHE-

Huit [31]
Z Jij(pi — pj) = Z D;;.

CKOCBI TAIOT BKJIAJ| B 9HEPTHIO (2), YITEHHBIH B KOHC-
Tanrax J u D.

(8)

3. PEHOMEHOJIOTTYECKOE OIINCAHUE
MATHUTHBIX ®A3

Beipaxkenue (2) 1y1st IUIOTHOCTH SHEPTUU COJEPIKUT
HECKOJILKO (PUBNIECKUX KOHCTAHT, YTO CO3/aeT BIIedaT-
JIEHIE MHOTOIIAPAMETPUYIHOCTH 331891, MOXKHO, O1HA-
KO, IepeiiTh K 6e3pa3MepHBIM BeJUdrHaM, UCHOJIL3Ys
3aMEHbBI

J
Tnew = ?rolda gnew = ﬁgold
U BBOJS IIapaMeTp
J My H
h= H=—
D2 H02 ’

rae Hqo — KpUTHYIECKOE OJIe, BBIIIE KOTOPOTO MArHHUT-
Has CTPYKTypPa BBIPOKJIAETCH J0 oaHopoaHoit. Torma
dopmyia (2) upeobpasyercs K By

3 Orq Org 9)

7 3a/la4a CTAHOBUTCHA OJHOIIApAMETPUYECKON, IIpuyeM
BCe HETPUBUAJbHBIE MATHUTHBIE (Da3bl, BKIIOUAS TeJIU-

+u- [Vxp]—h-p,

KOWJIAJIbHYI0, KOHUYECKYIO0 (a3bl u ¢dazy A, momera-
orcd B auamnasone 0 < h < 1.

[IpupaBHUBas HYJIIO BAPUAIIUIO SHEPT U MArHUTHOM
CTPYKTYPBI, IOy daeM

/55 v = /(heff Sp)dv =0,  (10)

e
hepr(p) = Ap—2[Vxpl+h (11)

— neficTByIomiee Ha U 3hdEKTUBHOE JIOKAJIBHOE TIO0JIE.
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Tockonbky |pu| = 1, To 0 L p u pasencrso (10) BBI-
nosasiercs, ecan heyr || p, un

= hegp/hegy, (12)
IJIe 3HAaK BBIOPAH TAKUM 00pa3oM, YTOOBI COOTBETCTBO-
BaTh U3BECTHOMY PEIEHUIO JIJIsi KOHMIECKO! CIMpaJin,
Korja p = heyy.

Oueprus (9) ABJSETCH «U30TPOIHON» B TOM CMBIC-
Jie, 9TO OHA HE 3aBUCUT OT OPHUEHTAIMM MATHUTHOM
CTPYKTYPBI OTHOCHTEJILHO KPUCTAITHIeCKIX oceit. Tem
He MeHee u3BecTHble pemtenns (11), (12), takme Kak
reJuKouIa, Koumueckas ¢aza un dasa A, umeror 60-
Jlee HU3KYI0 CHMMETPHIO, 9eM caMu ypaBHeHus. 301-
porust yKe ypaBHEHU TPUBOJIUAT K TOMY, 9TO 3TH HU3-
KOCHMMETPHUYHBIE PEIIEHNsT MOTYT OBITH OPUEHTHPOBA-
HBI TPOU3BOJILHBIM 00Pa30M OTHOCUTEJIHHO KPUCTAJLIA.
Kax 6ymer mokazamo B pa3ia. 5, jmobaBjeHne K BbIpa-
Kernio (9) aHU30TPOIHBIX WIEHOB MOXKET HPUBECTU
K BBIOOPY MPEUMYIIECTBEHHON OPWEHTAIIUN PEITeHMUI .
B nannom pasjiesie MbI OTPAHUYUMCS PACCMOTDPEHHEM
M30TPOITHOTO CITydast, He CINTasT HECKOJIbKUX ODINX 3a-
MeJaHWH, KOTOPbIe HEOOXOIUMO CJIe/IaTh, TOBOPSI O Te-
JIMKOUTAJIbHOM (ha3e.

3.1. Kounueckas ¢aza

C TOYHOCTBIO JI0 KOHCTAHT W JIMBEPI€HTHBIX WIEHOB
IUTOTHOCTD SHeprun (9) MOXKHO IIEPENNCATh B BH/IE

= SuH [V xu -~ b7+ (Vo (1)

OueBuIHO, YTO HEPIHUS UMesa ObI MUHUMYM JIJIsI COB-
MECTHOT'O peIlleHus ypaBHEHU
p+[Vxpl=h V- pu=0. (14)

Taxkoe perrienne CyIecTByeT U IpeJCTaBIsgeT coboit 3a-
KPYYEHHYIO BJOJIb [TOJI KOHUIECKYIO CIUPAJIb:

p =sinf(e; cosz + exsinz) + ez cos b, (15)
rue {e1,ez,e3} — OPTOHOPMUPOBaHHBI Gazuc, z =
= r - e3 — KOODJWHATA BJOJb ocu cuupasu, es || h

u cos @ = h. 3ameTum, 4TO JBOHAS 3aKPYTKa BEKTOPA
[t MOYKET OKa3aThCsl JIOKAJIBLHO 00Jiee BBITOJHOM, OIHA-
KO, Gy1aroaps IPOCTPAHCTBEHHBIM (bPYCTPAIUSIM, TJI0-
6asIbHBIIl MUHUMYM SHEPIUE JOCTUTAETCSA Ha CTPYKTY-
pe, 3aKpyYeHHOH BJI0JIb OIHOrO Hanpaserus. CpeiHee
3HAYEHUE MAIHUTHOIO MOMEHTa HAIIPABJIEHO BIOJIb 110~
g, () = h, u, Takum o6pa3om, KoHudecKas dha3a uMe-
€T CKAJSPHYI0 MarHUTHYIO BOCIPUUMYUBOCTD X. = 1
(Xe = Mo/ H.2 B pa3MepHBIX BEJIHIMHAX).
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IMoxncrapistst Boipaxkenue (15) B (9), HOIyduM mWIOT-
HOCTb SHEPI'MU KOHMYECKON CIMpaJn:

Eo=—5——.

5~ 3 (16)

ITpu h > 1 konyc cxyonbiBaercs (cos @ = 1) u KoHn-
geckasg ¢daza IepexoJuT B nojigpu3oBannyio. IIpu srom
MarHUTHAas BOCIPHUMYUBOCTL Pe3KO yObIBaer, Y — 0,
U ee OTJINYHE OT HyJIsI Terepb 0OYCIIOBJIEHO COXPAHSIIO-
IIAMECST CKOCAMI MAarHUTHBIX MOMEHTOB, KOTOPbIE MeJI-
JICHHO YMEHBINAIOTCS IIPU YBEIHYCHUN T10JI4.

3.2. T'enmukounanbpHast paza

B obsactu MasibIx MArHUTHBIX TOJeit, h < he

c1/He < 1, BesencrBue KyGudeckoil aHU30TpPO-
UM KPUCTAJIIA OCh MATCHUTHOHN TeJIMKOUILI BHICTPAU-
BAETCsI BIOJb KPUCTAIOTPAMUIECKOTO HAIPABJICHUIS

(100) mm (111) B 3aBECHMOCTH OT 3HaKa KO dunu-
eHTa npu anumzorponHom uiene [45,46]. Kak mnpasu-
JIO, CTPYKTYPa Paca aeTcsl Ha JJOMEHb, XapaKTepH3y-
IOIIHecs BBIOOPOM OJIHOIO U3 SKBUBAJIEHTHBIX HAILIPAB-
Jennii ocu. HanpapiieHne MarHuTHOIO [0JIsS MOXKET He
COBIIQJIATH C HAIPABJIEHHEM BOJIHOBOTO BEKTODA, YTO
JIOJKHO IIPUBOJIUTH K MCKAYKEHUIO reJInKouIbl. Tak, ec-
JI MATHUTHOE 110JI€ IIEPIIEeHIUKYJIIPHO OCU, TO I€JIMKO-
WJIa TIEPEXOUT B JLIMITHIECKYIO CIIUPAJIb, HOJ0OHYIO
TOM, YTO BO3HUKAET B XOJECTEPUIECKUX U XUPAJbHBIX
CMEKTHYECKHUX KUJIKUX KPUCTAJIAX IPU CXOKUX YCII0-
Busx [53]. B ciayuae, Korga mojie HAIPaBJIEHO BIOJD Ie-
JIMKOW/IBI, TIOSIBJISIETCST KOHMYECKasl CIIUPAJIb C BBICOTOI
konyca () = h. Jlerko upeanosoKuTh, 94T0 UpU Ipo-
M3BOJILHON B3AMMHO OPUEHTAINY TI0JIsI K OCH CIIUPAJIH
B obJyrlacTu MaJjblx h Oy/leT BO3HHKATH KOHHIECKO-3JI-
JIIIITUYIECKAS] CIIUPAJIb, OIUCHIBAEMAs! BHIPAZKEHUEM

= sinf(eq cosp + easin ) + e3 cosb, (17)

IJle OChb CIIMPAJIU HAIPABJEHA 10 €3 = N U Ipu h =
= (h1,0,h)) B Gasuce {e;, ey, €3} TpUrOHOMETpPHYEC-
kue (QYHKIMA (© BBIPAYKAIOTCA 9€pe3 3JUIMIITHIECKHIE
byukinn dxobu:
cos o = 2sn*(\z;m) — 1, (18)
sin p = —2sn(Az; m)en(Az;m),
IJie 2 — KOOpJAWHATA BJOJb OCH CIMpaJu. MuHuMu3n-
Py SHEPIHio, B IEPBOM HPUOIMIKEHUN 110 MAJIOMY Iia-
pamerpy h mosyaum

COSG%h”, m =~ 4h_, )\%1/24-]7,1_/2 (19)

(cm. Tpunoxkennme). Cpemnuit 1Mo CTpYKType Mar-
HUTHBI MOMEHT HMeeT KOHHYECKYIO COCTABJISIONLYIO

661

COS& BJOJIb OCH 11 W JJINIUOTUYIECCKYIO COCTaBJIAIOIYTO
(cos @) ~ m/8 Boab €1:

(1) = ((cos ), 0,cos0) = (h1/2,0,hy), (20)
WM, B IIPOU3BOJILHOI yCTAHOBKE,
h (h-n)n
= -4+ —. 21
(W) =5+ (21)

CpejHsisi 110 KOHHYIECKO-JUIUITUYIECKON CIIUPAJIN
IJIOTHOCTDb 9HEPI'Uuu paBHa

1 3h? 2
I R

rae 7y — yroJj MexJ/Jay MalHUTHBIM IIOJIEM W HallpaBJie-
HHUEeM OCH CIIPAJIH.

<5ce> = (22)

B mmuOromomenwoit crpykrype npu h — 0 u omau-
HAKOBOH BCTPEYAEMOCTH JOMEHOB C Pa3HBIMU N YCPE/I-
HeHVe BbIparkeHusi (21) mo ToueuHoit rpynme 23 maer
(p) = 2h/3 (ucnonbzoBano (neng)es = (1/3)dap), T.€.
MarHUTHAs BOCIPUUMYUBOCTH DeJTUKOUIAJIBHON (hasbl
COCTABJISIET JIBe TPETH OT BOCHPUUMYMBOCTU KOHUIEC-
KoM dazbl. DTOT pe3ysIbTAT ObLI MOy UeH IKCIIEPUMEH-
TasbHO [54-56]. Ilpu yBesudenun h g0MeHBI OCTEIICH-
HO TI€PEOPUEHTHPYIOTCS B HAIPABICHUN MATHUTHOTO
[I0JIsl, © MArHUTHAs BOCHIPUUMYMBOCTD JIOJI?KHA HCITHI-
TaTh CKAYOK BOMM3U h = A1, JJIsT TOTO YTOOBI HaMAr-
HUYEHHOCTH MOTJIa BBIATH Ha pexxuMm (p) = h s xo-
HUYecKoil crimpasu. U3 Beipaxkenust (21) TeHzop mar-
HUTHO} BOCHPHUUMYUBOCTHU CIHUPAJIH B OJIU3KOM K HYJIIO
MAarHATHOM II0JIe MOXKeT OBITh 3aliCcaH Kak

Xop = X[ s + XL(0ap — nangp),

X = Xer XL = Xe/2

B pa6orax [56,57] 9TOT pe3yabTaT GbLI IIOJIyIeH B IPU-
OJINKEHUH CPETHEro MOJIs.

4. PABA A

Hawubousbmuit nnrepec y uccieiosaresieil BbI3bIBAET
daza A, ycroiiunBas B orpaHudeHHON obactu dhazo-
Boit uarpammer T—H [35,36,38-40]. ITo mkase Temre-
pPaTyp OHa IIPEJICTABJIEHA B Y3KOI 00JIACTH HUXKE TOUKH
Kropu, aro pogaut ee ¢ rosydsimu dazamu xosecrepu-
YeCKUX KUJIKUX KpUCTasuioB. O4UeBUIHO, KAK U B CJIy-
Jae XOJIECTEPHKOB, is ycroifunBocTn as3er A BaxkHa
BO3MOXKHOCTb M3MEHEHUsI abCOJIIOTHOI BeJIMYMHBI I1a-
pamerpa Hopsika (31ech — HaMarHU4eHHOCTH) BOJIU-
3U KPUTHYIECKOI TeMueparypsl. 11o MarHuTHOMY OO
daza A pacnosnoxena B6su3u Heo/2 1 cHu3y u cBepxy
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orpaHmYeHa KoHUYecKoi ¢aszoit. Heitrpomnorpadute-
CKUe UCCJIeJIOBaHNS TIOKA3bIBaIOT, uTo (daza A packa-
JIBIBAETCs HA TPU TIEPIEHIUKYJISIPHBIE TIOJTIO CITIPAJIH C
yroamu 27 /3 mexxny Huvu [35-37,40,41]. CtpykTypHO
€e YaCTO OIUCHIBAIOT KaK TPEYTOJBHYIO PEIIeTKY JId-
HEWHBIX TOTIOJIOTHIECKUX /1e(DeKTOB — CKHPMUOHOB, 00-
JIAJTAIOTIY IO TEKCATOHAJIBHON cumMerpueit [7,35,42,43].
Ocu CKUPMUOHOB TAPAJIIE/IbHBI TIOJII0, & HaMATHUIeH-
HOCTb MEHSIETCsl B IJIOCKOCTH, ITE€PIIEHIUKY/ISIPHON 110~
JIIO.

Pacnpenenenne namarandennoctTs B pase A MOXKHO
pa3noxuth B psa Pypbe:

pu(r) = meexp(ik - r), (23)
k

rae BekTOphl k packiiagsBaroTcs mo 6asucy oopaTHON
peIeTKH:

1 V3
2> 27

kl = k0(17070)7 k2 - ko O )
ko — BOJIHOBOE WHCJIO TJIABHBIX CHUPAJIEH, BUIUMBIX B
HEHTPOHOTPADUIECKOM IKCIIEPUMEHTE. YCJIOBHE JIEHCT-
BUTEILHOCTH HOJIs f4(T) CBOAUTCS K fh_ik = [Af.
Vepeass maoTHOCTb dHepruu (9) 1Mo MpoCTPAHCTBY,
HAXOJIUM BBIPAYKEHHE
1 20, 12 4 s
(€)= 5 3 (Rl + k- [ x pi]) b pio, (24)
k#£0

KOTOpPO€ B OTCYTCTBUE JOIIOJTHUTEJIbHBIX yCJ'IOBI/Iﬁ JIETKO
MUHUMU3UPYETCHA CIINPpaJIAMN BUIA

Repy L Impy Lk, |Repx|=|Im py].

OHAKO JIOTIOJTHUTENIbHOE YCJIOKHEHHWE BBITEKAET W3
YCJIOBUS YHUMOYJISIPHOCTH TI0JIst f4(T), KOTOpOe 3alu-
CBIBaeTCH B BUJIE CBEPTKMU:

1, k=0,

0, k#0. (25)

Z Hx—k’ - Bk =
K

B wacraOCTH, ipu k = 0 9TO IPpUBOAUT K YCIOBUIO HOP-

(W) = > = 1.
k

MUPOBKHA

(26)

C yuerom yesosust (25) MUHIMU3AIUS BhIpaykeHus (24)
CTAHOBUTC HEIIPOCTOH 3a/1a4eil, KOTOPYIO IIPUXOIUTCA
peIIaTh YUCACHHBIM MOJIEJIMPOBAHUEM.

CkaxkeM HECKOJIBKO CJIOB O BOJHOBOM dHCHE kg
IaBHBIX crupadseil. JacTo yTeepxaaor, uro |kol
= |D|/J (B upuHATHIX 31€Ch GE3Pa3MEPHLIX €IUHU-
nax kg = 1), T.e. cuupasu da3pl A UMEOT TOT Ke Ie-

puoj, uTo m KoHuUeckas dasza. JleficTBUTENbHO, KaXkK-
JI0€ ciiaraeMoe B KpyIJIbIX CKOOKax B (24) MUHUMAJILHO
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upu k = 1. OjHaKko, BeaeAcTBHE TOro 94ro cymMMa (24)
BKJIIOUAET CIUPAJH C BOJHOBBIMU UHCJIAME, KPATHBI-
MH kg, «9HEPTETUIECKOE JABJICHIE» BBICOKHX FAPMOHUK
JIOJIZKHO HPUBOAUTH K YMEHBIIEHUIO BEJUIUHLL ko, KO-
Topasi, TAKIM 00pa30M, JOJI?KHa ObITh MEHbIIE €JINHA-
npt. OTMerny, 410 HefirpoHOrpaduIecKne nccie 0Ba-
HUsI, KaK IPABUJIO, He IOKA3bIBAIOT BLICOKIX FAPMOHIK,
9TO OObSICHSETCSH MAJIBIM Y/ICJBHBIM BECOM IIOCJIE/IHUX.

4.1. IIpocTasi Mozesib C TPpeMs IeJIMKOUJaMu

Paccmorpum B KadecTBe mpuMepa MPUMHUTHBHYIO
Mojienib (a3el A, nMerorell HEHYIEBYIO CPETHIOn Ha-
MATHUYEHHOCTH [io || h 1 1recTs T1aBHBIX rapMOHUK C
ko = 1, o6pa3syromux Tpy CIUpaJIn ¢ yriamu 27 /3 Mex-
gy aumu. [Ipumem, 9T0 BBITOJIHSIETCS yCJIOBHE HOPMU-
poBKH (26), mpu 3TOM HapyImaeTcs 6osee obIIee yeao-
Bue yHUMOAYyJIsApHOCTH (25). MunnMmsamust BeIpazke-
uus (24) naer po = h U CPEIHIOIO IIOTHOCTH SHEPIUH,
B TOYHOCTH PABHYIO IUIOTHOCTH 3Heprun (16) KoHmwe-
ckoit dasbr. [logaepkaeM, UTO JAHHBIN PE3yIHTAT BO3-
MOXKEH TOJIbKO OJIaromapsi OTKa3y OT YCJIOBUS yHHMO-
JYISPHOCTH.

[Toste HAMATHUYIEHHOCTH MMeEeT BUJL

3
p(r) = hes + Z{“S exp(iks - r) + c.c.},

s=1

(27)

rie es = h/h, unnekc «$» HyMmepyer CoupaJiu, BOJHO-
BBIE€ BEKTOPDI

kl = (17070)7 k2,3 =

a aMITUTYIbI 3a1aX0TCA BbIPDAZKECHUEM

1—h?

5 exp(igo)(—es + ilks X e3]),

Hs = (28)
YZIOBJIETBOPSIIONIAM YCJIOBUIO HOPMHUPOBKH. UTO Kaca-
€TCsl YCJIOBUS YHUMOJLYIIPHOCTH, TO OHO XOPOIIIO Y/I0B-
JIETBOPSIETCST B HEKOTOPOil obsactn BOm3u h = 1/2.
Perum, HampuMmep, 3a/ady MHHUMU3AIUA BEJMIHHBI
{(u? —1)2) = (u*) — 1, xapaxTepusyiomeit OTKJIOHEHIe
noJist 4 oT yHUMOyIspHocTH. VI3 (27), (28) moxydaem
BBIDasKEHIEe

(')~ 1= (1-h?) x

w [(19h% 4 5)/12 — h/3(1 — h2) cos 3¢0} . (29)

uMerolee MUHUMYM Ipu ¢ = (0, 9TO COOTBETCTBY-
€T I'eKCaroHaJbHOI CUMMETPHUU U PACIIOJIOXKEHUIO 1P
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CKUPMUOHA B BEpINUHE 3JIEMEHTAPHON sdeliku (perme-
HUd ¢ = £27/3 UPUBOAAT K CMEINEHUIO HAYAJIA KO-
opauHar). Takum 06pa3oM, U3 JAHHON MOJEIH CIIEy-
€T rekcaroHajibHasl CUMMETDPHsI CKUPMHOHHON pereT-
kn. Muanvywm () — 1, npubmsurensno pasabrit 0.029,
nocturaercs npu h = 0.409, 94TO XOPOIIO COTJIACYeTCs
¢ pacnosioxkernneMm ¢asbel A Ha (Has0BbIX JUarpaMMmax,
[TOJIy9aeMbIX B 9KCIIEPUMEHTAX.

4.2. Yucineunoe momeanpoBanmne pasbr A

ITockonbky sHeprusi (9) jocruraer MUHEMyMa Ha
KOHMYeCKol dase, Jyist MojienpoBanust (pasbl A Heob-
XOJUMO MUHUMU3UPOBATH SHEPIUIO MTPU JOMOJTHUATE b
HBIX YCJIOBUSIX, 38 IAI0NNX TOUETHYIO CHMMETPHIO U TIe-
puOINIHOCTE. V3 9KCIIEPUMEHTOB 110 AU PAKIUN Hell-
TPOHOB U3BECTHO, 4TO (paza A numeer och 6-ro uim, Bo3-
MOYKHO, 3-TO MOPSIJIKA, MAPAJIIETbHYIO MPIIOKEHHOMY
MarauTHOMY nosmio [35-37,40,41]. B nepnenaukyssp-
HOM TI0JIIO TJIOCKOCTH CTPYKTYPa IePUOAMYECKast ¢ Oa-
3ucoM OOpaTHOI perreTkn

1V3
2> 27

k1 = ko(1,0,0), ko = ko 0

Yaursisasg (12), ycroiiunBoe cOCTOSIHAE MOKHO UCKATh
METOJIOM MEJIJIEHHOTO Jipeiiha yHUMOLYJISIPHOIO TIOJIs
p B HanpasieHnu >ddexTusHOro mosd hepr(p). B xa-
YeCTBE CTAPTOBOTO COCTOSIHUS MOYKHO B3sITh, HAIPHU-
Mep, MoJie TPOCTON MOJIEN U3 MPEILIIYINEro pasiesa,
NPUBEJIS €r0 K YHUMOJIYJISPHOMY: [ — 4/ [t
BapuarnuonHubIii MeTO/T 1M03BOJISIET OTHICKATD JIAIIH
JIOKQJILHO YCTOWYIUBYIO MAarHUTHYIO CTPYKTYDPY, HO He
MUHAMHU3HUPYET I[OJIHYIO0 SHEPrui0 CUCTEMbl. IJTO, B
YACTHOCTH, O3HAYAET, YTO HEBO3MOXKHO OIIPEIEJIUTh I1e-
pPHO/JT CTPYKTYPHI U 00paTHyIo eMy Besndauny ko. OjHa-
KO, TIPU 3aJIAHHBIX aMILUTUTY/IAX [k, PABHOBECHBII ITe-
PHOJT MOXKET OBITh BBIYUCJIEH MUHUMU3AIUEH SHEPIHH
(24), upexncraBasiomei coboil KBaIpaTUIHYIO (ByHK-
nuio kg. 3aMeTnM, 9TO U3MeHeHne kg He IPUBEIET K Ha-
PYLIEHHIO YCJIOBHs yHUMOIysisipHocTH (25). Jiist oTbic-
KaHUsl TI06aJIbHONO MUHUMYMa, SHEPIUH HEOOXOIUMO
gepesioBaTh mporecc apefiba um Boraucienne kg. Og-
HAKO HeJIb3sl YTBEPXKJATh, 9TO HaOJIOaeMast B 9KC-
nepuMenTe ¢asza A JOCTUTAET MUHUMYMa SHEPIHH.
eticTBUTEIHHO, TIOCKOJBKY (ha3a A MpecTaBiIseT co-
00i1 pereTKy CKUPMUOHOB, JTIOOOE M3MEHEHHUe TePUo-
JUYHOCTH [PHUBOJUT K POXKIEHHIO/ yHUITOXKEHUIO TO-
[IOJIOTTYECKUX JIe(DEKTOB — IIPOIIECCY, KOTOPHIi 6e3 Ha-
pyIIEHUsI HEIPEPHIBHOCTU MOYKET IIPOUCXOIUTH TOJIb-
KO Ha rpaxure Kpucrauia. ClI0XKHOCTE 06pa3oBa-
HUs / yHUITOXKEHUS CKUDMUOHOB MOYKET IIPUBECTHU K TO-
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Puc. 3. (B ugete onnaiin) Pasnocts (£4) — & cpegHux nnot-

HocTeil aHepruii hasbl A (MogenmpoBaHue) 1 KoHU4ecKoii da-

3bl KaK (DYHKLMS BEANYMHBI MarHUTHOTO NoAs h 1 BOJHOBOrO

4Mcna rnaBHbIX cnupaneii ko. JHeprusi KOHUHeCKol hasbl Bbi-

uncnera ans k = 1. XKenTble To4KM COOTBETCTBYIOT rnobanb-

HOMY MUHUMYMY 3Heprumn basbl A npu 3afaHHOM 3HaueHWN
nons

MY, 9TO TIEPUOIBI PEIIETKH He Oy/IyT MEHAThCS [IPU U3~
MEHEHUH II0JIsI, HO OYIyT COXPaHATH CBOM 3HAYEHUS,
[TOJIy9YeHHbIE B MOMEHT BO3HUKHOBeHHu ¢asbl A. Ilo-
9TOMY HMMEET CMBICJI IIPOBOJIUTH MOJIEJINPOBAHUE B 3a-
BHCHMOCTH HE OT OJ[HOT'O, & CPa3y OT JBYX IIapaMeTPOB:
h n ko.

Ha puc. 3 moka3aHbl pe3y/IbTaThl BHIYUCIEHUS CPEl-
Hell IJIOTHOCTHU dHeprun (a3l A B 3aBUCHUMOCTH OT h
u ko. DHEPrus OTCUNTHIBACTCS OT SHEPIUU KOHUIECKOMN
dazpr (16) mpu TOM Ke 3HAYEHHH MAIHUTHOI'O IOJIs
u k = 1. 2Kenras kpuBas oTMedaeT IJI00AJTHHBIN MU-
HAMYM SHEPIUU [IPU 3aIaHHOM 3HAYEHUU IMOJisd. Bui-
HO, 4YTO pa3HHUIA dHEPruii MUHUMAJbHA B HEKOTOPON
okpectHOCTH h = 1/2, 9TO COOTBETCTBYET 06JIACTH CY-
mecrBoBanus ¢gasnel A, HAOII0IAEMON B IKCIIEPUMEHTE.
B sTo0it obmactn onrumanbHOe 3HaUeHme kg JOCTHra-
eT MakKCUMyMa, NpubsmsuTesbHo paBaoro 0.978. Orme-
THM, YTO COOTBETCTBYIOIEE MUHUMYMY SHEPIUU 3HA-
qenne ko BCerja MEHbBINE €IWHUIBI, YTO O0bICHIETCH
JIaBJIEHUEM CO CTOPOHBI BBICOKUX I'APMOHUK.

Ha puc. 4 nzobpazkenbl qudpakIunOHHbIE KaPTHHBI
daszbr A 110 pesybTaTaM MOJICTMPOBAHUS JIJIsI HECKOJIb-
KuX map mapamerpoB h, k. Ilmomann nzobpaxarommx
MUKW KPYIOB ITPOMOPIMOHANBHBI KBAJIPATAM AMILIA-
Ty/ |px|?. TlenTpaabHblii MK COOTBETCTBYeT KBa/Ipa-
Ty cpesmeit namarmmaentoctu 3 daser A. Tapamer-
pot kg = 0.978, h = 0.41 coOTBETCTBYIOT MUHUMAJIBHOMI
pasnuiie suepruit (€4)—E.. st cpaBHEHNS IPUBEIEHBI
JiBe @ PAKIMOHHDBIE KAPTUHBI JIJIsl CTPYKTYP C TeM Ke
MIEPUOIOM, BBIYUCJIEHHBIE IPU JIPYTUX 3HAYEHUSIX TTOJIS
(h =0, h = 0.8). Buzmo, uro 66Jblnas yCToiIuBOCT
da3er A cBsi3aHa ¢ MEHBIIUM BECOM BBICOKHX TapMO-
HuK. OTMETHM, 9TO ONTUMAJIbHAS JJIS CYIIEeCTBOBAHUS
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Puc. 4. (B ugete onnaiin) JudpakunoHHble KapTuHbl ha-
3bl A no pesynbtatam mogenuposanus. lnowanm Kpy>xkos
NPONOPLMOHaNbHLI KBagpaTam amnauTyg |pi|®. MapameTpei
ko = 0.978, h = 0.41 oTBeYalOT HaMMeHbLUEl Pa3HOCTU SHep-
ruii mexxgy casoii A n koHndeckoli chazoin npu k = 1

Puc. 5. (B uygete onnaiin) Pacnpegenesune nnoTHoCTH aHeprum

casbl A no snemeHTapHol siyeiike No pesynbTaTaM MOAENMPO-

BaHus ¢ napametpammu h = 0.41, ko = 0.978. Jna cpaBHeHUs

nokasaHbl cpefHsisi naoTHocTb sHepruu (E4) (xenTbii ypo-

BEHb) M SHEPrusi KOHUYECKON hbasbl £ NPU TOM >Ke 3HA4EHUM
nons (cuHWUii ypoBeHb)

daszpl A BesmumMHa MAarHuTHOro noJjd h ~ 0.41 6sms-
Ka K 3HAYEHWIO, TOJIYIeHHOMY B IIPOCTOI MOJIENIN TPEeX
TEJTUKOUT.

B ornmmame ot korMYeckoit has3bl ¢ ee BCIOAY OIMHA-
KOBOIi IJIOTHOCTBIO 3Hepruu, 3Heprusi ¢pa3bl A Hepas-
HOMEPHO pacIipejiesieHa 1o djieMeHTapHoi swueiike. Ha
puc. 5 mMoKa3aHa IJIOTHOCTH SHEPIUU 110 PE3Y/IbTaTaM
MogsiesmpoBanus Gasel A s HauboJiee yCTORIUBOrO
ciaydas ¢ napamerpamu h = 0.41, kg = 0.978. Kaxk un
OXKWJIAJIOCH, IJIOTHOCTDh YHEPIUUA MAKCHMaJIbHA BOJMA3U
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CKUPMHOHOB, IJile HaMarHMYeHHOCTb HAIlPaBJIeHa IIPO-
THBOIIOJIO’KHO MarHUTHOMY moJio. [Ipu sTom B 1ieHTpe
sAnpa HabIIOMAeTCs HeOOJIBITION MPOrnd KaK CJIe/ICTBHE
JIBOMHON 3aKpyTKU. YCpeIHEHHAas 1O svueifke dHEepTHs
(€4) 0bo3HAYEHA HA PUCYHKE YKeJIThIM yposHeM. CuHuil
YPOBEHBb COOTBETCTBYET 3Heprun &, KOHMIECKOH (hasbl
[IPU TOM K€ 3HAYEHUW TOJIs. BUIHO, 9TO, HECMOTDSI
Ha CHJIbHYIO HEOIHOPO/IHOCTD PACIIPE/IE/IEHUST SHEPT UM,
pasuuna (E4) — &, ouennb maga. Kax ciencrsue, 10600
HEYUYTeHHBI husndecknii GakToOp MOYKET MMOBJIUATDH HA
YCTOWINBOCTD (ha3bl A, clle/IaB ee SHEPTeTUIECKH HoJtee
BBITOJIHOI, deM KoHmdecKast dpas3a. Cpean Takux daxk-
TOPOB CJIEJTyOTINE:

1) daykryanun HaMArHUYEHHOCTH BOJU3U TOYKU
Kiopu (kak yzxe 6bUIO 3aMEYEHO, STHM MOXKeT 00bsiC-
HSTHCSI TEMIIEPATYPHBII TUAITA30H CYIEeCTBOBaHUs (ha-
3bl A);

2) BJIMsTHUE TIOBEPXHOCTH (IO BCEl BUIUMOCTH, ITO
OJIVH U3 IJIABHBIX (PAKTOPOB yCcTOWYMBOCTH (Pasbl A B
TOHKUX IUIeHKax [38,39, 58]);

3) JMCKPETHOCTh PACIPEJIEIEHNsT MATHUTHBIX ATO-
MOB;

4) HeydTeHHble B SHEPIUM UJIeHBbI GoJiee BBICOKHX
[TOPSIJIKOB MAJIOCTH, B TOM YHUCJIE YIEHBI ¢ KyOMIecKoit
aHu30TpoIuei.

[oceusist M3 EPEIUCITIEHHBIX BBIIE BO3MOYKHOC-
Tell, a WMEHHO BJIUsTHUE AHU3OTPOIHBIX YJEHOB Ha
YCTOMYHMBOCTEL (Da3 XMPAJBLHOIO KyOHM4eckoro eppo-
MarHeTuka, OyJIeT pacCMOTPeHa B CJIEYIOIIEM pa3Jie-
Jte.

5. KYBUYECKAfA AHU30TPOIINA

MoKHO TPEUIOKUTDL J[Ba PA3IUIHBIX MEXAHU3MA
[TOSIBJIEHUST AHM3O0TPOIHBIX YIEHOB B 3Heprum JlaH-
nay —JIudmura. IlepBwiit cBsA3aH ¢ B3anMOIEHCTBU-
€M KaXKJIOr0 MArHUTHOT'O MOMEHTA IO OTJEJbHOCTH C
HEKUM JIOKAJbHBIM KPUCTAJIMIECKUM IIOJIEM Ha, ATO-
Me, K KOTOPpOMY OH mpuBsi3aH. JIpyroit MexaHU3M —
KOJJIEKTUBHBIIT — He Tpebyer IMpUBJIEUEHUS JIOTOJIHU-
TeJIbHBIX B3aMMO/IEHCTBUI KPOME y2Ke PaCCMOTPEHHBIX
M30TPOITHOTO OOMEHa M AHTHUCUMMETPUIHOTO OOMEHA
Jzsutomunckoro — Mopusi. 31eCh aHH30TPOIUsT BO3HU-
KaeT KaK CJIeJICTBUAE TOIOJOIUIECKUX CBOWCTB peIeT-
KU B3aUMO/JIEHICTBYIOINX MArHUTHBIX MOMEHTOB, 00JIa-
Jaroreit Kyondeckoit cummerpueii. B peanbHBIX Kpu-
cTaJuIaX OJHOBPEMEHHO MOTYT JIefiCTBOBATH 00a ITUX
MEXaHU3Ma, OJTHAKO 37eCh MBI OIPDAHUYUMCS PACCMOT-
peHHeM JIAITh HoJiee TPOCTOro MEPBOTO CAyYast. 3aMe-
THUM, 9TO B 9TOM CJIyIae AaHU30TPOIIHbBIE UJIEHbI SHEPIUU
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Jlannay — JIudmmuna He comepKaT TpPOCTPAHCTBEHHBIX
[IPOU3BO/IHBIX OT HAMATHUYEHHOCTH.

Ha mumkpockonmieckoM ypOBHE SHEPIHIO B3aUMO-
JefiCTBUS CIUHA S C JJOKAJTbHBIM KPUCTAJLIMIECKIM IO~
JIEeM MOKHO 33/1aTh BBIpayKECHUEM

1 (30)

El.c.f. = %Aaﬁsasﬁ + Baﬁ'yésasﬁs'yséa
rie TeH30pbl A 1 B 06J/1a1a10T CJIe/IyIoIUMU CBOWCTBA-
Mu: 1) OHM CUMMETPUYHBI [0 [EPECTAHOBKAM HMHIIEK-
COB; 2) OHM OBJIAJIAIOT CUMMETPUEH aTOMHON MO3UIIHT;
3) cinex A u smobasi cBeprka B 10 JIBYM HHIEKCAM
paBubl HyTO (Aga = Baays = 0). Tensopsr, oTHocs-
Iuecs K aTOMAaM B 9KBUBAJIEHTHBIX IO3UIUSX, CBA3a-
HBI IPe0OpPa30BAHUAMU CUMMETPHUH TOYEYHON TPYIIIBI
Kpucrajia. B obimewm ciydyae Ttenzopbl A u B umeror
COOTBETCTBEHHO TSATh U JEBITh HE3aBUCUMBIX KOMIIO-
HEHT; JIJIsT aTOMOB, JIEXKAIINX HA OCU 3, COOTBETCTBEHHO
OJHY (Awy) u Tpu (waww; wa;ﬂya memz)

Jns Toro 9robbl MOIYYUTH KyOMYecKylo aHu30-
TPOIHYIO TIONPABKy K sHeprun Jlaunay — Jludumra (2),
HeoOxoauMo mpocyMMupoBaTh (30) Mo BCeM MarHuUT-
HBIM MOMEHTAM BHYTDPU 3JIEMEHTAPHON STI€HKH.

N3 coobpakenuit CMMMETPUN BUJIHO, UTO TEPBBIi
AHM30TPOIHbINA YjIeH B IUIOTHOCTU HEPIUU MMEET BU]L

Ea = alpy + py + 12). (31)
MokeT 1moKa3aThCs, ITO TeH30p A He JOJKEH JaBaThb
BKJIa/1a B 9TO BhIPaKeHNe, OJTHAKO ITO He TaK. Bkiag oT
A BO3HHMKaeT Gjarofapsi CKOCaM, BO3HUKAIOIIUM U3-32
B3aMMOJIEHCTBUS CIIMHOB C JIOKAJHHBIM KPUCTAJLIAYIE-
CKUM TIOJIEM. DTU CKOCBHI MOT'YT OBITH BBIYHCJIEHBI 110
anasornu co ckocamu (7), (8), BOSHUKAIOIUMU N3-32
B3aumogeiicTeus JI3snomuackoro — Mopusi. Onun nme-
10T BU/T

Asit =0; p—p(p-0; p), (32)

e ©; — TEH30pbI, BBIUUC/IsIEMbIE U3 YPaBHEHUH

> (0 - 0;) = — A, (33)

e cymMMa 1o j Gepercs Mo aroMaM, COCEIHUM C i-M.
Tenzopbl ©; obJyiaga0T TEMU K€ CBOMCTBAMU CHMMET-
pun, ato u A;. Cxrocsl (32) BHOCAT B IJIOTHOCTH SHEP-
TUU BKJIAJT

_i ZZ Ji{p 0% p—(n-0y - p)*},  (34)

rJe CymMMa 1o § OepeTcs 1Mo BCeM MATHUTHBIM aTOMaM
B 3JIEMEHTApPHON siveiike, a ©,; = ©; — ©; — cuMMeT-
pUYHBIN Gecc/IeIOBBIl TEH30D, UMEIONH CUMMETPUIO
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MeKaTOMHOI cBsisn. Bropoe ciaraemoe B (UIYPHBIX
CKOOKAX, MMEIOIIEe I€TBEPTHIN MOPSIOK 110 HAMAIH-
YeHHOCTH, JaeT BKiax B (31).

Jutst caydast XupaJbHbIX GeppPOMArHETHKOB CTPYK-
rypuoro tuna B20 (MnSi u np.) xosdduienr B Bbl-
pakenuu (31) umeer BuJ

_ 34
> Jij

rJie B 3HaMeHaTese CyMMa 1o j Gepercst mo BceM coce-
JISIM IIPOU3BOJIHOTO MATHUTHOTO MOMEHTa (7).

5

5 (35)

a = Bzzzzv

ITpu mepexome K GespazmepHOMY BbIpaxkeHHIO (9)
JUIsE TUTIOTHOCTHU SHEPIuu KO3MMUIMEHT v mpeobpasy-
ercst KakK Qpew = (J /D?) ot

Ho6asnenue k mioraoctu suepruu (9) aHU30TPOI-
Horo wiena (31) BbI3bIBaeT JiBa BUJA U3MEHEHUI Mar-
HUTHOHM CTPYKTYDPBI. BO-TIEPBBIX, dHEPTUsT HIU3KOCHM-
METPUYHBLIX (a3 Temepb 3aBUCUT OT UX OPUEHTAIH.
DT0 MOYXKET IPUBOJUTH K MOBOPOTY MATHUTHON CTPYK-
TYPBI KaK IeJIOT0, a IIPU MAJIBIX [TOJISIX — K BBICTPANBA-
HUIO €€ BJIOJIb BBIJEJIEHHOTO KPUCTAIIONPAadUIeCKOTO
HanpasjeHusi. Bo-BTOPBIX, 3TO MOXKET BbI3bIBATH MCKAa-
JKeHWe MArHUTHOM CTPYKTYpbl. OCTAHOBUMCS Ha TOM
nogpobuee.

Beeznenue anuzorponnoro wiena (31) uzmenur a¢-
deKTUBHOE JIOKAJIBHOE TI0JIe HA BEJIMINHY

1)

heff

3,3 3
(H’) = _404([1‘13 ,uyv ,uz)a (36)
9TO UCKA3WUT MCXOJIHYIO MArHUTHYIO CTPYKTYPY. Bymem
HNCKaThb II0JIe HAaMal'HUW4YEeHHOCTH B BU/JIC
2
K1

; (37)

B = po + p1 — — Mo,
rae po — ucxomHoe pemenne cucremsl (11), (12), py —
cJraboe ucKaXkKenue Mmopsaka o, 1 | po. Bermurmem mo-
MPaBKM K IJIOTHOCTH JHEPIUM IIEPBOrO U BTOPOTO TIO-

PAKOB II0O O

glll = O‘(Méz + ugy + Mgz)7 (38)
1 Opy Opy (0) 5
Epp = — 1 21 v 1% (o)=L
2= 3 o o +p1 - [V x pal+h g (po) 5 +

+Aa(pip i + Hoytry + popz)- (39)

Buano, uTo mcKaXkeHusi CTPYKTYPBI CKa3bIBAIOTCS Ha
SHEPruu, HauuHas C 4JE€HOB BTOPOI'O IOpsAKa 10 Ma-
JION BeJImumHe v B OCHOBHOM »Ke aHU30TPOIHS ITPOSIB-
JIsIeTCS B 3aBUCHUMOCTH SHEPIUH MArHUTHON a3kl OT ee
OPUEHTAIINN OTHOCUTEJIBHO KPUCTAJIINIECKUX OCeil.
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A
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(100)
0 0.2 0.4 0.6 0.8 1.0
h

Puc. 6. CpegHsisi N1OTHOCTb SHEPIrMM aHU3OTPONUN KOHUYEC-

Koii chasbl, OPNEHTNPOBAHHONR BROAL Hanpassenuii (111) n

(100) (cnywari a > 0). Ocb nerkoro HamarHW4MBaHWs Ko-

HNYecKoi hasbl MEHSIeT HanpaBfieHne Npu 3HAYeHUsIX NoAs
0.340H:2 n 0.861H .2

5.1. Konunyeckas ¢daza

VYuer masoit arnzorpornHoil monpasku (31) K mwIor-
HOCTH SHEPIMH HE NMPUBEJET K CAILHOMY HCKAKEHHIO
KOHUYECKON CHUPAJN, HO CPEJHsIsl SHeprusi Oyuer Te-
Iepb 3aBUCETH OT OPUEHTAIMA OCH CIIMPAJU OTHOCH-
TeJBHO oceli kpucTasia. JeficTBuTesbHO, yepeaass E,
[I0 MArHUTHOMN cTpyKType (15) npu npomsBoJbHOM Ha-
[paBJeHNN OCH crmpaan n = ez = h/h, moayunm

(€a) =

[3¢+ (8 = 5¢)(ny +ny +n2)] (40)

®|e

e

¢ =1+6h%—T7h% (41)

Bumno, yro HampaBjieHHEe N, COOTBETCTBYIONIEE MU-
HAMYMY SHEPIUH, 3aBUCAT OT 3HaKa KO3 duimenra
a(8 — 5¢). Muoxurespb (8 — 5§) ABaKIbl MEHsIET 3HAK
Ha orpeske 0 < h < 1, a umenno B Toukax 0.340 u
0.861, m BMecTe C HUM MeHsIETCSI BBIT'OJHOE HalIpaBJle-
uue Hamaraudenus (puc. 6). MaruuTHbli SKcIIepuMenT
C TOPCHOHHBIMU BeCAMH, IIPOBEJIEHHBII IIPU TeMIepa-
Type HIKe 0bJiacTu cyinecTBoBaHus ¢as3bl A, Mor 6bl
[IOATBEP/IUTH WA ONPOBEPTHYTH STOT PE3YJIbTAT.

5.2. 'enukounmanbHass daza

IIpu mysneBom mosie £ = 1 U B 3aBUCUMOCTH OT 3HAKA,
(v TEJTMKOMJIAM BBITOHO YIIOPSI0UUBATHCS JTHOO BIOJIb
rpex Hanpasjenuit (100) (o < 0), gubo BIOIL YETHI-
pex Hanpassenuii (111) (o > 0). Ilepssiit cayvait coor-
BercrByer CuzOSeOs, Bropoit — MnSi. IIpu sTom, kak
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yKe TOBOPUJIOCH, MArHUTHAsI CTPYKTypa pa30uBaeTcs
Ha OTJEeJbHbIE JOMEHDI, PA3JIMJaIoyecs BEIOOPOM O/I-
HOTI'O U3 HECKOJIbKUX 3KBUBAJIEHTHBIX HAIIPABJIEHUI OCH
rejukouIbl. [Ipy OCTHKEHM MArHUTHBIM I10JI€EM KPU-
TUYECKOTO 3HadYeHusi H. JIOMEHHAsT CTPYKTYpa pa3py-
[IAEeTC U CIUPAJINA [IEPEOPUEHTUPYIOTCS BJOJIb ITIOJISI.
IlepeopuenTartus cimpasieit mpeacTasiisieT coboit CI0K-
HBIL IIPOLECC, 3aBUCAIIUN OT HAIIPABJICHUS IIPUJIOXKEH-
HOIO MATHUTHOTO TOJIsSI U MPEILILYIIEH UCTOPUH JOMe-
HOB [56,59].

SBuass H.i, MOXXHO OILIEHUTH BeJIUYUHY KO3DuIm-
enta «. U3 (22) BUIHO, UTO B 3aBUCHMOCTH OT yTJIa
~ MEXK/JIy HAIpaBJEeHUEM MATHUTHOIO MOJIS U OChIO KO-
HAYECKO-3JUIMIITUIECKON CIIMPaJId SHEPIUsS MOMKET Me-
HATbCs B muanazone A&, = h?/4. C apyroit cTOPOH®I,
sueprug anuzoTponuu (40) KOHUYeCKO CriupaJiun MeHs-
ercs B quanasone AE, = |a|/4 (h < 1) B 3aBucumocTn
OT OPUEHTAIMY OCU CIIMPAJIU OTHOCUTETBHO KPUCTAJLIU-
ugeckoil pemerku. [IpupaBuuBas A€ u AE,, oneHuM
BEJINYUHY KPUTUIECKOTO MOJIS KaK N A2 \/W , IIN

o~ +(He /Heo)?, (42)
rJe 3HaK BbIOMpaeTcs B 3aBUCHMOCTH OT OPHUEHTAIlUU
PeJIMKOUJT TPU HYJIEBOM TMoJie. Tak, Jiisi KPUCTAJLIA
MnSi H.; =~ 0.1 Tn, Heo =~ 0.6 Tt u, ciemoBaTebHO,
a =~ 1/36.

5.3. @aza A

Kaxk u B npefpiiymux ciaydasx, BEIYUCICHHE CPEI-
Hell IIoTHOCTH SHepruu anuzorpornun ¢gassr A cBoIUT-
¢l K BBIYHCIIEHNIO Besmannbl (py, + jy + p12). C oroit
[EJIBIO BBEJEM CUMMETPUIHBIN TEH30p YEeTBEPTOrO PaH-
ra ¢ KOMIOHEHTaAMU

Magys = (Bakphyts) (43)
B CHCTeMe KOOPJMHAT, CBA3aHHON ¢ dazoit A. Obo3Ha-
9UM OCH ITOH CHCTEMBI KOODIMHAT KaK €1, €3, €3 =
= n = h/h; g onpenesIeHHOCTH BEKTOD €1 HAIIPABJICH
BJIOJTb BOJTHOBOTO BekTOpa kj. 3a 1eKapTOBBIME OCSIMH,
CBSI3AHHBIMU C KPUCTAJJINIECKON PEIIETKON, COXPAHIM
00O3HAYEHNS €5, €y U €.

Tenzop M 110601t MArHUTHON CTPYKTYPBI 00/1a71a€T
TOYEYHON CHUMMeETPpHUEill 9TOH CTPYKTYpPLI U, B 4aCTHO-
CTH, JUIsI TeKCArOHAJBHON da3bl A ¢ ocbio 6, HAaIpaB-
JIEHHOH BJIOJIb €3, COXPAHATCS TPU HE3ABUCUMBIX KOM-
[TOHEHTHI:

Miir = Magaa = 3 M2z, Miizz = Maasz, Mssss.
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Puc. 7. (B ugete onnaiit) PasHocTb (€4,4) — (Ea,c) 2Hep-
ruii annsoTponum dasbl A ¢ ko = 0.978 n KoHn4eckoii dasbl
c k = 1 B 3aBMCMMOCTV OT HanpaBieHUs N U BeAN4YUHbI h
marHuTHoro nonsi. Koadpduument o = +1. B obnactu cyue-
cTBOBaHus pasbl A (npaBas 4acTb fuarpaMmbl) aHU30OTpo-
nus genaet pasy A 6onee ycroiiuusoii npu n || [111] n meHee
ycToliuuneoli npu n || [100] (HaobopoT npw oTpuuaTenbHOM
3HaYeHNN «)

W3 ycioBusi YHUMOIYJISIPHOCTH CJIeJyeT PpPaBeHCTBO
(u*) = 1, naromiee JOMOJHATETLHYIO CBA3b MEYKLY 9TH-
MI KOMIIOHEHTAaMH:

8Mi111/3 + 4M 133 + M3szz = 1. (44)
Cpennsis BeIMYuHA 9eTBEPTOH CTeeHn IPOEKINH [t Ha,
npousBosbHoe Hanpassienue d (d = 1) Bopazkaercs de-
pes Ten3op M cienyomum 06pasoM:
((p-d)") = Magpsdadsd., ds. (45)
B ciaydae rekcaroHaJbHON CUMMETPHHU 3T BEJINIMHA

3aBUCHUT TOJIBKO OT IIPOEKITNH Hanpasyenus d Ha ock 6

(d-n=ds):

((p-d)") =M (1l —d3)* +

+ 6M1133d§(1 — dg) + M3333d§. (46)
TToncrapnss B kagectBe d HAIPABJICHUS KPACTAJLITAIE-
CKHUX OCEll €, €y, €, U CyMMHUPYs, HOJIy9UM CPEJHIO0
IJIOTHOCTD 3Heprun anuzorporun dasel A Buga (40) ¢
§a = 8Mi111/3 + 16 M133.

B orimame or cirydas KoHUUIeCKoit das3br, KoMOMHA-
st (8 — 5&4) He MeHsIeT 3HaKa BO Beeil obJsacTu cylre-
crBOBaHUA as3bl A, I03TOMY IHEPreTUIECKU HanboJiee
BBITOJIHBIM BCETJIa SBJISIETCS OJIHO HAIPABJICHUE OCH N:
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(111) upu « > 0, (100) mpu o < 0. OHAKO JyIst yCTOM-
qnBocTH (ha3el A BajKHEE Pa3HUIA MEXKIY €€ SHEpIrH-
eil aHu30TPOIINU 1 dHEePrueil aHN30TPOIINYU KOHUYECKOM
da3pl Ipu OHOM U TOM K€ HAIPABJIECHHH MArHUTHOI'O
IOJIA:

(€a.a) = (Eac) = 2 (Ea—E)B—D(ng +my+n2)]. (47)

@
8
Ha puc. 7 sra pasumna mnokasana st da3el A c
ko = 0.978 u konmueckoii daspl ¢ k = 1 (koadbury-
eHT « TIoJIOzKeH paBHBIM +1). Buaro, uro Kybudeckas
AHM30TPOIIMS CIIOCOOCTBYET ycToWunBocTH (pasbl A ¢
OCBIO N, HANpaBJIeHHOl B1oJb (111) pu nosoxkuTe H-
HOM 3HadeHMN « 1 Baoab (100) mpu oTpHIATENILHOM.
Heobxo/mMo 0TMETHTD, 9TO BEJTUIHMHBI SHEPIUU AHU30-
TPOIUU HEJOCTATOYHO JjIs TOTO, YTOOBI cieiaTh a3y
A 3HEpPreTUYeCKU BBINOJ(HEE KOHUYECKOH (has3bl.

SamMeTnM, 9TO paCCMOTPEHHBIN AHU30TPOIIHBIN -
deKT OrpaHMINBAETCS 3aBUCUMOCTHIO dHEPTHH (Ha3bl
A or HampaBJieHHsI NI MAIHUTHOTO TOJIsI U ITapaJsiieib-
HBIX €My sijlep CKUPDMHUOHOB U HE 3aTParuBaeT a3uMy-
TaJIbHOIl OPMEHTAINN TPEYTOJIBHON PEIeTKA CKUPMUO-
HOB [60]. st ommcaHUst a3MMyTAJBHOTO YIOPSIOYe-
HUsI, BBIXOJAIIETO 32 PaMKHU JIAHHOW CTAThU, HYYKHO
yY€eCTh aHU30TPOIHbIE Nonpasku (39) K sHepruu, ume-
OIHe CJIEAYIONHMI MOPSIJIOK MAJIOCTH 10 (. 37eCh, B
YACTHOCTH, CYIIECTBEHHYIO POJib OyJlyT UIpaTh HUCKa-
JKEHUsI CKUPMUOHHOW PEIeTKY.

6. BBIBO/IbI

Jlns onucaHust MArHUTHON CTPYKTYPBI KYOUIECKUX
XUPAJbHBIX PEePPOMATHETUKOB B pPaMKax (heHOMEHOJIO-
TUYECKOTO TI0/IX0/1a OBITIO UCIIOJIB30BAHO TPUO/IMKEHNEe
|IM(r)| = const, XOpoIIo IPpUMEHNMOE IPU TeMIIepaTy-
pax 3HAYUTEIHLHO HIXKE TOUKU MEpPeXojla U3 Iapamar-
HUTHOIl B ymopsiaodenuymo ¢daly. B mannom mpubd/u-
xennn sHeprus Jlammay—Jludmuna comepxur B Ka-
9eCcTBe €IMHCTBEHHOIO ITapaMeTpa BeJINUNHY BHEITHETO
marautHOro mosist h = H/H,.o, npuueM Bce HeTpUBU-
AJIbHBIE MATHUTHBIE (Da3bl — TeJIMKOUIATbHAS, KOHU-
geckas, dpaza A — zakiouens! B guanazone 0 < h < 1.

B pamkax maHHON# MOJEIM ITOKA3aHO, YTO TeJIH-
KomJadbHast ¢a3a B CIa0OM MATHUTHOM IIOJIE XOpO-
10 ONUCHIBAETCS KOHUYIECKO-3JUIMIITHIECKIMH CIUPa-
sgsivu. [Ipu 3TOM BHIT TeH30pa MArHUTHOI BOCIPUUM-
YUBOCTH COTJIACYETCH KaK C YKCIIEPUMEHTAIbHBIMU JAH-
HBIME [54-56], Tak u ¢ pe3ysbTaTaMu, MOy YeHHBIME C
MOMOIIBIO JPYTUX TEOPETHIECKUX TOIXOMI0B [56,57].

ITpoBeeno MozemmpoBanue ¢pa3bl A B 3aBUCHMOCTHI
OT BEJIMYUHBI MATHUTHOI'O TI0JIsi ¥ BOJTHOBOTO dmcia ko
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IJIABHBIX crmpaJieii. Pesyabrarsl Beraucienuil nokasa-
s, aro (aza A sHeprerrdecku HanbOJIEEe BHINOTHA TTPU
H =~ 0.41H_5; npu srom uncio kg cocrasiuser 97.8 % ot
BOJIHOBOT'O YHCJIa CIUpaJeit KOHMIECKOH (a3bl.

Tem He MeHee B paMKax 3aJJAHHOTO TTPUOJIMIKEHUS
SHeprusi Gpa3bl A He OMyCKAETCS HUXKE SHEPIHH KOHU-
qeckoil ha3wl pu TOM ke 3HadeHun moJsa. Hambosee
BEPOSITHOE OObsICHEHNE TOrO, modeMy dasza A OKa3bl-
BaeTCs BCE K€ BBLII'OJ[Hee KOHUIECKON HPU HEKOTOPBIX
YCJIOBUSIX, 3aKJIIOYAETCS B TOM, YTO B ODJIACTU CyIIie-
crBoBaHus ¢asel A — BOm3u Touku Kropu To — yeio-
Bue |M(r)| = const BBINOJHSIETCS JINNTb TPUOINKEH-
HO M3-3a TEIUIOBBIX (DIIYKTYaIuii MArHUTHOTO MOPSIIKA,
CUJIbHBIX BOJIM3H TEMIIEpaTyphl epexojia. B sTom ciry-
yae BMeCTO yHUMOy ispHoro nojs pu(r) (i = 1) neob-
XOJIIMO HCIIOJIB30BATH I10JI€, OJIM3KOE K yHIMO/LYJIsIPHO-
My (@ < 1), u BBecTn B 3Hepruo Jlangay — JIudmmma
JononHrTesbHbI wieH f(u). B pabore [30] npuBomst-
CsI aPI'YMEHTBI B II0JIb3Y TOT'O, YTO TOT WJIEH JIOJIKEH
umers Bugt f(p) ~ /1 — p.

BszaumosieiicTBie CIHHHOB € JIOKAJIBHBIM KPHUCTAJ-
JIMYECKUM TIOJIEM PACCMOTPEHO B KAYECTBE MPUIMHBI
BO3BHHKHOBEHUsI KYOMIECKON aHM30TPOITNN MATHUTHBIX
CBOMCTB WCCJIEyeMbIX KPHUCTAJIOB. B sTOM ciydae
sueprus Jlanmay — Jludmmna gomkaa OBITH IOMOJIHE-
Ha AHM30TPOIHBIM dienoM o(piy + iy + pi). BHak a
OTIPEJIEIISETCS KPUCTAJLUIOTPAMDUIECKUMI HAIIPABJICHU-
SIMU, BJIOJTb KOTOPBIX BLICTPAUBAIOTCS CIIUPAJIU B DEJIU-
KonJasIbHOM aze: a > 0 cOOTBETCTBYeT HAllPABJIEHU-
aum (111), o < 0 — manpasiernam (100). A6comorHyio
BEJIMYUHY (v MOYKHO OTEHUTH 0 KPUTHIECKOMY ITOJIIO
H.1, pasrpaHUIUBAIONIEMY PeJIMKOUJAILHYIO U KOHU-
geckyto daswl: |a| ~ (D?/J)(He/He)?.

s koumdecko#t pa3bl, Tak Ke KakK U I TeJIH-
KOUJIAJIBHOM, CYIIECTBYIOT KpUCTaIorpaduieckue Ha-
MIPaBJICHNUs], BJIOJIb KOTOPBIX SHEPreTHIeCKN 6oJiee BbI-
TOJTHO BBICTpAWBAHUE CIHUpAJeil. ITU HAIPABICHUS He
[TOCTOSTHHBI ¥ 3aBUCAT OT BEJUYIUHBI MATHUTHOTO TIO-
ss. JleficTBUTEILHO, SHEPIUsl aHU30TPOINN KOHHUYE-
ckoil crmpami mveer Bug, oF (h)[nd 4+ ny + nl], toe
n — HampasJieHue ocu cnupasy, a Gyakuus F'(h) nsa-
Kb MeHsieT 3HaK Ha orpeske 0 < h < 1. D10 mpu-
BOJWUT K TOMY, 4YTO, Hanpumep, npu « > 0 ocu Jer-
KOO HAMArHUYMBAaHUS MEHLIOTCs cHadasa or (111)
(100) mpu H = 0.340H .2, a 3arem obpaTso K (111) mpu
H = 0.861H 2. /laHHBII BBIBOJ, MOXKHO TPOBEPUTD, Ha-
puMep, MPOBeJIs MATHUTHBIA 9KCIEPUMEHT ¢ TOPCUOH-
HBIMU BECAMH.

[Tokazamo, 4To KyOUUYECKas aHU30TPOINUS] BJIUAET
Ha ycToiumBOoCTh a3kl A B 3aBHCHUMOCTH OT Ha-
[IpaBJIEHUs] MATHUTHOTO IOJIsl, OJTHAKO OJIHOTO 3ITOTO
addekTa HEeIOCTATOUIHO st OObICHEHUS CYIIEeCTBO-
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pannug dasel. Tak, npu o > 0 dasa A cra"HoBuTcs
yCcToumBee, eCjid IoJjie IIPUJIOXKEHO BJIOJIb HAIPABJIE-
muit (111), npu o < 0 — ecsm Boss (100). Hekoropere
9KCIIEPUMEHTAJIbHbIE HADJIOJEHNsT TTOKA3BbIBAIOT IIPsi-
MO IPOTUBOIOJIOXKHYIO KapTuHy. Tak, B KpuUCTaJLIe
MnSi daza A cymectByer B Gojiee MIMPOKOi 0bIacTH
TEMIIEPATYD, €CJIU I0JIe TPUJIOKEHO BJIOJIh HAIPaB-
aenuit (100) [61, 62], a B Cuzy0SeO3 — ecim mouie
napasutesnsHo (111) [40]. DTo HecooTBETCTBHE MOXKET
CIIYKUTH JIOBOJIOM B TOJIb3y MHON MUKDPOCKOIIMYIECKOH
[IPUYUHBI BO3HUKHOBEHUsI KyOWYeCKOW aHU30TPOIUU
B 9TUX KpUCTaJIax. Takoil NpUIUHON, HAIpUMeEp,
MOXKeT OBITH B3ammojieiicTue J[3smomunckoro—Mo-
pHUsl MEXKJIy CIIMHAMM, YIOPSJOYEHHBIMU B PENIETKY C
Kybmdeckoii cummerpueit. B aTom ciydae B sHeprum
Jlannay — JIudamna [T0/KHBI HOSBUTHCS AHU30TPOII-
HbIE YJIEHBI ¢ [IPOCTPAHCTBEHHBIMU TPOU3BOIHBIME OT
HAMArHAI€HHOCTH.

BaarogaprocTtu. Asrop BbIpaxkaer OJiaromap-
voctb B. E. JIMurpuenko 3a mioq0oTBOpHBIE 00CY XK 1€~
HUsI U BBICKA3aHHBIE KPUTUIECKNE 3aMEUAHMUSI.

PunaHcupoBauue. PaboTa BBITOMHEHA TIPHU TO-
Jepkke MUHHCTEPCTBA HAYKU U BBICIIIETO 00PA30BAHUS
PO B pamkax [ocynapcrsennoro 3aganus Denepasib-
HOTO HAay4YHO-HCCJIEIOBATEIHCKOrO IeHTpa «Kpucras-
sgorpacdusa u poronmkay Poccniickoit akageMun HayK.

IMPMNJIO2KEHUE

OrnpesiesiuM tapameTpsl 6, A 1 m KOHUYeCKO-3JUINII-
TUYECKO COMPAJI U3 pasj. 3.2, HeoOXOJUMbIE JIJIs Bbl-
YUCJIEHUs] SHEPIUHA U MATHUTHON BOCIPUMMYUBOCTH T'e-
JIMKOUTAJIHHOM (has3bl.

IMoncrapass (17) B Beipaxkenue (9) mIs MIOTHOCTH
9HEepruy MnojyuuM npu 6 = const

. de (1dp
2
€ =sin 95 <§E — > — hjcosf —
— hysinfcosp. (48)
VpaBuenune Ditiepa — Jlarpamxa
d?p hi
422 " sme ¥ (49)

COBIIaJa€T C YpaBHEHUEM JIBU2KCHUA MaTeMaTUICCKOI'O
MadTHHKa C II€PBBIM HHTErpaJIioM

dp\*> 2h.
<£> = w(a—cosg&). (50)
Toxcrasisisa B (50) pernenne (18), Haxomum
2 hi
== -1, 2=—. 51
T m sin 0 (51)
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AHn30Tponus MarHnTHbIX a3 KyBUYeCcKnx resiMMarHeTuKkos

Toncrasnsis (50), (51) B (48) u ycpenuss 1o z, moJy-
qaeM

(€) = —ksin® 0 — hy cosf —

—hysinf(2/m—1—2(cosyp)), (52)

e BBeseHo obosHauenue k = (dyp/dz) = 27 /p, p — me-
puo/ cripasu. YaursiBast, 4to p = 2K (m) /A (K(m) —
nosynepuos pyuknuii Ldxobu), moayaum u3z (51) ypas-
HEHHe JyIsl TapaMeTpa M JUIMITHIeCKNX (DyHKIIii:

7T2hL

K*(m) = ———.
mE=(m) k2sin 6

(53)

IIpu MabIx mosisix m ~ h| U C yIeTOM pa3/IOXKEeHUsI

m m  9m?
Km)~ (142042
(m) ~ 3 ( YT >
perrerne (53) npuHEMAaeT BUJ
w?  bw? 4h
RwW——+ —— = . o4
mACS T g YT g Y
. 2K
(cosp) = e /an(x;m) dr — 1 = % (55)
0

Toncrasnsisa (54), (55) B (52) u coxpaHsis WiIeHBI JI0
BTOPOI'O HOPS/IKA MAJIOCTH HO A BKIIOYHTEIBHO, HME-
eM

k> h?
(€) =sin®0 ( = —k | — hjcosf — —=. (56)
2 4
Munnmvusupys 1o k u 6, onygaem k = 1 u cost) = h
U OKOHYATEIBHO UMeeM

1 hi R
<5>——5—7”—f (57)
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TeopeTnyeckn NCCNesoBaHO ABUKEHNE JOMEHHbIX CTEHOK B KMPAJibHbIX MarHeTMKax, 4151 KOTOPbIX NMEET Me-
CTO HapyLleHNe CUMMETPUI OTHOCUTENIbHO NPOCTPAHCTBEHHON NHBEPCUU. Takne CTEHKN Ha3bIBalOT AOMEHHbLIMY
ctenkamu [zanowmnckoro [22], Ans HUX 3KCNEPUMEHTaNbHO OBHAPYXKeHbI YHUKaNbHblE ANHAMUYECKME CBO-
cTBa. Jna kmpanbHbix heppoMarHeTMkoB 1 aHTMEPPOMarHeTMKOB HalifieHbl HENNHERHbIE PEXUMbI ABUXKEHNS
CTEHKN C HEMaJOil CKOPOCTbIO, BMOTL 40 NpeaenbHoii. JuHamuka cTeHOK B aHTMdEeppOMarHeTMKax gonyckaer
aHaAUTUYeCKoe ONKUCaHmne, B TO BPEMS Kak Ans dheppoMarHeTUKOB HeobXxo4MMO NCMOb30BaTh YMCIEHHbI aHa-
nu3. [ns deppoMarHeTukos nosydeHbl NpocTbie npubamxeHHble pOpMybl, KOTOpblE C BbICOKOW TOYHOCTbIO
OMMUCBLIBAIOT AMHAMUYECKNE XapaKTEPUCTUKN CTEHOK BO BCell obnactu mnx cyuiecteosaHus. OnpegeneHsl 3ako-
Hbl OMCMEPCUM CTEHOK, T. €. 3aBUCUMOCTUM SHEPrUM CTEHKM OT ee umnynbca. [ns deppoMarHeTUkos € 4nUCTO
OAHOOCHOI aHM30Tponueli NpeaenbHas CKOPOCTL CTEHKU ONPefeNseTCs UCKYNTENBHO KUPaibHbIM B3aUMO-
gelictenem 1 obpalaeTcs B Hyfb, €CIM 3TO B3auMogelicTBue oTcyTcTeyeT. [ns aHTudeppoMarHeTukos posnb
KMPabHOrO B3aNMOAENCTBUS HE CTO/b OYEBMAHA: CTPYKTYPa ABUXKYLLEHCS CTEHKM, Kak 1 B CTaHAAPTHLIX MO-
Lensix aHTubeppoMarHeTMKkoB, MoXeT bbITb nony4yeHa npeobpasosaHuem JlopeHua ¢ n3bpaHHOl CKOPOCTbLIO,
paBHOUi CKOPOCTM MarHOHOB Ha JIMHEHOM y4aCTKe CMEKTPa, HO 3aKOH gucnepcun bonee CAoXHbIN 1 HE ONUChI-
BAETCS JIOPEHU-MHBAPUAHTHLIMU BbIPaXKEHNSIMU.

Cmamva das cneyuaavrozo swnycka 2KITD, noceawernnozo 90-aemuro U. E. J[3ar0wuncrozo

DOI: 10.31857,/S0044451021040088 1. BBEAEHUE

HcenenoBanne KUpaabHBIX MATHETUKOB, B KOTOPBIX
HapyIeHa CAMMETPUST CIIMHOBOM CUCTEMBI OTHOCHTE -
HO IPOCTPAHCTBEHHON MHBEPCHUH, OBLIO HAYATO B KJIAC-
* E-mail: bor.a.ivanov@gmail.com cuueckux padorax zsuommunckoro [1,2]. Ipu denome-
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HOJIOTMYECKOM OITUCAHUY TAKUX MATHETUKOB ILJIOTHOCTD
SHEPrUU COJEPIKUT BKJIAJbI, JIMHEHHBIE 1T0 TPaUEHTAM
HAMAHUYIEHHOCTH Buia wp = i M;(OMy/0x;). B
TEPMUHAX ATOMHBIX CIIHHOB KHUPAJIbHBIE WHBAPUAHTEI
MOJIYYAIOTCS. IPU y9eTe aHTUCUMMETPUIHOTO B3aMMO-
neitcrsust Buga (dy 2[S1x S2]), rae S1 u Sg — cuunb! co-
CeJIHUX aTOMOB, HallpaBJjeHHe BekTopa di o olpeness-
ercs cuMMeTpueil Kpucrajuia. B 3aBucumoctu oT pac-
pejiesienuss BeKTOpoB dj o [JIs Hap COCETHUX CIIHHOB
B KpHUCTaJLJIe TaKOe B3auUMOJeicTBre (B3aHMOILeﬁCTBHe
JI3I01IMHCKOT0) MOXKET [IPUBOJUTH WJIU K HOSBJICHUIO
KUPAJbHBIX MHBAPUAHTOB, WU K HEKOJJIMHEAPHOCTH
CIUHOB TIOJPEIIETOK aHTU(MEPPONATHETHKOB U TTOsIBJIE-
HUIO ctaboro deppomaraernsMa [3—6]. Mukpockonme-
cKoe 00OCHOBAHUE CYIECTBOBAHUS AHTUCAMMETPUIHO-
ro B3aUMO/ICHCTBUS IMaphl CIIMHOB TIpeToKua Mopus
[7]; u B HACTOsIIEE BpEMS [IOOBHBIE CJIArAeMble IPUHSI-
TO Ha3bIBATh B3amMojeiicTBueM J[3smomuuckoro —Mo-
pus.

Kupasbable MarHeTUKH JIOJITOE€ BPEMST ACCOIUIPO-
BaJIMCh C KPHUCTAJJIMYECKUMH MATEPUAJIAME, PeIeT-
Ka KOTOPBIX HE UMEET IEHTPA CUMMETPHUU, HAIPUMED
MnSi, FeCoSi, FeGe ¢ kpucrammngeckoit rpymmoit B20,
cM., Hampumep, HejxasHuil 0630p [8]. UccienoBanust
HzsinonmHckoro [1,2] 6blin CBsI3aHBI ¢ AHATU30M CIIH-
PAJIBHBIX CTPYKTYP C JJIMHHBIM IEPHOJIOM, KOTODBIE
0oLl OOHAPY?KEHBI B MPOIIJIOM CTOJIETUN U WCCJIEI0-
BAJIMCh MHOIMME aBTopamu [9-11].

B Texymem cronernn 06HApPYKEHBI HOBBIE MHTEPEC-
HbIe CBOMCTBA KUPAJIbHBIX MATHETUKOB, B CBS3U C YeM
3HAYUTEIHHO BBIPOC HHTEPEC K 9TUM MaTepuajaMm. Bol-
JIO 0OHApY KEHO, 4TO B3auMojeiicTsue JI3smommncko-
'O MOXKET OBITH TMOJIyY€HO MPAKTUIECKH JIJIsT BCEX Mar-
HETUKOB, €CJIU IPUTOTOBUTH UX B BUJE CBEPXTOHKHUX
(ronmmuna Menee 10 HM) ILUIEHOK HA HEMAHUTHOHN IIOJI-
Jtoxkke. JIJist TAKUX CHCTeM TIOHUKEHUE CUMMETPHUN 00Y-
CJIOBJIEHO TTOBEPXHOCTHBIMA 3D DEKTAMEI, AHU30TPOIIN-
eff KOHTAKTa MarHeTuK—NoI0KKa [12]. B aTom ciyuae
IJIOTHOCTD 9HEPTUU B3aUMOJEHCTBUSA JI3sT0MIHCKOT0
OTIPEJIETIAETCS MHBAPUAHTOM

Mz(v ' M) - (M ! V)Mza

rje oCh 2z BBIOpAHA NEPIEHINKYJISPHO ITOBEPXHOCTH
wieHky. Ecu B KauecTBe MOJI0XKKY BEIOPATD IJICHKY
HEMAIHUTHOI'O METAJIJIA C CUJIbHBIM CIUH-OPOUTAIBHBIM
B3auMoeficTBreM (IJIATHHA, TAHTAJ), TO MOYKHO IIOJIY-
YUTH JOCTATOYHO BHICOKHE 3HAUEHHUsI KOHCTAHTHI B3aH-
Mogetictust J3sutomunckoro [13,14].

Hapymenne KupajbHOH CHMMETPHH  SIBJISIETCSI
Hen30eKHBIM CBONCTBOM HAHOIUIEHOK MAIHETHKOB, W
KHPAJIbHbIE MAIHETHKU MOI'YT PACCMATPHBATHCS KAk
CTaHJIAPTHBIE MaTepUaJbl HAHOMDHU3UKH MAIHETHKOB.
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Jaxke eciu momoOHBIE BKJIAJBI B JHEPIUI0 HE TaK
BEJIMKY, KaK JIJIsi HEKOTOPBIX TS?KEJIbIX METAJJIOB, UX
pOJIb CJleJlyeT ONEHUTb u OOCyauTh. JlJjisi KupasbHbIX
MATHETUKOB OBLIH OOHAPYKEHBI YCTOWYIUBBIE COCTO-
sIHUsl C HETPUBHAJIbHOU Tomosorueit. Kak mpumep,

OTMETHM TOIOJIOTUIECKHAE COJUTOHBI CKUPMUOHBI
" CKUpMHOHHBIE permetku |15, 16|, xupasabHbIE Mar-
HuTHble TomiaBku (chiral magnetic bobbers) [17],
MoHomnosn (exkn) [18,19] u MHOrHE IpyTHE, CM. 0630DHI
[20,21].

BaxkHO TakKe, 9TO JJIsi TOHKUX ILIEHOK C JIOCTATOY-
HO CWJILHBIM B3auMojeiicrBueM JI3s/IOMUHCKOrO BO3-
MOXKHO JIBUKEHUE JIOMEHHBIX CTEHOK (MX HPUHSITO Ha-
3bIBATH JIOMEHHBIMU cTeHKamu JI3suiomunckoro [22])
¢ IpPEIeSbHO BBICOKUMHU I (DEPPOMATrHETUKOB CKO-
poctsiMu (cotHn M/c) [23-25]. D10 CcBOMCTBO JOMEH-
HBIX CTEHOK IIOJYEPKHYTO B HA3BAHWUM CTaTbu ApHe
Bparaaca [26] «Spintronics: chiral domain walls move
faster> (CumHTpOHMKA: KMpAJbHBIE IOMEHHBIE CTEHKH
IBUKYTCsl OblcTpee). BO3MOXKHOCTD peasiu3aluy JIBU-
JKEHUsI JIOMEHHBIX CTEHOK C HEMAJOH CKOPOCTBIO B
MarHUTHBIX ILIEHKAX TOJIIMHON IIOPsIKa HAHOMETPOB
BayKHa, JIJIsl IPUJIOYKEHUH, B 9ACTHOCTH, CUCTEM 3aIIUCH
undopmanuu [27,28|. [Tosromy nouck dbeppomarseru-
KOB C BBICOKMM 3HAYEHUEM IPEJEJIbHON CKOPOCTH JI0-
MEHHBIX CTEHOK IIPEJICTaB/IsIeT OO0 BaXKHYIO Tpo0JIe-
My, OOCYKIEHUIO KOTOPOH MOCBSIIEHO OOJIBIIIOE YHCJIO
pabot, cM. [29-32]. He MeHee MHTEpeCeH U 9UCTO Teope-
THYECKUil aclleKT HeJUHeHOM TMHAMUKH, IPEXKIe Bee-
ro, IMHAMUKH COJINTOHOB PA3JIMIHOTO THIIA.

Hacrosmasa paboTta TOCBAIIEHa TEOPETHIECKOMY
aHAJIN3y JUHAMHAKA JOMEHHBIX CTEHOK B TOHKHX
ITJIEHKaX KI/Ipa.HI)HI)IX MaIrHeTHUKOB, Cbeppol\/laI‘HeTI/IKOB
u anrudeppomarueTukoB. s deppoMarHeTukoB
Ha OCHOBE YHUCJIEHHOTO AHAJHM3a IOCTPOEHO IPOCTOE
NpUOJIMIKEHHOE — PeIllleHNe,  [O3BOJISIIOIIEe
CTPYKTYPY CTEHKH B (PEPPOMATHETUKE W €€ JIrHa-
MUYECKHE XaPaKTEPUCTHKHU, TAKWE KaK 3aBUCAMOCTD

OIIncCaThb

SHEPIUU CTEHKHU OT ee CKOPOCTH WM uMIrysibca. llo-
Ka3aHo, dYTO I aHTHMEPPOMArHETUKOB HAJIUINE
B3aMMOJIecTBUS  JI3SATOIMMHCKOr0 HApYyIIaeT CTaH-
JapTHYIO JOPEHII-UHBAPUAHTHOCTHL CIIMHOBON AUHAMU-
ku. OJHAKO aHAJMU3 JBUXKEHUsI CTEHKH MOXKET OBbIThb
MIPOBEJIEH B JIOCTATOYHO TOJiHON Mepe. Okazayocs,
9TO MHOI'ME CBOMCTBA JIOMEHHBIX CTEHOK JJI JIODEHII-
WHBApUAHTHBIX  MojeJiell  aHTudeppoMarHeTHKOB
COXPAHAIOTCA U JJIsi KUPAJbHBIX aHTU(DEPPOMATHETH-
KOB. B wacTHOCTH, M3MeHeHNEe CTPYKTYPHI CTEHKU MPU
JBUKEHUHM CBOJUTCA K JIOPEHIIEBCKOMY COKpPAIECHUIO
ee TomuHbI. Kpome TOro, Kak M JJjis CTAHIAPTHBIX
Mojeneit  aHTU(EPPOMATHETUKOB, CYIIECTBYIOT JIBE
BETBU 3aBHUCHMOCTU IHEPIHHU JOMEHHBIX CTEHOK OT HX
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ﬂ'I/IHaMVIKa AOMEHHbIX CTEHOK B KNMPANIbHbIX MarHeTukKax

UMITYJIbCA, OQHON M3 KOTOPBLIX OTBEYAIOT yCTOMYUBLIC
CTEHKHU, & BTOPOHA — HEyCTONYHUBLIC.

2. MOAEJIN KNPAJIbHBIX MATHETMKOB

JlunaMuka HAMarHUYEHHOCTH (HepPOMArHETUKOB
OICHIBAETCSI M3BECTHBIM ypaBHeHueM Jlammay —Jlud-
muna [33] (em. Takske monorpadwmo [34]), koropoe
OOBIYHO 3AIIUCHIBAETCS JIJIsl HAMATrHUIEHHOCTH:

oM WM
e =y IM x Hegr] + R, Hepp = —ﬁa (1)

rge ¥ = gup/h — IUPpOMArHUTHOE OTHOIIEHUE, § —
daxrop Jlange (g-dakrop), g — MOILY/Ib MArHETOHA
Bopa, v =~ 2.8 MI'ty/D npu g = 2. DddexTuBHOE T10-
ne Hjs onpenernsercs Kak BapHAIMOHHAS IPOU3BOI-
nas sueprun dbeppomarseruka W = W[M], zamucan-
HOM B Bujle (DYHKIMOHAJIA TJIOTHOCTH HaMArHUIEHHOC-
u M = M(r,t). Cnaraemoe R onuceiBaer juccuna-
nuto B cucreme. OOBITHO ITO cIaraeMoe BhIOMPAeTCsi B
dopme 'manbepra,

ag oM
R=Rg=-—" Mx —
¢ M, { ot ] ’
rme My — HaMarHM4IeHHOCTh HacbimeHnus. [Ipu sTom

(M - R) = 0 u gymma BexTopa M coxpangercs, M2 =
= M2 = const. B atom ciryuae yI06HO HCTIOIB30BATE
HODMUPOBAHHBIN (eqUHWYIHBIN) BekTop M = M/M;,
m? = 1.

Samnumiem GyHKINOHAJ HEPIUU KUPAJIBLHOTO dep-
POMAarHETHKA B IIPOCTEHIIIEM BHJIE, JTOIYCKAIONIEM OIIU-
CaHUe JIBUYKEHUs] JTOMEHHON CTEeHKM,

A K
W = /dr {E(Vm)Q + ?(mi +m?) —

— Dm,(V-m)— (m-V)m;]|. (2)

OTa dHEPrus BKJIIOYAET SHEPIHUI0 HEOTHOPOIHOTO
oOMeHa ¢ KOHCTAHTON A U 9UCTO OJTHOOCHYIO aHU30TPO-
nuio ¢ KoHctanToit K > 0 u Jlerkoit ochlo, IeprieH/ -
KYJISIDHOI K IJIOCKOCTH IUIEHKY (ILIOCKOCTH XY); 3HAK
MUHYC TIepeJi CJaraeMbIM ¢ B3anmogeiicrsueM JI3s0-
MMTHCKOTO € KOHCTaHTOW ) BBIOpaH s yI00CTBa B
JaJIbHenIIeM.

OrMmeTrrM WHTEpPECHOE CBONCTBO JIEFKOOCHOTI'O KH-
paJbHOTO MarHeTHKa: Haju4due B3aumomeicTBus JI34-
JIOIIIMHCKOTO HE IPOSABJSETCA B CIEKTPE CIIMHOBBIX
BOJIH. 3aKOH JUCIIEPCUN CIUHOBBIX BOJIH JJIsI MOJIEJIH
(2) MOXKHO IPEJCTABATH B BUJIE

w(k) = MLS(K +AK?) = wo(l + 22K2),  (3)

7 KIT®, o 4

rje akTUBalys MardoHoB wg = YH,, H, = K/Ms —
nose apuzorporuu u o = y/A/K. Ormerum, uro Ha-
MarHM4YeHHOCTb U KOHCTAHTY aHU30TPOIIUH JIJIs IIJIEHOK
TOJIIIUHOW TOPsI/IKAa HAHOMETPOB MOYKHO IKCIIEPUMEH-
TaJbHO OIPEJIEJIUTH C TOMOIIBIO CTAHIAPTHON MarHU-
TOMETPUHU WU PE30HAHCHBIMU MeTojgamu. Ormpeeire-
HUEe KOHCTAHTBI HEOJTHOPOHOTO 0OMeHa A 1 KOHCTaHThI
Jzsinomuackoro D Jijist TAKUX IJIEHOK sIBJIsieTCst OoJiee
cytokHOHN 3amadeit. OpHOi U3 mpobJieM SIBJISIETCS TO,
9TO 3a9aCTYIO JJIs OIPEJEIeHNsT OJHON M3 KOHCTAHT
HY>KHO 3HATb W TOYHOe 3HadeHue Apyroii. HesaBucu-
MOCTBH CIIEKTPa CIIMHOBBIX BOJIH JIETKOOCHOTO KHUPAJIhb-
HOTO MarHeTuka oT D) ObLIa WUCIIOIH30BaHA JJIst OIIpe-
JejieHnst A TyTeM aHAJN3a TeMIEPATyPHBIX 3aBUCUMO-
cTeil HAMArHMIEeHHOCTU CBEPXTOHKUX KUPAJIbHBIX (ep-
POMArHUTHBIX IIEHOK [35].

Bes yyera muccumaTUBHBIX IPOIECCOB ypABHEHUE
Jlarmay — JIudmmna MOXKHO 3anucaTh B JArpaHKeBOH
dopmMe ¢ JrarpaHKUaHOM BUJIA

Lim] = G—W, G[m]= / A(9m/ot) dr,

IJIé THPOCKONIMIECKOE CJIAraeMOe 3alMChIBAETCA epes3
CUHTYJIIPHYIO BEKTOPHYO (DYHKIMIO, BEKTOP-TIOTEHIN-
aJ1 moJig Mononoisa Jupaka
A=A(m), rotmA xm,
cM. [36,37]. Bekrop-norennuan A onpeiesieH ¢ TOUHO-
CTBIO 70 HEKOTOPO KaJuOPOBKHU, B TO BpeMs Kak (hUK-
TUBHOE MArHUTHOE TI0Jie IOty A, BXOJsIlee B ypaBHE-
HUSI JIBUZKEHUs], ABJISETCA KaJUOPOBOYHO-MHBAPUAHT-
HbIM. JIJIs1 110JIsT MOHOIIOJIST MOYKHO BBIOPATH BBIparKe-
HUe
M, (nxm)

v (I+n-m)’

(4)

rJe N — IPOU3BOJIbHBII TOCTOAHHBIN €JIMHUYHBIA BEK-
Top. BekTop-nmorenmuman moss Mmononoss Jlupaka mme-
€T CHHTYJISIDHOCTB, IS BbIpakeHusi (4) CHHIYJIsp-
HocTh (crpyna JIupaka) pacioJiozKeHa Ha MOJIYIPIMON
m = —n, cM. [36,37].

Mo2KHO BBIIUCATH MHTErPAJIBI JIBUKEHUS OIS Ha-
maranderHoctTu PM, npu 3TOM SHEPrUsT COBIIAIAET CO
sHaveHneM dyHknnonana W[M], paccunTaHHBIM st
JAHHOTO PACIpeJieJIeHIsT HaMarHuIeHHOCTU. VIMmysibe
[10JIs HAMArHUYeHHOCTH P MOXKHO 3amucaTh B BUjie

P = —/A(am/azi).

D70 BBIpaXKeHUe He 00/1a1aeT KaanuOpOBOYHON NHBAPU-
AHTHOCTBIO, U 3HAYEHNE UMIIYJIHCA 3aBUCHT OT KAJIO-
DPOBKH.
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[Ipobsema onpeiesieHUsT UMITYJIbCA, MATHUTHBIX CO-
JINTOHOB SIBJISETCS JOCTATOYHO CJIOXKHOMU, CM. pabOThI
[38-43] u obcy:kneHne HUXKe IS KOHKPETHBIX Dellie-
unit. [lockombKy Hac WHTEepecyeT IBUKEHHUE ILJIOCKOM
JOMEHHOM CTEHKH, T.€. OJHOMepHas 3ajada ¢ m

= m(z,t), OTIIMYIHA OT HYJIs TOJBKO OJ[HA KOMIIOHEHTa,
nMiysbca, P = Pe,. C y4eroM KOHKPETHOI'O BHIOODPA
(mxn) Om

BEKTOD-NIOTEHIMAT A MOXKHO 3aIlicaTh
M
P=S5S— / — | dz,
vy (1+n-m) Oz

rne S = LL, — nnomanap crenku, L w L, — Tommu-

(5)

Ha IUIEHKH U €€ pasMep BJOJb ocd Y. IIOHATHO, 9TO
3HAaYEHUe MMILYJIbCA 3aBUCAT OT KAJUOPOBKHU; B YaCT-
HOCTH, ecjii BeIOparh A B Buje (4), UMIYJIbC 3aBUCHT
OT HalpaBJeHus cTpyHsl Jupaka n.

Kpome sueprum u uMITy/ibca, i aHaJIn3a MarHuT-
HBIX COJIMTOHOB IPEJIEIHHO BayKHO HAJINIUE UJIA OTCYT-
CTBHE €lIe OJHOTO MHTErpaJsa JBuxKeHus. Jjis amcro
OJTHOOCHBIX MAIHETUKOB 6€3 KMPAJHHBIX CBOMCTB MMe-
€T MEeCTO CHUMMETPHUSI OTHOCHTEJBLHO MOBOPOTA CIIMHOB
BOKPYT OCH 2, 9TO IPUBOJUT K COXPAHEHHIO CyMMAaPHON
2-TIPOEKIINN HAMATHUIEHHOCTH,

MteD = / M. dr.

Hanuuue takoro wmHTErpajia TPUHIUIHAAILHO BAaYKHO
JUIsT (PUBMKU MATHUTHBIX COJTMTOHOB.
C omHOIT CTOPOHBI, COXpPAHEHUE

Mtot) — / M, dx

HECOBMECTUMO C CYIECTBOBAHUEM OJIHOMEDHBIX JIBU-
JKYIIAXCS TOMOJIOTUIECKUX COJTMTOHOB, OTIMCHIBAIONIUX
B 0E3UCCUNIATHBHOM TIpeJiesie JIBUYKEHNE JTOMEHHBIX
creHoK. JleficTBUTEBHO, TAKOE MBUYKEHUE JTOJI?KHO CO-
[TPOBOXKIATHCS] U3MEHEHHEM OTHOCHTEIHbHBIX PA3MEPOB
nomenoB ¢ M, = My, u M, = —M,. ®opmanabHo, Ipu
ycaoun M. Z(tOt) = const obparaercss B HyJIb BEJIHIH-
Ha [PEJIETbHON CKOPOCTU CTEHKU V., T. €. TOJBKO HEIO-
JIBUXKHBIE CTeHKU. Beguunna v. B 0HOOCHOM (heppo-
MarHeTHKe OIPeeIseTCsi TEM B3anMOIeiCTBIEM, KOTO-
poe HapyIraeT COXPaHEHNEe CYMMAapHOI Z-TIPOEKITNN Ha-
MarHUYeHHOCTH. Takue B3aMMOJENHCTBHS MOTYT OBITDH
CBSI3aHBI C KPUCTAJIMIECKON aHm3oTpomueit B 6a3mc-
HOM1 TJIOCKOCTH, MATHUTHBIM JIUTIOJIBHBIM B3aNMOIEHCT-
BHEM, a TaKKe HAJIMIUEM BHEIIHEIO0 MATHUTHOTO TIOJIs,
[IEPIEHINKYIISPHOTO JIETKOi OCH.

s mockoit 180-rpaycHOIl CTEHKH B JIOCTATOY-
HO TOJICTOH ILUIeHKEe (TOJIIMHA MHOrO GOJIbIIE T
/A/K) MarHuTHOe IUIIOJBHOE B3aMMOJEHCTBUE
onmchbiBaeTcs mioTHocThIo 27(Me, )%, e, — opT BiOMb
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HAIPABJICHUs] JIBUXKEHUS CTEHKU, KOTOPOE MEePIIEeH -
KYJIIDHO JIETKO# OCH €,. DTOT WUCTOYHUK JIBUKEHUS
creHku paccmarpuBasu Jlanmay un Jludmwun B Kirac-
cuveckoil padore [33], B KOTOpOIl BIEpBBIE GBIIO PAc-
CMOTPEHO JIBUKEHIE JJOMEHHOI CTEHKH, 8 TaKXKe YOKep
[44], koTOpBIt MCCEOBAT IBUXKEHNE CTEHKH C HEMa-
JIBIMU CKOPOCTSIMHU W HAIIEJ ee MPeJIebHYI0 CKOPOCTD.
JLJ1si TOJICTBIX TIJIEHOK JIUIIOJIbHAS SHEPIHs SKBUBAJIEHT-
Ha 9HEPruyd MArHUTHON aHW30TPOIWH C OChIO B Oa3mc-
HOI IJIOCKOCTU MarHeTuka. Ecim 5Ty B3aumoaeicTBus
cjiabble, Ipeie/ibHasi CKOPOCTh JIMHEIHO 3aBUCHAT OT Xa-
pakTepHOro napamerpa («HEOmHOOCHOrO» 3hdexTus-
HOr'o II0JiA Hnon—uniamial); vc/UO X Hnon—uniawial/Ha
U MaJia, 3/1eCh U HUXKe Uy = WL — XapaKTepHas CKO-
pocth MarHouoB B Mogeu (3). Takum obpazom, Heco-
) apnsercs dakTopoM, cocoOCTBYIO-
UM BO3MOXKHOCTH 3(DGMEKTUBHOTO MTPUMEHEHUsI JBU-

tot
xpanenue M {to

KYyHIHXCs COJTUTOHOB THUIIA JOMEHHBIX CTEHOK.

B cBepxTOHKHUX IJIEHKAX (TOJIIMHA KOTOPBIX MEHb-
me 29 = \/A/K) BKJIaJ IUNOIBHOTO B3aNMOJIEHCTBHSI
nogasie, cMm. [22, 45]. Cozmanue HaHOILIEHOK bep-
POMATHETHKOB C JOCTATOYHO CHJIBHOW KPUCTAJIIIMIEC-
KO JIBYyXOCHOI aHU30TPOIINEN, & TaK2Ke UCIIOJIb30BaAHNE
CHMJIBHBIX MAarHUTHBIX IOJIEfl B HAHONIPUOOpAaX sIBJISETCS
HempocToit 3amadeil. OMHAKO JIETKO BUIETDH, ITO B3au-
MozeiicrBre JI3SI0IMMHCKOTO HE NMeeT CUMMETPHH OT-
HOCHTEJIBHO IIOBOPOTOB B CIIMHOBOM IIPOCTPAHCTBE U HE
coxpausier M z(tOt). Kax ormeuasnoch, B3anMoseiicTBue
JI3SI7I0MIMHCKOTO MOXKET IIPUCYTCTBOBATD B JIOCTATOYHO
TOHKUX IJIEHKAX, IPA STOM 3HAYEHNE XaPaKTEPHOTO I10-
Jisi, OOYCJIOBJIEHHOTO 3TUM B3aMMOIEHCTBAEM, HE MAJIO.
DTO ompeesser BO3MOXKHOCTD JOCTATOTHO OBICTPOTO
JBUYKEHUS JIOMEHHBIX CTEHOK B KHPAJbHBIX MArHETH-
KaX U OTKPHIBAET IE€PCIEKTUBBI IOBBIIIEHUS [IPEIEThb-
HOI CKOPOCTH CTEHKHU B HAHOIICHKAX MArHETUKOB.

WNuTepecHo OTMETUTH, UTO COXPAHEHUE Mz(wt) He
NPENATCTBYET JIBUXKEHUIO COJTMTOHOB JPYroro THIA, &
MMEHHO, JIOKAJIM30BAHHBIX COJUTOHOB, JJISI KOTOPBIX
BJIAJTM OT IEHTPA COJUTOHA HAMATHUYIEHHOCTH HMeEeT
OIHO W TO Ke HampaBjeHwue, Hampumep, M, — M;,
My, — 0, cm. [46-51]. TakoMy COJHTOHY OTBETAIOT
JIByXIAPAMETPHYECKHIE COCTOSIHUS (JIBUXKYIIMECS Mar-
HOHHBIE KAL) ¢ (DUKCHPOBAHHBIM 3HAUECHUEM Mz(wt)
[46,48-50]. OHM OIMCHIBAIOTCS PEIIEHUSIMU, 3ABUCSIIH-
MU OT JIBYX [APaMETPOB, CKOPOCTH COJUTOHA V U YaC-
TOTBI [IPEIECCUH CIIMHOB W B CHCTEME OTCYUETA, JIBUXKY-
meficss BMeCTe ¢ COJIMTOHOM CO CKOPOCTBIO V. DTHU CO-
JINTOHBI MOXKHO MHTEPIIPETUPOBATH KaK CBSI3aHHBIE CO-
CTOsIHUST DOJIBIIIOTO YUC/Ia MATHOHOB [N € 3a]aHHBIM UM-
nyiascom P, N = Mz(mt)/guB. 0Oco60 BaxKHO, 9TO MOT'YT
CyIIECTBOBATH HEOJHOMEPHBIE MPEIECCAOHHBIE COJTUTO-
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HBbI TAKOTO THUIA, U 3TH COJUTOHBLI yCTOWIUBLI OTHOCH-
TesibHO KoJutatica [47-51]. B naHHOM citydae poJib erre
OJTHOTO, TIOMUMO SHEPTUY U UMITYJIbCA, HHTEIPAJIA JIBU-
JKeHusl abCOJTIIOTHO WHAs, YeM JIJI JIOMEHHBIX CTEHOK.
Hasymmuue Takoro marerpaja CrocoGCTBYET CYIIECTBO-
BaHUIO HEOJAHOMEDPHBIX MATHUTHBIX COJIMTOHOB.

OTMeruM, 9TO HEOJHOMEPHbIE MATHUTHDIE COJIATO-
HBI MOT'YT OBITH YCTOWYHMBBIMH U JJIsi OJHOOCHOTO KH-
PAJIBHOIO MAIHETHKA, JJis KOTOPOIO HE COXPAHAETCS
MY, Heno B ToMm, 9T0 3Heprug (2), HECUMMETPUY-
Hasl OTHOCUTEIHHO HOBOPOTOB CIMHOB, JIJIA JBYMEPHO-
ro WM TPEXMEPHOI'O MATHETHKa 00JIaaeT CHMMETDH-
efl OTHOCUTEJILHO OJJHOBPEMEHHOTO [IOBOPOTA CIIMHOB U
KOODJIMHAT B ILIOCKOCTH Ty HA OJUH U TOT K€ YIOJL
Taxoii CAMMETPUH COOTBETCTBYET COXPAHEHHE Z-IIPOEK-
LUK [IOJHOTO MOMEHTa MMIIYJIbCA MAIHETUKA

(tot) _ q(tot) (tot)

Jz - Sz + Lz ’

tot tot tot

rie Lg ) S’g ) — MZ( )/guB — 3HAYEHHUS COOTBET-
CTBEHHO 2-TIPOEKIMI MOMEHTa MMILYJIbCa ITOJIs HaMar-
HUYEHHOCTH (OPOUTAJIBLHOIO MOMEHTA) U IIOJIHOTO CIIU-

tot
ua [52]. Hasa LY voskmo BBIOPATD BBIPAXKEHHE, CO-

IJIaCOBaHHOE C OIIpeJe/IEeHMEM HUMITYJIbCa II0JIsA HaMarl-
HUY€eHHOCTH,

LgOt) = — /Eijzl'iA (6_1’1’1) dr 5
8.Ij

371€Ch €4} — AOCOMIOTHBIN AaHTHCHMMETPUIHBIH TEH30D.

[TostByteHne KWpabHBIX CBONCTB TOHKWX MATHUT-
HBIX IJIEHOK Ha IOJJIOYKKE U3 TSXKEJIOI0 MEeTaJIJIa He SB-
JISIETCSI CBOMCTBOM TOJILKO (beppoMaruneTuxkoB. leict-
BUTEJILHO, MHBAPUAHTHI THIA (2) KBaJIPATUIHBL IO CTe-
[TeHsIM HAMATHUYIEHHOCTEH, T.€. OHU JIOIYCTUMbBI IIJIst
aaTrdEeppoOMarueTuKoB u eppuMaruaeTukos. Haunbo-
Jiee pOCToe U yIOOHOe ONUCAHNe JUHAMUKHA aHTU(Ep-
POMATHETHKOB 6a3UpyeTcsi Ha UCIOJIH30BAHUN TaK Ha-
3BIBAEMOI1 curMa-moziesu (CM., HalpuMep, KHUI'M U 06-
sopsr [49, 50, 53, 54]). B pamrax 3TOro moaxoma oc-
HOBHO# JIMHAMHUYECKON IIepeMEeHHOM IIpU OIIMCAHUU aH-
TudhEPPOMATHETUKA ABJISETCA HOPMUPOBAHHBIN BEKTOD
aHTHdEpPOMarHETH3MA

1= (M; - My)/|M; — Ma|,

rme My u My — HaMarHM9eHHOCTH ToApenteToK. [lpn
3TOM BEKTOp CyMMapHOit Hamarumdennoctr M = My +
+ M, urpaer poJib BCIIOMOTaTeJIbHON MepeMeHHON u
BbIpazkaercsa npocroit dhopmysioii yepes 1 u 91/9t. Ta-
KM 00pa3oM, BMECTO JIBYX YDaBHEHHUIl [Jisi HaMar-
HUYEHHOCTEH IOJIPEIIETOK MOYXKHO HCIIOJIb30BATH OJTHO
ypaBHeHue s 1.

B ornumune ot deppoMarHeTMKOB, CIIUHOBAs JIMHA~
MHUKa aHTU()EPPOMATHETHUKA SIBJISETCH WHEPIIMOHHOM.
JlarpamxuaHn mpocTelIieil BepCuu CUrMa-MOJIEN JIJIs
anTudeppoMarHeTuKa BKJIIOYAET CjlaraeMoe, KBaJpa-
THYHOE 10 BpeMeHHoil mpoussomHoit (91/0t)?, koTopoe
MOXKHO HHTEPIPETUPOBATh KAaK KHHETUYECKYIO SHEp-
ruio 1’ u 3amnmcarb B BUJIE

T:%/dr(%)z, (6)

e ¢ — da3oBasg CKOPOCTH MAarHOHOB B TOH 006J1aCTH
CHEeKTpa, TJe WX 3aKOH JUCIEPCUU SIBJISIETCs JIMHEH-

HBIM,
AHew

CcC = _—. 7

" 2ar, (7)

3nece He, — obmenHOEe moje aHTH(MEPPOMATHETHKA,

OIIPEJICJICHHOE U3 YCJIOBUs, YTO JJI M30TPOIHOIO AH-
TudeppoMarneTuKa BO BHEITHEM IT0JIe aHTHdeppoMar-
HUTHBIH TOPAnoK cymecTByeT (Bekrop 1 # 0) Tosb-
ko npu Hy < H., u paspymaerca (M| = 2My u
1 = 0) upu Hy > H, (06 ompenenernn 0GMEHHO-
ro mosst cM. mMoHorpadmuio [53]). CkopocTs ¢ ompee-
JIZETCsI TOJIbKO OOMEHHBIMYU B3aUMOJICHCTBUAMY U 3HA~
YUTEJIHHO IPEBBINIAET XaPAKTEPHYI0 CKOPOCTh MarHO-
HOB Jyist (beppOMArHeTHKa, HAIPUMED, BEJIHUUHY V) =
= worg = Y\/AHy /M, niua monenu (2). HelicrBureib-
HO, 3Ha4eHue ¢/vy ~ \/Hey/Hy U CONEPKUT OTHOIIE-
HEe DHEPI'HH OJHOPOJIHOIO OOMEHA K HEPIud aHHU30-
TpouuH. DTO CBOWCTBO ABJISETCS BaXKHBIM [IPUMEPOM
OOMEHHOIO yCUJIEHHsI JUHAMUYECKUX IIAPDAMETPOB aH-
TudeppOMarueTUKOB.

Hns «aucroros» anTHdEpPOMATHETHKA JIATPAHIKH-
aH BKJIIOYAET TOJIbKO KHHETUIECKYIO duepruio (6) u 1o-
remmanbayio suepruto W, LAFMI(] = T — W. 3a-
MeTUM, YTO HAJIMYIKNEe CHJIBHOIO MATHHTHOIO IOJIA [IPH-
BOJUT K IIOSIBJICEHUIO B JIAUDAHXKHMAHE aHTUdeppOMar-
HETHKa ClenudUIecKiX ITMPOCKOIMYECKUX CIAraeMbIX,
JMHEHHBIX 110 KommoHeHTaM O01/0t. T'mpockonmaeckue
cjlaraeMble B IPUHIUNE MOTYT BO3HUKATDL U JIJIsl HEKO-
TOPBIX aHTU(EPPOMATHETUKOB, JOILYCKAIOMIUX CJAaObIH
deppomarueTusm, HoO OHU 3alPEIIEHbI Jisi KUPAJIbHbBIX
MAarHeTHKOB, cM. [53]. Bolpaemme s craTmdeckoit
suepruu W kupaJbHOro anTudeppoMarHeTuka B Tep-
MUHAX €JIUHUYHOIO BeKTOpa | mMeer Takyio e CTPyK-
TypYy, Kak /st (heppOMArHeTUKA, U MOXKET ObITh HOJLy-
4yeHo u3 Gopmysbl (2) 3aMeroit m — 1.

BakHo 3aMeTUTh, 9TO B OOBIYHBIX (HE KUPAJIbHBIX )
aHTH(hEPPOMArHETUKAX [IPOCTPAHCTBEHHBIE U BPEMEH-
HbIE IIPOU3BOJHBIE BEKTOPa | BXOJAT B JIarpaH:KuaH B
kom6unamum (01/0t)? — ¢2(V1)2. Hammuame Ttakoit op-
MaJIbHOM JIOPEHI-UHBAPUAHTHOCTU 3HATUTEIHHO YIIPO-
IaeT aHajIu3 JUHAMUKH COJIUTOHOB, CM. HEKOTODbIE

7*
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upuMepbl B paborax [55,56] u menasuuit 0630p [54]. B
YaCTHOCTH, €CJIM U3BECTHO PEIICHHE JIJIs HEITOIBUKHO-
'O COJIATOHA JIFOOOTO THUIIA, JIBUKYIIEECs PENIEHNE MOXK-
HO TIOJIYYIUTDH Ipeodpa3oBanueM JIopemiia ¢ xapakTep-
HOM CKOPOCTBIO ¢. B wacTHOCTH, TpesieibHas CKOPOCTD
JIFO6OT0 COJIMTOHA COBNAIAeT co 3HadeHueM c. OHaKo
JUIsI KAPAJIbHBIX MAIHETUKOB HAJIUIME CJIAraeMbIX, JIU-
HelHbIX 1o TpajuenTaM |, paspymaer 3Ty JOpeHI-uH-
BapUAHTHOCTH, cM. [57]. B gacTHOCTH, 5TO IPUBOIUT K
TOMY, 9TO IPEJIEIbHAS CKOPOCTh JIBY MEPHBIX TOIIOJIOTU-
YECKUX COJUTOHOB (CKUPMHMOHOB) B KUPAJIbHBIX AHTHU-
deppomaruernkax menblie, deM ¢ [57]. C apyroii cro-
POHBI, BBIPAXKEHUsI JIJIsi MHTEPECYIONINX HAC MHTErpa-
JIOB JIBU2KEHWsI, SHEPTUU U MMITYJIbCA COJUTOHA OIIPE-
Jesistiorest pousBoabiMu 0L /0(01/0t), m KupasbHbIe
MHBAPUAHTHI HE U3MEHSIIOT UX (POPMBI.

Kaxk u B 110601t TOPEHIT-MHBAPUAHTHOCTHON TEOPHH,
SHeprus 1oJd BeKTopa | 11 anTndeppoMarneTnka siB-
JIdeTCd CyMMOII KWHETUYECKOI 1 IIOTEHIINAJIbHOI SHep-
ruii,

EAFM) 4y,

Benmuunna uMnysibca (Ha QUHUILY NJIOMANA CTEHKH) He
COJIEPKUT BKJIa/Ja KUPAJbHOT'O MHBAPUAHTa U OIpele-
JisieTcsl BbIpaKeHneM, XapaKTePHBIM JJIs JIOPEHII-UHBa-

PUaAHTHOI Teopuun
()

3amMerum, OIHAKO, YTO HAJMINE KHPAJHHOTO WHBAPU-
aHTa IIPUBOJUT K HAPYIIEHUIO CTAHIAPTHBIX JJId JIO-

ol ol

A
(AFM) _ _ A ol ol
P ot Ox

c2

(8)

PEHI-UHBAPUAHTHOCTHON TE€OPUU COOTHOIICHUI MEXK Ly
UMIIYJIbCOM U Heprueil, CM. HUzKe pasJ. 4.

3. IMHAMUKA JOMEHHOI1 CTEHKU B
®EPPOMATHETUKE

151 KOHKPETHOT'O aHAJIM3a COJUTOHHBIX PEIIeHUi
y/IOOHO MCIOJB30BATH YIJIOBBIE MIEPEMEHHBIE Tl €JTh-
HUYHOrO BekTOpa m (mau BekTopa 1 mia anrudeppo-
MArHeTHKa), HAIPUMep

m, = cosf), m,; =sinfcosy,

9)

m, = sin @ sin .

IIpuBenem sBHBII BUJ DYHKIMOHAIA SHEPIUU KH-
PAJIbHOTO MarHeTuka (2) 4epe3 3TH yTJIOBbIE epeMeH-
HbBIE JIJI OJHOMEPHOT'O PeIleHus:

WMﬂ:/m{

— D(#' cosp — ¢’ sinf cosfsinp)| .

A

K
3 [(6")%+(¢")? sin” 0] +5 sin? 4,

(10)
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31ech U gajee MTPUXOM 0O003HAYEHA MPOU3BOIHAS IO
&, BCe BEJIMYMHBI TPUBOAATCHA HA EIUHUILY ILIOIIAIN
crenku. JIBmxkymmasca 180-rpajycHast njockas JOMeEH-
Hasg CTEHKa OIMCHIBAETCH DEIIeHUSIMU THIIA IIPOCTOI
BOJIHBI, JIJIgd KOTOPOil

0(%),

¥ — CKOPOCTh CTEHKHU. Y paBHEHUs jJist 6 U (o TpUHUMA-

0

@:@(f), § =z —ut,

IOT BHJ] CHCTEMbI OOBIKHOBEHHBIX JuddepeHnnaIbHbIX
ypasaeruit. Ocb 2z sIBJISIETCs JIETKOI OChI0 MArHETHKA,
T.e. § =0 u 0 = 7 o o6e CTOPOHBI OT JOMEHHOI CTEH-
ku. st onpesesieHHOCTH, OyJIeM CYATATh 4TO 6 — T
npu & — +oo u 0 — 0 npu £ — —00. YpaBHEHUs st
0 v p IPUHUMAIOT BUT

Af" —sinfcost [K + A(¢')?] —

— 2Dy’ sin? @sin ¢ + v(M,/v)¢ sinf =0, (11)

A(p' sin? 0) 4 2D6’ sin” O sin ¢ —

—v(Mg/v)0'sinf = 0. (12)

OTa cucreMa ypaBHeHUIl (GDOPMAaIbHO SKBUBAJIEHT-
Ha MeXaHWYeCKOH 3a/iade O JBUKEHUU MaTepUuaJbHON
TOYKH [0 IIOBEPXHOCTH Cepbl PN HAJIMYUH JABYX I'U-
DPOCKOIIMYIECKUX CJIATAEMbBIX PA3JIMIHON IIPUPO/IBI, OTHO
U3 KOTOPBIX MPOMOPIIHOHAIBLHO TAapaMETPy KHPAJIbHO-
crtu D, a Ipyroe — CKOPOCTU CTEHKHU V. 3/1eCh epeMeH-
Has & UrpaeT poJib BpeMeHH, KOHCTaHTa A — PoJIb Mac-
CBbI, 8 CKOPOCTH VU SIBJISIETCs IIAPAMETPOM, KOTODBIi, B
YaCTHOCTH, OIIPEJIEJISIET XapPaKTep 0COOBIX TOYEK yPaB-
HeHUl. DTa 3a/1a9a UMeeT JBe CTEIeHU CBODOJBI, JJIs
HEe MOYKHO ITOCTPOUTH OJWH ITE€PBbI WHTErPAJI

A K
Q=75 [(6')% + (¢)?sin® 0] — o) sin? 4, (13)
Ha pelleHnH Tulla creHku 3HadeHue (Q = 0. JlomeH-

HOIi CTEHKE OTBEYaeT TeTePOKJINHUYIECKAsT CeIapaTPUC-
Hasl TPAEKTOPHUs, COEIUHSIONAs IBA TOJIOXKEHUsT PAB-
HoBecus, m = e,, 0m/9{ = 0um = —e,, Om/J¢ = 0.
Bropoit unrerpast aBuKeHUsT, HAXOISIIUNACS B THBOJIIO-
mun K (13), anist cucremsr (11), (12) mocrponTs He yiia-
ercsg. Kak Oy/er moxkazaHo HUKe, JIAHHAS MeXaHHUYe-
ckas 3a7a9a (B OT/IMYMe, HAIPUMED, OT 3aJ1adn YOKe-
pa, KOTOpasi OMHUCHIBAET JIBUKEHHE CTEHKU B JIBYXOC-
HOM (bepPOMArHETUKE) He SIBJISIeTCA UHTerpupyemoii. B
9TOM CjIydae ee oOIuit aHAJIN3 MOXKET ObITH MTPOBEICH
TOJILKO YHCJICHHO.

Uckimovyennem sBIseTCs CIIydail HEIIOIBUZKHON 10~
MeHHO# crenku (v

= 0). B aromM ciiydae Jierko Haii-

TH JABa PEIICHUs, KOTOPBIM COOTBETCTBYIOT IIOCTOSH-
wble 3HadeHns ¢ = 0 u ¢ = 7. g oboux perreHuit
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upoduin crenku 6(£) He 3aBUCUT OT BBIGOPA 3HAYECHUA
yIJIa U ONPEIEISeTCs CTAHAAPTHON (hOopMyJIOit

—th(E/x0), x0 = VAJK,

rJie To OIpeJie/isieT TOJIIUHY JoMeHHOH crerku. Jlaee
JLJISL OTIPEJIEJIEHHOCTH cauTaercs, uro §(§ — —oo) — 0,
0(¢ = +00) — m, 1o ecTh B crenke #'(£) > 0.

Jlerko mokasaTb, YTO SHEPrusi HEMOJBUXKHON O-
MeHHO creHku onpenessierca dopmyiaoit E(v = 0) =
= 2FEy — D cos g, e Fy = VAK u o obo3HAYAET
JBa 3HaUeHUd yIia ¢ B cTeHKe ¢ v = 0, 9 = 0 mwm
o = . Jlerko BugeTh, uro pu D > D., Tie KpUTH-
YeCcKOe 3HAUYCHUE

cos6(§) (14)

2

D.= ZVAK ,
™

HepPrus CTEeHKN ¢ MUHUMAJIHLHON HEPTUeil CTAHOBUTCS
orpunarenabHoit. leficrBurenbuo, npu D > D, Tepmo-

(15)

JIMHAMUYECKN YCTONYMBA CIMpaJibHast cTpyKTypa. O
HOpOJHOE cocTosiHue ¢ § = 0, T, B KOTOPOM MOZKET Cy-
MEeCTBOBATh YEIMHEHHAs! CTEHKA, SABJISETCA OCHOBHBIM
COCTOSTHUEM CHUCTeMbI TOJbKO Tipu D < D., u nanee
OrPAHUYMMCS MCCJIEIOBAHNEM TaKUX MarHeTuKoB. OT-
METHUM, OJJHAKO, 9TO MArHOHHBIE YACTOTHI BEIECTBEHHBI
npu jroboM 3HadeHuu D, 1.e. ipu D > D, onpHOpOIHOE
COCTOSTHUE yCTOWYNBO OTHOCUTEIBHO MAJIBIX BO3MYIIIE-
HUii, T. €. ABJIAETCA METACTAONIHLHBIM.

VobIBaHUEe OTKIOHEHUS HAMATHHYEHHOCTH OT PaB-
HOBECHOTO 3HAUEHUS BJAJHM OT COJTUTOHOB JIFO00TO THIIA
(IOMEHHBIX CTEHOK WJIU JIOKAJU30BAHHBIX COJUTOHOB)
SIBJISIETCsI SKCIIOHEHIMAJBHBIM, sin 6 « exp(—k|¢|) npu
& — =£00. DTO NOBEJIEHNE TIPOIIE BCETO UCCJIEIOBATD
C TIOMOIIBI0 AHAJIUTUIECKOTO IPOJOJIZKEHUsT CIEKTPa
cimHOBBIX BOJIH w(k) B 06J1aCTh KOMILIEKCHBIX BOJIHO-
BBIX BEKTOPOB W 9YacTOT, k — ik, w — ixv [58,59]. B
ob1eM caydae st Mojiesielt (peppoMarueTukoB u dep-
PUMArHETUKOB CYIIECTBYIOT JBE XapaKTEPHBIE CKOPO-
crn, v v () < ) TIpu ckopocrsx commuro-
na 0 < |v| < v(7) Besmrumnma K BemecTsennas. B Tepyu-
Hax GazoBOro NPOCTPAHCTBA cUCTeMbl ypasuenuit (11),
(12) sT0 03HAUAET, UTO MOJIOKEHUSIM paBHOBecHst ) = 0
win § = 7 oTBeYarOT 0COObIe TOYKHU THIIA ceijio. [Ipu
v7) < v < o) Bemrumma Kk mMeer HEHYJIEBYIO MHU-
MyI0 9acTh, kK = k' =+ ik”, T.e. acuMmTOTHKA COMNEpP-
JKUT 3aTyXAOIINAE OCIAJIIAIAN U TTOJIOXKEHNs PABHOBE-
CcUsl TIPEJICTABIIAIOT CODOM 0CcOObIe TOYKU THUIA CEJIJIO-
doxyc. Ecom e [v| > v, to Bemrauna £ ancro mMum-
Mas, T.€. BOJHOBOH BEKTOD BEMICCTBEHHBINA U COJIATO-
HBI THIIA IPOCTO# BOIHEI oTcyTeTByIoT. CkopocTs vt
COBIIQJIAET C MUHUMAJIBHONU (ha30BOM CKOPOCTHIO MAar-
HOHOB, T.€. OTCYTCTBHE COJIMTOHHBLIX PENIEHUH CO CKO-
poctsivu |v| > v(H) orBewaer ecrecTBennOMy yCIOBHIO
OTCYTCTBUS I€PEHKOBCKOTO M3JIyIeHUs] MArHOHOB.
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JIist yOKEPOBCKOIO peIieHusl B JIBYXOCHOM (hbeppo-
marmeruke lnevan [58] ormermt, uro Bemmanna v(~)
COBIIQJIa€T C IIPEJEJIbHON CKOPOCTBHIO JOMEHHOHU CTEeH-
KH. DTO TPEJIIOJIOKEHNEe UCIOIH30BAJIOCh IIPU aHAJIU-
3¢ Pa3/JNIHBIX MATHETHKOB CO CJIOXKHON MATHUTHOIM
cTpykTypoii [59]. Brocsencreun 6p110 TOKA3aHO, 9TO
comagenne v(7) U v, SBISETCS B HEKOTOPOM CMBIC/IE
CIIYIAHBIM ¥ O0YCJIOBJIEHO TEM, UTO CHCTEMa yDAaBHE-
Huit (11), (12) 11t 3a7a9u YoKepa sIBIIS€TCST TOYHO MH-
TerpupyeMoii TaMuIbTOHOBOM cucteMoit. /Ijst aToit 3a-
Jaqu OB TMOCTPOEH JIOTIOTHUTEIHHBIN WHTErpasl JBU-
JKeHusl, Haxogamuiica B uasosornun K (13) [60-63]. He-
TAJILHBIN aHAJIN3 ODIIX CBOMCTB (pa30BOTO MTPOCTPAH-
CTBa FAMUJIBTOHOBBIX HHTEIPUPYEMBIX CUCTEM C JBYMSI
crenensMu c3o6oabI mokazal [64-66], uro ecim s Ta-
KHUX CHCTEM OCOOBIE TOUKU SABJISIIOTCS CEJI0-(POKYCAMH,
uro umeer mecro npu v(7) < |v| < vF) 10 BCe Tpa-
€KTOPUHU, BBIXOJAIIIE U3 HEKOTOPOIo CceIo-(poKyca, B
HEro »Ke W BO3Bpamaiorcs. [Ipu aromM He cyIiecTBy-
eT TPaeKTOPHil, WYX U3 OJHOr0 ceJio-hoKyca B
JIDYTOM, T.€. PEIleHns] TUIa CTEHOK OTCYTCTBYIOT. e
TEPOKJINHUYIECKNE CellapaTpPUCHbIE (a30Bble TPACKTO-
pUU, OIMCHIBAIONINE CTEHKHU, CYIIECTBYIOT TOJBKO JIJIsT
0CODBIX TOYEK THUIIA CEJJI0, YTO COOTBETCTBYET YCJIOBHIO
|v| < v(). Takum 06paszoM, IS BCEX HHTErPHPYEMBIX
CHCTeM IIpejie/TbHasl CKOPOCTh CTeHKH copmagaer ¢ v{ ),

Ecnn e mis HEKOTOPOTO MarHeTHKa ypPaBHEHUS
st 0(8), (&) me obsagaT CBONCTBOM TOYHON MHTe-
TPUPYEMOCTH, TO BEJMYNHA MPEJIEIHHON CKOPOCTH 10~
MEHHOIT CTeHKH MOYKET He COBIaIaTh ¢ v\ ~), oHa MoKeT
6bITh Goutbine, gem v(~). B wacTHOCTH, Takoe moBeIe-
HUe HANJIEHO JJTsi IOMEHHON CTeHKH B (peppOMATrHETUKE
BO BHEIITHEM MArHUTHOM I10JI€, IEPIEHUKYISIPHOM OCH
JIEPKOT0 HaMarHnanBaHus [67]. PaccMOTpeHHbIH B 1aH-
HOI paboTe KUpaJbHBI (PepPPOMATHETHK C OTHOOCHOM
AHU3OTPOIHEN SIBJISETCS SIPKUM IIPUMEPOM TAKUX CH-
creM. JIjis HEro aHaJuTHYECKOe Ipojosrkenue (3) gaer
ikv = wo(l — 23K?), T.e.

2xok = iv/vy £/ (v/v9)? — 4,

IJIe UCIOJIb30BAHO BBEJIEHHOE BBINIE 3HAYEHUE g
= yroK/Ms; = vHyxg = woxo. Takum obpasom, 3Ha-
gerns v(7) = 0 u v = 2ug, T.e. MoHOTOHHOE TIOBE-

(16)

JieHHe pertenus, npu koropom My, M, x exp(—¢§/xo),
cum. (14), nmeer mMecto TosbKO ipu v = 0.

JIJTst 9UCIIEHHOTO WCCJIEOBAHUS YA0OHO HCIIOTH30-
BaThb Oe3pasMepHbie TIepeMeHHble, U3Mepsisd £ B eTMHU-
1ax g, CKOPOCTb ¥ B €IUHUIIAX Vg, & KOHCTaHTY J[3s10-
muuckoro D B eqununax Ey =  AK. Takum obpasom,
[IpY TAHHOW CKOPOCTU XaPAKTEP PEIIeHUsI OIPE/IeIsIeT-
cst oHUM GespasmepHbIM mapamerpoM D/ Fy (Hamom-
HUM, 4TO Kpurudeckoe 3uadenue D./FEg = 2/m).
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YuceHHoe TOCTPOEHUE PEIIeHU, OMUCHIBAIONIIX
JIBIKYIIYIOCS JIOMEHHYIO CTEHKY, YITPOIIAETCS TEM, ITO
B pamkax ypasuenuii (11), (12) onu umeror onpezeseH-
HYIO CUMMETDHIO, & UMEHHO, cos (&) aBiseTcs Heder-
HO, a (&) n sin§(§) sBasrorcst YeTHBIME (DYHKIUAME
&. CraenoBarelibHO, (Da30BbIE TPAEKTOPHUH, OIIPEIEJISIIO-
e JOMEHHBIE CTEeHKH, IPOXOJIST Yepe3 MOBEPXHOCTD
cummerpun cos = 0, ¢ = 0. Y cocTostHIST pABHOBECHUS
0 = 0 mmeercs JByMepHOE HEyCTOWYMBOE MHOI00ODa-
3me, T. €. CYIECTBYET OJHONAPAMETPUIECKOE CEMEHCTBO
TPAEKTOPHUil, BBIXOISAINX 13 Hero npu £ — —oo. s
BCEX 9TUX TPACKTOPHUIl CymIeCTBYyeT TOYKa, B KOTOPON
cosf = 0. DTU TPAEKTOPUH MOXKHO IAPAMETPU30BATDH
3HAYEHUEM BEJIMYUHBI (Dgyt. 1TOOBI HAUTH PENIeHne TU-
a CTEHKW, HAJIO TaK MOJ00paTh 3HAYEHUE BEJUIUHBI
Yout, ITOOBI B TOM ke Touke &, rje cosf = 0, ogHOBpe-
MeHHO obpamasach 66l B Hysab Besmanda @' = 0. s
9T0T0, (HAKTUUECKH, HAJIO PEIIUTH OJHO YpPABHEHUE C
OJIHUM HEM3BECTHBIM, 9YTO JIETKO PEAN30BATDH THCJICH-
Ho. Pazimanbie mpuMepsl perennst 3a/1a9 O JIBUKEHIH
JIOMEHHBIX CTEHOK MOXKHO Hafitu B paborax [67-69].
B jannoit pabore uCIOIH30BasCH HAJIEKHBIR U IIPO-
CTOI MeTOJ1 IIPOJOJIKEHNs 110 HapaMerpy (MeToJ| [Ipo-
nosekenus Kesnepa [70]). B pesynbrare npumenenus
9TOro MeTosa Jyist KaxKaoro suadenus D/Ey, T.e. mis
PA3IMYIHBIX MATHETUKOB B paMKax MOeNH (2), MOXKHO
TIOCTPOUTDH BCE MHOT00Opa3ne JJOMEHHBIX CTeHOK. Ecn
peleHne HaiiIeHo, MOYKHO BBIYUC/IUTH WHTETPAJIBI JIBU-
KeHus, dHepruio K u mMmmyabc P 1OMeHHOW CTeHKH.
O6cyuM pe3ysibTaThl aHAJIN3a CTPYKTYDPBI, SHEPTHH U
AMITYJIbCA JOMEHHBIX CTEHOK.

[Ipexxse Bcero, OTMeTHM, YTO OJHOMY 3HAYECHUIO
CKOPOCTH COOTBETCTBYIOT J[BA TUIA CTEHOK C PA3JINI-
HBIMU SHEPIUsMH, T. €. 3aBucuUMOcTh F = F(v) u3obpa-
JKaeTcd 3aMKHYTOI KpUBOil, copepzKalieil 1Be BeTBU —
BEPXHIOK U HIKHIOI, CM. puc. 1. 9TO CBOCTBO siBJIsi-
ercst ODIIUM JIJIsT MI3BECTHBIX HAM CTEHOK B Pa3JIMIHBIX
deppoMarseTukax, B YaCTHOCTH, HJIOXOBCKOM 1 HEeJIeB-
CKOH BETBSIM CTEHOK JIJIsI YOKEPOBCKOI'O DEIIEeHUs JIJIst
JIByXOCHOTO (heppPOMarHeTuKa. DT BETBU HAYNHAIOTCS
C ONMCAHHBIX BBIIIE JOMEHHBIX cTeHOK ¢ v = (. CTeHKa
¢ sHeprueit E(v = 0) = 2Ey — 7D u 3HaueHneM ¢ =
= 0 cOOTBETCTBYeT HAMMEHBIIEMY 3HAYEHUIO SHEPTUU
U HIDKHeli BeTBH, a credka ¢ E(v =0) = 2Ey+ 7D u
= T — HaubOJIBbIIEMY 3HAYCHUIO SHEPIUU U BEpXHe
BeTBH 3aBucuMocTH F = F(v). Hanmomunm, ato 3Have-
HUsI BCEX SKCTEHCUBHBIX BEJUYMH, TAKUX KAK SHEPIUs
WA UMILYJIbC, IIPUBOJISITCS HA €IMHUILY TLIOIIAIN CTEH-
KU.

[Tpu yBesimaeHnn CKOPOCTH JBUZKEHUSI CTEHKH SHEP-
IUSl JIJIsl CTEHOK HUXKHEH BETBU yBEJIMIUBAECTCH, & JIJIs
CTEHOK BepXHeil BeTBU yMeHbINaeTcst. AHAIN3 IT0Ka3al,
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E/E,

1.0
v/,

-1.0 -0.5

Puc. 1. 3aBucumocTb 3Heprum AoMeHHol cTeHkm (B efuHMLax

Eo) oT ee ckopocTu (B €ANHNLAX Vo) NMPU Pa3ANHHbIX 3HAYEHN-

sx D/Eq (ykasaHbl okono KpuBbix, 3HadeHne D/Ey = 0.6366

6an3ko k kputudeckomy, D./Ey = 2/7). CuMBO/bI — AaHHble

YMCNIEHHOrO CHETa, JIMHUN MPOBELEHbI COMNACHO NPUBINKEH-
Hoii chopmyne (21)

v, /v,

1.0

0.8

0.6

0.4

0.2

0.2 0.4 0.6 2/

DNAK
Puc. 2. 3aBncuMocTb npeaenbHoli CKOPOCTU JOMEHHOMN CTeH-
Ku ve (B eAnHMUAxX vo) OT KOHCTaHTbl J3snowunckoro D (B
eanHnuax Ey). CuMBoNbI — AaHHbIE YNCAEHHOTO CHeTa, LWTPU-

X0Basi KpacHasi NPsIMas INHNS OTBEYaeT NnHeliHol 3aBncMMo-
ctu (16)

YTO PElIeHUs] THIA JIOMEHHBIX CTEHOK HMCYE3aI0T DU
JIOCTATOYHO GOJIBINNX 3HAUEHUSAX Hapamerpa |v|, T.e.
BO3MOXKHBIE 3HAYEHHSI CKOPOCTEH CTEHKH U HE MOTYT
[PEBBIMIATL UPEAEIHHOr0 3HAYEHUSA Ve, || < v.. Ilpu
v = v, aBe BeTBu 3aBucumoctu E = E(v) cauBarorcs,
T. €. JIOMEHHBIE CTEHKU C U = U, MJEHTUYHBI, CM. pHC. 1.
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OkazaJioch, 9To BO BCell IOIyCTUMOM 00J1acTH 3HA-
qennit D < D, 3aBUCHMOCTD MPEETbHON CKOPOCTH OT
KOHCTaHTH! JI34JI0NINHCKOrO ¢ 0YeHb BBICOKOI TOYHOC-
THIO SIBJISIETCS JIMHEWHO, cM. puc. 2.

DTy 3aBUCHMOCTb MOXKHO OTHUCATH (DOPMYJIOit
D

Vo —
D’

wyD
’Uc = =
2M,

(17)

T.e. ipu D = D, 3HaveHne v, = Vg U COCTABJSET IO-
JIOBUHY MUHUMAJIBHOI (ha30BON CKOPOCTA MATHOHOB.

[Tpu BBIYKCICHNE UMITYJIbCA CTEHKU P mmeeT MecTo
pobJieMa, CBs3aHHAS C CHHIYJIAPHOCTHIO BEKTOD-IIO-
reanuasa A. [Tojnoxkenne CUHTYIISIDHOM TOYKHU JJTsT TIO-
TeHnuasa Buna (4) onpenensercs HAIPABICHUEM BEK-
ropa n (crpyust Jupaka), Mging —n. ToMmenmyio
CTEHKY MOYKHO HAIJISIHO IIPEICTABATH KAK TPACKTO-
puio Ha cdepe m? = 1, BLIXOIAIIYIO U3 OIHOTO HOJIIOCA,
(craxkeM, m = —e,) U BXOJAIIYIO B Apyroil (m = e,).
Benmuuauny P moxKHO 3ammcaTh B BUjie WHTErpaJja o
3TOU TPACKTOPHUU:

P=- / A(m)(9m/9€) de =

m=—e,

A(m)dm. (18)

m=e,

J1J1st TaHHOTO MATHETHUKA ITpU JTF0O0M BBIOOPE N XOTsT
OBl O/IHA U3 TPAEKTOPHIl, OTBEYAIONINX CTEHKE C HEKO-
TOPO# CKOpPOCThIO —V, < v < v, HOIQJIeT Ha TaKyIO
CHHTYJISIpHYIO TOYKy. KpoMe TOro, BOZHUKAET 3aBUCHU-
MOCTh P oT BBIOOpa KaJIMOPOBKH.

IIpssmoe BbIUMC/IEHE UMITY/IbCA HA OCHOBE (hOpMY-
Jibl (5) ¥ YUCJIEHHOIO MHTErPUPOBAHUS PEIEHUS TOKA-
3aJ10, OJTHAKO, UTO JJIs TAKUX TPAEKTOPUil, KOTOPbIE HE
[IOMA/IAI0T B MAJIYI0 OKPECTHOCTH CHHTYJISIPHON TOUYKH
Mg, (006480 570 3Hadenus Av < 0.0lvg), umrer-
paJjl JIETKO HAXOJIUTCS W UMITYJIbC SBJISIETCS PEryJisip-
Hoit pyHKIMEr CKOPOCTU TOMEHHOUW cTeHKU. PeasbHO
HCIIOJIb30BAJINCH PACIETHI JJIs JBYX HAIPABJICHU N, a
umenso, n = (0,1,0) n = (1,0,0). danee qyst Boccra-
HOBJIEHUsI 3aBHCUMOCTH MMITYJIbCA OT CKOPOCTH MOXKHO
UCIIOJIB30BATH TOT (PAKT, UTO PA3HOCTh BemIuH P jiis
JBYX pa3jM9YHbIX CTEHOK, P| u Py, onpesesnsercs naTe-
paJioM 0 3aMKHYTOMY KOHTYPY

ITo Teopeme CTOKCa 3TOT MHTErPAJ PABEH MOTOKY BEK-
TopuoTO 10T B = rot A gepe3 obJiacTh, orpaHuIeH-
HYIO 3THMHU JIByMsI TPaeKTopusimu, T.e. AP sBisier-
¢l KambpOoBOYHO-UHBAapUaHTHOMN Besmaunoii [40,41]. C
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P/P,

Puc. 3. lMony4yeHHass YNCNEHHO 3aBUCMMOCTb MMMyAbCa AO-
meHHol cTenku (B eguHnuax Py ) oT ee ckopocTu (B eanHmuax
Vo) ANs Tex e 3HadeHnii D/Fo, 4to Ha puc. 1

y4eTOM TOro, 4ro rot A = mM, /v, 9ra BeauduHa onpe-
JIEJISI€TCsT MHTEIPAJIOM 10 YIACTKY ChepHI,

AP = (MS/’y)/siDGd@d(p.

Wurerpan ang AP, B omimdume OT COJEPYKAIIETO
BeKTOp-ToTeHnuas A wunTerpasa iasa P, saBiasercs
U30TPOIHBIM B INIOCKOCTH Mg, My. B cuily aTux c000-
PaKeHui MOXKHO HAWTU Pa3HOCTb 3HAYECHUN MMIIYIbCa
IpY pa3HBbIX HAIMPABJIEHUSX CTPYHBI. B wacTHOCTH,
JUIS IBYX WCIOJIb30BAHHBIX BBIIIE HAIIPABJIEHUN 3HA-
YEHUsI WMILYJIbCa JJIss HEKOTOPOW CTEHKW JIOJIZKHBI
pasimuarhes Ha Beamuuny wMg/y. Dro 1m03BOJSIET
BOCCTAHOBHUTH 3HAYEHUs] WMILYJIbCA JJIs CTEHOK C
TPAEKTOPUAMU, TPOXOIAINUMY BOJIN3U CHHTYJIAPHOCTU
JJIsT OMHOU M3 KAJMOPOBOK, 3a CUYET WCIIOJIb30BAHUS
JAHHBIX I Ipyroi kayunOoposku. Hailinennass TakuMm
obpaszom 3aBucuMocTb P(v) mpeicraBieHa Ha puc. 3.
st HATJISTHOCTY MCIIOJIb30BAHO YCJIOBUE, UYTO CTEHKE
¢ MUHHUMaJbHON 3Heprueit (v = 0, ¢ = 0) orBedaer
suadenne P = 0.

PasnocTs MMIIyIbCOB HEIOJABUXKHBIX CTEHOK BEPX-
Hell W HUKHEN BeTBell OTBeYaeT MHOJIOBUHE ILJIOIAINA
cdepnr u pasaa Bemuune P = 27My /v = Py/2, a 3a-
BHCHMOCTH SHEPIUU JIOMEHHOI CTEHKU OT ee MMIIYJIbCa
SIBJISIETCS TIEPUOIMIECKOI,

E(P+ Py)=E(P), Py=4wM,/~. (19)

Suagenne mepuoga Py Ijid CTEHKU B KUPAJbHOM
MarHeTuKe B /Ba pas3a 0oJible, 4eM 1 hbeppoMarte-
THKa C JABYXOCHOW aHU30TPOIMEd. 3aMeTuM, 4TO 3Ha-
9eHUsI [EPUOJIA TI0 UMITYJIbCY JJjIs CTEHKU B UHUCTO O/I-
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E, v
4-

0.5
P/P,

Puc. 4. 3asucumoctsb sHepruu (B egununax Ey) u ckopocTn
(B eguHULAx v;) BOMEHHON CTEHKM OT ee uMnynbea (B eauHm-
uax Pp), CUMBObI — AaHHbIE YUCIEHHOTO pacyeTa, CNOLWHas
KpacHasi nmHus — 3asBucumoctb E(P), HaligeHHas ¢ nomo-
b0 MONTYHEHHON HMKe NpubnkeHHol opmynbl (22). Tony-
6as nuHns — 3asucumocTb v(P), nocTpoeHHas anddeper-
LMpoBaHuneM HaiigeHHol yncneHHo dyHkunu E(P) Ha ocHose
ypasHerusi Flamunstona v = dE(P)/dP

HOMEDHOM MArHETHUKE (CIIMHOBOI IENOYKE) MOKHO 3a-
nucaTh Kak Py chein = 47hs/a, toe s — couH aToMa
U a4 — PACCTOSTHUE MEXKJy CIHUHAMHU B IemovYke. UToObI
[IPUBECTU B COOTBETCTBUE JAHHBIE /It 00BEMHOTO Mar-
HETHWKA U IEMOYKN WCIOJb30BAHO COOTHOIIeHne My =
= gups/aSy, rue 00beM, IPUXOISAIIMIACS Ha OJMH CIIVH,
3almcaH Kak aSy, Sy — IJIOIIA/b IIOIIEPEYHOrO CeYEHUSI
KPUCTAJIIA, TPUXONAIIASACS HA OJIHY IEMOYKY, & TAKXKe
YUTEHO, 9T0 ¥ = gup/h. IHTepecHO OTMETHUTD, ITO ISt
ciuHa § = 1/2 BesimumHa [1€PUOJIA COBIIAJAET C Pa3Me-
POM TIepBOIT 30HBI Bpuiaiosna aTOMHON TIETOYKY.

Basucumocts E(P) (3aKOH JHUCIEPCHH CTEHKH)
npejicraBiieHa Ha puc. 4. s gemoHcTpamum mpa-
BHJILHOCTH BBIGOPa (POPMBI BHIPAYKEHUS sl UMITYJIbCA
U KOHTPOJIsI TOYHOCTH CYETa IOCTPOEHA TaK¥XKe 3a-
Bucumocth v(P), Halinennas muddepenupoBanuem
qucsienHolt 3apucumoctu E(P) u ypasHeHust TaMuiib-
dE(P)/dP. Pucynok 4 nemoHCTpUpYeET
XOPOIIIEe COTJIACHE BCEX JIAHHBIX.

TOHa vV

[TpunnunmansbHo BaykHO, 4TO 3aBUCHMOCTL F(P)
JUIsl JIOMEHHBIX CTEHOK B (DEPPOMArHETHUKE B IIPEJEIIaX
OJIHOTO TIEPHOJIa OJIHO3HAUHAS, T.€. KayKJIOMY 3HAUe-
HUIO HMITYJIbCA OTBEYAET TOJILKO OJHO 3HAUEHHE SHED-
run. QakTUIecKH, BepXHEH U HUKHEH BeTBAM (ByHK-
mun E(v) COOTBETCTBYIOT pasJIMYHBlE 3HAUEHUS HM-
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nyiabca P, 9ro 00yciaaBiInBaeT yCTOIUBOCTD BCEX CTe-
HOK, B TOM YHCJIe OTHOCSIIUXCS K BEPXHEl BEeTBU JBY-
sHauHoOll 3aBucumoctu F(v), cMm. puc. 1.

YucneHHbI aHajn3 3a/@du O3BOJISIET yCTAHO-
BUTH OCHOBHBIE 3aKOHOMEDHOCTH JUHAMUKHU JOMEH-
HBIX CTEHOK B OJHOOCHOM KHPAJHHOM (hbeppoMarHeTu-
Ke JjIsl KaXkKJIO0r0 KOHKPETHOI'O 3HAYeHUsl IapaMerpa
D/Ey. Opuako BecbMa KeJaTeJbHO UMETh HPOCTbIe
aHaJIMTHIecKie (DOPMYJIbI, OMUCHIBAIOIINE JTHHAMUIIE-
CKHUe XapaKTePUCTUKU CTEHOK. Takas BO3MOXKHOCTD
BCerjia MPUCYTCTBYET B TOM CJIydae, KOTJIa B3auMO-
JieficTBre, pa3pyIaolniee COXpaHEHUE Mz(wt), SIBJISIET-
cs CJIADBIM TI0 CPABHEHWIO C OJIHOOCHON aHW30TPOIHU-
eit, Hnon—uniamial < Ha- Ecmn Hnon—uniawial 07
TO v, = 0 U CTEHKAa HE MOYKET JIBUTAThCsl, IIPA TOM
cTpyKTypa Jomennoi crenku 6(£) onucoiBaercsa ¢op-
MyJIO# JJId HENOJBUXKHON CTEeHKHU, a 3Ha4YeHue YIJIo-
BOii mepemeHHOI ¢(£) = const MoXKeT ObITH IPOH3-
BosbHBIM. Ecmm ke Hpon—uniazial HE PABHO HYJIIO, HO
Hon—uniazial/Ha < 1, npeneibHas CKOPOCTb, KO-
TOpasi JMHEHHO 3aBHCHAT OT XapaKTEPHOIO MapaMeT-
pa «HEOIHOOCHOCTH», MaJa. [Ipu Manbix Hyon—uniazial
CTPYKTypa JOoMeHHOI crenku 0(€) npub/amKeHHO Onu-
chiBaercs Toit xke dopmystoit (14), 9ro st HenoaBUK-
HOIt cTeHKH. MOXKHO TaK»Ke CUNTATh, ITO YIJIOBasl Ie-
pemenHast ¢(§) MeJJIEHHO MEHsIeTCsl B IPeJIeiaxX CTEeH-
KM, U MOYXKHO 3aMEHHUTH €€ Ha IOCTOSHHOE 3HAYEHUE
[IpU pacdere SHEPIUU U UMIYJIbCa CTeHKH. EcrecTBeH-
HO, IIPU 9TOM JHEPIHUsi CTEHKHU CJIaD0 3aBUCHUT OT IIa-
pameTpa Hnon—uniazial/Ha < luor CKOpPOCTH CTEH-
ku. IlogpobubIil anaIn3 MPUMEHUMOCTH STUX TPUOJIU-
JKEHUN IIPOBEJICH JJIsi HEMHTEIrPUPyeMOoi 3a/1a49U O JIBU-
JKEHUHU JIOMEHHOW CTEHKHW B (peppPOMATHETHUKE MpPU Ha-
JINIUH BHEITHero 1oJjist H ), meprueHauKyJIsipHoro Jier-
Kot ocn [67]. Kak u 0:KUIAaI0Ch, BCe 3T NPUOJIMKEHUST
XOPOIIIO COOTBETCTBYIOT JAHHBIM YUCJIEHHOI'O aHAJII3a
npu H, <0.4H,.

B nammem cirydyae 0JHOOCHOIO KUPATBLHONO MATHETH-
K& MMEeET MEeCTO MHTEPECHAs OCOOEHHOCTD: ONMUCAHHBIE
BBIIIE TPUOJIMKEHUST CIIPABE/JIMBLI He TOJIHKO ITPU Ma-
JbIX D, HO M AJj1d BCeX aKTyaJbHBbIX 3Hadenuit D < D,
(manomuunm, uro upu D = D, sueprus crenku E 06-
paIaercs B HyJIb, TaK 9TO 9TO 3HAYEHUE HUKAK HEJIb3sI
CYUTATH MAJIBIM). DTO MO3BOJIMIIO IIOCTPOUTH IPUOJIU-
JKEHHOE PeIlleHne, HAWTU 3aBUCUMOCTH HEPIUUA U UM-
MyJIbCa JOMEHHON CTEHKHM OT €€ CKOPOCTH H 3aIhCaTb
3aKOH Jpcnepcny creHku E(P) B BH/ie IPOCTHIX aHAJIN-
Tudecknx Gyukiuit. OJHIM U3 yKa3aHUil Ha 3Ty Clie-
nnduKy SBJSETCS JIMHEHHAS 3aBUCUMOCTD IPEJIeIbLHOM
ckopoctu ot D mpu Bcex D < D., cM. puc. 2.

YT00bI MOSICHUTDH 3Ty OCOOEHHOCTDH, OOCY UM Hali-
JIEHHYIO YUCJIEHHO CTPYKTYPY JIOMEHHOl CTEHKU B HAU-
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sin® 0, o/

v .
v S1 @y
\ ¥

6
57 x(]

Puc. 5. PacnpegeneHns HAMarHMYeHHOCTN B AOMEHHbIX CTEH-
Kax, ABUKYLIUXCS C Pa3sHbIMU CKOPOCTSIMW, @ UMEHHO, U =
= 0.5v. ANs HVWKHel 1N BepxHell BeTBel U v = V. ANSA KU-
panbHOro cheppoMarHeTnka ¢ MakCMMasbHO BO3MOXKHbLIM 3Ha-
yeHuem D = D.. Bug cyHkuuii sin? O pns Bcex Tpex CTEHOK,
a Takxe gns cnydass v = 0, npeacTaBneH pasHbIMU JINHUSI-
MU, TaK YTO XOPOLIO BUAHO UX MOYTU MAEaNbHOE COBNaAEHNE,;
pa3fnymsa 3aMeTHbl TOMbKO BAAAW OT LEHTPa CTEHKU. 3aBu-
cnmocTn (€) oTMeHeHBbl KaK @(_) U 4y A1 CTEHOK HUX-
Heli n BepxHeld BeTBU € v = 0.5vc U ANA P(crit)y BAA CTEHKN
v = ve. B nocnegHem cnydvae otkioHeHne ¢(€) oT MogenbHo-
ro ¢ = const MaKCUMaJjbHO, OAHAKO aKTyasibHasi BEJMYMHA,
sin ¢ (npeacTaBneHa KpacHOl LUITPUXOBOI JMHWEN ) npakTuye-
CKN MOCTOsIHHAs B npegenax fomenHoii crenkn (|€] < 3zo,
korga sin? 0 < 1072)

60Jiee KPUTUIHOM CJIy9ae MaKCHUMAJbHO BO3MOXKHOTO
snadenuss D = D, npu pa3jnvdHbIX 3HAYEHUIX CKOPOC-
™1 v < V. JUII CTEHOK BepXHell M HUXKHell BeTBeli, CM.
puc. 5. BujgHo, UTO IpU M3MEHEHUN CKOPOCTU CTEHKH
OT HyJIsI JI0 TPEJEJbHOr0 3HAYEHUS] U = U, CTPYKTY-
pa jioMeHHOH cTeHKE §(£) ¢ BBICOKOI TOTHOCTHIO TAKAsT
2Ke, KaK J[JIsi 9ACTO OJTHOOCHOU MOJIEJIN; OHA OIMHUCHIBA-
ercsa Toii xke dopmyioit (14), cm. puc. 5. Ucnonbsys
BBIparKeHue JJIsi repBoro maTerpana (13), momydaem,
4TO B 9TOM Cirytae 3uadenue (¢')%sin? @ 1o/mKHO GBITH
npenebpekuMo MaJjo. [lo 3Toit mpudmHe MOXKHO 0XKU-
J1aTh, 9YTO PEIEHIEe OIICHIBAETCS C OY€Hb BBHICOKOI TOY-
HOCTBIO B PaMKaX HPHOJMKEHHS ( = const IpH Bcex
JOIYCTUMBIX 3HAYEHUIX MapaMeTPOB 33J1auu, v < v, U
D < D.. HatoManM, ITO OOBIYHO TAKOE YCJIOBUE MMEET
MECTO TOJIBKO NIpU MaJIBbIX Hyon—uniazial-

Venosue ¢ = const KaykeTcd MIPOTHBOPEYUBLIM JIJIs
Halllell 33J1a9u IIpXA HeMAJIbIX [, IIOCKOJIBKY U3 aCHMII-
Toruk pemrernsi (16) ciemyer, 94TO BIAJU OT CTEHKH
sHavenne ¢ ~ k"& tne K = v/(2x9vg), U He Maso
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IIPU HEMAJIBIX CKOPOCTSAX. JTa 3aBUCHMOCTDH BUJIHA U3
YUCJICHHOTO PEIIeHus, HO 06JIaCTH TaKOU ACUMIITOTHKI
HAXOJIATCA JIAIeKO OT TeHTPa JoMeHHoil crenku. Kax
cJIelyeT W3 YMCJIEHHOTO DelleHus, ycJaoBue ¢ = const
BBITIOJIHSAETCS ¢ MEHBINel TouHoCTbIO, ueM z3(0)? =

sin? 0, ocobenno st v ve. OHAKO IepeMeH-
Has © BXOJUT B YpPaBHEHHUs TOJHKO B BHJE KOMOMHA-
mum ¢’ sin @ u GyHKIUE Sin @; I TOCIeIHeH OTKIOHE-
HUE OT MOCTOSTHHOTO 3HAYEHUST HAMHOIO MEHBIINE, YeM
Jtst caMoit , cM. puc. 5. IloaToMy MOXKHO OXKUJATH,
YTO MPU pacdere MHTETPAJTHHBIX XaPAKTEPUCTUK CTEH-
KI YCJIOBHE (p = const JOCTATOYHO aJEKBATHO. Takoe
CBOMCTBO JIOMEHHOI CTEHKU JOCTATOYHO HEOXKUIAHHOE;
BEPOSITHO, OHO BO3HUKAET MOTOMY, 9TO IPH ¢ = const
B pamkax Mozesn (9) sHeprust B3anmojeicrsnst J3s-
JIOIIMHCKOI'O CBOJUTCA K IIOJIHOI IPOU3BOJHON U, XOTA
JlaeT BKJIAJI B SHEPTUIO CTEHKU, He MPOSIBJISIETCS B Ba-
PHUAIIUU SHEPTUH.
st oJry 9eHust 3aMKHY ThIX (DOPMYJI B PAMKAX JIAH-
HOro 1pubMKeHus npounrerpupyem (12) o £ or —oo
110 00, u noJrydaeM 7D sin ¢ = 2vM, /7, T. €. ¢BA3b CKO-
POCTH C MAPaMETPOM (Y MOYKHO 3alMCATH B BUJIE
sinp = v/v,, (20)
rjle 3HadYeHHe IPEJEJIbHON CKOPOCTH  OIIPEJIe/ISeT s
upuBeeHnoi Boitte dpopmysioi (17). Jdasee jierko Bbl-
YUCUTDH IHEPTUIO JIOMEHHOMW CTEHKM KaK (DYHKIUIO ¢
B Bujie ' = 2Fy — wD cos . 3aBUCUMOCTD HEPTUU OT
CKOpOCTH faeTcst (hopMyJIoit

E(v) =2Ey+nD

rJe 3HAKW «+» OTBEYAIOT BEpXHEH M HIUKHEH BETBIM
sroit 3aBucumoctu. Ha mmockoctn v Ef KpuBble, mpej-
CTaBJISIIONIIE 3aBUCUMOCTD F(v), SIBJISIFOTCSI SJITHIICAME
¢ mostyocamu v, u Fy u ¢ 1ieHTpamMu B Toukax v = 0 u
FE = 2Ej, 9TO ¢ BBICOKOIl TOYHOCTBIO OIUCHIBAET YUKC-
JIEHHBIE JIAHHBIE, CM. puC. 1.

Baxkmoit xapaKTepuUCTUKOM JTOMEHHON CTEHKH SIBJIsI-
ercst ee uMIryJsibc. [Ipu pacdere sHepruu CTEeHKH B paM-
Kax HpHUOJMKeHUsI @ = const ecTeCTBEHHBIM 00pa3oM
nosy4vaercs 3aucumocts E = E(p). B pamkax mosxo-
J1a. KOJIJIEKTUBHBIX IEPEMEHHBIX SHEPIUsl CTEHKU, 3aIl1-
caHHas Yepe3 ee UMITYJIbC P, nMeeT CMbICT (DYHKIIH
Tamunbrona. Ilosromy mmmynbe P, KaHOHUYIECKHA CO-
[IPSIP)KEHHBIN KOOPAMHATE CTeHKN X , TOJ2KEH OBITH CBH-
3aH C IIEPEeMEeHHOil , cM. moapobree [49,50]. Cesasp P
U ( JIETKO YCTAHOBUTD, UCIIOJIB3Ys ypaBHeHue lamMuib-
TOHA

v=dX/dt =dE(P)/dP.
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YuaureiBag, uyro dE/dp = wDsiny u npumenssa Gop-
mysy (20) serko 3amucars P = 2Mgp/y = pPy/2m,
rue Besmuuna Py = 4nMg/~ paBHa mepuojy 3aBuCH-
moctu E(P), em. (19). Vckomast 3aBUCUMOCTD SHEPIHN
JIOMEHHOI CTEHKH OT €e MMILYJIbCa (3aKOH IUCIEPCUN
crenku E(P)) B pamMkax 9T0ro npubirKeHus OlIpejie-

nsteTcs popMyIoit

Tor daxT, 9TO dHEPTHUs ABJIACTCA MEPUOINIECKOI
dbyHKIME UMITy/IbCca, CIeAyeT W3 aHaJu3a Ha OCHO-
Be MOJIEBOTO TOJXO/a C WCIOJIH30BAHMEM KOHKDETHOM

2n P

0

E(P)=2Ey — nD cos ( (22)

G opMyIBL 151 IIIOTHOCTH HOJIEBOI'O UMITYJIHCA II0JIst Ha~
marandennoctu (5). 3mech Takoii ke pedysabrar (22)
MOJIy9aeTCs B PAMKax MOMXOMA KOJIJIEKTUBHBIX TIepe-
MeHHBIX. [losle3HO comocTaBuTh JaHHBIE ITUX IIOJXO-
noB. IlockompKy pacder B paMKax IMOJIXOa KOJITEK-
TUBHBIX [IEPEMEHHBIX IPOBOAMJICS B IPUOIMIKEHUN =
= const, 9T0 HO3BOJISIET TAKKE OLEHUTH TOYHOCTH 3TOr0
IpUOTHKEHUS.

BasucumocTs F(P), HOCTPOEHHAS € HCIOJIB30BAHN-
eM HaliJIeHHbIX ducjenHo 3asucumocreit E(v) u P(v) ¢
ucnosb3oBarneM dopmyn s E (2) u P (5) auis cre-
HOK C Pa3JINYHBIMU CKOPOCTSIMU, C BBICOKOI TOUHOCTHIO
onmchBaercs dhopmyinoii (22), cM. puc. 4. 3aBUCHMOCTH
v(P), naiimennas obpalmieHueM 4YUCIEHHON (YHKIMN
P(v), xoporio coryacyercs ¢ TOi, 4TO II0JIydaeTcs U3
ypasuenus lamuiabrona v = dE(P)/dP. Takum obpa-
30M, 3HAYEHNS] SHEPTUU U UMITYJIHLCA COJIUTOHA TUIA, JIO-
MEHHOI CTE€HKH, 110JIyYeHHbIEe Ha OCHOBE II0JIEBOI'O IO/
XOJa C HCIIOJIb30BAHUEM BBIPAXKCHUU JJId IIJIOTHOCTEHR
9TUX BEJIMINH, XOPOIIIO COIIACYIOTCS C IAHHBIMU, [TOJTY-
YEHHBIMHU H& OCHOBE MAMHJIBTOHOBOI'O IIOAXOJAA B PaM-
KaX MeTO/la KOJUIEKTUBHBIX IlepeMeHHbIX. Panee Takoe
COOTBETCTBHE OBLIIO YCTAHOBJIEHO TOJIBKO JIJIsT MOJIEJIN
VYokepa, KOTOpasi SBJISIE€TCs TOUHO MHTErpupyemoii. I1o-
CKOJIBKY IIOCJIEJIHUE JIAHHBIE [TOJIYYCHBI B IPUOJIIZKEHIN
(¢ = const, TeM caMbIM TIPOBEPEHA BBICOKasl TOUHOCTH
9TOr0 NPUOJIMKEHUS JJIA 347890 O JABUKCHUU JTOMEH-
HOW CTEHKHN B KHPAJHHOM MarHeTHKE C OTHOOCHOW aHu-
30TPOIHEN.

4. IJMHAMUKA JJOMEHHOW CTEHKU B
KNPAJIBHOM AHTU®EPPOMATHETUKE

s aHam3a JBUXKEHUS TIJIOCKOH JOMEHHOM CTEHKHU
B aHTH(EPPOMATHETHKE OTPAHUYINMCS OJHOMEPHBIMU
pemenuamu, 1 = 1(x,t), u 3anumemM ypaBHeHHs CHUIMa-
MOJIE/IM B yTJIOBBIX ITIEPEMEHHBIX 0 U ©:
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920 1 0%\ . o9\
A(W—g W) —SIHGCOSG K+A <%) -
1 (9> Op . 9p.

> (E) —ZD% sin“fsinp =0, (23)
A {83: <8x sin 9) =i (815 sin“6 || +
+2D%sin26‘sin =0. (24)
ox v

HagreMm ¢ uccireoBaHnus CTPYKTYPBI JIBUXKYINEHcs
JIOMEHHOH cTenku, s koropoit § = 0(z — vt), ¢ =
= p(x — vt). BameTnMm, uro ypasHenue (24) s Jro-
6oit dyukuuu 0 = O(x — vt) uMeer TOUYHOE pelleHHe
sinp = 0, 1.e. ¢ = const, dp/dx = 0. Takum o6pazom,
BesmuuHa yria ¢ = 0, 7, ... He 3aBUCAT OT CKOPOCTH
crenku. IIpu sTom ypasuenue (23) mist 6 npunumaer
TOYHO TaKOH K€ BUJ, KaK U JJI CTATHIECKOTO CJIy-
vag, ecn 3amenutb A — A(v) = A(1—v?/c?). Creno-
BaTEJbHO, CTPYKTYPa JIOMEHHON CTEHKH OIPEJIE/IAeTC S
BBIPAYKEHIEM

(25)

rje, Kak u pagee, g = 1/ A/K — ToJIIUHA HEIOBUK-
HO# CTeHKU.

Takum o006pa3oM, HECMOTpsI Ha OTCYTCTBUE JIO-
DPEHI-MHBAPUAHTHOCTH JJIi KUPAJBbHBIX aHTHMEPPO-
MarHeTUKOB, 3 (DEKT IBUKEHUS TOMEHHO! CTEHKU CBO-
JUTCS TOJIBKO K JIOPEHIIEBCKOMY COKPAIIEHUIO ee IIu-
PUHBI, & CKOPOCTH CTEHKU OIDAHMYEHA CBEPXY TOJIb-
KO BeJIUYNHON c. BaxKHO TakKe, 9TO KaK CTPYKTypa
JIOMEHHOJ CTEHKH, TaK U IpeJiebHAs CKOPOCTh HE 3a-
BUCAT OT KOHCTAHTHI /I3sommuuckoro D. B orymtme
OT CTAHJIAPTHBIX JIOPEHII-WHBAPUAHTHBIX MOJIEJIEeil aH-
TU(hEPPOMATHETUKOB C IIPOU3BOJIBHBIM BIAJIOM SHEPIUHU
AHU30TPOINHU ITOT PE3YJIbTAT HE OYEBUJEH; B HUaCT-
HOCTH, JIOPEHII-UHBAPUAHTHOE IIOBEJIEHIE OTCYTCTBYET
JIJTsI JIByMEPHBIX TOHOJOTUIECKUX COJINTOHOB, IIPE/IEThb-
Has CKOPOCTH KOTODPBIX MEHBINE ¢ U 3aBUCUT OT D,
eM. [57].

[IpenesbHasi CKOPOCTH JOMEHHON CTEHKHM B AHTHU-
deppoMaraeTuke He 3aBUCAT OT KOHCTAHTHI JI3s1710-
mHCcKOoTo D, a 115t peppoMarueTuka mpeiebHast CKO-
pocTh mponopnuonaabHa D n obparmaercs B Hy/Ib IIpH
D — 0. 91oT pe3ysbraT MOXKHO OObSCHUTH, OTME-
THUB, YTO JJIsl aHTH(OEPPOMArHETUKa JIOMEHHAsI CTEHKA,
pasnesiser 00JIACTH MATHETHKA C PA3IMIHBIMI HAIIPAB-
JleHusIMU BeKTopa | u Hy/1eBoil HaMarHUIeHHOCThIO. B
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ﬂ'I/IHaMVIKa AOMEHHbIX CTEHOK B KNMPANIbHbIX MarHeTukKax

OTJINYINEe OT HAMATHMYEHHOCTH (PEPPOMATHETHUKA, CyM-
MapHas z-IIPOEKIus BeKTopa |,

1{tot) = / l.dz,

HE COXPAHETCS JaKe JIJIsi HK30TPOITHOTO WU OHOOCHO-
ro antudeppomarunetnka. Takum obpazom, JI1s TBUKE-
HUs IOMEHHOU CTEHKM HUKAKUX CIIEINAIbHBIX YCIOBUI
THITA HECOXPAHEHUsI 2-ITPOEKINA HAMATHUIEHHOCTH He
TpedyeTcs.

Hecmorpst Ha JIOpeHI-WHBapUAHTHBIN XapakTep
CTPYKTYPBl JBWKYIIEHCT JIOMEHHOW CTEHKW, Ha-
pyIlleHue STO¥ WHBAPUAHTHOCTU IPOSIBJISIETCS IIPH
BBIYNMCJIEHUN WHTEIPAJIOB JBUXKEHUsI CTeHKH. Vcrmosb-
3yst (OPMy IHEPIUU AHTUMDEPPOMATHETUKA,

EAFM) — 4y,

9HEPrUI0 JOMEHHOHU CTeHKH, ABUKYIIEHCA CO CKOPOC-
THIO U, JIETKO 3allUCaTh B BHUJIE
2Ey

V1—0v2/c?

TJe (oo IPUHNMAET (PUKCUPOBAHHBIE 3HAUEHUS, CKAYKEM,

E(v) = — 7D cos ¢y, (26)

wo = 0 mm ¢y = m, Tak 4TO cospy = +1. Takum
obpazom, zaBucumoctb E(v), kak u st dpeppoMarte-
THKA, COJEP’KUT JIBE BETBU, JHEPTUU CTEHOK BEPXHE
U HUXKHEH BeTBel pa3nnyaioTcd Ha BeaudwHy 27D.
Borancsisist uMITysibC  JIOMEHHOM CTEHKH 10 (POpPMYJIe
(8), mostyuaeMm BbIparKeHUE, XAPAKTEPHOE JIJIsd JIOPEHII-
MHBaPUAHTHBIX MOJIEJIei

P=2E (27)
cVc? —v?

B KOTOPOE, OJHAKO, BXOJUT TOJBKO Ta YaCTh <«3IHEP-

IUU TOKOsI» CTEHKHU, KOTOpasl He 3aBUCUT OT KOHCTAH-

o1 J3stnomuuckoro D. 3aBUCUMOCTD SHEPIUH CTEHKU

or ee umiyabca P, 1. e. 3akon aucrnepcun E(P), jgerko

opeacTaBUTh B BHIE

E(P)=+/(2E0)? + 2P?2 —wDcospy,  (28)

rue, Kak u B opmyiie s E(v), cosgg = 1.
Dopmyssl (26) u (27) ONpeeISIoT HCKOMYIO 3aBH-
CHMOCTD 3Hepruu F u mMmmynabca P OT CKOPOCTH CTeH-
KW, T. €. UX [IOBEJICHUE TpH mpeobpazoBanusax Jlopenra.
B nopenn-unsapuanrroit reopun (D = 0) mocrarod-
HO OTPAHUYUTHCST AHAJM30M HETIOJBUKHBIX DEIIeHU 1
[TOTOM TIOJIy YU Th JIBUYKYIIIUECS PEIIeHNsT U3 HEIO/IBUK-
HBIX C TTOMOIIBIO TTpeobpazosanuit JIopenra. IIpu sTom
9HEPrusl W HMIIYJIbC IPEJCTABJSIOT CO0OIl JBE KOM-
[IOHEHTBI YeTBIPEXMEPHOT0 BEKTOPA SHEPIUHU-UMITYIIHCA
P, = (E/c,P), Tounee, ero aByMepHOro anasora. Ec-
au ke D £ (0, TO 9HEPrUI0 MOXKHO MPEJICTABUTH KAK
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CyMMY JIBYX CJIATAE€MbIX, [IEPBOE U3 KOTOPBIX €CTh KOM-
[TOHEHTA YETHIPEXMEPHOI'O0 BEKTOPA, & BTOPOE — UE€ThI-
PEeXMepHBIii cKajigp (MHBapuaHT peobpasoBanus Jlo-
penria). Takum obpas3oM, XOTs1 B KUPAJIbHOM aHTUdED-
pPOMAarHeTHKe JIOPEHII-HHBAPUAHTHOCTD Pa3pyIIeHa, cy-
IIECTBYIOT IPOCTHIE IIPABUJIA IOy YEHIS SHEPIUH U UM-
IIyJIbCA JBUXKYIIErOCs COJUTOHA M3 UX 3HAYEHUN JJIsd
HETOJBUKHOIO coJinToHa. OTMETUM, ITO TAKOE ¥Ke I10-
BeJIeHHE UMEeEeT MECTO JIJIst APYTOil CHCTEMBI C HAPYIIIEeH-
HOIl JIOPEHI-MHBAPUAHTHOCTHIO, aHTHMEPPOMATHETUKA
BO BHEIITHEM MAarHUTHOM II0JI€, HAIIPABJIEHHOM BJOJIb
nerxoit ocu [56].

Hasuyane nByX THIIOB CTEHOK, T. €. IBYX BeTBeil 3a-
sucumoctu E(v) wiu E(P), craBut Borpoc 06 ycroituun-
BocTH ofHON n3 Hux. s peppomarneTnka curyarust
noHgATHas: 3aBucumoctb E = E(P) oxnosnaynas u obe
CTEHKU YCTOWIHWBBI. JlJIs JTOpeHI-UHBAPUAHTHON MO-
JIeJI JIBYXOCHOT'O AHTH(MDEPPOMATHETHKA 3aBUCUMOCTD
E(P) coumepXuT JiBe BETBU M CTEHKH BepXHeil BeTBU
HEYCTOUYMBEI JIJId BCEeX 3HAYCHUII CKOPOCTHU JOMEHHOI
crenku [55]. Iyt KupajbHOro aHTH(EpPOMArHETHKA
JIOPEHI-MHBAPUAHTHOCTH HAPYIIEHA W OTBET Ha ITOT
BOIIPOC 3apaHee He OYEBUIEH.

Hnsg ananuza ycTOMYMBOCTHU JBYKYTIEHCS JTOMEH-
HOI CTEHKH DPACCMOTPUM MaJjible BO3MYIICHHsS Ha ee

dore,
(&) =0(8) +9(,7), @&, 7)=po+v(E,T),

U uccieyeM IOBeleHue MaJjbix Jo6aBok (€, 7) wu

¥(&, 7). st 9TOTO B MOJHBIX ypaBHeHUAX st 0(x,t),

o(x,t) (23), (24) cnenaem npeobpasosanue Jlopenna
x — vt t —vx/c?

ITonsiTHO, ¥TO (hbOpMa OCHOBHBIX CJIATAEMBIX C ITPO-
U3BOJIHBIMU HE [TOMEHSIETCs, HAIIPUMED,

T — &= - T =

A T
0x2 2 Ot2 0€2 ¢ 9r?’
9p\* L (09) (90" 1 (0p)
Ox 2\ Ot o€ 2 \or )’

HO MOYKET U3MEHHUThCs, BOOOIIE TOBOPs, PYHKITNOHA b
HBII BUJ| CJIATaeMBIX, CBSI3AHHBIX CO B3aUMOJIEHCTBUEM
Jzanommuckoro. OHAKO OKAa3bIBAETCHA, ITO B JINHEH-
HOM IpubsvKeHnu 1o nepeMenHbiM ¥(€,7) u (&, T)
9THU cJIaraeMble Jar0T BKJaJ, TOJbKO B YPABHEHUE IS
Y(&, T), upudem ocraeTcst TOJILKO cyaraemoe ¢ df(§)/dE
U He BO3HUKAET NPOM3BOJAHBIX (&, 7) u ¥(€,7) mo 7.
1t KOHKPETHOTO aHAJIM3a YI00HO 3aIncaTh

(&, 7) = f(§) exp(iwT),
P(&,7) = [9(§)/ sin 6(&)] exp(iwT),
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rze 6(£) onuChHBAIOT HEBO3MYIIEHHYIO JIOMEHHYIO CTEeH-
Ky. Jlasee OymeM HUCIOIB30BAThH OE3pa3MEPHYIO Iepe-
MeHHY0 T = £/lo(v) U U3MEDPATH CKOPOCTH U YACTOTY B
€JIMHATIAX COOTBETCTBEHHO ¢ U v/ ¢? — v? /xg. Jluneapu-
30BaHHbIe ypaBHeHUd I f u g 00pa3yloT napy Hesa-
BUCUMBIX YPABHEHUII Ha COOCTBEHHBbIE 3HAYEHUsI, OHU

€OS Yo

UMEIOT BUIL
chz ) g

ITpu sanmcu 3TuX ypaBHEHUIl CUUTAIOCH, UTO Be-
smanna df(€)/d€ o« 1/ch& > 0 umeer onpejeeHHbIi
3HAK, TAKOH »Ke, KAK BBIIIE NPU 3AIUCU SHEPIUA JI0-
MEHHOII CTEHKU.

= w?yg.

Of =u?f, (H+2D (29)

Vpasuenus (29) comepzkar nupocroii oneparop pe-
quarepa H ¢ 6e30TparkaTe/IbHbIM TOTEHITHAIOM,
d? 2
da? ch?x
JI7IST KOTOPOTO M3BECTEH IMOJHBIN HAOOP COOCTBEHHBIX

dyHKIME. ITOT HAOOP BKJIOYAET OJHO JIOKAJIN30BAH-
HO€ COCTOSTHHE 1)y,

H=—— 41—

)

N 1
Hi/fo = 07 1/)0 X )
chz
U COCTOSIHUSI HEINPEepPBIBHOrO crekTpa, Hyy, =

= (1 + k?)g, cM., mamrpumep, [55].

JIerko BUAETH, UTO JIOKAJU30BAHHBIE BO3MYIIECHUS
nepemeHHoi 6(£, T), KOTOPbIE OILMCHIBAIOT TPAHCJISIIU-
OHHYIO T'OJIJICTOYHOBCKYIO MOiy ¢ w = 0, He HapyIa-
I0T YCTOMYMBOCTH JOMEHHON CTEHKHU. DBOJIOIUIO BTO-
poit mepeMeHHOI (£, T) OIpeNeNsIoT Perenus g x Yo,
f = 0; nns Hee 3HaK W2 onpeengeTcs 3HAKOM D oS (.
Lt crenku ¢ MenbIneit sneprueit D cos g > 0 u Bo3-
MYIIEHH (p HA (DOHE CTEHKH OIPEIEIAI0T COOCTBEHHYIO
Moy Kosrebammii ¢ HeHyseBoil yacToToit, w? > 0. aa
cTeHKH BepxHell BeTsu D cosyy < 0, w? < 0, T.e. or-
KJIOHEHHE (¢ OT PABHOBECHOI'O 3HAYEHHS SKCIOHEHIIU-
AJIbHO HAPACTAIOT, YTO OIIpeiesisieT HECTAOUIBHOCTD J0-
MEeHHOI cTeHKU BepxHel BeTBH. llomydaercs, 9aTo cren-
ku HrzKHel BerBu 3asucumoctu FE(P) wm E(v), mas
KoTopbIX D cospp > 0, yCTOIYUBLI, & CTEHKH BEPXHE
BETBM — HEYCTONYUBBI IIPU BCEX JOMYCTUMBIX 3HAYE-
HUSIX CKOPOCTH JOMEHHO# cTeHKu. Takum obpaszom, xa-
paKTep yCTOMYMBOCTH JOMEHHOI CTEHKHU TaKOU 2Ke, KaK
JUTsT TIPOCTERIIe JIOPEHI-UHBAPUAHTHON Mogesnn [55]:
13 JIBYX CTEHOK C TeM K€ 3HaYeHUEM UMILYJIbCa YCTOM-
9UBa TOJIBKO OJ[HA, Y KOTOPOIl SHEPI'Us HUXKE.

Takum 06pa3om, MOKHO ¢/1eJIaTh OOt BHIBOI, ITO
HapyIIeHne IIPOCTPAHCTBEHHOW HHBEPCHU BJIMAET HA
JUHAMUKY OJIHOMEPHBIX aHTU(MEPPOMATHUTHBIX COJIM-
TOHOB B 3HAYNUTE/IbHO MEHbINEN CTEleHU, YeM Ha Ju-
HAMHKY COJUTOHOB B deppomarueruxax. OHAKO JIst
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JIBYMEPHBIX TONOJOTHYECKUX COJUTOHOB (CKUPMUOHOB)
Takoe BiMsiHUE GoJliee CylecTBeHHO [57].

5. SBAKJIFOYEHUNE

Haugarsie 6oJiee mectuaecsiTu JieT Ha3a,1 NCCIEI0Ba~
HUs KUPAJbHBIX MArHETHKOB B HACTOSIIEE BPEMS IIPU-
Besin K (hopMUpOBaHUIO OypPHO pa3BHUBalOIeiics obrac-
TH (PU3NKA MArHeTH3Ma, UMEOIEHl OOJIbIIoe BIIUSHUE
Ha Pa3BUTHE NPUKIATHON dusnku. B 3HaumTebHOM
Mepe 3TO CBS3aHO C COJIUTOHHBIMU acCHeKTaMH IIPO-
6JIeMbI, & UMEHHO, C BO3MOXKHOCTBIO DEAJIM3AINY BU-
JKEHUsI COJIMTOHOB THUIIA JIOMEHHBIX CTE€HOK WJIM CKUP-
MHOHOB C HEMAaJIbIMUA CKOpocTsaAMH. JlJisi KupasbHBIX
MAarHeTHKOB JMHAMUKA COJIMTOHOB KaYeCTBEHHO WHAs,
9eM JIjIsi U3y 9EeHHBIX paHee CJIyJaeB CTaHIapTHBIX dep-
poMarHeTmkKoB u aHTHdeppoMarseTnkons. He wenee
UHTEPECEH U YUCTO TEOPETUYECKUIl acCHeKT HeJnHei-
HOHM NMHAMUKU, TPEXKJIe BCEr0 COJIMTOHHOM JIMHAMUK,
JJIsT KHPAJIBHBIX YIOPSIOYEHHBIX CPEJl C HAPYIIEHHON
dyHIaMeHTaIbHON CUMMETPHUEl OTHOCHUTENHHO IIPO-
crpancrsennoil unsepcun (P-unsepcun). Ipunumas
BO BHUMAHWE TO, YTO JJis JIOOBIX MATHETHKOB HAPY-
[I€HA CUMMETPHS OTHOCHUTEJIBHO OTPAXKEHUs] BPEMEHHU
(T-unBepcuu), BO3HHKAET HMHTEPECHAS BO3MOXKHOCTD
UCCJIeOBAHUsI, B TOM YHCJIe SKCIIEPUMEHTAJIbHOI pea-
JIN3AINY, IUHAMUKI COJIMTOHOB B HEJUHEHHBIX CpeIax
C HapyIIEHNEeM CHMMETPHUH OTHOCUTEIbHO P-umHBEpCHu
u T-uaBepcuu. ABTOPBI HAJIEIOTCS, UTO AHAJIU3 Pas-
JINYHBIX ACIHEKTOB 3TOH MpOOJIEMbI [IJIsi MArHETHKOB
PA3JIMIHOrO TUIA ITOMOKET IMOHATH CHEUu@UKy 00t
pobJIEMBI U YBUJIETh BO3MOXKHbBIE ITYTH €€ Peajin3allun
7 IPAKTUIECKOTO IPUMEHEHUSI.

®dunaHcupoBanue. Pabora  BBIIOJTHEHA B
pamrax muporpammbl  HUTY «MUCuC» (mpoexr
NeK2-2019-006), ocymuiecTBisieMOii OCTAHOBJICHUEM
npasuteabcrBa PO or 16 mapra 2013 r. Ne211.
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OB AHOMAJIbHOM OMPOKWUALIBAHUM MOAPELLETOK
B AHTU®EPPOMATMHUTHOM Cu(pz)2(ClO,),
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MpepnoxeHo  obbsicHeHne  aHOManbHOrO

Cu(pz)g(ClO4)2.

ONpPOKNAbIBAHNSA
3pecb, b6narogaps 6aM30CTN MOHOKJIMHHON PELIETKU K TeTpasgu4yeckoli, B HebonbLioM

NOAPELLIETOK B  aHTU(EPPOMarHUTHOM

MarHUTHOM MOJIe OMPOKUAbIBAHNE MOAPELLETOK MOXKET COMPOBOXAATLCA MEPEXOLOM OT OLHOFO K Jpyromy
aHTUPEppPOMarHNTHOMY BEKTOpY. DTN ABa BEKTOPA MPEeBPaLLatOTCs APyr B Apyra Noj LeACTBMEM 3/1eMEHTOB
CYMMETPUM, YTEPSAHHBIX MPU MOHOKJIMHHBIX UCKAaXKEHWNSX PELUETKMU.

Cmamwosa 0as cneyuanvrozo svnycka KITD, noceauwennozo 90-aemuro U. E. J[3ar0wuncrozo

DOI: 10.31857,/S004445102104009X

(1]
JI1 HEOOBIYHOE sBJEHHE B AHTUMOEPPOMATHUTHOM
Cu(pz)2(ClO,)s (mmpasun pz = C4H4N»). Ilepexoz,
KOTOPBIN 10 MOBEJIECHUI0 HAMATHUYECHHOCTH BBITJIs-

IToBapoB, CwmupuoB u JIsumm obHADPY KM~

JUT KaK ONPOKHUJIBIBAHKE MOAPENIeTOK B MATHUTHOM
I0JIe, COTJIACHO M3MEPEHUsIM CIIEKTpa aHTUdeppoMar-
HUTHOTO PE30HAHCA COIPOBOXKJIACTCS HEOKHIAHHBIM
M3MEHEHNEeM 3HaKa OJHONW M3 KOHCTAHT AHU3O0TPOIIHH.
ATOMBI MeIU HAXOJATCSA B y3J1aX MOYTH KBaJpaT-
HOIl pombuyeckoit perterku (pucyHok a). ITapamerpsr
KPHUCTAJUIA, UCCIIe0BAHHOrO B pabote [1], paBHbI

a=14.072A, b=9.786A,

c=9.7810A, S =96.458°.

AnTudeppoMarHuTHBI 0OMEH BHYTPH ATOMHBIX ILJIOC-
kocreit (b, ¢) CHIIbHO MPEBOCXOAUT OOMEH MEXKILY ILIOC-
KocTsiMu [2]. B pesysnbrare B KaXK/I0i INIOCKOCTH yCTa-
HABJINBAETCS €CTECTBEHHOE JIBYMEPHOE YIIOPSIJIOUEHHE C
IPOTHUBOIIOJIOKHBIMA HAIIPABICHUSMHA CPEJHAX 3HATE-
HUll cnimHOB OsmmKaiimux cocegmeit. CorjacHo HERTPO-
HorpaduIeckuM JaHHBIM [2], HabIIOMaeMast TpexMep-
Hast obmeHHast marauTHas cTpyKTypa Cu(pz)z(ClOy4)9
3aJ10€TCA OJHUM AHTH(EPPOMATHUTHBIM BEKTOPOM £,
COCTABJIEHHBIM U3 YeTHIPEX IMOJPEIIETOK ¢ CUTHATYPOI
YKa3aHHOHU Ha pUCYHKE a:

* E-mail: mar@Kkapitza.ras.ru
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Cronka 4epemyromxCcsi NAOCKOCTell aTOMOB Megu B NOYTU
Tetpasgpudeckom kpuctanne Cu(pz)2(ClO4)2. Tpancnsums
b — ropusoHTanbHas gnaroHanb pomba, ¢ — BepTUKaabHas

(1)

Eciin b = cu 8 = 90°, T0 perierka CTaHOBUTCS TET-

£ =81 — Sy + 83 — S4.

pasdapudeckoit. [Ipm aTom, He3aBHUCHMO OT TOTO, KakK
YCTPOEH MUKPOCKOIUYIECKNII OOMEHHBIN TaMUJIBTOHU-
aH, eCJIM MMEETCs OIIICAHHOE BhIIe aHTU(MEPPOMATHUT-
HOE cocTosiHue £, To 00sI3aTe/IbHO, B CUJIy CUMMETDUH,
BO3MOKHO ¥ aJIbT€PHATHUBHOE MAarHUTHOE COCTOSTHUE C
CATHATYPOMH, MIPE/ICTABICHHON Ha PUCYHKE 0:

£ =81 — Sy — 83+ 84.

(2)

DHeprun u BoOOIIE BCE XaPAKTEPUCTUKU COCTOSHUIA
(1), (2) 6ymyr omumakossMu'). MaKpOCKOIIIECKH STH
COCTOSTHUSI PA3JINIAIOTCS JIUIIb TIOBOPOTOM JIETKOI OCH
B Oa3ucHOi wrockocTu Ha 90°.

1) Cpasnu co ciayuaem 111 §3 B paGore Jzstonmuckoro [3].
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Bo BHemueMm MarsmTHOM 1OJI€ TP HU3KUX TEMITE-
paTypax dHepruu 00CYKIAEMbIX COCTOSTHUAN PaBHbBI

B1 2 B2 2 XL 2
0 0+ 2€z+ 2€y D) [EX ] y

(3)
Pap

E; = Eo+ %€§+ 2 %[e x B2,

rine Ey — SHeprust OCHOBHOI'O COCTOsIHMsA, B1 > [ >
> (0 — KOHCTaHTBI AHU3OTPOIMH, X | — MArHUTHAS
BOCIIPUUMYNBOCTh, TEPIEHINKYIApHas BeKTopaMm £ u
L, |¢] =€l =1.

B nmapanmenbHOM 6a3UCHON MJIOCKOCTH MATHAUTHOM
none £, = (. = 0. IIpm sTtom, ectm moJie OPUEHTUPOBA-
HO 1107, yry1oM 45° K sierkum ocsiM (B, = £B,), suepruu
JBYX aJIbTEPHATUBHBIX COCTOSHHII OCTAIOTCS COBIAJIA~
rommMu. B obreM ke cirydae BBIPOXKIEHNE CHUMAETCS,
7 y»Ke B MaJIOM II0JIe MUHUMAJILHON 3Heprueil Oymer
00J1alaTh TO COCTOSIHUE, B KOTOPOM JIETKasl OCh OPHEH-
THUPOBaHa 10/I, yIJIoM GimKe K onrumasbHoMy (90°) mo
OTHOIIIEHUIO K TIOJIIO.

IIpu ydere mMerOUXCcs MaJbIX OTJIAYANA KPUCTAJ-
JITYECKON PEIeTKN OT TeTPa’dIPUIECKO OOMEHHbBIE
sueprun cocrosinmii £, £ cramossrcs pasmbivu. Kak
[IpaBUJIO, B KPUCTAJJIE B IIapaMarHUTHOH daze ume-
IOTCH KPUCTAJIIUTDI, IIOBEPHYThlE OTHOCUTEIBHO JIPYT
apyra Ha 90° B 6a3ucHoii miockoctu. CorsacHo HEATPo-
HOTpaUIECKUM JTAHHBIM B KPUCTAJLIATAX, TJe TPAHC-
g b ropuzoHTANbHA, peau3yercs cocrosiaue £
(cM. pucynoK). OTcUnThIBas SHEPTUIO OT CPEIHEN MeK-
JIy IBYMsI 00CYKIAEMBIMH COCTOSTHUSIMU B TJAHHOM K-
CTAJUINTE, TPUIHUIIEM COCTOSHWIO £ MaJiblii OTpHuIa-
TeJIbHbI 0OMEHHBIN BRI, — /2, & COCTOSHUIO £ — o-
JIOXKUTENIbHYIO 100aBKY + /2. TIOCKOIbKY cOCTOsIHIE 2
OBLITIO YCTOMYIUBBIM B TETPAIAPUIECKON pEITeTKe, OHO U
npu c1ab0fi MOHOKJIUHHOCTH JIOJIKHO OCTAThCS yCTOM-
YUBBIM B MAaJIOM.

Boobitie roBopsi, Tpu MOHMKEHWH CUMMETPHH
OCTaJIbHblE MATrHUTHBIE XapPAKTEPUCTUKHU, TaKWe Kak
BOCIIPUMMYUBOCTb U BEJIMIUHBI KOHCTAHT aHU30T-
ponmu, TakKXKe JOJIKHBI CTaTh CJerka pPa3HBIMU Y
cocrostanit £ u £. Kpome Toro, mz-3a morepu opToro-
naibaoCcTU (8 = 96.458°) HMOABUTCS JIOMOJHATEIHHBIN
BKJaJ, B aHM30TpOnmio B2 [(3l,(., TPUBOIAITHAN K
cJ1aboMy BBIXOJy aHTU(MEPPOMATHUTHBIX BEKTOPOB U3
6asucHolt minockocTu. [Ipm 3TOM TOMKHO BO3HUKATH
pasbuenne Ha JOMEHBI C IIPOTUBOIOJIOXKHBIMU 3Ha-
KaM# CIBUTOBOW nedopMaIuy, KOTopas U HapyIIaeT
OPTOTOHAJIBHOCTB. Takue JOMEHBI XapaKTePU3YIOTCH
pa3HBIMM 3HaKaMU KOHCTAHTHI (3. 9T 3PPEKTHI,
OJIHAKO, JIOJI2KHBI OBITH MAaJBIMH II0 CPABHEHUIO C

OCHOBHBIM pacIieryiecHueM « SHEPrumu OCHOBHOI'O

COCTOAHUA.
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Dopmyinl (3) B ciaydae, KOrJa MATHUTHOE IOJIE TIa-
PaJUIeJIbHO GA3UCHOI [IJIOCKOCTH, MOYKHO IIPEJCTABUTE

B BHUJIE
B o  Pa—x1B* A _
E, =FE 5 + 1 + 1 cos2(0 —¢),
2 A+ @
v B .
E~:Eo+g+&+—cos2(9—1/)+),
2 4 4
rae ~
1 ~ B
tgh =4, tgh==, tgp=—~
g 0. g éz, g¥ B,

A* = /(x1B%cos2¢p £ (2)2 + (x1 B%sin2¢)2,

X1 B?sin2¢p
x1B2cos2p+ By’
Orcro/ia 09€BHIHO, 9TO PABHOBECHBIE OPUEHTAINH aH-
TudeppPOMArHUTHBIX BEKTOPOB paBHbL 6 = )~ + 7/2,

tg ™ =

0 = T + /2. Ilepexos aHOMAIBLHOTO OIPOKH/HIBAHUS
IPOUCXOAUT IpH ycjosun By = Ej :

At — A” = 4a.

Pemrenne sroro ypaBHeHuss naer KPUTHYECKOE IIOJIE
aHOMaJIbHOI'O OIIPOKHU/IbIBAHUA
1/4

)

rae By = /B2/X 1 — 1OJe OOLIMHOIO ONIPOKH IHIBAHIIS
MIOJIPEIETOK, (P, — KPUTUUECKHUIl yIoJI, OlpeesdeMbli

cos? 2, sin? 2¢,

Bu(g) = Buy < (5)

cos? 2p — cos? 2,

COOTHOIIIEHUEM COS 2¢, = 2a/ 2. AHOMAJIBLHOE OLIPOKU-
JbIBaHue HaOJ0faeTcss B uHTEpBasie yrios 0 < ¢ <
< (Y 1IpU BBINOJHEHUU YCjioBus @ < (2/2. Munumym
KPUTHUYIECKOTO T0JIsT JlocTuraercs npu ¢ = 0 U paBeH
B.(0) = Bsg+/cos2¢..

Corutacuo dopmyiie (5), npu npubIMzKeHUn K KPU-
TUIECKOMY YIUIY (0. JOJKEH TPOUCXOIUTH PE3KU POCT
BEJIMIUHBI KPUTUIECKOTO TI0JIs, ITO COOTBETCTBYET KC-
EPUMEHTAILHBIM HAOIIOAEHUSIM B aHTU(DEPPOMATHUT-
HoM Cu(pz)2(ClOy4)2 pu ¢ — 10° [1]. CnekTp MarauT-
HOT'O pe3oHaHca B nojie B > B, npu ¢ = 0 10JI2KeH COB-
majaTh CO CIEKTPOM KoJjiebaHuii BekTopa £ B 6a3uCHOM
IJIOCKOCTU TPU HAMPABJIEHUU TIOJIsI BJIOJIb OCH C. 3HA-
qgenne rmapamerpa A, = 14+ 2 I'T'u B pejiozkeHHON B
pabore [1] smuupuyeckoii dhopmysie, 0JHAKO, OKA3bIBA~
eTCsl HECKOJILKO DOJIbIIe OXKUIAeMOro 3HadeHust A, =
= 11+ 2 I'Tn [1], 9TO, BO3BMOXKHO, CBSI3AHO C YHOMsI-
HYTBIMU BBIIIE PA3INIUSIMHA XapPAKTEPUCTUK, BOSHUKA~
TOIUMY U3-33 MOHOKJIMHHBIX JedopMaIiuii.
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06 aHOMaJsIbHOM OMPOKNAbLIBAHUN MOAPELLETOK. . .

Mue npusaTHO, YTO HACTOAIIAS 3aMETKA MPUHSIITA
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Many years have passed since the first observa-
tion of helical spin structures in cubic B20 com-
pounds FeGe [1] and MnSi [2]. However, helimagnets
with Dzyaloshinskii-Moriya (DM) interaction [3,4] are
among the most studied systems in contemporary con-
densed matter physics. In particular, this interest is
stimulated by rather simple but fancy phase diagram
which includes topologically lattice (A-phase) [5]. The
theoretical descriptions [6,7] pointed out that the com-
petition between the ferromagnetic exchange interac-
tion and the antisymmetric DM interaction is balanced
in the homochiral helical magnetic structure.

Mixed B20 compounds like Mn;_,Fe,Si
Mn;_,Fe,Ge are characterized by additional pa-
rameter z which allows fine tuning for the system
properties. In Mn;_,Fe,Ge its variation leads to
change of the sign of magnetic chirality at z. ~ 0.75
[8,9], where the system is in ferromagnetic state due
to cubic anisotropy [10].

or
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The isostructural solid solutions Mn;_,Fe,Si also
reveal intriguing properties upon Fe concentration
growth. The substitution of manganese by iron sup-
presses the helical order [11]. Neutron scattering stud-
ies [12,13] together with magnetic susceptibility and
specific heat measurements [11, 14-16] discovered a
quantum critical point (QCP) described as a suppres-
sion of the spiral phase with long-range order (LRO)
in Mn;_,Fe,Si. As it was shown in Refs. [13, 15, 16],
this QCP located at z. =~ 0.11-0.12 is hidden by an
extensive phase of spin helix fluctuations. This fluctu-
ation regime, sometimes referred to as chiral spin liquid
[17,18], vanishes at about z ~ 0.24.

Both  magnetic susceptibility  measurements
and neutron scattering experiments demonstrate
a short-range order (SRO) and a crossover to the
helix fluctuating regime [13,19-21]. The crossover
temperature Tpps decreases with z and becomes
zero at xpyr &~ 0.17 [12,22]. Tt was shown that the
temperature Tpps is proportional to the spin wave
stiffness of the compounds Mn;_,Fe,Si [23]. One
concludes that these compounds at z ~ zpy ~ 0.17
represent the only known example of the system,
where ferromagnetic exchange approaches zero but
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Fig. 1. (Color online) Temperature—concentration (7'—z) phase

diagram of the Mn;_,Fe,Si compounds and the helix wave

vector k as a function of z. The data taken from several stu-

dies [12,13, 23] are combined with data of the present work.
The dashed lines are the guides for an eye

DM interaction is finite and provides chiral rotation of
spins in magnetic fluctuations.

In the present paper, we study the critical fluctua-
tions in DM helimagnets Mn;_,Fe,Si by means of po-
larized neutron scattering. Three samples with = =
= 0.10, z = 0.15, and =z = 0.20 are selected so as
to represent three different regimes: namely close to
the quantum critical point © ~ z., close to the con-
centration with zero ferromagnetic exchange xpys, and
beyond this concentration, respectively.

The series of Mn;_,Fe,Si single crystals with x =
= 0.10, 0.15, 0.20 were grown using the Czochralski
technique at the Institute of Condensed Matter Physics
(Braunschweig, Germany). These samples were pre-
pared as cylinders with a height of 15-20 mm and a
diameter of 5-6 mm.

The temperature-concentration (7—z) phase dia-
gram is shown in Fig. 1. One can see (in accord with
Refs. [13,15,16,19]) that T, which indicates a phase
with LRO, reaches zero at z. =~ 0.11-0.12, while the
temperature band of the fluctuating helix regime in-
creases with z. The decrease in T, is accompanied by
the linear with x increase in the helix wave vector k, as
shown in Fig. 1.

The polarized small-angle neutron scattering
(SANS) was performed using the D22 instrument at
the Laue-Langevin Institute (Grenoble, France). The
[110] axis of the single crystal was oriented parallel to
the neutron beam with an accuracy of 5°. A polarized
neutron beam with initial polarization Py = 0.93 and
mean wavelength A = 0.60 nm was used. The scattered

neutrons were detected with a 2D position sensitive
detector. The beam divergence was tuned from 1 to
10 mrad to set the @-range and Q-resolution optimal
for an individual sample (Q is a momentum transfer).
With these settings, we were able to cover the )-range
from 2-1072 to 2 nm~!. A weak magnetic field (1 mT)
guiding the polarization Py was applied along the Q.
The temperature was set in the range from 1.7 to
60 K with accuracy of the order of 0.05 K. As a result,
we obtain the maps of polarized SANS intensities at
various temperatures for three samples with different
x. A background intensity maps were taken for all
samples at high temperature (T' = 60 K) when no
magnetic scattering is observed. These background
maps were subtracted from the other scattering maps
of the given sample. The software GRASP developed
at the ILL (Grenoble) were used for the primary data
reduction [24].

Figure 2 shows the maps of the polarized SANS in-
tensities with the polarization along Py. One can fol-
low the evolution of the scattering patterns with tem-
perature (vertical axis) and the concentration (horizon-
tal axis). The whole diagram can be qualitatively de-
scribed in the following way. No scattering is observed
at the temperature of 15 K for all three concentra-
tions. Upon lowering temperature to 9 K, the blurred
but well detectable scattering appears for the sample
with x = 0.10, while the samples with x = 0.15 and
x = 0.20 show no scattering, demonstrating absence
of short-range magnetic correlations. Further temper-
ature lowering to 5 K forms a well-defined “half-moon”
image (which is typical for chiral helimagnets) for the
sample with = 0.10. For the ones with = = 0.15 and
x = 0.20, it results in the appearance of the blurred im-
ages. At T' = 2 K, the scattering for the sample with
x = 0.10 is almost the same, whereas for the sample
with z = 0.15, a slightly blurred half-moon image ap-
pears. For the most disordered sample with x = 0.20,
the image is still far from being well-defined half-moon.
We note that the scattering is strongly asymmetric in
all cases. The latter is typical for the critical scattering
above T, in the MnSi system [20,21,25].

Similarly to Ref. [26], we treated the obtained data
using the following mean-field form of the neutron cross
section which is appropriate for the disordered fluctu-
ating phase in these compounds (7' > T;) [20,25]:

do Tk + £+ Q*+2sgn (D) kQ - Py
N RO N (RO

Here Q is the scattering vector, r is the classical elect-
ron radius, s is the inverse correlation length of the

8*
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critical fluctuation, A is the spin wave stiffness at low
temperatures, D is the Dzyaloshinskii constant, and
Py is the incident polarization of neutrons. The cross
section (Eq. (1)) has several features provided by DM
interaction.

(i) Due to the second term of the product in the
denominator, the scattering intensity should form a
sphere of radius @ = k with a width of k. The scalar
variables in (Q — k)? are due to isotropic DM interac-
tion.

(ii) The intensity has the Lorentzian shape typical
for critical fluctuations.

(iii) The scattering intensity is strongly oriented
along the incident neutron polarization since the nu-
merator of Eq. (1) is maximal at Py parallel to Q and
it is minimal at Py antiparallel to Q.

The chirality of the critical fluctuations can be esti-
mated via measurement of the polarization of the scat-
tering:

U(Po) — 0'(—P0) 2kQPQ COS(b

Q=g ropy - @riere P

where ¢ is the angle between Py and Q, and we use
Eq. (1) to express its value via parameters @, k and x.

For quantitative analysis, the intensity maps were
azimuthally averaged. Examples of the radial pro-
files (the Q-dependence of the scattering intensity) are
shown in Fig. 3. As it is well seen in Fig. 3, the position
and the width of the observed peak differ for the three
samples. The scattering curve I(Q) can be well de-
scribed by the Lorentzian at high temperatures, which
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Fig. 4. Temperature dependence of the inverse correlation

length of helical fluctuations for the Mn;_,Fe,Si system with

z = 0.10, 0.15, 0.20 in the log-log scale (the line denoted “res”
shows the level of the instrumantal resolution)

can be ascribed to the scattering on the critical fluc-
tuations of the helical structure, whereas at low tem-
peratures, I(Q) is described by the sum of the Gaus-
sian and Lorentzian for the samples with x = 0.10 and
x = 0.15; Gaussian term being attributed to the limi-
tation of the instrument resolution, which exceeds the
value of 0.12 nm~! (see Fig. 3, curve for x = 0.10).

The whole set of the experimental data obtained
by polarized SANS was fitted to Eq. (1). The position
of the maximum % (the helix wavevector) and inverse
correlation length x of the helix were obtained as a re-
sult of the fit. The wave vector does not change with
the temperature within the error bars for the individ-
ual sample. It is equal to 0.72 nm™!, 0.90 nm~*!, and
0.94 nm~! for the samples with z = 0.10, 0.15, and
0.20, respectively. Interesting to note that the wave
vector changes linearly with the concentration in the
range of x = 0-0.15 and saturates at the concentration
x larger that 0.15 (see Fig. 1). It is correlated to the
range with the finite crossover temperature Tpys in the

Mn;_,Fe,Si compounds.

The temperature dependence of the inverse corre-
lation length x is shown in Fig. 4. As it was noticed
above, the value of k is resolution limited for the com-
pound with = 0.10 for the low temperature range.
It saturates with lowering temperature at 7, = 3.0 K
(z = 0.10). In contrast, for the sample with = 0.15,
k tends to saturate at larger value, disorder-induced kg
(see below). For the sample with 2 = 0.20, x does not
saturate at all.
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We observe (it was also noted in Refs. [20,25]) that
the polarization Ps (Q = k) is close to 1 at low tempera-
ture even for the most disordered sample with x = 0.20,
which shows that DM interaction is still present and
makes short fluctuations chiral. Upon increase of tem-
perature, the polarization P; was found to decrease
smoothly.

The behaviour observed experimentally can be
qualitatively understood using the assumption that Fe
ions introduce the defect antiferromagnetic (AF) bonds
in the system. First of all, strong AF bonds lead to
significant lowering of the spin wave stiffness, 7., and
Tpa- The latter becomes zero at x = xpas. Moreover,
according to the theory of Ref. [27], strong AF bonds
can lead to large variation of the helical vector even at
small concentrations (see Fig. 1).

It is well-known that the strong frustrating defect
bonds with finite concentration destroy the long-range
order in the two-dimensional collinear magnets. In-
stead, the SRO order of the glassy phase emerges in
the system [28,29]. Strong defects lead to additional
rotations of spins, d¢(r), in the classical ground state
of the system. For a single defect bond, they can be
described as the dipolar field (cf. Refs. [27,30]),

d-r
rD 7

dip(r) (3)

where d is the dipole moment of the defect bond, r
is the distance from the defect bond, and D is the di-
mension of the system. After averaging over disorder
configurations, one gets for mean squared transverse
fluctuation of the ordered moment M [31]:

(M?) ~ $M2/dDT 5% (r). (4)
In two-dimensional systems, this integral diverges as
a logarithm on large distances and the cut-off (disor-
der-induced correlation length &;) should be intro-
duced. Importantly, £, is finite for every nonzero con-
centration z. In three-dimensional systems, the same
scenario can occur at finite concentrations z. if the dis-
order is strong enough [29]. Correlation length can be
estimated using the condition

€a

1= x/d3r(5g02(r), (5)

which at z > z, yields

Ea~ (x— xc)_l.

(6)

Note, that the correlation length &; is temperature-
independent since its nature is pure classical.
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In the considered mixed B20 helimagnet, the LRO
disappears at z. ~ 0.11. The correlation length &4
decreases from infinity at z. to finite values at larger
Fe concentrations. We denote disorder-induced inverse
correlation length as xq. When discussing polarized
neutron scattering data, k2 should be added into the
denominator of Eq. (1) and considered as a part of x?
along with temperature-dependent contribution x% as
the system has effective size &g [32].

Thus, we arrive to the following qualitative picture.
The sample with z = 0.10 has k4 = 0 and behaves
like pure MnSi with lower T, and Tpy; values due to
AF bonds-induced lowering of the spin-wave stiffness.
Half-moon patterns and sharp peaks in the neutron
scattering (see Figs. 2 and 3), and peaks in magnetic
susceptibility [22] near T, are well pronounced due to
mean-field denominator propotional to (Q — k)? + k2.

For the sample with z = 0.15, the inverse corre-
lation lenght kg4 is nonzero and it is smaller than k.
It leads to the highly chiral fluctuating phase at T' <
< Tppr, but suppresses the growth of the critical fluc-
tuations so naturally seen at x < z.. Moreover, since
k has a tendency to saturation upon temperature low-
ering (see Fig. 4), apparently there should be a transi-
tion to frozen SRO phase (like in usual spin-glasses, see
Ref. [33]) with correlation length larger than the spi-
ral period. In the polarized neutron images, such be-
haviour results in blurred half-moon patterns, whereas
in magnetic susceptibility measurements [22] there is a
broad maximum.

At x = zp)s, spin wave stiffness becomes zero, and
a possible qualitative description of the experimental
data observed at > zpy (e.g., blurred SANS maps
and negative Curie-Weiss temperature) can be based
on a domination of the AF interaction in the sample.
Concentration zpys itself is very peculiar, its vicinity
in T—x phase diagram should reveal intriguing proper-
ties of the fluctuating highly chiral helical state with
the shortest period possible for such systems. The cor-
relation length of these fluctuations are affected by two
factors not related to temperature: disorder induced
by the AF bonds and DM interaction destabilizing
the ferromagnetic order. A detailed description of the
situation in the vicinity of xpys requires further exper-
imental studies.

Funding. The authors thank for the support the
Russian Science Foundation (grant No. 17-12-01050).
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PaccunTaHbl CBONCTBaA [,BYMEPHOI 3N1€KTPOHHONR CMCTEMBI C HU3KOM nnoTHoCTbIo (n < 1) ¢ cuabHbIM NoKanb-
HbIM NpuTsikeHnem Xabbapga U > W (W — wupuHa 30HbI) B NPUCYTCTBUN CUJIBHOTO CNYHaliHOro noTeHunana
V', paBHOMEpPHO pacnpegeneHHoro B gnanasone ot —V go +V. YunTblBannch 31eKTPOHHbIE NPbLIXKKMN TOJIbKO Ha
cocefHne y3nbl KBagpaTHoli pewetku npu W = 8t. PacueTsl ocywectensnncs Ha pewetke 24 X 24 ¢ nepnogu-
YecKUMM rpaHn4YHbIMU yenoBusiMu. B pamkax nogxopa Borontobosa — e XKeHa Habaroganock nosieneHne Heoa-
HOPOAHbLIX COCTOSIHUY MPOCTPAHCTBEHHO Pa3fesieHHON (epMn—Ho3e-cMecnm KynepoBCKUX Nap U HeCnapeHHbIX
3/1eKTPOHOB C obpa3oBaHmeM Kanesb BO30HOB pa3HOro pasmepa B MaTpuULe HenapHbIX HOPMaJibHbIX 31EKTPOH-
HbIX cocTosiHnii. Habntopgancs adppekT ymeHblieHuns pasmepa kanam (oT bonee KpynHbIX Kaneib A0 OTAeNbHbIX
BVINEKTPOHHBIX Map) NPU YMEHbLIEHUN S/1EKTPOHHON MIOTHOCTY NPpU hUKCMPOBAHHbIX 3HAYEHUSAX NPUTSKEHNS!
Xabbappa u cnyvaiioro noteHuuana. MNonyyeHHble pesynbTaThl BaXkHbI A1 NOCTpoeHnst pa30BoiA ArarpamMmel
1 MOHMMaHUSI NPUPOAbI Pa30BOro Nepexofa Mexxay CBEPXNPOBOASILLMM, HOPMabHbIM META/IMHECKUM U JIOKa-
NIN30BAHHBIMN COCTOSIHUSIMU B KBa3nABYMepHOM (TOHKasi MjieHka) rpsisHom meTanne. B bonee npakTtnyeckom
CMbIC/Ie MOJIyHYEeHHble Pe3y/ibTaTbl UHTEPECHbI TAaKXe A/l SKCMEPUMEHTaIbHOrO BHEAPEHNST CBEPXMPOBOASLLNX
KYONTOB Ha KBaHTOBbIX CXeMax C BbICOKUM MMMESAHCOM B rPaHyIMPOBaHHbIX CBEPXMNPOBOAHUKAX.

Cmamva das cneyuaavrozo sunycka 2KITDP, noceawennozo 90-aemuro U. E. J3ar0wuncrozo

DOI: 10.31857,/50044451021040118

1. BBEAEHUE

Bnusgnue cuibHOTO Gecropsiika Ha CBEPXIIPOBO/IN-
MOCTB YK€ JIABHO SBJISETCS MPEIMETOM OOJIBIIOTO UH-
Tepeca Kak Teoperumuecku [1-7|, Tak u 3KCIepuMeH-
TAJbHO B TOHKHUX IUIEHKaX [8,9| m rpaHyIMpoBaHHBIX
CBEPXITPOBOJHUKAX, UCIOJIH3YEMBIX B KadeCTBE ILIAT-

* E-mail: mkagan@hse.ru
*kk . .
E-mail: eugen mazur@mail.ru
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dopmbl g ceepxpoBosinux Kyouros [10]. O6uie-
NPUHATON! (HU3NIECKON KAPTUHBI PA3pPyIIeHUsT CBEPX-
MIPOBO/ISIIIETO COCTOSTHUST M TIPUPOJIBI HOPMAJBHOTO CO-
CTOSTHHS TIOK& HE BBISBJIECHO. JaCTh TEOPETUIECKAX Pa-
6ot [1-7] mpeamosaraer, UTO AMIUIMTYIa CHAPUBAHUS
A(r) omHOpPOZIHA B IPOCTPAHCTBE (He 3aBUCUT OT T') Ja-
JKe JIg CHJILHO HEeyHODsiJIoueHHOi cucreMbl. B pabo-
rax [7,11,12] 6buto perieno ypasaenue Borosobosa—
ne 2Kena B peaJbHOM MPOCTPAHCTBE, OJIHAKO KBa3MOO-
BOHHBII TpeIe]l HU3KUX 3JEKTPOHHBLIX IJIOTHOCTEH He
OB TIOJIHOCTHIO UCCJIEIOBAH.
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B macrosimeii ctaThe Mbl PACCMOTPUM JIBYMEPHYIO
Mozenb Xabbapaa ¢ nputszkeHueM U I S-BOJHOBO-
IO CBEPXIIPOBOJHMKA IPHW HU3KUX Temieparypax 1 B
CUJIBHOM CJIydaifHOM moTeHInase V 1 MpoaHaIn3upy-
€M 3Ty MOJIEJIhb IMOAPOOHO B paMKax 1moaxo 1a boromobo-
Ba—sie 2Kena (Bn2K), npuHnMast BO BHUMAHWE KaK pe-
MEHUsT C MTOJIOXKUTEIbHBIMU 3HAYEHUSIMEU dHEPrun F,,,
TaK U PENIeHUs ¢ OTPUIATETHHBIMU 3HAYCHUSMU JHEP-
rua 371eKTpoHHOI cucremsl [13, 14]. Hama nens co-
CTOUT B TOM, YTOOBI HAOJIIOAATH, KAK aAMIUIUTY/IA JIO-
KajbHOrO crapuBanus A(r) U3MeHseTCd B POCTPAH-
CTBE B IPUCYTCTBUU OECIIOPs/IKA B JIUANA30HAX I1apa-
METPOB KaK CHUJILHOrO 3ddeKTa mpuTsKkenns Xabbdap-
ma U > W, rak u cusbHOro 6ecniopsaka V' > W npn
HU3KUX KOHIIEHTPaIsiX 3J1eKTpoHoB n = 0.125-0.3, Ko-
TOpBIE €Ille He TPOAHAJN3UPOBAHbL. Mbl TaK»Ke CTaBU-
JIN TIeJTh U3YYIUTDH BIUSHAE TPOCTPAHCTBEHHBIX HEOHO-
pojHOCTEl Ha DU3NIECKU 3HAUMMbIE KOPPEJISITUOHHBIE
byHKIINAN.

Ciestyer OTMETUTD, ITO B MOCJIEIHEE BPEMS YKCITe-
pUMEHTAaJIbHbIE YCUJIMS JIJIsi CO3/IaHUsI CBEPXIIPOBOJIS-
mux KyOWTOB Ha KBAHTOBBIX CXEMaX C BBICOKUM HUM-
MEJJAHCOM B IPAHYJIMPOBAHHBIX CBEPXIPOBOAHNKAX |10]
CHOBA JIEJIAIOT aKTyaJIbHOI pobiieMy moctpoenus da-
30BBIX JMarpaMM U [IOHUMAHWS IPUPOIBI (DA30BOIO I1e-
pPexXo/ia U3 HOPMAJILHOTO COCTOSTHUS B CBEPXIIPOBOTHUK
U TIEPEX0JIa M30JIATOP—CBEPXITPOBOHUK B TOHKUX ILITE€H-
Kax rpsisHoro Merauia s [9,10]. B zakirouenune npu-
BeJIeM HEKOTOPbIe KOMMEHTAPHUU O CJIEJICTBUU HAIIUX
pPEe3yJIbTATOB B OTHOIIIEHUH WHTEPIIPETAIINN OMBITOB HA
HEYTOPSIIOYEHHBIX TOHKUX IIJIEHKAX.

2. YPABHEHUAA OJ1d HEOOHOPOJHOI'O
CJIVHAA 11 IIOCTAHOBKA MOJAEJIN

Paccvorpum nByMepHyto Mojienb Xabbapaa HEyIo-
PSIIOYEHHOTO CBEPXIIPOBOIHUKA, S-TUMA C KOPOTKOIEi-
CTBYIOIINM TPUTSIXKEHUEM MEXKJTy HOCUTEJISIMU, OIICHI-
BAEMYIO0 TAMIJIBTOHUAHOM:

H=-t Z (c;r-_rgci)a + H.c.) +U Z Nipni) +

1,70

+ Z (Vi =) nig. (1)

3/ieCch TIEpBOE CJIATAeMOE OIUCHIBAET KHUHETHYECKYIO
SHEPIUIO, t COOTBETCTBYET MIEPECKOKAM Ha, COCETHUE Y3~
JBl KBajpaTHOi pemerku, U = — |U| — ammmryna
Xab0apIOBCKOT0 MOTEHINAJIA TMPUTSKEHUST Ha OIHOM
y3ie, cjg (¢;,) — OmepaTopbl poxKAeHUs (YHUITOKEHNUS)
9JIEKTPOHA CO CIIMHOM O Ha y3JIe PEIIeTKH 77, N ¢ — JIO-
KaJIbHAS [JIOTHOCTDH 3JIEKTPOHOB Ha, y3JI€ 4 JIJIsi OJIHOM

697

KOMIIOHEHTBI CIIMHA, [ — XUMuYecKnii morerruast. Ciry-
JaifiHBI TOTEHIA] V; BBIOMPAETCS HE3ABUCUMO IIJIst
Ka2KJIOrO y3Jia ¥ PEryJInPYeTCsl ¢ IOMOIIBIO CJIydaiiHO-
ro PAaBHOMEDHOTO pacipesiesienns B auamnasone [—V, V.
Takwum o6pazom, V KOHTpOUPYET NHTEHCUBHOCTD A~
TOHAJIBHOTO OeCHopsiiKa B CUCTEME.

Banumem ypasaenust Ba2K s dyukiuun Borosto-
6oBa, T.e. JJsT OOTOJIOHOB B BHUJIE <«JJIEKTPOHOB» W B
BUJIE «JIBIPOK», YIACTBYIONMX B crapuBanun [13,14]:

—t >ty (ri k&) + (U (ri) + Vi — p) x
+3,+4

X U ('f‘i) + A v, (7‘1) = B u, (Tz) ) (2)

A7 g (1) +t Z vn (1 £ &, £9) —
+3,4+

= (U (ri) + Vi = p) vy (1:) = Epvy (1) . (3)

3necy E, — sHeprus Bo3OYKIEHUN B CUCTEME, |4 — XU-
MHUYECKHI TOTEHIUAJ B IPUCYTCTBAN CJIyYai{HOTO JHa-
rorajibaOro Gecriopsiiaka V', U (r;) — moreHnuas cpei-
Hero moJst Ha y3ue r; [13,14], A (r;) — norenmuas cra-
puBanust Ha y3ie r; [13,14]. Juas Toro, 9Tobsl mpa-
BWJILHO yYHTHIBATH KaK IMOTEHINAJ CIIAPUBAHUS, TaK
7 XAMUYECKHH TOTEHINAJ [f B CHCTEME, 9TO Tpedyer
y49eTa COCTOAHNUI, JIeKAInX HuKe ypoBHs DepMu, Mbl
GyzeM yaepxusaTh perrernst cucrembl (1), (2) kak ¢
MIOJIO?KUTEJLHBIMA 3HAYEHUSIMEA dHeprun F,, Tak u ¢
OTPUIATEHLHBIMA 3HAYEHUSMU SHEPIHU JIEKTPOHHOM
cucrembl. Hanbosiee BazKHbIE BKJIAIBI B INIOTHOCTD CO-
cTosgHuii 3J1eKTPOHOB 1 (1;, F) Ha y3J1e pemerku r; 1pu-
BOJISIT K BBIpaxkeHUIo [13]

n (o B) =23 [lun ()l fut o () (1-12)]

(4)

rae fn, = 1/ [exp (E,/kT) + 1] — dynkims pacmpeze-
snennst @epmu — Jlnpaka 77151 33/ IaHHOTO 3HAYEHUS SHED-

xd(E—E,),

run Bo30yxKaennd F,,. XuMudeckuil IOTeHIINAJ [ OIIpe-
JIeJIsIeTCsl U3 YCJIOBUSI CAMOCOTJIACOBAHUS JIJIsl ILJIOTHO-
ctu gacTuil 1 (9TO0 COOTBETCTBYET CPEIHEMY YHUCILY
9JIEKTPOHOB Ha, y3JIe):

1
N;nizzzzznj[m(mﬁfw

+ o ()P (L= £)] =n (5)

YT0o0BI MOMYIUTH YCIOBUS HOPMUPOBKH JIjIsT COO-
CTBEHHBIX PYHKIMH, MbI HCXOUM U3 COOTHOIIEHHUs [14]

D fun (r) gl () 4 o (1) 0, (7)) = 6 (r =)

n
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IpeanonaraemM, 9To KakK 7, TaK U 1’ JeXKaT B IIpeje-
Jlax sdeiiku ¢ pajaumyc-sekropoMm R;. IIpounrerpupyem
1o 1’ 1o myIoma M A9eiKy R; Ipyu yCJI0BUH, YTO BHYTPH
STIEHKY Uy, (1) = Uy (R;), Up (1) = vy (R;). HycTs S; Gy-
JIeT PABHO ILIOIIAJIM dJIeMeHTapHoi suefiku, S; = S/N.
B pesynbraTe nomytuaem

D lun (Ro) i, () + o (Ri) 0,

n

()] S

:/dr(S(r—r’):l.
Si

Bris10 nprHaTO BO BHEMaHUE, YTO B IIPOIECCE NHTErPU-
poBaHUs 10 g4Yeiike R; 110 7 B IpoIlecce NHTErPUPOBA-
HUsT IepeMenHast r copnagaer ¢ r’. Termepsb npounTerpu-
PYEM HOJIy9EeHHOE BBIPAZKEHHE 110 77 B IIPEJITOJI0KEHUH
BBIIIOJTHEHUS PABEHCTBA

D [un (Ri) uj, (Ri)™ + vn (Ri) v (Ri)] SiSi = S
BHYTPU AYeiKu, TaK 4TO
D [un (Ri)ug, (Ri)™ + on (Ri) v (Ri)] =
' 1 N
= E = g = Nknots;

[JIE Nknots — KOHIEHTpaIMs sueek (y3J10B) B MPOCTEii-
IeM ciIydae, pacCMaTPHBaeMOM 3jech. Korma Mbl Bbl-
HOJIHSIEM IIPOCTPAHCTBEHHOE yCpeJHeHne B Ipejesax

. 2
9JIEMEHTAPHOI staefiku Tuma y [|vn (r;)|”|, nostBsIeT-

€Sl MHOYKUTEJTb n,;iotSS , KOTOPBI TPUBOJIUT K UCIE3HO-
BEHUIO MHOXKUTEJISI Nknots B MPABOI CTOPOHE yCJIOBUSI
wopmupoBku. Cire10BaTeIbHO, MOXKHO 3D HEKTUBHO 3a-
UCcaTh yCJOBHE HOPMHUPOBKU B CTAHIAPTHON (opme
S Jun ()P + X2, | (r3))* = 1. Tlpu cymmvuposamun
CJIEJIyET YUUTHIBATH KAK COCTOSIHUS C MTOJIOXKUTETLHOM
3Heprueil, TaKk U COCTOAHUS C OTPULATEJILHONA SHEPIru-
eit. B dbopmynax (1), (2) B gomosHeHnE K CIIyIaitHOMY
noTeHnuay V; yIUTBIBAETCS MOTEHIINAJ CPEJIHETO 10~
as U (r;) Ha y3ue 7; [13,14]. 910 maer [15]

Ui =U(r)
~US [lun ) fu+ lon () (L= £)] - (6)

BBogast xapTpu-¢hOKOBCKHHM CABUT XUMUIECKOTO IO~
rennmanaa u; = p+U W‘”T(”), nepenuineMm GopmyJst (2),
(3) uepe3 abdeKTUBHBIA XUMUYIECKUH OTEHIUAT [i;,
KOTOPBIi 3aBUCUT OT caiiTa i:

—t Z up (ri £ 2, £9) + (Vi — pg) un (1) +
+&,+9

+ A v (15) = Epug (15), (7)
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AF un (ri) +t Y v (ri £ &, £5) —
+i&,+4

— (Vi = i) v (r3) = Epuy (1) . (8)

B (7), (8) p; umeer Bug
o= kU Y [l (O fut [oa (0P (1=F0)] - )

B o ke Bpems norennuas crnapusanus A (r;), dury-
pupytommit B (2), (3), (7), (8), Moxker ObITH 3aIiCaH
kak [13,14]

A(r) =U> un(ri) vy (ri) (1= 2fn). (10)

Ucxonss w3 HAYAILHOIO IPEIOJIOKEHHs  JIst
A;(r;) = A; 1 @, Mbl YUCJIEHHO PElIajid ypPaBHEHUs
Ba2K (2)-(10) ayns coberBeHHBIX 3HadeHuit F, u
JUIsT  COOCTBEHHBIX BEKTOPOB (U (77)), (v (1)) Ha
roHewdHO# 2D-pemmerke 3 N X N y3J10B ¢ ITepuoOntIe-
CKVMU IPAHAYHBIMY yCJIOBUAMA. 3aTEM DACCIUTBIBAIIN
BEJIMIUHBL aMILTATY, (U, (77)), (vn (7;)) 17151 KOHKPET-
HBIX Y3JIOB WM YCTAHABJIMBAJN YHCJIECHHOE 3HAUCHUE
KOHIIEHTPAIK OGOTOJIOHOB BHJA % B CyMME€ IO CO-
CTOSIHUAM Ny o (175) = Y. |Un (ri)|> fn m Goromonos
BUJIA U Moo (1) = 30, [Un (Ti)lz (1= fn) # nNuo(ri)
OpU HU3KUX TeMmreparypax. Jlajee Mbl pacCIUThI-
BaJIl AMILIMTYJLy JIOKAJbHOrO cuapuBanusg A (r;) =
U, un (1) vl (1) (1 —2fy) Ha KaxkaoMm ysie u
3HAYEHWE IJIOTHOCTH GOTOJIOHOB TUIIA % U U HA Y3J1aX
r;. MBI HOBTODSIIM WUTEPAIMOHHBIA IIPONECC BIUIOTH

JI0 JIOCTHXKEHHsI caMOCoTJiacoBaHust Jasd A; W mn; Ha
KaKJIOM y3JIe.

3. METOONKA PACYETA

B pmannoit pabore MBI HCCIIEIOBAJIA PEIIETKY C
24 x 24 guefikaMu C TEPUOAUIECKUMU TPAHUIHBIMU
ycioBusimu. Pacder HaYMHAJCS CO CIIyIailHBIMU 3HA-
genuaMu A; W [i; HA KaXKJIOM U3 y3JI0B, HOCJE dYe-
I'0 BBIIOJIHAJIACH IIPOIEyPa IUCIEHHON JUaroHaIn3a-
[A7 TIOJTyYeHHOT'O TaMUJIBTOHUAHA C TIOMOIIBIO 61O IO~
TEKM MPOTPaMM sI3IKOB IPOrPAMMHUpOBaHUs maple u
math-lab. B pesyabrare Obln HaligeHBI COOCTBEHHDIE
BEKTODHI Uy, (1;),v,, (r;) 1 cobcrBeHHble 3HaYeHUs F,
CHCTEMBI.

[Tocste aToro A; u [i; BHOBb HEPECUUTHIBAJINCH U3
coorrommennit (10) u (9) u CHOBa MCIOJIB30BAINCH B
KaJecTBe HAYAJIBHBIX 3HAYEHWII HA BXOJE CAMOCOTJIA-
COBAHHOTO TUKJA. I{MKJI BBIMOTHSJICS TO CXOIAMOCTH
3HaveHui A; U [I; Ha KaXKJI0M y3Jie C 33JIaHHOIi TOYHOC-
Tp10. ImuTenbrOCTD Mporieyphl Ha KomnbioTepe HUTT
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KU cocraisiiia HeCKOJIbKO 9acoB. Mojens (1) nccire-
JIOBaJIach JJIs Amamna3oHa mapamerpos 1 < |U|/t < 10
n 0 < V/t < 12 na permerke pazmepom N = 24 x 24 y3-
sa. B uccirejoBaHny TakKe paccMaTpPUBAJIICh HU3KHUE
kounenTparmu n = 0.125 npum HU3KOU TeMIeparype.
Bemnunna sueprermueckoit mesmm Egy,, onpenensgercs
KaK HAWMEHBIIee MOJIOXKUTEIbHOe COOCTBEHHOE 3HAYe-
uue sHeprun. CoOTBETCTBEHHO, A; — 3HAYEHUE Mapa-
MeTpa MopsijKa Ha i-M y3Jje, V — aMmiaTyaa 6ecrto-
psifKa, 3HaUeHust Egqp 1 A,p, TaK XKe KaK U BCE pe-
3YJIBTATHI, €CJIU HE YKA3aHO WHOE, ObLIN YCPETHEHBI 10
25 3aIrycKaM ¢ pa3JInIHbIMUA PACIIPEICTICHUSIMU CITydaii-
Horo Oecropsiaka. B pacderax TakkKe HCIOJIb30BAJICS
nporpamMublii maker QUANTUM ESPRESSO Version
6.2.1 [16,17] u pacueTHbIe BU3yaIU3ATODDIL.

4. TEHAEHIIVIN1 B CUCTEME C
YMEPEHHBIM BECITIOPAAKOM ITPA
YBEJIMYEHUN U

IlepBrriit BapuaHT pacdeTa B paMKax ypaBHeHUi Bo-
rosmo6osa — 1 2Kena (2)—(10) GbUT BBIIOIHEH IIPU TEM-
mepaType, OJM3KOI K HYJIIO, Ha y3jgax cerku N
= 24 X 24 pm KpaiiHe HU3KOU KOHIIEHTPAIIUN JIEKTPO-

HOB 1 = (.15 B IIpeniesie OU€Hb CUIBHOIO IPUTAXKEHUS
Mexty snexkTponamu U = —10t. Pac4yeTs! BbIIOJIHEHBI
st ymepenHoro Oecniopsiika V' = 2. Ha puc. 1 nokasa-
Hbl TEHJIEHIIUM, IPOsBJIdAolyecd upu yBejandenun |U|
B BHJIe BO3HUKAIOIINX 3aBUCUMOCTEH IIPOCTPAHCTBEH-
HOI'O paclpeaeseHud 3JIEKTPOHHON IIJIOTHOCTU (ﬂean?I
crosiben), sekrpornoii meau A (npasbiii crosbern) u
BEJIMYMHBI, XapPAKTEPHUIYIONIEN COCYIIECTBOBAHUE [IbI-
POK U 3JIEKTPOHOB B PEAJLHBIX YCJIOBHUAX (CMEIInBa-
HUEe YacTUIa—IbIpKa) (cpemnuit crosiben). Bumgno, uro
mocJie HsAsT BesimanHa Koppesupyer ¢ A. Pacrpemese-
HUs BCEX BEJIWYUH 1pu yBeawdenuu U (910 BiaugeT Ha
3 deKT JIOKaIU3anu Ha OTAEIbHBIX yIaCTKaX ) IPEe-
CcTaBJIEHBI Ha puc. 1.

Kak Bugum u3 puc. 1, npu HU3KUX KOHIIEHTPAIUSIX
J1eKTpoHOB 1 = (.15 cucrema JakKe IpU yMEPEHHBIX
3HAYEHUSIX OECIIOPsiJIKa MIPOSIBJIsieT TeHIEHIINI0 K 00pa-
30BAHMIO KallejIb [TapaMeTpa MOPsIKa, IPOCTPAHCTBEH-
HOE PACIIOJIOXKEeHNE KOTOPBIX KOPPEJIUPYET ¢ IIPOCTPAH-
CTBEHHBIM DPACIIPEJIeJIEHINEM IJIOTHOCTU JJIEKTPOHOB B
cucreMe (TIpaBblii croJberr), a Tak»Ke CO 3HAUEHUEM, Xa-
PaKTEPU3YIOMINM COCYIIIECTBOBAHUE JIBIPOK U JIEKTPO-
HOB B peajibHOM IPOCTPAHCTBE. DJIEKTPOHBI B CHUCTE-
M€ PACIIOJIOYKEHBI B 00JIACTSIX C MAJIBIMUA 3HAYEHUSIMU
Gecriopsiyika. [Ipu pacCMOTPEHHBIX IIapamMeTpax CHUCTe-
Ma He SIBJISIETCS M30JISITOPOM, TaK KaK PACIIPEIeIeHNe
3JIEKTPOHOB B IIPOCTPAHCTBE HE PA30UJIOCh HA OTIEJIb-
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HbIe U30JIMPOBaHHbIe 00s1acTu. IIpu MasbIx KOHIEHTpa-
[USIX CACTEMAa IIPOSIBJISIET CBOMCTBA HO30HHOIO METaJI-
JIa, HOCUTEJISIMA KOTOPOT'O SIBJISIIOTCST GO30HHBIE KJIACTE-
PBI, COCTOSAIINE U3 HECKOJIbLKUX 9JIEKTPOHHBIX TIAP.

Yr00bI 0OXapaKTepu30BaTh OTHOCUTEIHHYIO JIOKAJII-
3aIMI0 [1ap, Ha PHUC. 2 IOKa3aHbl I'PadUKU 3aBUCH-
MOCTH MaTeMaTHIeCKOro oxumanust A;A;, OIuchBao-
I[Ero KOPPEJISIIIUIO TPOCTPAHCTBEHHOTO PACIIOIOXKEHUST
nap, Jyis psijia 3HAUeHWH KOHIEHTPAIIH JJIsT JJAHHBIX U
u V. B npuBeIeHHBIX BBIIIE PACIETAX MBI HE YCPEJIHsI-
1 KOHGMUTYPAIH OECIIOPSI KA, BCe PE3YIbTATHI ITPeJI-
CTaBJIEHBI JIJIsI OJTHOM peasm3aryu 6ecropsiika.

Kaxk BuHo u3 puc. 26, 3HaveHne KOHIEHTPAIIH 1 =
= 0.4 cooTBeTCcTByET OJNU30CTH CUCTEMBI K IIEPEXOY B
COCTOSIHUE C IIOJIHBIM OTCYTCTBHEM CHAPUBAHUS JIEK-
TPOHOB (C MCYE3HOBEHHEM IapaMeTpa HOPsIKa OIHO-
BPEMEHHO Ha BCex y3Jiax). U3 puc. 2 caemyer, 410 1pu
BCEX 3HAYEHUSX KOHIIEHTPAIMK JIEKTPOHOB B CHCTE-
Me yCTaHABJIMBAETCSH JAJBHUAN MOPSJIOK, TaK UTO IIpe-
BaJIUPYET COCTOSIHUE C TAPAMU, PACIOJIOKEHHBIME Ha
MAKCAMAJIbHOM PaCCTOAHUM JAPYT OT japyra (puc. 2).
Kak BumHO U3 puc. 2, oHOI 1 TO# YKe ITPOCTPAHCTBEH-
HOM KOH(MUTYPAIMH B3aUMHOTO PACIIOJIOXKEHUST JIEK-
TPOHHBIX TIAP COOTBETCTBYET MHOIO 3HAYEHUI Koppe-
aggropa. Takum obpas3om, cucreMa He JEeMOHCTPHPY-
eT YeTKYIO 3aBUCHMOCTh MATEMATHIECKOTO OYKUIAHUS
A;A; 0oT B3aUMHOIO IPOCTPAHCTBEHHOI'O DACIIOJIOXKe-
HUsI TIAp JEKTPOHOB. AHAJM3 MOBEJEHUsS] MATEeMaTU-
geckoro oxkumanus A;A; (puc. 2), KOTOpoe oTBEIAET
3a MPOCTPAHCTBEHHOE DACIpEJIeIeHNe IMap B CHCTEME,
HE TO3BOJISIET CJEJIATH BBIBOJI, YTO TPHU STUX [apaMeT-
pax cucTeMa SABJSeTCH AWIEKTPUKOM. OTMETHM, ITO
B JIAHHOM pa3zjiesie Mbl YKa3aJi OlpeIe/ieHHbIe TIPe/Ie-
JIBI 3HAYEHUil ITapaMeTpPOB, COOTBETCTBYIOINX [EPEXO-
JIy CUCTEMBI B COCTOSIHHE H30JIATOPA.

5. PACUETHI JJI1 YPE3BBIYANHO HU3KNX
IIJIOTHOCTEM U CJIABOI'O BECIIOPSIIKA

Pacuersr, ananornunsie [18-20], Ho miast panee He
HCCJIEIOBAHHON 00JIaCTU TPEAEIbHO HU3KON KOHIEH-
Tpanuu 37eKTpoHoB 1 = 0.125, ObLIN BBIIOJHEHBI TIPU
HeHyJeBOit TemmepaType Ha ceTke N = 24 X 24 y3750B
ans U = —10t. Pe3ynbTaThl TPebIIYINEro pa3aesa J10-
TIOJTHEHBI pacdeTaMu JJjIsI CJIaboro 6eCIopsIKa ¢ aMILII-
rymamu V = 0.25, 2.0, 4.0, 10.0. Ina U =10u V = 2
puc. 3 TOKa3bIBAET, KAK yBeJIUIeHUE KOHIICHTPAIINNA N
BJIUSIET HA XapaKTep U MacuITad yMeHbIIeHUsT CPETHETrO
napaMerpa crapuBanus A, U Ha BeJHIUHY Fgqp 1pH
n3MeHeHNn KoHneHTparuu or n = 0.18 g0 n = 0.20.
Pesynbrars! yepemHeHs! 10 ISTH KOHMUTYPAIISIM.
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Legend Legend

1.4094137E-5

0.29184425

0.020931475

0.15163974

Legend
2.537017E-4

1.5648065

Legend
0.0029256183

Legend
0.036887806

4,986755

Legend
1,74335336-6

4,929135

Legend Legend
9.5811825E-5 4.7903617E-5

0.49255225 0.1856242

Puc. 1. MNpocTpaHcTBeHHOE pacnipefeneHmne Wenn B CnekTpe s1ekTpoHoB A (npaBbiii cTonbel), KOHLEHTPaLMs S1eKTPOHOB (Je-

Bblli cToNbeL) U Benn4MHa, XapaKTepusylolasi COCYLIECTBOBAaHNE AbIPOK 1 3JIEKTPOHOB B PeasibHOM MpocTpaHcTee (cpefHuii

ctonbeu). BepxHsisi cTpoka cooteetctyer |U| = 2¢, V = 2t, BTopasi CTpoka npu OTCHeTe CBepxy BHU3 cooTercTayeT |U| = 4t,

V = 2t, Tpetbsi cTpoka cooTeeTcTBYeT |U| = 10t, V = 2t, HUXKHSAS CTPOKa, NPeACTaBiAeHHas 3LeCb L5 CPAaBHEHUs, COOTBET-
cryet |U| = 10¢, V = 10t. PacyeTbl BbINONHEHbI A5t MasION 371eKTPOHHONM nnoTHocTn n = 0.15

Hamrane MuHIMyMa Ha 32BUCHMOCTH Fyq, OT cTe- U BEJIMYUHBI, XaPAKTEPUIYIOIEH COCYECTBOBAHUE JTbI-
neHu pasynopsinodenus: V (puc. 4a) cormacyercs ¢ pe- POK ¥ 3JIEKTPOHOB B PEAIbHOM MPOCTPAHCTBE (CMern-
syabratamu [18-20]. Ha puc. 5, 6 mokasanbl 3aBucu- BaHWE TACTHIL C JBIPKAMHI, CPEJHUE CTOJDIBI) JJTs Pas-

MOCTH IIPOCTPAHCTBEHHOrO pacupenesenus A (neBble JINYHBIX aMILUIUTYJT V' cTereHn Oecriopsiika B CUCTEME.
CTOJIOIBI ), SJIEKTPOHHOI IVIOTHOCTH (IIPaBble CTOJIOII ) st KaxKa0ro KOHKPETHOIO N300paskeHusT MbI HCIIOJIb-
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Puc. 2. 3aBucumoctu matemaTudeckoro oxuganus A;Aj, 0TpaxaloLLero NpoCTPaHCTBEHHOE PacnpeenieHne SNeKTPOHHbIX nap,
OT PacCTOsIHUS MEXAY NapaMu, BbIPaXKEHHOrO B NOCTOsIHHbIX peweTku. Cepus rpacdnkos npescTagneHa ¢ MSMEHEHUEM CpeAHeii
koHueHTpauun ana V =8 n U = 6: n = 0.07 (a), 0.30 (6), 0.40 (s)

Aop Egap
0.05
3.4r
0.04+
3.2r
0.03¢
3.0
0.021
2.8
0.011
2.6
0.16 0.18 0.20 0.22 0.16 0.18 0.20 0.22
n n

Puc. 3. 3aBucumoctun cpegrero napametpa cnapusaHus A,y

(a) n Bennunnbl Egqp (6) OT 301€KTPOHHON NAOTHOCTW B Ana-

nasoHe oT 1 0.16 go n 022, U/t = —10, V = 2,
Temnepatypa 1" = 0.01 gns pewetkn c 24 x 24 ysnamn

3yeM COOCTBEHHYIO IIKAJIy KOHTPACTHOCTH OT O€JI0T0 710
YEPHOTO, TIO9TOMY HEKOTODPbIe KOHMUTYPAIMH BBITJIs-
JIST OJIEKJIBIME 110 CPABHEHUIO C JIDYTMMM W3-33 KOH-
KPETHOW peain3anun 6ecropsiKa.

6. PACUETHI JJISI MAJIBIX
KOHIIEHTPAIIUN JIEKTPOHOB B
JIVAIIA3OHE BECHOPAIKA OT HU3KUX
J1I0 BBICOKUX 3HAYEHUN

B mannOM pasesie mpecTaBIeHbI PE3YIBTATHI PAC-
YeTOB B IIMPOKOM JHAIla30HEe CTEIeHU OecIIopsiiKa ¢
ammatygamMu Vo= 0.5, 6.0, 10.0 mra cucrembr 24 x 24
¢ mioTHocThio N = 0.15.
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W3 puc. 5 BUAHO, 9TO JI0 OTPEIETIEHHBIX 3HAMeHNH V
(nopsiIKa 5) 9eTKO HPOCIIeKUBAETCH KOPPEJIAIUsT MeXK-
Iy JeBbIM u cpemauM cronbmamu. Ha puc. 5 mokazan
epexoJ] OT KaleJsb [1apaMeTpa MOPSIKa K OTICTbHBIM
napam 3JIEKTPOHOB — H0O30HAM, C yBEJIHIEHUEM CTere-
Hu Gecriopsiaka B cucTeMe. Bompoc 0OTHOCHTEILHO Tepe-
XO/[a K MPEeJIeJIbHON BeJudnHe OecropsijKa, IIpu KOTO-
POM Halla cucTeMa IEePEXOaUT OT O03e-MeTalIa K 603e-
U30JIATOPY, HA PUC. 5 OCTAETCS OTKPBITHIM U Tpebyer
JIOIIOJTHUTEILHOTO MCCJIeIOBaHus. TakuM obpa3oM, Ha-
Ia 3a/1a49a pasjieiena Ha JIBe He3aBUCUMBbIE TTPODJIEMBI:
npobJieMy 603e-Merasiia U mpodsemMy 0603e-u30JITopa
JUIsl 3HAYEHUN Gecropsijika, IMPEBBINIAIONNX KPUTHIe-
CKOe 3HAYeHWEe, C PACIpee/IeHIeM Kalejlb apamMer-
pa mopsiJika, cojiepKaimumx 6o3e-cocrosiaust. CpaBHUBas
BCe TPH CTOJIOIA pUC. 5, MOXKHO CIEJIATh BBIBOJ, YTO Cy-
MEeCTBYET Takke (asa, B KOTOPO OOIBITHHCTBO JJIEK-
TPOHHBIX AP JIOKAJTN30BAHO, & MEHBIIAs 9aCTh JIEJI0KA-
JIN30BAHHBIX [1aP JBUXKETCS Ha (POHE TAKOTO COCTOSTHUS
603e-130J1ITOPA.

Ha puc. 6 nokasanst suasenus |u, (r;)|° + v, ()]
C MOJIOZKUTEIbHBIMU 3HAYEHUSIMY SHEPTUN JIJIsT [TEPBBIX
Tpex Bo30Oyx)aenuit mist V = 0.5, 4.

7. PACUETHI [JIs1 BBICOKOM CTEIIEHU
BECIIOPSIIKA B JUAIIABOHE
RJIEKTPOHHOM KOHIIEHTPAIIIU OT
HU3KUX n = 0.15 10 CPEJHUX n = 0.32
3SHAYEHUN

B namnOoM pa3spesre IpecTaBIeHBI PE3yIbTATEI PAC-
YETOB B JIMAIIA30HE 3JIEKTPOHHBIX INIOTHOCTEN OT HU3-
kot n = 0.15 mo ymepennoit n = 0.30 BeIUIWHBI C
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1.0r 6
0.8F
0.6F
0.4F
o ooooowoowooommoo°"°

T

14
Puc. 4. 3asucumoctu Egqp (a) n Aoy (6) oT amnantyabl becnopsgka V. n = 0.05, U/t = —8 ans pewetkn c 24 x 24 y3namu.

Ha puc. 6 oba rpachmka nokasaHbl 6onee nogpobHo B Tex e npegenax: Fgqp — cumsosnsl, Ay, — CNAOLWHAS NHUS

Legend Legend
0.033415597 0.002058031

Legend
0.069227405

iy

Legend Legend
2.6437774E-4

2,7785058

Legend
5.3835294E-4

0,46267766 0.17782117

Legend Legend
4.0111303E-5 1.0505142E-6

2.8676863

Legend
022562€-5

0,4855074 0.1863718

Puc. 5. [IsymepHoe pacnpeaeneHune a1eKTPOHHOI NAOTHOCTY (neBbili cTonbeL), 3N1eKTPOHHO-ALIPOYHOrO nepeMeLnBatus (cpes-
Huli ctonbew) n napameTpa nopsgka (npasbiii cronbey) npu n = 0.15, U/t = —6 Ha peweTke 24 X 24 ¢ amnauTygoii becropsigka
V/t = 0.5 (Bepxusist cTpoka), V/t = 6.0 (cpegnsis ctpoka), V/t = 10.0 (HumxHsist cTpoka)
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Legend

3.3141854E-11

0.010833726

Legend
5.2590277E-1

0.08550196

Legend Legend

3,3061047E-8 1.0433755€-10

0.011467512 0.008935696

Legend
2,832785E-13

0.031696327

Legend
1,26732095...

0.11747483

Puc. 6. MokasaHbl Tpn Bo3byxaeHus ans Habopa 3Hadenuii V = 0.5, U = 6, t = 0.01, n = 0.3 (BepxHsist cTpoka), anst Habopa

3HaveHnii V =4, U =6, t = 0.01, n = 0.15 (HmxHsa cTpoka). Cnesa HanpaBo HOMep BO3OyXAeHUS ANs AaHHOrO 3HadeHus U

yBenn4mBaetca ¢ cootseTcTBytowumm sHepruamu 0.000088, 0.004876, 0.013679 pnsa sepxHeli cTpoku u sHeprusimu 0.102606,
0.172969, 0.217828 nns HMKHER CTPOKM

aMIIuTynoil 6ecriopsiika Vo= 8 u aMILUIATYIOU IIpu-
TskeHus Xabbapma U = 6 myis permerku ¢ 24 X 24
y3namu. Takzke MOKa3aHbBI OTIEIbHBIE CJIyIAHBIE BO3-
Oy XK IeHUSI.

Kax Bumnm, gas mmornoctr n = 0.11 mosBagroT-
Cs1 OJTUHOYHBIE TIAPBI WK CIBOCHHBIE TIAPHI 9JIEKTPOHOB
(kBApTETHI) B BHJIE TIAD, COCEACTBYIONMX HA MIPUJIEra-
omux sueiikax (puc. 7), upu n = 0.17 mabmomamorcs
GOoJIbIIIE KAIUTM TIapaMeTpa mopsaika (puc. 8), B pe-
3yJIbTAaTE 9Y€ro pacipeeenne 3JeKTPOHOB uMeeT (hop-
My Kallejib C OOJIBIIIMM 9HCJIOM 3JIEKTPOHHBIX I1ap B
KaxkJI0#1 3eKkTponHoit karmte. [Iluku nBymepHoro pac-
pe/iesIeHus SJIEKTPOHHOM IIJIOTHOCTH U ITapaMeTpa Mmo-
psiIKa KacaroTcsd JApyT JIpyra, HO He IePEeKPBIBAIOTCS.
Kamm mapamerpa mopsijka CJIMBAIOTCS B IMEPKOJIATIN-
OHHBIN KjacTep (ceTeBoit Kapkac miam network) mermo-
Y€K, HAITOMUHAIONINX JIEPEBO C OOJIBIIUM KOJTUIECTBOM
BeTBeil (puc. 8), KOTOpbIe MPAKTUYECKH HE UCIBITHIBA~
10T Pa3pbIBOB B/IOJIb UX JUIUHBL. 1lpyn Goabmux mior-
Hoctax n = 0.30 Bo3HMKaOMMil ceTeBOil KapKac Ia-
paMeTpa MOpsijIKa B 9TOM CJIydae KOHIIEHTPUPYETCsl B
[IPOCTPAHCTBEHHBIX 00JIACTSIX B BHUJE <«JIOJUH» MEXKILY
UKAMH 3JIEKTPOHHOM mtoTHOCTH (puc. 9).

Ha puc. 10 nokazaubl Tpu BO30YK/I€HUsI C HAMEHb-
el sueprueii i OHOM KOHKPETHO! peasin3anun bec-
MTOPSJIKA.

703

8. BLIBOIbI

Kak yxke ormedasoch B MPEIbIIyIMINX TEOPETHIEC-
Kux paborax [7,11,12,21-23|, cneruduueckne ocobeH-
HOCTH B IBYMEPHOM CJIydae TOJTHOH (Da3oBoil nuarpam-
Mbl Mogiesieit Tunia Xab6apma— Augepcona (¢ JIOKaIb-
HBIM B3amMo/ielicTBreM Xabbap/a Ha y3Je U C JTHaro-
HAJIBHBIM GeCTIOPSIZIKOM) CBSI3aHBI C Te€M, UTO B KBa-
3UJIBYMEPHBIX CHCTEMAaX IIOMUMO CTAHIAPTHOrO hazo-
BOI'O IIePeX0Jla CBEPXIIPOBOJHUKA K HOPMAaJbHOMY Me-
TaJIIy B OLPEJIEIEHHOM JIMala30He IapaMeTPOB BO3MO-
KEH TAKXKe <IIPSIMOii» IEepPexXoJl M3 CBEPXIIPOBOJIAIIE-
'O COCTOSIHUSI B JIU3JIEKTPUUIECKOE JIOKAJIU30BAHHOE CO-
crostHre 6€3 BOSHUKHOBEHUS IIPOMEXKYTOYHOIO COCTOSI-
HUsI B BUJe HOpMAJILHOTrO MeTaJjiia. [loxoxkast cuTyarust
[IPOSBJISIET ce0sl B S9KCIIEPUMEHTAJILHBIX UCCJICI0BAHUAX
CBEPXIIPOBOJUMOCTH U JIOKAJIU3AINH B I'PA3HBIX TOHKUX
wreHkax [8,9]. 9T1o obcTosATeNbCTBO JeaeT pacyershl,
[peJiCTaB/ICHHBIE B JAHHON CTaThe, BEChbMa AKTYAJbHbI-
MH.

[IpuBemeM OCHOBHBIE PE3YIHTATHI PAOOTHI.

1. ITo mepe pocra Gecrmopsiaka TPOCTPAHCTBEHHOE
pacupejieJleHne  JIOKAJIBHON aMILUINTYIbI CHapUBAHUST
A(r) crauasna npuHuMaeT (HOPMY OTIEJIbHBIX Kalleb,
a 3aTeM — OTJEJbHBIX Iap.
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Legend
8,631206E-5

0,47930583

Legend
3.058286E-6

2.8604572

Puc. 7. [lBymepHoe pacnpegeneHne 31eKTpOHHOI nnoTHocTw (cnesa) n napamertpa nopsigka (cnpasa) gnsi n = 0.11, U/t = —6
Ha pelteTke 24 X 24 ¢ amnanTygoih becnopsigka V/t = 8

Legend
3.8331185E-4

0.4915919

Legend
2005214166

2.8598816

Puc. 8. [IeymepHoe pacnpefeneHne 31eKTPOHHOI NaoTHocTK (cieBa) n napameTtpa nopsigka (cnpaea) gnsin = 0.17, U/t = —6
Ha peweTke 24 X 24 ¢ amnauTygoii becnopsgka V/t = 8

2. CuekTpaJsbHasl IeJb B OJ[HOYACTHIHON IIJIOTHO-
CTH COCTOSTHUI COXPAHSIETCS JTarKe TIpu OOJIBIITOM HecIio-
psLIKE, HECMOTPSI Ha PACTYIIEe YUCJIO IPOCTPAHCTBEH-
HBIX y3i10B ¢ A(r) = 0. erajgpHoe HOHUMAHHUE STO-
ro addekTa BO3HUKAET W3 HCCIEIOBAHUS IIPOCTPAH-
cTBeHHOTO M3MeHeHns: GyHKuun A(r) u coOGCTBEHHBIX
dyukmuit ypasuenuit Boromobosa — e 2Kena. Ha nar
B3IVISA, 9TOT 3D PEKT HYKTAeTCA B IEPECMOTPE, C pac-
CMOTpEHneM MOJean Tuia (epMu—Oo3e-cMecr, BaxK-
HOH 4epTOoif KOTOPOH SBJIAETCS COCYIIECTBOBAHUE JJICK-
TPOHHBIX IIAP U OJIUHOYHBIX HECIIAPEHHBIX JIEKTPOHOB.

IlogaepkHeM, 9TO HAITH PE3YIHTATHI OBLIN MOJTY e~
HBI B IIpe/iesie CulbHO# csizu |U|/t > 1 u MaJioii mwior-
voctu n K 1. BoJslee Toro, mpesneabHble 3HAYECHUS B
[TPOBEJIEHHBIX HAME pacdeTax COOTBETCTBYIOT CJIydaro
|U|/t = 10 u n = 0.125 gya aByMepHOi KBaJIPaTHON
pemrerku ¢ mupuHoit 306t W = 8t. B arom mpejenn-
HOM CJIy9ae IPOCTBIE ONEHKH C UCIOJIb30BaHueM (hop-
MyJ1, npuseneHHbIX B [1-3], maor ep ~ 0.8t, |Ey| ~
~ 0.2t cooTBeTCTBEHHO s dHeprun PepMmu U dHEP-
MU CBSI3U JIEKTPOHHOMN napbl. Takum obpaszoM, |Fp| <
< 2ep, m MBI Bce eme Haxomumcs B obsactu BKIII
anst BKIIT-B9K-kpoccosepa. Eciu mbr BBemEM ymo6-
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Hble ODO3HAYEHUs JJI SHEPIUU CBS3W, JJI SHEPIUH
@epMu U I 30HHOI MacChl 3JIEKTPOHA!

1

K
1Bb] = gz e =

T om’

1
m=_—:;
2td?’

rje d — PacCTOsIHIe MEXKJIY Y3JIaMH, ¢ — PaJIyC Haphbl
u krp — mvmyiase Pepmu, To Ge3pa3zMepHBI TapamMeTp
BKIII-B9K-kpoccoBepa, CBI3aHHBIN C JIBYMEPHOCTHIO
SJIeKTPOHHOf TIOTHOCTH, Nop = k% /27, nyia mapabo-
JITYECKOTO CIEKTPA MIPUHUMAET BT

E€F

Kpa? 21 8
o |Ey| 27~ 6.28

U JUIsi TIPee/IbHBIX [TapaMeTPOB 33/l OKA3bIBAETCS
6m3kuM K 1.

Dr1o mokasbiBaeT, Kak obcyxkmaigoch B 1],
9T0, XOTd MBI Haxommmcs B obgactu BKII amsa
BKIT-B9K-kpoccoBepa, 3JeKTpOHHBIE TAapbl yXKe
JIOCTATOYHO KOMIIAKTHBI, OHU CJIa00 MEePEKPBIBAIOTCS
U TOYTH KacaioTcad Apyr apyra. Takum obpasowm,
MBI JIECTBUTEIBHO OYEHb OJIM3KU K IPENEeTy, KOria
mapbl HAYUHAIOT <«Pa3JaBIuBaTb» [pYyr Jpyra, T.e.

2

nepa” = >1

K Tpegeny depMu—003e-cMec KOMIAKTHBIX Tap u
HECIIAPEHHBIX OJMHOYHBIX 3JIEKTPOHOB.
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Legend
0.008776444

0.499739

Legend
2,64979E-5

2,9320383

Puc. 9. [IsymepHoe pacrnpegeneHue 31eKTPOHHON naoTHocTM (cneea) n napamertpa nopsigka (crpaea) gsist sHaderuin n = 0.30,
U/t = —6 Ha pewuetke 24 X 24 ¢ amnnutygoii becnopsigka V/t = 8

Legend
6.581138E-16

0.13077292

Legend
8.167217E-18

0.13193677

Legend
1.727533E-17

0.20702907

Puc. 10. Tpu Bo3byxaeHnst ¢ HauMeHbLueli 3Heprueli Ans ogHOl peanusauun becnopsiaka ans Habopa 3HaveHnin V =8, U = 6,
n = 0.28. Cnesa HanpaBo HoMep BO3DYyXXAEHUS YBENMYNBAETCS ANS AaHHOrO Habopa 3HaveHuli U, V, n: sHeprus Bo3byxaeHus
Ey1 =0.070 (cnesa), sHeprusi Bo3byxxaenust Ey = 0.084 (nocepegute), sHeprus Bosbyxgequs E3 = 0.107 (cnpasa)

Ormerum, 9T0 MO/ hepMU—O03€e-CMeCH IPE3BbI-
JaifHO HoraTa m MOXKET COJEPXKAThb OYeHb Pa3HO00pa3-
HYIO (DU3UKY, B YACTHOCTH, C BO3MOXKHOCTHIO HAHO-
pasmMepHoro $ha30BOTO pa3jiefieHusl B CUCTeMe u obpa-
30BAHUEM MPOCTPAHCTBEHHO PAa3Ie/IeHHBIX (hepMUOH-
HBIX U OGO30HHBIX KJIACTEPOB W MHOTOYACTUIHBIX Ka-
eJTh PA3JINIHBIX KOMIIO3UIME (B 3aBUCHMOCTH OT 3HAa-
K& U OTHOCHUTEJIbHOI BEJMYIUHBI KOHKYPUPYIONUX 00-
30H-0030HHOTO, 0030H-DEpPMUOHHOTO U (HepMUOH-dEp-
muonnoro B3ammogeiicteuit Upp, Urpr, Urpp, a Takxke
OTHOIIEHU IIIOTHOCTEH 1ByX a3 ng, np [24,25]). Mo-
Jieib, u3ydaemMasi B JIAHHOHW CTaThe, sIBHO YUYUTHIBAET
poab pepMUOH-(PEPMUOHHBIX B3aUMOICHCTBUAN B BUJIE
norteHnuasa cnapubanust A (r;) Ha y3ie r;, a TakkKe
6030H-pepMuoHHOE B3anMmojeilictsue Upp B BUIe IO-
rernuasa cpeauero nous U (r;). Ouucanue 6030H-60-
30HHOTO B3aMMOJIEHCTBUs 3JIeKTPOHHBIX map Upp Tpe-
Oyer TaJIbHEHIero n3ydeHns B paMKax 0DODIEHHOM 1
PaCIIUPEHHON MOAEJIN.

[MoguepkHeM, 9TO BCe PE3yJIBTATHI ITOW PAOOTHI
ObLIM TIOJTyYeHbl B moaxojae Boromobosa—ne 2Kena,
[IPUBOJISIIEM K JIOKAQJBHOMY MUHUMYMY (DYHKIIMOHA-
Jia, cBOOOIHOM sHeprun, 6€3 KaKux-Jud0 JOTOJTHUTE b

9 2KITO, Boin. 4

HBIX TPUOJINKEHU. DTO O03HAYAET, B YACTHOCTH, UTO
cocTosiHue ¢ 0oJiee pAaBHOMEPHBIM ITPOCTPAHCTBEHHBIM
pacIpeJieJIeHueM 1ap B cucreMe («paBHOMEPHO [epeMe-
MaHHOE» perneHue st pepMu—003e-CMeCcH Tap U pac-
[APEHHBIX JIEKTPOHOB) JIOJIZKHO COOTBETCTBOBATHL GO-
Jiee BBICOKOI SHEprum, 9eM PacCMOTPEHHOE HAMU HEO/I-
HOPO/IHOE cocTosiHue. Bosiee crporoe paccMoTpeHue 3a-
Ja9u TpedyeT aHajM3a MapIHaJbHBIX CKUMaeMOCTel
KOMIIOHEHT (hepMu—H03e-CMeCH JIjist TOro, YTO0BI CTPO-
r'0 JI0Ka3aTh HEYCTOWYNBOCTH PABHOMEDHO II€PEMEITIaH-
HOT'O COCTOSIHUSI OTHOCUTEJILHO BO3MOXKHOCTU HAHOPA3-
MEPHOr0 paccjaoeHus Ha (a3bl ¢ 06pa3oBaHueM Kalleb
oziHOM (cocTosimelt u3 1map) G030HHOM (dasel BHYTpH
MaTpuIbl Apyroil (mecrapeHHoii) depMuoHHON (has3bl
[25-27]. Takoit aHamM3 GyJeT IPOBOAUTHCS OTIEIBHO
BMecTe ¢ H60Jiee CTPOTMM OIIpeie/IeHUeM IIPUPO/IbI ap-
HBIX COCTOSIHUII BHYTpH Kaleib (603e-MeTasul miu 60-
3€-U30JITOD ), & TaKKe COCTOsHU B pacnapeHHoit dep-
MUOHHOI MaTpHUIle (HopMaJImeﬁ dbepMUOHHBII MeTaJLI
un bepPMUOHHBIH U30JIATOD ).

JIOTIO/THUTEJIBHBII BOIIPOC B TOM KOHTEKCTE CBSI3aH

¢ $a30BOil KOIepeHTHOCTBIO U CBEPXIPOBOIUMOCTBIO.
CorutacHo [24], osuH U3 BO3MOXKHBIX CIIEHADHEB CBEPX-
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IIPOBOJIAIIETO TIEPEX0Ia B IIPOCTPAHCTBEHHO Pa3IeJIeH-
HOI bepMu—603e-cMecu MOXKeT ObITh CBsI3aH C TYHHE-
JINPOBAHUEM TIap U3 OJIHOTO HO30HHOTO KJIACTEPA B CO-
ceHuil Yepe3 M30upyIomuil (hepMUOHHBIT Gapbep, C
YCTAHOBJIEHUEM TIPU ITOM MAKPOCKOITMIECKOTO JTajIbHe-
ro mopsika u Ga30BOil KOTEPEHTHOCTH B CHCTEME.

OrmMernM TakzKe, 9TO BCE pACYeTHI B IAHHOI paboTre
OBLIN BBIITOJIHEHBI TIPU TeMIepaType, OJM3KON K HYJIIO,
KOI'JIa TEOPHsI CPEJHEro IOoJisi IPUMEHUMA JJIs MaJIoi
mwIoTHOCTH ByMepHOTo depmu-rasza (cm. [1-4] u cepur-
KU B 9THX paborax) u Korja JyKTyaluoHHbIe [0IpaB-
ku Bepesunckoro — Kocrepimna— Tayneca [28,29] ma-
Jib1. TeMmepaTypHast 9BOJIIONMS CUCTEMbBI B KBA3NOO30H-
HOI1 obsacTu napamerpos (06JacT IapaMeTpoB, COOT-
BETCTBYIOIIEH TOsIBIeHUIO (hepMu—003€e-CMeCH) TaKkKe
oveHb uHTepecHa [1-3,24,26,30] u Tpebyer TIATE B
HOT'O UCCJIEJIOBAHUSI.

C yBejimueHneM crerneHrn OeCIopsiKa TPOUCXOIUT
CYIIIECTBEHHOE YMEHBIIIEHNE YKECTKOCTHU JIJIsT MAKPOCKO-
MIMYIECKON BOJIHOBOW (DYHKIINNA CBEPXIIPOBOJIAIIETO CO-
CTOSIHUSI W JIHATOHAJIBHBIX Koppessiiuil. Oxxujgaercs
TakKe, 9YTO, KOrjga 0030H-O030HHOE B3aWMOIEHCTBUE
Upp Oyner BKJIOYEHO B MOJIEJb JJisi OoJiee JIeTasib-
HOI'O OIMCAaHUA Kallejb, IIOJBUKHOCTb TaKUX Kallesb
OyZeT IeMOHCTPHPOBATH IICEBJIOIIE/IEBbIE CBOIICTBA B
CIIEKTPE.

B zakmiouenue obcyanm 6oJiee JeTaabHO SBOJIOIUIO
pa3MepoB Karesib ¢ U3MEHEHUEM IMapaMeTpoB 3aaadu. B
9aCTHOCTH, MPEJCTABJISIETCS BEChMa KOHCTPYKTUBHBIM
3aUKCUPOBATH MpeebHOe 3HAYeHUEe CUJILHOTO Xab-
GapoBcKoro nputsikenus Ha y3ie |U|/t = 10 u mocre-
[IEHHO YBEJIMYMBATH IJIEKTPOHHYIO ILJIOTHOCTD, JIBUTA-
schb oT n = (0.125 K 6OJBIIUM JIEKTPOHHBIM ILJIOTHOC-
TaM, 60Jtee OJM3KUM K IMTOJOBUHHOMY 3aIlOJHEHHWIO. B
9TOM CJIydae HAIM Pe3yJIbTaThl MOKA3BIBAIOT, YTO KOT-
J1a MBI yBEJIMIUBAEM JIEKTPOHHYIO IIJIOTHOCTH, CHAYAJIA
IIPOUCXO/IUT IIEPEXO]] OT OAMHOYHBIX JIEKTPOHHBIX I1ap
K 00J1ee KPYITHBIM KAILIsIM, COJEPKAIIIM DOJIBIIIOE IUC-
Jio tap. U ToJIbKO mocsIe 9TOro, IpH JajIbHEHIIeM yBe-
JINYEHUN TJIOTHOCTH 3JIEKTPOHOB B HAIEl cucreme 00-
pasyercsi 6OJIBIION HEPKOJISIIUOHHBII KJIacTep, COIEp-
JKalmuii KapkacHyto ceTb (network) us mapHbIX coCTOSI-
HUI 3J1€KTPOHOB.

OrMmeruM Takxke, 9YTO HEJABHWE 3JKCIIEPUMEH-
TaJbHbIE WUCCJIEJOBAHUSI 110 PA3JIMIHBIM  peasn3a-
UM CBEPXIPOBOAAINIUX KyOuToB (B 9aCTHOCTH,
dbiakc-kyGUTOB) CHOBA IIOBBICHJIM HUHTEPEC K IIO-
CTPOEHUIO TJI00aJIbHON  (ha30BOI  IMArpPaMMBbI

GoJiee JeTaJIbHOMY IIOHUMAHUIO IPUPOIBI (Pa30BBIX

n K

1I€PEX0/I0B  CBEPXIIPOBOJHUK-HOPMAJbHBIM MeTasljl U
CBEPXIIPOBOIHUK-HM30JIATOP B CHCTEMAX C ITOHUKEH-
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HO#t pasmepHocThio (D = 1, 2). B srom KoHTekcre
UCCJIEIOBAHUS PE3OHAHCHBIX KOHTYDPOB C BBICOKUMHU
SHAMEHUSAMA WMIIEJAHCA B TPAHYJTAPOBAHHBIX CBEPX-
POBOJHUKAX, B YACTHOCTH, B CBEPXIIPOBOISAIINX
(mostocaTeix) CTpaMI-CTPYKTypax TI'DaHYJIAPOBAHHOIO
AJIIOMHMHUS, KOTOPbIE SABJISAIOTCS AJbTEPHATHBOM OObIY-
HBIM JI?KO3€(DCOHOBCKAM TIEPEXOIAM, MPEICTABIAIOTCS
BECbMa, TEePCIeKTUBHBIMA [23].

OrmernM, 9TO 00pa3zoBaHWE HAHOPA3ZMEPHBIX 00-
Jacreil paccioenns Ha (asbl (Kaleib) B JIBYMEPHOM
sekTporHOM Taze (2DEG) u B MHOTOC/IOHOM Ccityuae
JUIST T€TEPOCTPYKTYp W mHTepdeiica TOHKHX ILIEHOK
SrTiO3-LaAlO3 siBujIoCch B IOCJIEIHUE TOMbI IIPEIMe-
TOM MHTEHCHUBHBLIX MCCJIEJOBAHUN B IEJIOM psijie paboT

[31-36].

Banarogapaoctu. Mwr 6Gmaromapasr P. ITI. Ux-
canony, E. A. Byposckomy, K. 1. Kyremo, A. .
ITamenuyk, A. C. Bacenko, H. H. [errspenko, A. B.
Kpacasuny, A. A. Toixy6oBy 3a moJiezHoe o6CyXkKieHue
9TOi pabOTHI.
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The pairing near a quantum-critical point (QCP)
in a metal and its interplay with non-Fermi-liquid be-
havior in the normal state is a fascinating subject,
which attracted substantial attention in the corre-
lated electron community after the discovery of su-
perconductivity (SC) in the cuprates, Fe-based sys-
tems, heavy-fermion materials, organic materials, and,
most recently, twisted bilayer graphene [1-13]. Ttin-
erant QC models, analyzed in recent years, include
models of fermions in spatial dimensions D < 3, vari-
ous two-dimensional models near zero-momentum spin
and charge nematic instabilities, and instabilities to-
wards spin and charge density-wave order with ei-
ther real or imaginary (current) order parameter, 2D
fermions at a half-filled Landau level, Sachdev — Ye — Ki-
taev (SYK) and SYK — Yukawa models, strong coupling
limit of electron-phonon superconductivity, and even
color superconductivity of quarks, mediated by gluon
exchange. These problems have been studied analyti-
cally and using various numerical techniques [14].

From theory perspective, pairing near a QCP is a
fundamentally novel phenomenon, because an effective
dynamic electron-electron interaction, V(g,$2), medi-
ated by a critical collective boson, which condenses at
a QCP, provides a strong attraction in one or more
pairing channels and, at the same time, gives rise to a
non-Fermi liquid (NFL) behavior in the normal state.
The two tendencies compete with each other: fermionic
incoherence, associated with the NFL behavior, de-

* E-mail: achubuko@umn.edu
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stroys the Cooper logarithm and by this reduces the
tendency to pairing, while an opening of a SC gap
eliminates the scattering at low energies and reduces
the tendency to a NFL. To find the winner of this com-
petition (SC or NFL), one needs to analyze the set of
integral equations for the fermionic self-energy, ¥ (k,w),
and the gap function, A(k,w), for fermions with mo-

mentum /frequency (k,w) and (—k, —w).

We consider the subset of models, in which col-
lective bosons are slow modes compared to dressed
fermions, for one reason or the other. In this situa-
tion, which bears parallels with Eliashberg theory for
electron-phonon interaction [15], the self-energy and
the pairing vertex can be approximated by their val-
ues on the Fermi surface (FS) and computed within
the one-loop approximation. The self-energy on the
FS, ¥(k,w), is invariant under rotations from the point
group of the underlying lattice. The rotational sym-
metry of the gap function A(kp,w) and the relation
between the phases of A(kp,w) on different FS’s in
multi-band systems are model specific. E.g., near an
antiferromagnetic QCP in a system with a single FS,
the strongest attraction is in the d-wave channel. In
each particular case, one has to project the pairing in-
teraction into the irreducible channels V (g, Q) — V(Q),
find the strongest one, and solve for the pairing vertex
for a given pairing symmetry.

Away from a QCP, the effective V(Q2) tends to a
finite value at Q = 0. In this situation, the fermionic
self-energy has a FL form at the smallest frequencies,
and the equation for A(w) is similar to that in a conven-
tional Eliashberg theory for phonon-mediated super-
conductivity. At a QCP, the situation is qualitatively
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Away from a QCP

«— Full form

a) The frequency dependence of the effective interaction V(€,,), mediated by a soft boson, at 7' = 0. Away from a QCP,

V(Qr) tends to a finite value at ,,, = 0. Right at a QCP, the boson becomes massless, and at frequencies below the upper

cutoff A, the dimensionless V' (£2,,,) behaves as log A/|Q,| at v = 0+ and as (§/|Qm|)” at a finite 4. b) T¢ as a function of

the parameter B = y(A/§)”, which determines the crossover between the behavior at a finite vy (the limit of large B) and at
~ = 0+ (the limit of small B)

different, because the effective interaction V(£2), medi-
ated by a critical massless boson, is a singular function
of frequency. Quite generally, the dimensionless inter-
action behaves at the smallest €2,,, on the Matsubara
axis as V(Q,) = (§/|Q2m])7, where v > 0 is some expo-
nent (Figure a). This holds at frequencies below some
upper cutoff A. At larger Q,, > A, the interaction
drops even further, and can be safely neglected.

In this communication, we consider the pairing at
small . This limit attracted a lot of attention in the
last few years from various sub-communities of physi-
cists [16-31]. We consider this limit analytically for
V(€2), which crosses over from (§/|Q,|)” behavior at a
finite v to the logarithmic behavior at v = 0+ (the di-
mensionless V(Q) = Alog A/|2,,]). In the latter case,
T, ~ Aexp(—n/(2V/A)). This expression is similar to
the one in the BCS case, but with v/ instead of A in
the exponent, because the “Cooper” logarithm appears
from the combination of the logarithms in fermion and
boson propagators. At a finite -, the transition tempe-
rature remains finite even if A — oo and its dependence
on v is T, ~ §(1/)Y/7. This T, rapidly increases as v
decreases.

When both A and + are finite, one expects the
crossover between the expressions for 7, at finite v and
A — oo and at v = 0+ and a finite A. This crossover is
the main theme of our paper. We find the full crossover
function for T, and show that the two limiting cases
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correspond to small and large values of the single pa-
rameter B = v(A/g)".

The structure of the paper is the following. Sec-
tion 1 is a preface for the paper. Section 2 is the
detailed Introduction. In Sec. 3 we present the set
of coupled Eliashberg equations for the pairing ver-
tex ®(wy,,) and the fermionic self-energy ¥(w,,) and
combine them into the equation for the gap function
A(wp,). In Sec. 4 we analyze the structure of the log-
arithmic perturbation theory for v = 0+ and v > 0,
keeping a finite high frequency cutoff A. We show that
for v = 0+, the summation of the leading logarithms
capture T. ~ Aexp(—7/(2v/\)), although logarithmic
series are not geometric, in distinction from the BCS
theory. However, for a finite v, summation of the loga-
rithms does not give rise to a pairing instability — the
pairing susceptibility does not diverge. In Sec. 5 we go
beyond perturbation theory. We re-express the inte-
gral Eliashberg equation as an approximate differential
equation for the pairing vertex and solve it. We show
that for v = 0+, the solution coincides with the result
of summation of the logarithmic series. For v > 0, we
show that the absence of an instability within the loga-
rithmic approximation implies that there is a threshold
on the strength of the pairing interaction. We find the
threshold and show explicitly that, once the interac-
tion exceeds the threshold, the normal state becomes
unstable against pairing at some finite T,. We show
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that for a finite ~, the calculation of the pairing insta-
bility is ultra-violet convergent, hence T, remains finite
even when the cutoff A is set to infinity. We analyze
the crossover between the forms of 7T, at a finite v and
at v = 0+ and show that the crossover is governed by
the single parameter B = vy(A/g)".

In Sec. 6 we analyze the pairing at small v from
the renormalization group (RG) perspective — as
the flow of the 4-fermion pairing vertex at a finite
~v.  We show that the solution of the RG equations
describes the same crossover between T, at a finite
~ and at v = 04. We present our conclusions in Sec. 7.

The full text of this paper is published in the English
version of JETP.

REFERENCES

1. P. Monthoux, D. Pines, and G. G. Lonzarich, Nature
450, 1177 (2007).

. D. J. Scalapino, Rev. Mod. Phys. 84, 1383 (2012).
NoStop

M. R. Norman, Nowvel Superfluids, Oxford Univ.
Press, Oxford (2014), Ch. Unconventional Supercon-
ductivity.

S. Maiti and A. V. Chubukov, Novel Superfluids, Ox-
ford Univ. Press, Oxford (2014), Ch. Superconduc-
tivity from Repulsive Interaction.

. B. Keimer, S. A. Kivelson, M. R. Norman, S. Uchida,
and J. Zaanen, Nature 518, 179 (2015).

T. Shibauchi, A. Carrington, and Y. Matsuda, Ann.
Rev. Condens. Matter Phys. 5, 113 (2014).

R. M. Fernandes and A. V. Chubukov, Rep. Progr.
Phys. 80, 014503 (2016).

E. Fradkin, S. A. Kivelson, M. J. Lawler, J. P. Eisen-
stein, and A. P. Mackenzie, Ann. Rev. Condens. Mat-
ter Phys. 1, 153 (2010).

K.-Y. Yang, T. M. Rice, and F.-C. Zhang, Phys. Rev.
B 73, 174501 (2006).

10. L. Fratino, P. Sémon, G. Sordi, and A.-M. S. Trem-

blay, Sci. Rep. 6, 22715 (2016).

11. S. Sachdev, Rep. Progr. Phys. 82, 014001 (2018).

12. P. Coleman, Introduction to Many-Body Physics,

Cambridge Univ. Press, Cambridge (2015).

13. Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Tanigu-
chi, E. Kaxiras, and P. Jarillo-Herrero, Nature 556,

43 (2018).

710

14

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

. A. Abanov and A. V. Chubukov, Phys. Rev. B 102,
024524 (2020).

G. M. Eliashberg, JETP 11, 696 (1960) [ZhETF 38,
966 (1960)].

D. F. Mross, J. McGreevy, H. Liu, and T. Senthil,
Phys. Rev. B 82, 045121 (2010).

M. A. Metlitski, D. F. Mross, S. Sachdev, and T. Sen-
thil, Phys. Rev. B 91, 115111 (2015).

S. Raghu, G. Torroba, and H. Wang, Phys. Rev. B 92,
205104 (2015).

R. Mahajan, D. M. Ramirez, S. Kachru, and
S. Raghu, Phys. Rev. B 88, 115116 (2013); A. L. Fitz-
patrick, S. Kachru, J. Kaplan, and S. Raghu, Phys.
Rev. B 88, 125116 A. L. Fitzpatrick, S. Kachru,
J. Kaplan, and S. Raghu, Phys. Rev. B 89, 165114
(2014); G. Torroba and H. Wang, Phys. Rev. B 90,
165144 (2014); A. L. Fitzpatrick, G. Torroba, and
H. Wang,Phys. Rev. B 91, 195135 (2015), and refer-

ences therein.

H. Wang, S. Raghu, and G. Torroba, Phys. Rev. B 95,
165137 (2017).

H. Wang, Y. Wang, and G. Torroba, Phys. Rev. B 97,
054502 (2018).

A. L. Fitzpatrick, S. Kachru, J. Kaplan, S. Raghu,
G. Torroba, and H. Wang, Phys. Rev. B 92, 045118
(2015).

Y.-M. Wu, A. Abanov, and A. V. Chubukov, Phys.
Rev. B 99, 014502 (2019).

D. T. Son, Phys. Rev. D 59, 094019 (1999).

A. V. Chubukov and J. Schmalian, Phys. Rev. B 72,
174520 (2005).

T. Schéfer and F. Wilczek, Phys. Rev. D 60, 114033
(1999).

R. D. Pisarski and D. H. Rischke, Phys. Rev. D 61,
051501 (2000).

Q. Wang and D. H. Rischke, Phys. Rev. D 65, 054005
(2002).

J. A. Damia, M. Solis, and G. Torroba, Phys. Rev.
B 102, 045147 (2020).

D. V. Khveshchenko, J. Phys.: Condens. Matter 21,
075303 (2009).

C. M. Varma, P. B. Littlewood, S. Schmitt-Rink,
E. Abrahams, and A. E. Ruckenstein, Phys. Rev.
Lett. 63, 1996 (1989); C. M. Varma, Rev. Mod. Phys.
92, 031001 (2020).



2KOT®, 2021, Tom 159, Bbim. 4, crp. 711-718

© 2021

NICKELATE SUPERCONDUCTORS: AN ONGOING DIALOG
BETWEEN THEORY AND EXPERIMENTS

A. S. Botana®, F. Bernardini®, A. Cano <"

@ Department of Physics, Arizona State University
Tempe, AZ 85287, USA

b Dipartimento di Fisica, Universita di Cagliari
I1T-09042, Monserrato, Italy

¢ Université Grenoble Alpes, CNRS, Grenoble INP, Institut Néel
38042, Grenoble, France

Received December 4, 2020,
revised version December 4, 2020
Accepted for publication December 5, 2020

Contribution for the JETP special issue in honor of I. E. Dzyaloshinskii’s 90th birthday

DOI: 10.31857/S0044451021040131

Unconventional superconductivity, understood
as superconductivity beyond the electron-phonon
paradigm, remains a defining problem in condensed
matter [1]. The challenge is exemplified by the high-T,
cuprates, and nickelates joined the club last year after
Hwang and collaborators reported superconductivity
in Sr-doped NdNiOs thin films [2]. Here, we provide

an overview on nickelate superconductors.

Experimental facts. Rare-earth infinite-layer
nickelates RNiOy have been known for decades [3-6].
This special type of nickelates can be seen as the n = oo
members of the series R,,11Ni,O2,42, with each mem-
ber containing n-NiOy planes (see Fig. 1, R — ra-
re-earth). The synthesis of these materials is typically
achieved by first growing the nickelate in its RNiOg per-
ovskite version, and then removing the apical oxygens
from the NiOg octahedra with reducing agents such as
hydrogen [7]. This is the so-called topotactic reduction
which, in practice, may have unwanted consequences
such as hydrogen intercalation into the sample [8]. Su-
perconductivity in RNiOs (R = Pr, Nd) emerges via
charge carrier doping as in the cuprates. This has only
been achieved by means of thin-film growth techniques
[9], while superconductivity in doped bulk samples is
yet to be reported [10-12].

* .
E-mail: andres.cano@neel.cnrs.fr
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Fig. 1. Ball-and-stick model of the unit cell of the infinite-

layer nickelates RNiO2 and sketch of the formal 3d° electronic

configuration of a Ni'™ atom in square-planar coordination.

The set of d orbitals is frequently divided into the subsets

eg-like = {d,2_,2,d,2} and tag-like = {duy,dzz,dy-} as in
octahedral coordination

Figure 2 shows the temperature-composition phase
diagram of Sr-doped NdNiOg and PrNiOs [13,14]. The
measured resistivity as a function of temperature shows
metallic behavior, with a low-temperature upturn sys-
tematically observed (Fig. 2). This upturn can be
attributed to weak localization, or it could be remi-
niscent of Kondo physics [15]. These systems can be
seen as weak insulators or bad metals all along the
phase diagram, in marked contrast to cuprates. Be-
sides, no signature of long-range magnetic order has
been reported so far for the parent infinite-layer nick-
elates [4,5,16]. However, a recent NMR study has
pointed out the presence of antiferromagnetic fluctu-
ations and quasi-static antiferromagnetic order below
40 K in Nd0_85SI‘0V15NiOQ [17]
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Fig. 2. Temperature vs composition phase diagram of the superconducting infinite-layer nickelates reported so far — i.e. Sr-do-

ped NdNiO; and PrNiOs thin films on SrTiO3 substrates — and corresponding resistivity data (from [13] and [14]). Sr-doping

is equivalent to hole doping in these systems. The superconducting T. reaches 15 K in the best superconducting samples. The

resistivity in the normal state shows metallic behavior as a function of temperature, with a Kondo-like upturn systematically

observed for both underdoped and overdoped samples. The metallicity is however rather poor, and hence these systems can

be seen as bad metals with weakly insulating features. At the same time, enhanced metallicity has been repeatedly reported in
superconducting samples when compared to the non-superconducting ones

The transport data reported so far is still sample de-
pendent, with nominally equivalent samples displaying
finite resistivity or a complete drop [13,18,19]. Also,
whether the original LaNiOg reference compound hosts
superconductivity or not remains an important open
question. This difference may be “simply” due to sam-
ple quality and/or the presence of topotactic hydrogen
in LaNiOg — i.e. the formation of LaNiOyH instead
of LaNiOx [8]. Otherwise, it may be more intrinsically
related to the rare-earth elements themselves — i.e.
closed vs open 4f shells and the corresponding mag-
netic moments.

Figure 3 illustrates the measured Hall coefficient
for RNiOg that has been observed to change sign
both as a function of temperature and as a function
of doping. This evidences an underlying multiband
character in infinite-layer nickelates, which is another
important fundamental difference when compared to
cuprates. Such a multiband picture has been con-
firmed by X-ray spectroscopic techniques [20-22]. How-
ever, in contrast to the Hall data, the changes in the
X-ray spectra observed as a function of Sr-doping have
been interpreted in terms of doped holes residing in the
Ni-3d,2_,> orbitals without necessarily invoking multi-
band effects [21].

The single particle tunneling spectrum has been
measured on (Nd,Sr)NiOg [23]. The spectrum was
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found to be inhomogenous, with different features at
different locations of the sample. One of the predomi-
nant features correspond to a V-shape spectrum. How-
ever, features corresponding to a full s-wave gap are
equally observed and, in some cases, even a mixture of
the two.

Theoretical considerations.

Single-particle picture. At the single-particle DFT
level, the calculations support the multiband picture
of the infinite-layer nickelates in agreement with exper-
imental data [20,24-34]. These calculations reveal a
large Fermi-surface sheet due to Ni-3d,2_,2 holes akin
to that in cuprates (see Fig. 4). However, the Fermi
surface displays additional electron pockets due to 5d
states associated to the rare-earth 5d states (5d.2 at
I' and 5d;, at A). This can be seen as a self-doping
effect promoted by the hybridization of these formally
empty states with the Ni-3d bands. This effect is to-
tally absent in the cuprates. Moreover, the Ni-3d.-
states turn out to be partially occupied and addition-
ally hybridized with the R-5d ones. Thus, the full e4-li-
ke ={d,2_,2,d,>} sector of the Ni-3d states becomes
“active” in infinite-layer nickelates. In part, this results
from the comparatively large difference in on-site ener-
gies promoting charge from O-2p to Ni-3d orbitals, i. e.
the so-called charge-transfer energy ~ 4 eV.
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Fig. 3. Hall coefficient Ry measured in NdNiO3 and PrNiO;
as a function of temperature and Sr doping [13, 14]. In both
cases, the Hall coefficient below 100 K changes sign as a func-
tion of Sr content (z in R1_,Sr;NiOz). The main charge car-
riers have electron character in the parent compounds (z = 0),
which eventually changes to holes upon increasing doping.
This was the first experimental hint of an underlying multi-
band picture

Many-body correlation effects: Cooper pairing. The
standard electron-phonon mechanism has been ruled
out as the main reason for superconductivity in infini-
te-layer nickelates [28]. Instead, repulsive interac-
tions mediated by spin-fluctuations were right away
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argued to drive the Cooper pairing in these systems
[26,27,36,37]. Specifically, d-wave superconductivity
was concluded from complementary random phase ap-
proximation (RPA) and fluctuation exchange (FLEX)
calculations for many-body multi-orbital Hamiltonians
in which the non-interacting part maps the relevant
DFT bands. More recently, these results have been con-
firmed using advanced techniques in which the starting
vertex is non-perturbative so that the local correlations
are fully included [38].

The same conclusion about the d-wave symmetry
of the superconducting gap was reached in [27] from a
standard t—J model constructed in a similar way for the
Ni-3d,2_,> states. Further, the specific self-doping fea-
tures of the nickelates have inspired an extended t—J
model that generically addresses the strong-coupling
limit of similar multiband systems [39]. Alternatively,
if the Hund’s coupling J between d,2_,» and d,» Ni
orbitals plays a dominant role, it has been pointed out
that the Cooper pairing can be interpreted within a
spin-freezing scenario as due to local-moment fluctu-
ations, rather than to pure antiferromagnetic fluctua-
tions [40].

Many-body correlation effects: Electronic structure.
The DFT picture has been revised using many-body
perturbation theory at the GW level, thus treating cor-
relations ab initio [41,42]. The low-energy physics re-
mains essentially unaffected, with only small changes
obtained in the interacting Fermi surface and in the
quasiparticle spectral weights near the Fermi level.
The Ni-3d,>_,» bandwidth reduces slightly while the
Ni-3d,> one increases as the O-2p states are further
shifted to lower energies (1.5 €V further down from
the Fermi level) [41]. The latter, however, represents
a rather substantial change, and hence suggests that
the canonical charge-transfer-insulator picture is even
more unlikely for the infinite-layer nickelates in the GW
framework. These changes are also tied to an impor-
tant shift of the empty 4f states [41], which should be
taken as a warning regarding their role in the overall
physics of these materials.

DFT+DMFT (dynamical mean-field theory) calcu-
lations according to Hubbard—Hund interaction Hamil-
tonians have been performed to further scrutinize the
correlated nature of the different orbitals and clarify
the multiband nature in RNiOy [15, 35, 38,40,43-51].
In addition, DMFT has also been applied in combi-
nation with the quasiparticle self-consistent GW ap-
proximation in a parameter-free fashion [42,52]. The
overall multiband picture remains robust and the re-
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and Fermi surface from [25] and [35]). In addition to the main Ni-3d,2_,2 cuprate-like band crossing the Fermi level, the Ni-3d_ >

states are not completely occupied in these systems.

give rise to additional electron pockets and “self-dope” the Ni-3d,2

Further, the system has a multiband character due to La-5d states that

_y2 hole-like Fermi surface. The O-2p states, in turn, are

comparatively far below the Fermi level

sults confirm the above trends. However, the effective
mass renormalization or inverse quasiparticle weight
m*/m = 1/Z undergoes substantial orbital-selective
changes [35,44,46]. The Ni-d,>_,» band is found to
have a tendency towards localization such that a Mott
gap can eventually open if the Hubbard interaction is
large enough [44,45]. The R-5d self-doping bands, in
contrast, remain much more weakly correlated [44,45].
Beyond that, the DMFT results define an apparent
Hubbard vs Hund dichotomy in which the multiband
aspects of infinite-layer nickelates are emphasized dif-
ferently [53].

Magnetism. A magnetic ground state is consis-
tently obtained in theoretical studies [20, 24,25, 48,49,
53-57]. In DFT+DMFT a near degeneracy of spin or-
ders is obtained that implies magnetic frustration es-
pecially upon doping [48,49]. This frustration arises
due to the involvement of both 3d,2_,» and 3d,> Ni
orbitals and may be responsible for the experimental
suppression of long-range magnetic order. A comple-
mentary point of view is obtained via DFT calcula-
tions, as the antiferromagnetic ground state portrays a
one-dimensional-like van Hove singularity of d.» char-
acter pinned at the Fermi level [58]. This singularity
makes the antiferromagnetic phase eventually unsta-
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ble to spin-density disproportionation, breathing and
half-breathing lattice distortions, and charge-density
disproportionation. A different point of view suggests
that 5d conduction electrons could screen the Ni spins,
suppressing magnetism and giving rise to a Kondo ef-
fect like that seen in heavy fermion materials [15]. Be-
yond that, an intrinsic difference that could be be-
hind the differing properties across the RNiO, series,
notably the emergence of superconductivity itself, is
the presence/absence of magnetic rare-earth elements
[33,59].

Interfacial and surface effects. The local elec-
tronic properties of the infinite-layer nickelate thin
films were first addressed in [60] and shortly after in
[61]. The epitaxial growth of the RNiOy/SrTiO3 het-
erostructures can in principle yield different atomic
boundaries between the sample and the substrate [60].
The most obvious configuration corresponds to a fully
reduced nickelate having its (RO —) R layer directly on
top of the TiOs-terminated substrate. This configura-
tion, however, was found to be energetically unstable,
which is a local-scale manifestation of the thermody-
namic fragility of these phases. Thus, the infinite-layer
nickelate prefers to face a RO layer to the substrate,
and the same conclusion holds even for a direct-growth
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for different atomic configurations (the colors highlight the main contributions of the interfacial/surface Ni-3d states near the

Fermi level; adapted from [60] and [62]). In both cases the nature of the self-doping effect — obtained from the R-5d states in

the bulk — changes or even disappear depending on the local atomic configuration. At the same time, other Ni-3d states are
pushed closer to the Fermi level and locally supplement the system with flat band features

process. This “chemical” reconstruction was further
shown to produce drastic changes in the electronic
structure at the interface [60]. The interfacial chemical
reconstruction according to the R — Sr — RO — SrO
sequence is to some extent equivalent to localized hole
doping. This local doping was found to deplete the
self-doping R-5d states at the interface. Specifically,
the R-5d states are first replaced by Ti-3d ones, which
are then pushed above the Fermi level for the SrO con-
figuration (see Fig. 5). At the same time, the intefacial
Ni-3d,> states are driven closer to the Fermi energy
so that they manifestly participate in the low-energy
physics. Thus, the Kondo-lattice features are expected
to be fundamentally different at the interfaces where,
in addition, the Ni-e, sector will likely be fully ac-
tive. Besides, this sector is supplemented by a markedly
flat band character of the interfacial Ni-3d,2 states, so
that interface-specific correlation effects may be pro-
moted [60].

This picture was subsequently confirmed for thin
films with asymmetric boundaries [61,63,64]. In that
case, the different polar discontinuities yield an effec-
tive built-in electric field across the film and polar lay-
ers can be formed at the surface and at the interface
[63]. These layers show antiparallel NiOgy displace-
ments, but otherwise are decoupled. At the interface
with the substrate, a two-dimensional electron gas ex-
tending over several layers together with the aforemen-
tioned depletion of the self-doping R-5d states is ob-
tained [61,63]. In addition, the combined effect of
magnetism (G-AFM order) and correlations has been
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considered at the DFT+U level [63]. This enhances
the itineracy of the Ni-3d,: orbitals at the interface
with the substrate, while the magnetism is essentially
suppressed at the surface to vacuum. Further, the ef-
fect of the nickelate termination anticipated in [60] is
specifically considered in relation to superconductivity
in [62]. Thus, it is argued that the d-wave supercon-
ducting gap expected for the bulk may transform into
a s4-wave one at the NiOs-terminated surface, and it
is also suggested that a surface s + id-wave state may
be realized under the appropriate conditions.

Conclusions and perspectives. The recent dis-
covery of superconductivity in infinite-layer nickelates
has created intense excitement. These systems have
been rapidly scrutinized from many different angles,
using a battery of experimental and theoretical tools.
The initial motivation of drawing analogies with the
high-T. cuprates has thus been surpassed. Instead, the
accumulated results have now consolidated these sys-
tems as a new class of unconventional superconducting
materials.

Specifically, the rare-earth infinite-layer nickelates
have been confirmed to host a distinct multiband in-
terplay, on top of which electronic correlations build
and determine the main properties of these systems.
This interplay is present already within the Ni sector
itself, as not only the Ni-3d,>_,» states but also the
Ni-3d.2 ones are found to be active. This further intro-
duces specific correlation effects and the bad metallic,
or weakly insulating behavior is now understood as a
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direct manifestation of these correlations. However, a
Hubbard vs Hund dichotomy has emerged that is yet to
be clarified. In addition, the rare-earth states introduce
extra specific ingredients such as the self-doping effect
and a 4 f-ness that may qualitatively be even more im-
portant. When it comes to the central question, that
is, the emergence of superconductivity in these mate-
rials, it has been ascribed to spin fluctuations (in a
broad sense), and there is now experimental evidence
of incipient antiferromagnetic order.

Additional progress to further clarify these aspects,
as well as the actual superconducting properties be-
yond T, can be naturally expected [65]. In this con-
text, it is fundamental to determine whether the lack
of superconductivity in the LaNiOg reference material
is intrinsic and also why thin films are superconducting
while bulk samples are not.

More importantly, a crucial issue to address is:
is there a whole new family of nickel-based uncon-
ventional superconductors waiting to be discovered?
This question currently motivates the experimental
and computational search of new alternative mate-
rials [66-74]. Other layered nickelates are obtained
via oxygen reduction from the corresponding Ruddles-
den—Popper phases [75,76]. The n = 2 and 3 materials,
in particular, have been known for a while and, simi-
larly to the n = oo ones, have also been discussed as
candidate superconductors [66-71,77]. Recently, La~
based n = 4-6 parent Ruddlesden-Popper phases have
also been synthesized [78]. Reduction of these com-
pounds is particularly promising as they would reali-
ze d-electron counts that can be directly mapped into
the dome area of filling. In addition, current epitaxial
growth techniques can be exploited as an alternative
route to engineer Ni-based heterostructures mimicking
the R, 11Ni,,Og, 12 series with the advantage of better
sample quality and doping control [60]. The infinite-
layer case itself has proven to be a challenging but suc-
cessful example in this respect.

Shedding light on these issues will not only help
understanding superconductivity in these specific
low-valence layered nickelates but will also provide
new perspectives about the nature of unconventional
superconductivity in general.
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PaspaboTaHa acuMnToTYeCKas TeOpUs KNACCUHECKOl aHN30TponHol anddy3nm B HeogHOpogHbIX cpegax. [pn
BbIBOLE MCNOAb30BaH hopMann3m gudcpepeHunanbHoli reoMeTpum, 3aMCTBOBaHHbIN 13 obLein Teopun OTHO-
cutensHocTy. MNonyyeHa npoctas aHanuTuyeckas bopmyna 4is KOHUEHTPALNK, S1EMEHTAMN KOTOPOIA ABNSAIOT-
€S IMHEliHbIE HTErpasibl BAO/b FE0AE3NHECKOli — TPAEKTOPUI KOHLEHTpaumoHHoro curiana. Cama Tpaektopus
BbITEKAET M3 BapUaLMOHHOIO NPUHLMNA, KOTOPOMY YZJOBNETBOPSIET MNOKAa3aTeNlb SKCMOHEHTbI B BbIPAXKEHUN A5
KOHLEHTpaLmMn, 1 onpegensercs n3s obbikHoBeHHOro anddepeHLnansHOro ypaBHeHNs NEPBOro nopsigka Ans
BEKTOpPa, KacaTeNbHOro K reofesnyeckoil AnHnmn. Teopus cnpaBeAnnBa Ha PacCTOSAHUAX OT UCTOYHMKA NpUMe-

CW, 3HAYNTENBHO NPEBbLIWAOLWNX pa3Mep OCHOBHOIi obnacTu ee JlIOKannsaunn.
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1. BBEAEHUE

Knaccuaeckast muddy3ust B HEOTHOPOIHBIX CpeIax
SABJISIETCS TIPAKTUYIECKN BaXKHOU 3astadeil. Ywnciiennbre
pacdeThl 10 PENIeHuI0 ypaBHeHus: qucddysun ¢ mnepe-
MEHHBIM B IIPOCTPAHCTBE KOIDDUIIMEHTOM, OCODEHHO
JIJTsT KOHIIEHTPAIUY Ha, JAJEKUX PACCTOSHUSIX, SBJIs-
I0TCS JIOBOJIBHO 3aTPATHBIMU 110 PECYPCYy U BPEMEHH.
B 10 ke Bpems 15T onMcaHUA KJIACCUYIECKUX IIPOIIEC-
coB [1-3], a TakzKe HEKJIACCUYECKUX IIPOIECCOB [IEPEHO-
ca [4-11] pazHOOOpa3HbIE aHAIUTHYECKHE METOBI (KaK
TOYHbBIE, TAK U IPUOJIMIKEHHbIE) ITUPOKO UCHOJIb3YIOTCS
B PA3JIMIHBIX 00JIACTSIX €CTECTBO3HAHUS — OT (DUBUKU
[TOJIYITPOBOJIHUKOB JI0 THJIPOT€0JIOTUH.

B pa6ote [12] npeyiozkeH HOBBI HOJIXOM K OIHCA-
HUIO HEKJIACCUYIECKUX IPOIECCOB MEPEHOCA B CPeax C
KPYITHOMACIITAOHBIMHI HEOIHOPOIHOCTSAMHI Ha PACCTOsA-
HUSIX OT WCTOYHHMKA MPUMECH, 3HAUYUTETHHO OOJIBIINX
pa3Mepa OCHOBHOI 00J1aCTH ee pacupeenenns. Pe3yrb-
TaT st KOHTeHTparmu B [12] cBesen K JIMHEHHBIM WH-

* E-mail: kondrat@ibrae.ac.ru

™ E-mail: alex27 matveev@mail.ru
*** E-mail: obukhov@ibrae.ac.ru
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TerpaJjiaM BJOJIb CICIUAJbHON KPUBOH — TPaCKTOPUU
KOHIIEHTPAIMOHHOTO CUTHAJIA. DTa TPAEKTOPHUST OIpe-
JIeJISI€TCsT U3 BAPUAIMOHHOTO IIPWHITUIIA, [TPUBOISIIETO
K OOBIKHOBEHHOMY JIu(dPepeHITHaTIHLHOMY yYPABHEHUIO
[IEPBOT'O MIOPSAJIKA JJIs €IUHUIHOTO BEKTOPA KACATEIb-
HOM K caMoil TpaekTopun. Takoit moixo K TEOPpUH IPOo-
[IECCOB ITepeHoca Mo GpopMe OJIU30K K TeOMEeTPUIECKO
outuke B rekTpoauHamuke [13] (nan k KBasukIaccu-
YeCKOMY HPHUOJINKEHHUI0 B KBAHTOBOW MexaHuke [14]).
IIpu sTOM pOJIBb Jiyua B aCHMITOTHYECKOU TEOPUU ITe-
peHoca Urpaer TPAEKTOPUs KOHIIEHTPAIIMOHHOI'O CHT-
HaJja, a dUKOHAJA — II0KA3aTeJb IKCIOHEHTHI B BHIPa-
JKeHnH JIst KoHneHTparuu. HenagHo [15] acumnrorn-
9eCcKUuil MOIXO0/1 K OIUCAHUIO IIPOIIECCOB MIEPEHOCA, Pa3-
BuThIl B [12]|, nmpuinoxken x kmaccuueckoit muddysun
B HEOJIHODOJHBIX cpejiax. B obenx padorax — [12,15]
MaTepuajbHAs CPeJia, [0 KOTOPOil IIPOUCXO/IUT IIEPEHOC
[IPUMECH, CIUTAJIACH N30TPOIIHOM.

Ilenn nacrosimeit paboOTBI COCTOUT B TOM, UTOODI
0000IIUTh aCUMIITOTUYECKYI0 Teoputo Ha 6ojiee 00-
muit caydai KaaccmdaeckKoir mudy3un B HEOTHOPOI-
HBIX aHU30TPOIHBIX cpejiax. CTPYKTYpa CTaThbu CJIery-
romas. [locie dopMmyupoBru 3ajadu B pasi. 2 JaH
BBIBOJT (POPMYJIBI JIJIsl KOHIIEHTpaluu. B pasj. 3 npuse-
JeHo KpaTkoe obcyxaenne. B Ilpuioskennn BbIBeAEHDI
pPe3yJIbTaThl JJIs OJHOPOJAHON aHU30TPOIHON Ccpelibl.
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2. ACUMIITOTUYECKA S ®OPMVYJIA JIJIA
KOHIIEHTPAIIN

VYpasuenune quddy3un B HEOTHOPOIHOM AHU30TPOTI-
HOH cpeje uMeeT TPaJAUIMOHHbBIN BUJI:

O c(r,t) = 0; (Dij[)j c(r,t)) , (1)
riue ¢(r,t) — KOHIeHTpAIUsl IPUMECH, 3aBUCIIAS OT
BpEMEHH ¢ U IPOCTPAHCTBEHHBIX KOODIUHAT T = z¥,
k=1, 2, 3 («<pasuyc-BeKTOp» ), U

9
ot

)

O = ozt ;

DY — DIt — DU (I‘)

— cuMMeTpUIHbIH TeH3op auddy3uu. laaee Mol Oymem
HCIIOTh30BaTh (dopmaaun3M auddepeHnnaabHoil reo-
MEeTPHH, KOTOPBIil COCTABJISAET MATEMATUIECKYIO OCHO-
By 00m1eit Teopun otHOCUTebHOCTH (M. [16]). B wact-
HOCTH, HAITOMHUM IIPABUJIO DUHIIITEHA, KOTOPOE IIPE/I-
roJiaraeT CyMMUPOBAHUE 10 OJMHAKOBBIM HHIEKCAM.

Hatinem pemenne ypasuenns muddysun (1) mis
KOHIIEHTPAIIAY HA JTAJIEKUX PACCTOSTHUSIX OT UCTOIHIKA,
[IPUMECH, UCIOJIb3Ysl 1 0000IIast TeOMETPUIECKIE METO-
JIbI, Da3BUTHIE paHee B paborax [12,15].

SajaB HavaIBHOE yCy0BUE B hopme

¢(r,0) = N d(r), (2)

nepenuiineM ypasaenue (1) B upezcrasienun Jlamaca:
pep(r) — 0 (Dijaj Cp(r)) = No(r). (3)

Ha acmvmmrorumveckn majleKux pacCTOSHUSAX OT UCTOYU-
HUKA KOHIEHTPAIMIO IIPUMECH, KaK OOBIYHO, WIEM B
BH/IE

cp(r) = Ap(r) e @ Ty(r) > 1.

(4)

Orcrofia B iepBoM TpUOJINKEHUH 10 MAJIOMY [apaMeT-
py xI'; ! moyuaem ypasnenue

p— DY (iTy) (9;T,) = 0. (5)

BeejieM 3-BeKTOp 1, KacaresbHbIA K TpaeKropun &' (s)
KOHITEHTPAIIMOHHOTO CUTHAJIA

ut = g% 0;Typ, (6)

e onpeaeanM 3pHEKTUBHYIO METPUKY B Cpe/jie

ds?® = Gij dxtda’.

720

KoMIOHEHTBI METPUIECKOTO TEH30Pa 3aAI0TCs TEH30-
pom muddy3un

.. DY
g7 =—,
p

gij = pDij. (8)

Kax o6prano D;; obosnagaeT MaTpHIly OOpaTHYIO
K DY:
D;; D% = §¥.

CorunacHo (6), (8), u (5), nMeeM HOPMHUDOBKY

=1, (9)

T.e. BekTOp (6) KacaTeJbHON K JIy4y KOHIEHTDAIMOH-

i
Giju !

HOIO CHIHAJIA UMEET €JUHUYHYIO JUIMHY B 9(derTus-
Hoit MeTpuke (7). Tem campim, kBasudiikonau I'y(r) ga-
€TCsl PABEHCTBOM

Ly(r)

/ds:/ \/ gijdat dad . (10)
0 0

WMuTerpupoBanue 371ech MPOUCXOJUT II0 TPAEKTOPUU
KOHIICHTPAIMOHHOI'O CUTHAaJIa, KOTOpas OIIpe/iesseTcs
U3 BapUAIMOHHOTO IIPUHIIAIIA:

(11)

OTKYyJa IIoJIy4aeTcd ypaBHeHHue J1JId TPACKTOPUU CUTHA-
Jla KakK I'e0/1e3NYeCKOIt:

dT,(r) =0,

dsui + {;k} wuk = 0.

(12)
3aecs cumBogbl Kpucroddens (csasuocts adbdexkTus-
HOIl PUMAHOBON METPUKHU) ONPEJIEJIEHBI PABEHCTBOM

. 1.
Gkl = 59” (0jgx1 + Okgjt — Ngjk) - (13)

OrmernM, 910 HAKTUIECCKUM TAPAMETPOM Pa3JIo-
JKEHUsI, B PE3yJIbTaTe KOTOPOTO MbI HPUIILIA K ypaB-
nenmio (5), sBasiercs komGuuaamus: (min(r, L)|VI,[) ™",
rJle 7 — PaCCTOsSHWe OT MCTOYHHUKA JIO0 TOYKU HAOJIIO-
Jenust, a I, — xapaKTepHBIl MacmTad JJIUHBI, Ha KO-
TOPOM 3aMETHO MeHsieTcs Kodddurment auddysumn.
YpaBHeHHe I IPeIIKCIOHEHTEl A, u3 (4) mosyda-
erTcsd B CJEJYIONIEM IMOPSIJIKE MAJOCTU IO MapaMeTpy

(min(r, L)|VT,|) ™" nocre nogcranosxu (4) B (3):

29" (0;A4p)(051p) + Ap (aigij)(ajrp) +

+ A,g"9;0;T, = 0. (14)
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Orcroza ¢ yaeroM (6) HaxomumM

44,

ds + Ap 81’&1 =0.

(15)

Ipexke yem BbimcaTh perienue ypasuenus (15),
BBISICHAM IIOBEJIEHHE BTOPOrO CJIATaeMOrO B HEeM IIpH
Ir] < L. Iloacrasasas B (6) errekatomee u3 (10) npu-
OIMKEHHOEe PABEHCTBO

I,(r) = \/pD;jxiai, (16)
crpaseyiuBoe 1pu |r| < L, mosydaum
. 2
Oiu’ =~ lr| < L. (17)

- —_
\/pD;jxt
C yd9eroM 3TOr0 COOTHOINIEHUsI PEIIeHUE yPABHEHUS
(15) MoxkHO TpesCcTaBuTh B hopme

A, = Bpexp [—H(r)]//r v/ Dijdxt dzd, (18)
0

e

1 |
SOt — =

) = O/”ds(2 .

OTMeTI/IM, YTO 9Ta BeJIMYMHA HE 3aBUCUT OT JIAIlJIaCOB-

(19)

CKOH mepeMeHHOl, Tak Kak p 1ox uarerpajsoMm B (19)
cokpaiaercs. [Togcrasass (18) n (10) B (4) ¢ yuerom
(8) mmeem

¢p(r) = Bpexp —ﬁ/r\/Di‘jd:Ei dzd — H(r) /
0
/ O/ /Dyydat dzi.  (20)

Koncranty nnrerpuposanus B), M0KHO (pUKCHPOBATD,
mepeiias K caydan nuddy3un B aHU30TPOITHON OIHO-
posmHoit cpeje, KOTopblii paccMoTpen B Ilpumoxkenun.
ITpu BBIMOIHEHNN HepaBeHCTBa |r| < L BbhIpaskenue
(20) mMOJIZKHO MEPEeXOAUTh B COOTBETCTBYIOIIEE BbIPA-
JKEHME JIJIsl OJTHOPOJIHOM CPebl ¢ MOCTOSAHHBIM TEH30-
pom mucdbdysun, pasaei DY (0). Tlostomy comocTan-
asist (20) ¢ (A.5) ¢ yaeTom TOro, 9To

r

/ \/Dijda:i dxi ~ \/Dij(o)zixjv

0

(21)
H(r) — 0,

10 2KIT®, o 4
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upu |r| < L naxonum

Do = det (D(0)) . (22)
Ioncrasnsis Beipaxkenusi (22) u (19) B (20) u cosep-
mas obpaTHoe peobpazoBanue Jlammaca, TpUXOIUM K
OKOHYATEJILHOMY PE3YJIbTATY JJIsi KOHIEHTPAIIH [TPU-
MeCH MpH KJacCH4yecko#l muddysnn B aHM30TPOIHON
HEOJHOPOJIHOU cpeje:

N
c(r,t) = ————= X
D0(47Tt)3
v 2
1 A
X expq — / \/Dijdxt dz? |+
0
r
1 1,
ds | — — = o’
+ / s <S 5 Oiu ) (23)
0
Ioguepkiem, €YTro HHTErpajibl 37eCh, KaK U B

(18)—(20), GepyTcst BIOJNB TPAEKTOPUU KOHIEHTDA-
[MOHHOIO  CUTHAJIA, ONPEIEIAEMONl  ypaBHEHHEM
reojie3andeckoii (12).

3. BAKJIFOYEHUNE

B nmannoit paboTre mpeyiozKeHO JasIbHeliee pa3Bi-
THE METOJa BBIYUCJIEHUS PACIPEJIEIeHUs] KOHIEHTPA-
MU Ha, ACUMITOTHYECKH JAJEKUX PACCTOSAHUIX OT UC-
TOYHHUKA MIPUMECH B CpeJie, 00J1aIaiomeil aHn30TPOIIn-
elf M KpyMHOMACIITaAOHBIMU HEOTHOPOTHOCTSIMU. YCTa-
HOBJICHO, YTO IIOKa3aTe/Ib 9KCHoHeHTH! I'y, > 1 B BbI-
parkeHWH JJ1s1 KOHIeHTparmn (4) yJI0BIeTBOPSIET HEJTN-
HEITHOMY YPABHEHUIO B 9aCTHBIX IIPOM3BO/IHBIX [IEPBOTO
nopsizika (5). DTo MO3BOJIUJIO UPU BLIYUCAEHUN (DYHK-
mun I'p(r) BOCHOIB30BATHCS BAPUAIMOHHLIM IIPUHITH-
[IOM, B Pe3yJbTaTe Yero BbIpaykeHue it (DYHKIIH
I',(r) cBenoch K suHefiHOMY HHTerpaty BIOJL TPAeKTO-
PHUU KOHIIEHTPAIIMOHHOTO CUTHAJIA, OKA3aBINeiCs Teo1e-
3UvecKoil 11 3 deKTUBHON puMaHOBOH MeTpuku. Tem
CaMBIM, sICHO IPOCJIEKUBAETCS AHAJIOTUSI C T€OMETPU-
9eCKOI OIITUKOM U KBA3WKJIACCHIECKUM TPUOJIAKEHIEM
B KBaHTOBOI Mexanuke. IIpemskcnonenta A,(r) B BbI-
paskeHuu Jyist KoHneHTpanuu (4) HaiijieHa B BeayleMm
IpUG/IMZKEHUH 10 MajloMy Ttapamerpy o< I' L

Pesynbrarom paboThl SBJIsI€TCS ACHMIITOTHYIECKAS
dopmyna (23) myis KOHIEHTPAIMK IIPUMECH TIPU IIepe-
HOCE TIOCPEICTBOM KJIACCUIECKON aHM30TPOIHON aud-
dysun B HEomHOPOIHON cpeme. PopMmysta cripaBeinBa
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Ha PACCTOSIHUSIX OT MCTOYHHUKA ITPUMECH, 3HAYUTETHHO
6oJIbIIIe pa3Mepa OCHOBHOI 00/IACTH ee PACIIPE e/ IEHNUSI.

IHocrouncTBo (OPMYyJIBI B €€ IMPOCTOTE. DJIEMEH-
TaMu (POPMYJIBI SABJISIOTCS OJHOKPATHBIE WHTEIDAJIBI
BIOJIb TPAEKTOPUHU KOHIEHTPAIMOHHOTO CUTHAJIA, CO-
eIMHSATIONIEHl WMCTOYHUK TPUMECH C TOYKON HaOIIO-
nennst. Cama TpaeKTOpHUS €CTh CJIJCTBUHE BapUAIIU-
OHHOTI'O TIPWHIINAIE, U OIPEJE/ISIeTCs BBITEKAIOIUM U3
HEro OOBIKHOBEHHBIM JanddepeHInaabHbIM YpaBHeH!-
€M IEPBOIO MOPSIKa I €JUHUIHOIO KACATEJbHOIrO
BEKTODA.

BosmozkHOI 00/71aCTHIO TPUIOKEHNST PA3BUTOMN TEO-
pum MoxKeT ObITh Auddy3uss B HEPABHOMEPHO HAarpe-
TBIX KPUCTAJLIAX, TJe KoahdurmenT quddy3un cuib-
HO 3aBHUCHT OT TEMIIEpaTypbl, a Takxke auddy3us B
3aMarHMYeHHON IIasMe.

IIpemaraembrii MeTos MOXKeT OBITH 0000IIEH HA
cydail HEKJIACCHYECKUX IIPOIECCOB IEPEHOCa B aHU-
30TPOITHBIX HEOTHOPOIHBIX CPeax IyTeM OOOOIIEeHUS
[OJIyYeHHBIX paHee Pe3ysbTaTos B paborax [12,17].

BuiarogapHocTu. ABTOpBI BBIPAsKaIOT INIyOOKYIO
6naromapuocts JI. B. MarseeBy 3a miomorBopHoe 06-
CyKJIEHUE PEe3yJIbTaTOB.

dunancupoBanue. Pabora npu
nogepkke Poccuiickoro Hayunoro donma (mpoekr

Ne 18-19-00533).

BBITIOJIHEHA

Oty pabory aBropbl nocesimaoT FOounero Urops
ExuenneBnya /I3s10MMHCKOTO, YbUM YICHUKOM SIBJIsI-
ercst oqun u3 nac (II. C. K.).

ITPMNJIO2KEHUE

IlepeHoc B aHM30TPOITHON OMHOPOAHOI cpee

PaccMoTpHM IepeHoC IPUMECH B AHU30TPOIHOMN O/1-
HopoxHoit (D% = const) cpejie Ha OCHOBE KJIACCHYECKOii
quddy3nu ¢ Ha9aIbHBIM YCIOBHEM

e(r,0) = N 4(r). (A1)

B sroit 3amaue KoHrenTpaiusa B IpejcraBiennu Jla-

v/

IJIaCca UMeeT BU/JL

dBk eikr

(271’)3 P + Dijkikj '

(A.2)

cp(T)

Ilocie 3amenBbl TepeMeHHON WHTETPUPOBAHUS TOJIYTa-
eMm

oo

/

0

T

N
dqu/dG sin 6 x
0

2m)?

cp(r)

(

exp [iq D;;xtad cos 9}

X , D =det(DY). (A.3)
VD(p + ¢?)
MuTerpupysi 1o yrjoBoii epeMeHHoi 6, nmeem
N exp {z’q Dij;vi;vj}
c,(r) = - — . (A4
»(r) i(2m)? DDjjz'al (p+ ¢?) (8.9

Hasee, HHTErPUPY IO IIEPEMEHHO ¢, HAXOIIM
N

TN A VoD | as)
17 :

Hakonern, Bbimosiasisi obpatHoe mtpeobpazoBanue Jla-

cp(r)

IT1aca, IMeeM BBIPAXKEHUE /It KOHIIEHTPAIINY TPUMECH
MIPU TIEPEHOCE TyTeM KJaccuiecKoi nuddy3un B 01HO-
POZHOII aHU30TPOIIHON cpelie

N Djxtal
e(r,t) = ——= exp [— ”7] . (A.6)
D(dnt)? 4t
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PaspaboTtaHa acumnToTnyeckas Teopusi nepeHoca NpVMeCK B NPOCTeNiLIel peryasipHo-HEOAHOPOAHOR cpeae —
mogenun [bixHe, AeMOHCTpupytoLwei cyband dy3noHHbI TPaHCNOPTHLIA PeXnM, C NapamMmeTpamMu, UCMbITbIBatO-
WM KpyNHOMacLUTabHble NPOCTPaHCTBEHHbIE 3aBUCUMOCTU. Pe3ynbTaTel ANS KOHUEHTPaUMM Ha PacCTOSHMSX
OT UCTOYHMKA MPUMECH, 3HAYUTENLHO NPEBLILIAIOWMX Pa3Mep OCHOBHOV 0bNacTu ee JIoKaan3aumm, BbipaxaroT-
Csl Yepes NMHeliHble MHTerpabl BAOAb TPAEKTOPUIA KOHLEHTPALUOHHbBIX CUMHANO0B. DTN TPAEKTOPUN MOJYHaOTCS
13 BapraLMOHHOMO MPUHLUMMA, KOTOPbI SBAsieTCS aHanorom npuHumnna Pepma B reomerpuryeckoii ontuke. Vx-
Terpasbl BAOJIb TPAeKTOPUil NPeacTaBnstoT coboli aHanorn AAnHbI ONTUYECKoro nyTu. Bug unterpanos sasucnt
OT peKMma nepeHoca, a TPAaeKTOpUU B 3aBMCUMOCTM OT PeXUMa MOryT BbITb Kak MIOCKUMU, TaK U Tpexmep-
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1. BBEAEHUE

Vike MHOTHE JECATHIIETUS HEKJIACCAIECKHE DPErKI-
MBI [IEPEHOCA MPUMECH SIBJISIFOTCSI [IPEJIMETOM WHTEH-
CUBHBIX WCCJIenoBanuit (cM., Hampumep, o63op [1]).
Hexuaccuaeckumu (aHOMAJIBHBIME) IPUHSITO HA3BIBATD
PEXKUMBI, B KOTOPBIX 3aBUCHMOCTD pa3Mepa OCHOBHOI
006/1aCTU JIOKAJTM3AIUNA TTPUMECH OT BpPeMeHU Ha 00Jib-
NIMX BPEMEHAX OLMCBHIBAETCs cooTHOIeHueM R(t) ~ t7,
rie, B OTJIMYHME OT KJIACCHYIecKou muddys3un, mokas3a-
Tesib crenenn vy # 1/2. Paznnuaror cynepnuddysuon-
upie (6bicTpoIe), ¥ > 1/2, u cy6auddysuonubie (Men-
JieHnble), 7 < 1/2; HeKaccuuecKue pexkuMbl IEPEHOCA.
AHOMAaJIbHBIE TIPOIIECCHI BCTPEYAIOTCA B CAMBIX PA3HO-
006pa3HbIX CPeJIax — OT MOJIYIIPOBOJHUKOB JIO T€0JIOTH-
9ecKuX CTpyKTyp. OU3MIECKHMU MPEINOChIIKAME Ta-
KHUX TIPOIECCOB MOI'YT OBITh JAIBHOAEHCTBYONIHIE KOP-
peJisinuy 1k (1) JO0JINOBPEMEHHBIE PeJIAKCAIINH XapaK-
TEPUCTUK Cpenibl, (GOPMUPYIOMIUX MTPOIECCH TIEPEHOCA.
B rex ciaygasx, korga pazmep R(t) oka3blBaeTcs MEHb-

* E-mail: kondrat@ibrae.ac.ru
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me JUmHBl Koppessanun | wiam (1) Tekylee Bpems ¢
MEHBIIIE BPEMEHH DEJIAKCAIMN T, PEXKUM IIEPEHOCA B
OIIP€/IEJIEHHOM CMBICJIE SIBJISIETCsI HEPABHOBECHBIM U MO~
JKET CTaTh HEKJIACCHYeCKUM. [Ipu 9TOM B CpaBHEHHH ¢
Kytaccnaeckoit muddyaueit cpoiicrBo R(t) < I ciyxkur
yckopsomuM GaxTopoM, a t < T — 3aMeJISIOIHIM.

OOBIYHO TIPU AHAJUTUYIECKOM OIMCAHUN HEKJIAC-
CHUYECKUX TPOIECCOB CPeJia HA OOJIBIINX TPOCTPAHCT-
BEHHBIX Macmrabax MpesoiaraeTcs B CpeIHeM
omHOpOIHOM. Mexky TeM, peajibHBIE CpPeIbl 00JIa-
JIAI0T  KPYIMHOMACIITAOHBIMUA  HEOIHOPOIHOCTSIMU. B
TaKOM CHTyaluy JakKe KJIACCUYECKUe IPOIECChl aJl-
BeKInu—1uddy3un TPeOYIOT BBIIOJHEHUs JOBOJBHO
TPY/IOEMKHX YUCJIEHHBIX pacderoB. JlomosHnuTrebHble,
npuYeM TPUHIUMUHAJIBHBIE TPYJAHOCTH BO3HUKAIOT B
cllydae HEKJIACCUIECKUX IIPOIECCOB, I KOTOPBIX
YIPABJISIIONINE YPaBHEHUs JJIsi KOHIEHTPAIUU SIB-
JSIIOTCT  MHTErpoAudepeHInabHBIMI, 8 BXOJAIINE
TyJa sipa BO BCEX JIETAJISIX OCTAIOTCsI HEU3BECTHBIMH.

C mesbio IpeofoJieHNs YKA3aHHBIX TPYJHOCTEH B
pabote [2] npensoKeH HOBBI 110X01, 6a3upyOIHics
Ha ACHMIITOTHYECKOM OIMCAHUHN ITPOIIECCOB TIEPEHOCA.
IonpasymeBaeTcs BaxKHasl JJIsI IIPAKTUKU CHTYyallus,
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Heknaccuuecknia nepeHoC npnmMecn B Mogenn ﬂ'bIXHe. ..

KOTJIa PACCTOSTHIE OT HCTOYHUKA ITPUMECH JI0 TOYKHU Ha-
GJIIO/ICHIST BEJIMKO B CDABHEHUU C pa3MepaMy OCHOBHOMN
00JiacTy JIOKAJIU3aIUU [IPUMECH B 3aJIaHHBIII MOMEHT
Bpemenn. Kak mmoka3pIBaeT aHajn3, Ha TAKUX PacCTO-
SIHUSIX, C OJTHOI CTOPOHBI, (POPMUPOBAHIE KOHIICHTPA~
U 0OYCIOBIEHO KOPOTKOBOJIHOBOM YACThIO MEXaHU3-
ma reperoca. C Jpyroif, 3aBUCHMOCTb KOHIEHTPAIIH
OT PACCTOSIHUSI JI0 MCTOYHUKA HOCUT IKCIIOHEHIIAAJTb-
=Bl XapakTep. PopMaJIbHO, TAKIM 00Pa30M, CUTYAITHST
HaIlOMHUHAET Ty, KOTOPas NMeeT MECTO B BOJIHOBOI OII-
TUKE U KBAHTOBOW MEXaHWKE, KOTJIa CTAHOBUTCSI IIPU-
MEHUMbBIM COOTBETCTBEHHO MPUOJIMAKEHNE TeOMEeTpUYIe-
CKOfl ONITUKY MJIN KBA3UKJIACCHIECKOe TpubImkenne. B
UTOTE, KOHIIEHTPAIWS IPUMECH B ACUMIITOTUYIECKOI 00-
JIACTU KOOPJWHAT ¥ BPEMEHU COCTOUT U3 FKCIIOHEHTHI C
BEIIECTBEHHBIM IIOKAa3aTeJeM — SWKOHAJIOM, YOBIBAIO-
UM Ha JAJIEKAX PACCTOSHUSX OT MCTOYHHUKA IIPUMeE-
CH, U TPEIIKCIIOHEHINAIBHOIO MHOXKUTEs. JUKOHAI
V/IOBJIETBOPSI€T YPABHEHUIO B YACTHBIX ITPOU3BOIHBIX
[IEPBOI0 HOPSIIKA, PENIEHNE ero MMOJIy9aeTCs HA OCHOBE
BAPUAIMOHHOTO IIPUHITUIIA, KOTOPBIN SIBJISETCST AHAJIO-
rom npuniuina Pepma. Beisoj pesysbraros B [2] mpose-
JleH Ha IpUMepe MOJAEJN CJIydaiHO aJIBeKIIUH, IIPUBO-
JAIeil K HeKJIaCCUIeCKOMy — cyrepanddy3noHHOMY
pexumy neperoca [3]. B paborax [4,5] acumnrornye-
CKuit oaxo 1 ObLT IPUMEHEH K aHAJIN3Y [IEPEHOCA TIPU-
MEeCH Ha OCHOBE KJIaccuaeckoil quddysnu (M30TporHoi
U AHM30TPOIHOMN) B HEOJHOPOJIHON Cpe/ie.

B macrosmeit pabore acHMMITOTHIECKHUIT TIOIXO.T
NPAJIOXKEH K IIPOCTENIel MOoae/H, TeMOHCTPAPYIONei
cyOomudDy3nOHHBIN PEXKUM TEPEeHOCA U CMEHY PEeXKU-
MOB BO BpeMeHHn, — mojesu Jpixue [6,7] ¢ mepeMeHHBI-
MM B IIPOCTPAHCTBE ITAPAMETPAMU.

HaspHeilast CTPyKTypa CcTrarTbu cjeiytoras. B
pa3j. 2 ommcaHa IOCTaHOBKA 3ajaqun. Paznen 3 mo-
CBAIIECH BBIBOAY COOTHOIICHWI AJId 3UKOHAIa — IIO-
Ka3aTejisi 9KCIIOHEHThI B BBIPDAXKEHUU JIjIsi KOHIIEHTPa-
MU B PA3JINYHBIX IIpeJe/IbHbIX UHTepBaJiaxX. B pa3mi. 4
YCTAHOBJIEHBI COOTHOIICHUS JJIs ITPEIIKCIIOHCHIINATb-
HBIX MHOXKUTEJEH W TOJIyIE€Hbl ACUMIITOTUIECKIE BbI-
pazkeHust /Uit KOHIeHTpaIuu. B 3ak/IiounTe IbHOM pas-
JieJie KPATKO MOIBEIEHBI UTOIH.

2. IIOCTAHOBKA 3AJAYN

IMepBonauanbho Mojess pixHe [6,7] 6bL1a copmy-
JpoBaHa cjemayionuM obpazom. Juddysuonnsrii me-
PEHOC IIPHMECH IPOMCXOJUT B IPOCTPAHCTBE, COCTOS-
mieM u3 obsactu [ (Tpemunbl) — II0CKOIapasIIe IbHO-
IO CJIOsT TOJIIUHON @, 3aIOJTHEHHOTO CPeoi ¢ Ko3d-
dunmenrom muddysuu D, u obaactu II (Marpumpr) —
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OCTAJIbHON YaCTH OECKOHETHOI'O IIPOCTPAHCTBA, 3aI0JI-
HEHHOI cpeoit ¢ koaddunmentom quddysun d, nmpu-
geM d < D. B navajbHbBII MOMEHT BpPEMEHU IIPUMECH
COCPEIOTOYEHA B OJHON TOYKEe BHYTPH TPEIUHbI, U Ha-
JajbHas KOHIeHTparwus rpu t = () 3aaHa PABEHCTBOM

e(r,t =0) = Né(r). (1)

3nece N — moOJIHOE YHCJIO YACTHI] NMPUMECH, I' =
= (p, z) — paUyCc-BEKTOD, B KOTOPOM OChb Z HAIPaBJIe-
HA 10 HOPMaJIU K Tpenyne, p = (&, y) — JAByMepHas KO-
Op/IMHATA BJIOJIb TPAHUIIBI IJIOCKONIAPAJLIIETBHOTO CJIOSI.
Hawasmo koopauHaT BHIOPAHO TaK, ITO TPAHUIILI MEXK-
ny obnacramu I u II coorsercrBylor +a/2. Ta-
pamerpsl Mojienn a, D, d sBistiorcest koncrantamu. Mo-

nemb JpixHe sgBisieTcss mpocTeiieit pusndeckoit Mo-
JIeJIBIO, JIEMOHCTPHUPYIOIIEH HEKJIACCHIECKOe [TOBEICHUE
[IEPEHOCA MPUMECH U CMEHY TPAHCIIOPTHBIX PEXKMMOB
BO BPEMEHM: B MHTEpBaJie BpeMenn t < t1 — ObICTpast
Kitaccndeckas nauddysus, t; K t K ty — cyomuddy-
3usi, t > to — MeJIeHHas KJacchmdeckasi nuddysus,
riae tl = a2/4d, tg = (D/d)Qtl.

B nacrosmeit pabore nmapamerpst D, d OymyT mpes-
mojaraTbCd (QYHKIUAMEA KOODIUHAT, YIOBJIETBOPSIO-
MU IpexkHeMy yciosuio d < D, Tak 4To ypaBHEHUe
IIlepeHoca IPUMeCH UMeeT BT

Oc

ot
D(r)d (g - |z|) +d(r)0 <|z| -

= div(®Ve), )

a

() :

)

¢ OOBIYHBIME I'DAHUIHBIME YCJIOBUSIME, TPEOYIONHME
HENPEPBIBHOCTH KOHIEHTparuu ¢(r,t) ¥ HOPMAaJbHOI
cocrasisomeli noroka npumecn —D(r)Ve(r,t) npu
|z| = a/2.

Byznem cuurarb, 9TO XapaKTepHbIE MAcIITabbl KO-
opauHaTHO} 3aBucuMocTu byHKIwii D(r) u d(r) coor-
sercrento Ly ~ [VInD(r)|™! u Ly, ~ |[VInd(r)|™*
Y/IOBJIETBODSIIOT YCJIOBHSIM

Ly > a, LmNE . (3)
TTosTomy B manbueiineMm, npenedperas 3aBUCAMOCTHIO
koaddunmenra auddysun BHyTpH TpemuHb (0pU
|z] < a/2) or koopmumarbl z, OymeM 0603HAYATD
ero D(p).

Ha manpix Bpemenax, xorma t < tg, rae tg
= a?/16Dy, Dy (0), MaTpuIia He BIUSET HA Me-
PEHOC BHYTDHU TPEIIMHBI U OH WJET B PEXKUME TPEX-
MepHO# KjaccuiecKoil muddys3nn ¢ mMOCTOSTHHBIM KO-
abpdurmentom auddysun Dy. Ha Bpemenax t > tg

pacupejiejienue npumecu npu |z| < a/2 mo rosume
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SIBJISIETCST TPAKTUIECKU OTHOPOAHBIM. [loaToMy ¢ yde-
TOM TPAHUYHBIX YCJIOBHA U HadajbHOro ycjosus (1),
nocJie WHTErpupoBaHust ypapHeHnust quddysun (2) mo
TOJIIMHE TPEIMHBI U Iepexojia B mpejacraBieHne Jla-
I1aca MPUXOINM K YPaBHEHUIO

pep(p) — div(D(p)Vey(p)) —

1 dep(p, 2) #=a/2+0
- —d(p) P =
a z z=—a/2—0
1 a
= — < —.
INO(p), ldl<a (4)

31eck p — nepemenHas Jlamaca,

o0

cp = /c(t)e_ptdt.
0

Hac Gyzmer nHTepecoBaTh KOHIICHTPAIUS HA ACHMII-
TOTHYECKH JAJEKUX PACCTOSHUSX OT MCTOYHHKA IIPH-
MecH, Korja r 3> R(t), rme R(t) — pasmep OCHOBHOIR
06JIacTh ee JIOKaIu3anuu B MOMEHT Bpemenn t. Torma
pemienue ypasuenus (4) yao6HO npeicraBuTb B (op-
Me [1]

cp(p) = Ap(p) exp[-T',(p)], (5)

Jutst Toro 9T0OBI PACKPBHITH TPEThE CIaraeMoe B JIeBOit
yacTu ypaBHeHus (4), TpebyeTcst pacCMOTpPETh ypaBHe-

I'p(p) > 1.

aue quddysun B marpuie. C yaeToM rpaHUnIHBIX YCJIIO0-
BUil ¥ IPU BBINIOJIHEHUU HEPABEHCTBA

p

d (6)

ypasHerune quddysun B MaTpHIE COTIACHO (2) NPUHU-
MaeT BU/L

IVIp(p)| <

d?%c,(r) a
pey(r) = do 8 o> 8 7
31ech 0603HATEHO
do = d(r) ’p:O,z:a/2' (8)

B ypasaenun (7) u pajiee Jijisl IPOCTOTHI CIUTAEM, UTO

d(r)lz:a/2 = d(r)lz:—a/Q-
4eTOM I'PDAHUIHOT JIOBUS JUIS KOHIICHTPAIIAN
C yuero a Oro ycJio OHIICHTPA
yKa3aHHOEe yPaBHEHUE MMeeT OYEBUHOE PEIIeHUe:

|

Toncranoska ero B (4) IPUBOJAUT K 3aMKHYTOMY YPaB-

b

do

) ®

pep(r) = cp(p) exp [— (IZI -

HEHUIO JJIs1 KOHIIEHTPAIlUU B TPeIInHe:

(042 ) o) = iv(Dlo) Ve o) =

“Nd(p). (10)

726

31ech 0603HATEHO

a2

t = —.
Y7 4d,

(11)

ITpu BBIOTHEHNN HepaBeHCTBA (6) MATPHUIA TIO OT-
HOINIEHMIO K IPUMECH B TPEMFHE UrPaeT PoJib JIOBYII-
K. DTO NPUBOJUT K 3aMe/JICHHIO pesKMMa IepeHoca
B TpelluHe, B TO K€ BPeMs He OTMeHsdAs ydacTHe ee
B (bOPMUPOBAHHU PEKHMa, IepeHoca. VHas cUTyarus
BOBHUKAET DU BBIIIOJHEHUH IIPOTUBOIIOJI0XHOIO Hepar-

BEHCTBaA:
I

B srom cayuae marpuia mosHOCTBIO OepeT Ha cebst

(12)

dbopmupoBanue pexxuma meperoca. s ero omucanus
peIHA3HAYEHO BhITEKaomee u3 (2) ypaBHeHue

pep(r) = div(d(r)Vey(r), |2 2 a/2.  (13)

Ero pemienne B acuMOTOTHYECKONH 00/IACTH UMEET
BUJI, aHAJIOTHYHBIH (5):

ep(r) = Ap(r)exp[-T,(x)], T,(r)>1  (14)

3. DMTIKOHAJI

Braronaps nepasercrsam I'y(p) > 1 u I'p(r) > 1
BO3HHUKAIOT MaJible [IAPAMETPbI

min[(r, L)|VT, [~ < 1,

min|(r, L, )|VT,|] ™ < 1. (15)

B riiaBHOM IpHOIMZKEHAE TI0 HUM TIOCJIE TIOICTAHOB-
ku Beipazkernit (5) u (14) COOTBETCTBEHHO B ypABHEHUST
(10) u (13) mpuxoauM K ypaBHEHUSIM

p 1

r = — — 16
(V lp(p)) D(p)7 p>> t17 ( )

t 1 1
VT 2 = p/l, —Lp< —, 17
(TTap)f = L S <pe )
(VEsp(@)? = L. p a8

3p d(r) ) tg )
rjle XapakTepHoe Bpems ty = (D/d)*t; monydaercs us

cpasrenns |VI',(p)| ~ /p/d. Ormern™m, 94T0 HUMEHHO
6J1aro/iapst BTOpOMY HEPABEHCTBY 13 (3) ¢ yUeTOM TOJIb-
KO 9TO NIPUBEJCHHOTO BBIPAZKEHUsI JIJIsI XaPAKTEPHOTO
BPEMEHHU t2, OKa3aJI0Ch BO3SMOXKHBIM IIPUA P > ty ! Boc-
[OJIb30BaTHCS IPUOIMKEHHBIM paBeHCTBOM d(r) ~ dj.
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Hamee aya ymobersa mepeitnem ot dynkmmit 'y,
ux 0e3pa3MepHBIM aHAJIOTaM Pg:
FS:D(p) = HS(p)¢S(p)7 s=1,2,
Py (r) = Ko (p)¥s (r),

rJie pa3MepHBbIE MHOKUTENN Ks(p) OIpeJIeIeHbl DaBeH-
CTBaMu

(19)

1/4
N S
k1(p) = Dy’ (p) |:Dgt1 ] ) (20)
p
Hs(p) = d_o'

Ha ocnoge (16)—(18) ¢ yuaerom (19), (20) npuxomnm
K ypaBHEHUAM JJisd Oe3pa3MepHbIX (DYHKINN Pg:
(Visp(p))? = (ns(p))?, s=1,2,
(Vipsp(r))? = (na(r))?,

B KOTOPBIX BEJIMYUHBI N g OIIPEOCJICHBI paBEHCTBaMU

(21)

= DO T =nNn
do
ng(r) = E

Vpasuenus (21) ABJAOTCH ypaBHEHUIMH B 9aCT-
HBIX [IPOU3BO/IHBIX [IEPBOTO MOPSJIKA U TI0 CBOel (popme
COBIIQJAIOT C ypaBHEHHEM SMKOHAJa B FeOMeTPUIEeCKON
onruke (I'O) [8]. IToaromy B cooTBeTCTBHHU € TeOpHeEit
TAKUX YPABHEHUIA PEIIEHUs 3alIUCHIBAIOTCS B (hopMe

Vi(p) = /”1(0) dly, a(p) = ¥1(p),
0

r

1/)3 (I‘) = /ng (I‘) dlg
0
3/1ecb UHTErPUPOBAHUE ITPOUCXOIUT BIIOJIb TPAECKTOPHIt
KOHIIEHTPAIIMOHHBIX CUI'HAJIOB, SIBJISIOIINXCS aHAJIOTOM
ayqeit B ['O. CaMu TpaekTOpUu OMpeIesIaioTCsS U3 Ba-
PUAIMOHHOTO MPWHITNIIA

P r
5/”1 (p) dll = 0, 5/n3(r) dl3 = O, (24)
0 0

KOTOpBI gBIgeTca anajgoroM npuanuna ®epma B I'O.
U3 (24) BBITEKAIOT ypaBHEHUS JJIs €JMHAIHBIX BEKTO-
POB, KacaTeJbHBIX K TPAeKTOPUIM

dvi(p) 1 _ . dulp)
d " mip) <V"1(p T > (25)

v2(p) = vi(p),

dvs(r) 1 (Vn3(r) o dng(r)) ,

dl ns(r) dl (26)
v3 = v3(r).

TpaekTopuu ipu $ = 1, 2 ABJSIOTCS IJIOCKUMH, a TPa-

eKTOpus ¢ § = 3 — mpocTpaHcTBeHHON. DyHKIUU N

MOIYT OBITh HA3BAHBI WHIEKCAMU KOHIIEHTDAIIMOHHON

pedpakuun, a ¥1(p) u Ps(r) — AMHAMU KOHIEHTDA-

I[IUOHHBIX IIyTeil.

4. KOHIIEHTPAIIU A ITPUMECHU B
ACUMIITOTNYECKOM ITPEAEJIE

B cremyiomem npubImzKeHIE 0 MAJIOMy MapaMer-
py [min(r, L)|VT,|]7! < 1 us ypasuenuit (10) u (13)
nocJie TOJCTAHOBKU B HUX Bbipaxkenuii (5) u (14), co-
OTBETCTBEHHO, MOJIYYAIOTCS YPABHEHHS JIJTsl TPEJIIKC-
MOHEHT:

dlnAsp(p) 1 . (Vs)
— P 4 Zdiv (| =2 ) =0, diyps = nsdls,
dips 2 s v (27)
s=1,2,
dln Agp(r) V3

dips

Ha,HOMHI/Il\l7 Y9TO BCJIMYNHBI, OTMEYCHHbIC 3HAYKOM

+ 1 div (—) = 0, d’l/)g = ngdlg. (28)
2 ns
s = 1,2, 3aBUCAT OT JIBYMEPHOI KOOD/JUHATHI P, a CO
3HAYKOM S = 3 SBJISIIOTCsT (DYHKIIUSIMA TPEXMEPHOI KO-
opauHaTkl r. Pemmenus ypasuennit (27), (28), ynosier-
BODPSIOIINX YCJIOBUIO CIIMBKU C TOYHBIMH PEIIEHUSIMHI
JUIsl OJTHOPOIHOM cpejibl

0

() = —~— expl(~sp)
s = ——=exp(—Ksp),
P a\/8TKsp P P

N
~Ardyr

s=1,2,
(29)

i) (r)

exp(—#sr),

HMEIOT BUJI
N
X
aDo+/87ks(p)Ys(p)
x exp(—ksths(p) — Hs(p)),

mmnzéjQM<§)—E%Qd%mm

csp(p) =

s=1,2,
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Konnenrpanun IPOCTPAHCTBEHHO-BPEMEHHOM
npejcrasaennn ¢(p,t) un c(r,t) mosydarorcs IryTeMm

B

NIPUMEHEHUsT OIepaIul  O00PATHOTO TPeOOPA3OBAHUST
Jlammaca x Beipazkerusm (30), (31):

b+ioco J
D
A [t—r }—
pOXPIPE T S |50

b—ico

Reb > 0.

c(t) (32)

Buaaronaps yciosuio I', >> 1, unrerpan 3aeck Ge-
PEeTCsT METOJIOM CTAIlMOHAPHON (ha3bl:

exp[-T'(?)], (33)

L(t) =Ty, —pot, d0/p| _  —t=0.
B pesyanbrare conocrasienus (30), (31) ¢ (32), (33)
¢ yueroM Bbipaxkenuit (20) NpUXOJUM K BBIPAYKEHUSIM

p0) = s expl-T1(0) = F(p)],

ot
, (34)
I'i(p) = —ﬁllgopt)
npu yenosuu I'(p) > max[t/t1,1];
c(p,t) = 1raDoiV3 exp[—I'2(p) — Ha(p)],
‘) " (35)
3 ( Yile
Talp) =7 <4[1)3t1t) !
npu ycqosuw max [t/te, 1] < Ta(p) < 3t/ty;
e(r,t) = ﬁ exp[—T's(r) — H3(r)],
(36)
) = 0

npu yenosun 1 < I's(r) < t/to.

OTMedeHHBIE YCIOBUS IPUMEHUMOCTH BBIPAYKEHHUI
(34)—(36) oupenessoTcst TEM, KAKOMY U3 HHTEPBAJIOB
(16)—(18) npuHAIEXKUT CTAIMOHAPHOE 3HAYEHNUE P e~
pemennoit Jlamtaca B (33). AcuMmrrornueckue BeIpazke-
Hust (34), (35) u (36) MOPOXK/IEHBI, COOTBETCTBEHHO, Pe-
KUMaMU OBICTPOI KJIaCCHIECKON AByMepHOit muddy-
3un, IByMepHOit cyOauddy3un u Me I IeHHOM KTaccutie-
ckoit TpexmepHoit quddysun. Kak BugHo U3 ycaoBuit
X TPUMEHUMOCTH, OHU ONHUCHIBAIOT TEPBbIE MO yia-
JIEHHOCTU OT WUCTOYHWUKA IPUMECH CTYIEHH ACUMIITO-
THK BO BDEMEHHBIX NHTEPBaJlaX COOTBETCTBEHHO ¢ K {1,
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t1 <t <K< taut > ta. Bmecre ¢ Tem (34) u (35) siBistror-
CsT BTOPBIMU CTYIEHSAME COOTBETCTBEHHO B MHTEPBAJIAX
1 €t Kty ut> te, a Bopazkenue (34) onmceiBaer
TakKe TpeThIo (Hanbosiee yJIaleHHy0) CTYIIEHb ACHMII-
TOTUKHN Ha CAMbIX MO3/IHUX BpeMeHax t > to.

5. SAKJIFOYEHUNE

CdopmyupyeM OCHOBHBIE pe3y/ibrarbl. Ha ocHo-
Be ACUMIITOTUYIECKOTO TIOJX0/IA MOJIyIeHbI BhIPAYKEHUSI
JIJIsl KOHIIEHTPAIMK IpUMecH B Mojesn JIpixue ¢ nepe-
MEHHBIMH B IPOCTPAHCTBE MapaMeTpaMu — IIPOCTE-
et pU3MIECKON MOJIE/TH, IEMOHCTPUPYIOIIEH HeKJIac-
cuueckoe (cy6nuddby3nonHoOe) moBeieHNEe MIEPEHOCA U
CMEHY TPAHCIIOPTHBIX PEKUMOB BO BPEMEHU.

DKCIOHEHINAIbHOE YObIBaHNE KOHIIEHTPAITMOHHBIX
ACHMIITOTUK [O3BOJIMJIO MOJIYUUTH sl IOKa3aTeseit
9KCIIOHEHT nuddepeHIuaIbHble YPABHEHUsI B YACTHBIX
[IPOU3BOJIHBIX MEPBOTO HOpsijiKa. [losTomy B mpeiesn-
HBIX BPEMEHHBIX MHTEPBAJIAX aCUMIITOTHIECKHUE BbIPa-
JKEHUsI CBEJIEHBI K OJHOKPATHBIM HWHTErpaJiaM BIOJIb
TPaeKTOpUil KOHIEHTPAIMOHHBIX CUTHAJIOB, KOTODBIE
OTIPEJIENIAIOTCS U3 BAPHUAIMOHHOTO MPUHIUIIA — aHa-
jjora, npuniuna PepMa B TeOMETPUIECKON OITHKE.
Wurerpasbl BIOJb TPAEKTOPUN SIBJISIIOTCS aHAJIOTa-
MU JIJIMHBI OIMTUYIECKOTO MYTH, & COOTBETCTBYIOIIHE MM
[TOJIBIHTErPAJIbHBIE BBIPAYKEHUsI — AHAJIOTaMU WHIIEKCa,
pedpakiuu. OCHOBHOE OT/IMYME B PE3yJIbTATax MOJIE-
JIH C MPOCTPAHCTBEHHO-3aBUCUMBIMU TIAPAMETPAME OT
Mozesn JIpIXHE ¢ TOCTOSTHHBIMY IIApaMETPAMU CBOIUT-
Csl K 3aMeHEe PaCcCTOsIHUI OT WCTOYHHMKA IIPUMECH JI0
TOYKHM HADJIONEHUS COOTBETCTBYIONUMHU UM JIJIMHAMHE
KOHIIEHTPAIMOHHOTO TIyTH — WHTErpajiaMu BJIOJIb TPa-
€KTOPUU KOHIIEHTPAIIMOHHBIX CUTHAJIOB OT WHJIEKCOB

pedpaximm.

BaarogapHoctu. B 3akiiouenne aBTopbl BbIpaka-
0T Tiybokyio OGiarogapaocts JI. B. MarseeBy 3a mo-
JIe3HOE 00CYIKJIeHIE PE3YIIbTaTOB.

®dunancupoBanue. Pabora BbinojHeHa 1pu hu-
HaHCOBOI mojep:KKe Poccuiickoro nay4dnoro ¢donma

(rpoext Ne 18-19-00533).
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S xouy Bblpa3uTb cBoe yBaxkenue W. E. [3anowmHckomy — coaBTopy KHurm «MeTop KBaHTOBOIA Teopuu no-
st B cTaTuctuyeckoin dusmke», Englewood Cliffs: Prentice Hall (1963), nanucanHoii A. A. ABpukocoBbiMm,
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WN. E. A3anowmnHcknli aBASIeTCS COABTOPOM Hay4HOro oTKpbiTus « MarHutosnektpuyeckuii acpdpekt» — knac-
CMYECKOrO pe3ynbTaTta coBpeMeHHoN usuku. CerogHs cTanm obLLenpUHATLEIMN TEPMUHBI «BEKTOP [3sn0WwmnH-
ckoroy u «B3aumogeiicteune [zanownHckoro—Mopusiy». V. E. [3snowunHckunii Bcerga nopaepXnBaeT HOBble
WAEVN N NONCK HOBbIX MaTEPMAJIOB, HaMPUMEP, XUAKMX Kpuctannos. [ocnegHne obnagatoT yHMKaNbHbIMU CBOI-
CTBaMWU, HanpuMep, OHU UMEIOT HeoBbIYHbIe ha30BbIE AMAarpaMMbl U CTPYKTYPbI FPaHIL, CErHETO3IEKTPUHECKNX
[OMEHOB, KOTOpbIE CBA3aHbl C AedbeKTaMn 1 NPUMECIMU B XKULKOKPUCTASINYECKUX peleTkax. B paHHoli pa-
6oTe NokasaHo, 4TO NOMUMO 0bbINHON 3nekTporugpoguHamuyeckoli (M) HeycToiunBocTu € BeCKOHEYHbIMM
BLOJIb OCM Y AOMEHaMM Ha nnockocTn xy (BO3HMKaloWMMn npu cobntopgeHnn Heobxoanmbix yciosuii) n bec-
KOHEeYHbIMU x-nonocamu (Bo3HUKatowmMmy us-3a caekcosnektpuydeckoli (PI) HeycTORUNBOCTY), CYLLECTBYIOT
Takxxe fokanusosBaHHble DI []-Bo3byxaeHna. DT siBneHus npuBoasT K cBoeobpasHoili ha3oBoil guarpamme B
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1. BBEAEHUE

Pafora [1] mocssinena skcruepuMeHTaM € HEMATH-
KOM B IIEDEMEHHOM TI0JIe W COJIEPXKUT WHTEDPECHbIE Ha-
OJIIOJIeHNsT, KOTOPBIE MOKA HE UMEIOT TEeOPEeTUIECKOrO
obbsicuennsi. [Ipexke Bcero, HEMaTWK WMeJ OTPHIIA-
TEJILHYI0 AaHU30TPOIHUIO TPOBOJUMOCTH U TOTOMY OBLI
YCTOHYUB 10 OTHOIIEHUIO K 3JIEKTPOTHIPOINHAMUIYIE-
ckoit (DT) meycroituusocru [1]. Kpome Toro, nabimo-
JlaeMble SIBJIEHUsI COBCEM He TOXOXKU Ha SIBJICHUSI, BO3-
HUKAaomne n3-3a (QJIeKcodIeKTpudeckoro addexra. B
9TOM HEMATHKE HAOJIIO/IAJIOCH JIBUKEHNE TaK Ha3bIBae-
MBIX «IIYJIb» — OPUEHTAIHOHHO JIe(hOPMUPOBAHHBIX Ya-
creit nemaruka. OCHOBHOI MexaHU3M 00pA30BAHUST Ta-
KHUX <«IIyJIb» JIO CUX IIOP He OYEHb sICEH U TPeOyeT J1ajib-

* E-mail: pikin@ns.crys.ras.ru
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HEHINNUX IKCIEPUMEHTAJIBHBIX U TEOPETUIECKUX HCCIIe-
nosanuii. [Ipu nose E, mapajiebHOM OCH 2, YN Bbl-
TSHYTHI BJOJb OCH ¥, NEPIEHIUKYJISPHO ocu z. [lpu
9TOM HX pa3Mep BJOJIb 310l ocu L, Masr (mopsiika ToJ-
IIIHBI HEMATHYIECKOro cjios). Pasmep L, yBesmausasi-
csl ¢ yBeJuuenneM Hanpsikennoctu nosis (E2), a aymma
L, 6bura nocrostHHOil. JIBrrKeHue «Iy/jb» HAYUHAJIOCDH
B OJIHOM ¥ TOM >Ke HAIIPABJIEHUU HA OOJIBINUX yIaCT-
KaxX fd4eiiKd, HO Ha JAPYIUX ydacTKaxX C TOH Ke Bepo-
SITHOCTBIO BO3HHUKAJIO JIBUKEHUE B IIPOTUBOIIOJIOXKHOM
nanpasiernn. CKOPOCTH JIBUKEHUST JIMHEHHO 3aBHCe-
na or (E?). CymecTBoBaHHe TaKUX <«ITyJb» BO3MOYK-
HO B HEKOTOpOIl ofsiacTu mapamerpos cucrembl (da-
30BO# smarpammer). Dt 3G deKTH MOryT GBITH CBS-
3aHBI C OIPEJEIEHHBIMIA SJIEKTPOJTUTHIECKUMHU CBOT-
cTBaMH [2,3] OUeHb YMCTOrO HEMATHYIECKOIO YKUIKOTO
kpucrajia (HZKK), 1. e. HZKK, cBoGomuoro or 3apsi-
JKEHHBIX MpUMeceil. DTO sIBJIEHHUE PUCYIIE OOBITHBIM
JKUJIKIM JIEKTPOJIUTAM, KOTJ[a UI'PAIOT POJIb HHIKEKITU-
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Puc. 1. HepasHomepHoe pacnpegeneHvie noLBUXKHbBIX HOCUTE-
neii 3apsiga npu cnabom anekTpuyeckom Toke [3]

OHHBIE CBOHCTBa 3JeKTPoaoB. KauecTBeHHO 31U (hak-
THI MOYKHO OOBSICHUTH C YY€TOM WHXKEKTHPOBAHHBIX
MOHOB M O0'bEMHBIX 3apsiJIOB B HEMATUKE MO/ JeficTBI-
€M OCIUJLIAPYIOIEro moJis. V3BecTHO, 9TO MHTEHCHUB-
HOCTH TOTOKA MHXKEKTUPYEMBIX MOHOB 3aBUCHUT OT Ha-
[IPSI’KEHHOCTH TI0JIs, CO3/IaBaeMOro BOJIM3U TOBEPXHO-
CTH 3JIEKTPOJIa BHEITHUMU UCTOYHUKAMHU U OOBEMHBIM
3aps/I0M BHYTPH Iu3JIeKTpuka [4,5]. B obmem ciyqae
POJIb MOHOB PA3HBIX 3HAKOB B IIPOTEKAHUU TOKA OIIpe-
JIEJISIeTCsT SJIEKTPOXUMUIECKIMU TIPOIECCAMU Ha JIBYX
JIEKTPOJAX, HO 9aCTO PE3YJILTUPYIONINI TOK CO3/aeT-
Cs1 OJTHMM COPTOM HMOHOB, [P 9TOM HOHBI ITPOTUBOMO-
JIOXKHOT'O 3HAKA OCTAIOTCs B I0Koe [3]. B manHoi pabore
[IPEJIIIO/IArAeTCs, YTO UHYKEKTUPYEMbIe MOHBI CO3JAI0T
CJTaOBI TOCTOTHHBIA TOK B OCIMJLIUPYIONTEM moJie. 13-
BECTHO [3], 4TO Ipu HEGOIIBIIIOM KOJMYECTBE NHIKEKTU-
POBaHHBIX HOCUTEJIEH JIEKTPUIECKU TOK j MPOIOPIH-
OHAJIEH MPUJIOKEHHOMY HaIpsizkeHuto U, a KOJIMIecTBO
WHYKEKTHUPOBAHHBIX JIEKTPOHOB OKOJIO KATOJA YMEHb-
[IAETCsT C YBeJMYEHNEeM TOKA JIEKTPOHOB M OIDaHUYe-
HO 00'beMHBIM 3apsioM (cM. puc. 1). Cs3aHHble ¢ 3a-
psLIaMU BO3MYIIEHUsT HHOT/A BOZHUKAIOT B T€X MECTaX
3JIEKTPOJIOB, I'7le BHEIIIHEH SHEPIUH JIOCTATOYHO JIJIsl CO-
spanua mmkeknuu. Ilnomans mymu L, L, Moxker yse-
JIMYIABATHCA 38 c4eT ypejudenusd L., Ho L, npaxTude-
CKU HE MEHSIETCS ¥ OCTAETCS IPUOIU3UTETLHO TOPSIKA
TOJIIIUHBI AIeHKA d.

Bes sra kapTuna HabJI01a1aCh B IEPEMEHHOM JIEK-
TpUYecKoM 1ojie (IpU JEHCTBUM BBICOKOYACTOTHOI'O
JIEKTPOMAIHUTHOIO I10JIsI) M [IPU HAJUYUU JIEKTPO-
goB. Ilenb mammoit pabOThI — MPOIEMOHCTPUPOBATH
BO3MOYKHOCTH (DOPMUPOBAHUS JIMHAMAIECKON CHCTEMBI
[TOJIOC, COCTOSIIIEN W3 JBUAKYIIUXCS 3apsi?KEeHHBIX 1€~
(dEeKTOB HEMATUIECKOW CTPYKTYPHI Ha (pOHE HEBO3MY-
IMEHHOTO HEMATHKA. DTO SIBJIEHUE SIBJISIETCsI TIOPOro-
BBIM II0 HAIIPSI2KEHHOCTHU ITEPEMEHHOTO 3JIEKTPUIECKO-
IO TOJis B 3aBUCUMOCTHU OT YACTOTHI, OHO 3aBUCUT OT
[TOTOKA WHYKEKTHPOBAHHBIX 2JIeKTPOHOB. Clieyer moJI-
YEepPKHYTh, 9TO Takoi 3(deKT cymecTByer He3aBUCHU-
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MO OT MIXPOKO U3BECTHBIX 3JIEKTPOTUIPOIMHAMIYECKO
(OTH) u daekcosnexrpudeckoit (P) HEycTOHIUBOC-
Teit [6,7].

2. PABMEP JE®EKTOB

NHTEHCUBHOCTD MOTOKA WHXKEKTUPOBAHHBIX JJIEK-
TPOHOB 3aBUCHT OT 1oJjist F, cO3/1aBaeMOro Ha mOBEPX-
HOCTH 3JIEKTPOJA BHEIITHUM UCTOYHUKOM. JJIst BO3HUK-
HOBEHHsI HEKOTOPOT'O KOJMYECTBA WHXKEKTHPOBAHHBIX
9JIEKTPOHOB HEOOXOIUMO KOHEYHOe BpeMs T (HeobXo-
JUM OTPBIB 3JIEKTPOHOB OT 3JIEKTPOJOB, CBI3bIBAHUE
9JIEKTPOHOB € MOJIEKYJIAME HEMATHKA, «OJCBAHUE» NC-
KaXKEeHUl OPHEHTAIMOHHON CTPYKTYyPhl Ha 3aXBadeH-
Hble 97IeKTpoHE 1 T.1.). CienoBarensuo, pasmep L,
MOYKHO OIEHUTH KaK

(1)

rae cpeaHdda CKOPOCTHb 3apPAXKEHHDBIX UCKaKEeHUN Uy B

Ly ~ vyT,

BA3KOH JKUJKOCTH 3aBUCHT OT WHTeHcuBHOCTH (E?)
OLIPEJIEJISIONIEN IVIOTHOCTh HWHXKEKTHPOBAHHBIX 3JIEK-
TpOHOB. 3HaueHWe T W3 ypaBHeHHs (1) CyIIECTBEHHO
BJINSET Ha pasMep L,, KOTOPLIL TP MAJIOM BPEMEHH T
MOYKeT OBITH HEOOJIBITUM U CpaBHUMBIM ¢ L,. B pabo-
re [1] moka3aHO, YTO B HEKOTOPBIX CJIydasX 3HAUCHUS
L, Moryr 6LITh BeJuKY. B HaGIIONAeMBIX HCKAXKEHUIX

Ly/Ly ~ 10 + 20.

3. IBU2>KEHUVE JEPEKTOB

ITpeo10:KuM, 9TO KOHIEHTPAIAS HHAKEKTUPOBAH-
HBIX 3JICKTPOHOB 11, IPOIIOPIMOHAILHA, CPeIHel IJIOTHO-
cru suepruu nons (E?), a umenno, n = b(E?), rae b —
KOHCTAHTa, & 3HAYEHUE 7 CBIA3QHO CO CPEIHEH MaKpo-
CKOTINIECKOH CKOPOCTBIO JIBUKEHUs! (JIBUYKEHNE HEKO-
TOPBIX JOMeHHbIX cTeHOK, D[JI-posutos u . 1.) (v) co-
OTHOIIEHUEM

(2)

rae 7 — JIeKTpokuHeTnIecKuit kKosddurment. Takmm

<U> =nn,
O6pa30M, nMeeT MeCTO 3aBUCHUMOCTD

(v) = nb(E?). (3)

Cootrnomenus (2), (3) sABIAAIOTCA OCHOBHBIMHU IIOCTY-
JIATaMH JIAHHOTO TI0/IXOJIA, CBSI3bIBasi MHXKEKTHPOBAHUE
3apsJIOB B 9JIEKTPOIUTHYECKYIO STUEHKY ¢ MAKPOCKOIIN-
YECKHUM JIBMKEHHEM YKIJIKOCTU B HEll P HAJIMYINY 11e-
PEMEHHOT'O TIOJIsL.



C. A. MMukun

HITD, Tom 159, BBII. 4, 2021

TZ
w/

dv,/dz < OYdU /dz >

1 4 Pstr = <0
TR

Puc. 2. TpexmepHoe nzobpaxkerune nckaxxenunin 8 HXXKK

t

Pstr = 0
d0 dx < 0

4

B coorBercTBui ¢ [2,3] MOXKHO OIEHUTH JIEKTPOKU-
Hernaeckuit kKoaddurmeaT. MoKHO UCIIOIB30BATH CILY-
4Jail, KOrja MacCOBBIA IIOTOK MOHU3UPOBAHHBIX MOJIe-
KyJ C TUIOTHOCTBIO p (110 OCH z — depe3 pacTBOPU-
TeJb) PaBeH pv, = —jm/e; MAaKPOCKOIUYECKOe JIBU-
JKEeHHUe YKUJIKON CMeCH CO CKOPOCTBIO U, - 3TO UMILYJIbC
eJIMHATIBL 06beMa Kugkoctu p v, [3]. Ecau n opuentn-
POBaH IEPHEHIUKY/ISPHO MOHHOMY HMOTOKY, TO IIPOUC-
XOAWT TaJeHNe HAIPSYKEHUs Ha PACCTOSTHUM TIOPSIKA
rommuuel cios d (¢(0) = 0,¢(d) = U), rakum o6pa-
30M, TIOJIydaeM cJieiyioliee ypasuenue [2]:

o0t () =i + o -l @
z
rae Dy; — tensop muddysun u fi; — CUMMETPUYHBIE
KuHermIeckne Kodbbumments [2, 8] (maexc - ozma-
yaeT COOCTBEHHOE 3HAYEHUE TEH30DPA). 31€Ch JJisl IIPO-
CTOTBI TPEJIITIOIAraeTCsl, ITO XUMUIECKUIl TOTEHIINAI
pacTBOpa OIpeesIseTCss KaK ITPOU3BOIHAST TEPMOITHA-
MUYECKOTO [OTEHIINAIA PACTBOPA (HA €JMHUILY MACCHI)
10 €ero KOHIIEHTPAIUH 7 (HAIIPHMED, 110 KOHIIEHTDAIIN
OTPUIATEJbHBIX HOHOB); 7L — OTHOIIEHHUIO MACCHI JIEK-
TPOJINTA K ITOJTHONU Macce KUIKOCTU B JAHHOM 3JIEMEH-
Te obbema. Aueitka D[/ umeer GOIBIIYIO JIUHY IO
ocu y. Cedenne g9efiKM B IUIOCKOCTU IY CXEMATHIHO
[IOKA3aHO Ha PUC. 2 C XapaKTEPHBIMU PaCIPE/IeIeHUsI-
MM CKOPOCTH YKUJIKOCTU W OPUEHTAINU JUPEKTOPA.
ITpuBenenublil HUKe pUCYHOK (puC. 3) MOXKET ObITH
XapaKTEPHBIM JIJIsI «IIyJIb», €CJIU UMEeTCsl YHUBEPCaJIb-
Hasl IPUYNHA MOSIBJIEHUSI TOCTOPOHHUX 3apsioB. Ha ca-
MOM JIeJie 3TH CTPYKTYpPHBIE 00pAa30BaHUST CO3JAI0TCS
U CO3J]AI0T COOTBETCTBYIONINE ONTHIECKUE U300parKe-
HUsI B PE3YJIHTATE B3ANMO/IEHCTBISI NHKEK THPOBAHHOI'O
JIEKTPOHHOI'O 00JIAKA ¢ HEMATUIECKUMU MOJIEKYJIAMHA.
Hampumep, MokHO cKa3aTh 00 OIpEIETeHHBIX CBA3AH-
HBIX COCTOSIHUSX WHYKEKTUPOBAHHOT'O 3JIEKTPOHA C apo-
MaTUYEeCKUMU 3JIEKTPOAKTUBHBIMY MOJIEKYJIAME, KOT1a
OTpHIATEbHBIE NOHBI 00PAa3yIOTCs TP 3aXBaTe JIEK-
TPOHOB 3TUMHU MOJIEKYJIAMU 10 HEKOTOPBIM PE30HAHC-
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Puc. 3. XapakTepHble pacnpegeneHns CKOpoCTM XULKOCTU 1
OpMEHTaLMN AMPEKTOPA Ha 4BYMEPHOM CEHEHUU WCKaXKEHUS
(NpW HaNM4YUM NOCTOPOHHMX 3apsifoB)

HbIM MexaHmsMmaM [9]. B apyrux pa6orax [10,11] or-
MEYAETCs BAsKHAS POJIb JIOKAJTU3AIUY U TIEPEPaCIIPE,Ie-
JIEHUSI MOHOB B «ITyJistx». POpMUpPOBAHUE OrpaHUYEH-
HOTO AHUOHHOTO COCTOSIHUSI CBSI3aHO C OJIHOKPATHBIM
DPE30HAHCOM C 3aXBATOM 3JIEKTPOHA Ha OIIPEJIEJIEHHYIO
OpOUTAIIb. DTOT MEXAHU3M COIIPOBOXK/IAETCS MAKCHMY-
MoMm moHHOrO Toka [9]. Ha pme. 3 mokazamo obGpaso-
Banne D[] npu orHOCUTE/JBHO OOJIBIION JIJIMHE OpU-
EHTAIUY UCXOMHON OHOPOIHOM CTPYKTYPBhI (BO3MYIIIE-
Hus L, BIOJb OCH Y); KOJOHHBI (ILyHKTUDHbIE JIMHHN)
9TUX BO3MYIIEHHUil (paclpesiesieHusl IOTOKOB M CHJI B
KOJIOHHaX HOKa3aHbl Kak B addexre ST [6]). B Takoi
KOJIOHHE JIUPEKTOP CTAHOBUTCS MOUTH TAPAJIIETbHBIM
NOTOKY (COCTOSTHME ¢ MAKCHMyMOM HMOHHOTO TOKa). B
KOJIOHHAX C IIEePIEHIUKYJISIPHON OpHEeHTAIel TIOTOKOB
(uCxXOIHOE OJIHOPOHOE COCTOFHUE HEMATHUKA) HabJIo-
JIaeTCsl MUHAMYM MOHHOTO TOKA P OTPUIATETHHON
AHU30TPOIUN IJIEKTPOIPOBOJHOCTH. TakuM 0Opa3oM,
9JIEKTPOHBI HE CBA3BIBAIOTCS C MOJIEKYJIaMU IIaHap-
HOTO HEUCKAXKEHHOI'O HEeMaTUKa IIPH OTPUIATEHHOMN
AHM30TPOIMHU 3JIeKTpoupoBojaHocT (6a30Bblii Gou), a
MPIIAOAT K MCKAXKEHHBIM CTPYKTYyPaM — <ITyJIsSIM»
HZKK (mokpbiBasi X 3JI€KTPOHHBIME «00OJOUKAMUAY ).

Haxosiimecst B TaKOM €J10€ 3aXBAYE€HHBIX WHKEK-
TUPOBAHHBIX JIEKTPOHOB HEMATHIECKUE MOJIEKYJIbI Ha-
MIOMUHAIOT yeIMHEHHbIE BOJTHBI. Bce OHM B ONTHYIECKOM
[IPEJICTABICHUN BBITJISIISAT KaK JIBa ITapaJslIe/IbHbIX OJ10-
K& KOHEUHOM JynHbl (~ L) u mupussl (~ d). ru 6110-
KU, OY4E€BUIHO, CBA3aHLI C JI€BOU U IIpaBOil CTOpOHAMHU
KOJIOHH (CM. puc. 3) ¢ MakCuMyMaMu TOKOB. IIpu mpsi-
MOM CTOJIKHOBEHHHU TAKUX <IIyJIb» 3THU OJIOKU «CTPAXU-
BAaIOT» 3aXBAYCHHDBINI MHKCKTUPOBAHHBIN 3JICKTPOH, U
«IYJI» ACYE3AI0T.

[Ipr OGOKOBOM CTOJIKHOBEHHM <IIYJIb» HCUE3AET
TOJIBKO YACTh 3aXBAYEHHBIX 3JIEKTPOHOB, TAKHE <IIy-
JIN» MOTYT BOCCTAHABJIMBATHCS W KaK ObI ITPOXOJUTDH
apyr depe3d gpyra. OHE Tak»Ke MOTYT OTPayKaTbCsd OT
TBEPJBIX TPENSITCTBUN MM J1a’ke ObITh TOJTHOCTHIO
YHUYTOYKEHBI UMU. JacTh MHXKEKTUPOBAHHBIX JIEKTPO-
HOB IIEPEHOCHUT 3JIEKTPUUECKUE 3apsJibl B KHUJIKOCTH
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mon, jeiictBueM 1oJisi F, a apyrue HHKEKTHPOBAH-
HbIe JIEKTPOHBI HpmannaioT K wMojaekyinam HZKK,
3amacas «iyaus. <«llymms, 3apsrkeHHblE OIMHAKOBO,
WCIIBITHIBAIOT KYJIOHOBCKOe oTTajkuBanue. IlosHo-
CTHIO 3aPS’KCHHBIE TIOJIBUKHBIE NCKAKEHUS, «OJI€THIE
JIEKTPOHAMY, HAIIOMUHAIOT yeMHEHHBIE BOJIHBI (COJII-
TOHBI): OHH MOI'YT PaCIPOCTPAHATHCS OJHA 3a JIPYIoii
BJIOJIb OCH Y CO CKOPOCTBIO {V), UTO CBI3aHO C B3a-
MMHBIM OTTAJKUBaHUEM. B 9TOM cilydae HalpaBJeHIe
JBUYKEHUS § SKBUBAJIEHTHO HAIIPABJIEHUIO HA3A/I.

4. TIOPOTOBBII XAPAKTEP
HEYCTOMYMBOCTU

PaccmaTpuBaeMoe SIBJIEHHE SIBJISETCA MOPOIOBBIM
10 HAIPSPKEHHOCTH IIEPEMEHHOT0 3JIEKTPHYECKOrO O-
JIsl B 3aBECUMOCTH OT 9aCTOTBI, OHO CYIIECTBEHHO 3aBU-
CHT OT IIOTOK& MHYKEKTUPOBAHHBIX 3JIEKTPOHOB. Ecim
oporoBoe 3uavenue Iy, (E?) 4, TPOTIOPIHOHALHO
9aCTOTE MEPEMEHHOTO TIOJIS W HA HEKOTOPOM MHTEPBAJIe
sHavennil w (9acrb HazoBoil AUArPAMMBI), TO HETPYI-

HO BUJIETH, UTO CpeJHee 3HavYeHne (V) KaK DyHKIUST w
ABJISETCS TIPSMON JIMHAEH Ha TOM K€ MHTEepBaJje 3Ha-
Yenuit w. AHAJIOrMIHBIM 00PA30M MOXKHO CIEIaTh Bbl-
BOJI, 9TO KOHIEHTPAIUs WHXKEKTUPOBAHHBIX JIEKTPO-
HOB [IPOIIOPITMOHAJIBHA TIOPOTOBOIT HAIIPSIZKEHHOCTH T10-
JIg, 3apsil TOJIHOCTHIO 3aPIKEHHOro JedeKTa HeMaTu-
JeCKOl CTPYKTYpbI paser nae ~ (E?)y,; mone neiicTsy-
eT Ha Takol fAedeKT ¢ CUJIoi, TPOIOPIMOHAILHON 9TO-
My 3apsiay. 371ech ¢ — KO3(DMUIUEHT, TOKA3BIBAIONTAN
CTelneHb MPUINIAHu 371eKTpoHoB K Mosekytam HZKK.
Ha mosepxHOCTH 951€KTPO/A (B IIJIOCKOCTH XY) MM-
IYJIbC COXPAHSIETCS: JBUXKYIUECS 3aPsIKEHHBIE 1eeK-
ThI HAUMHAIOT 3AII0JIHSATH 110JI€ HAOJIIOJIeHUsT, HO C CUM-
MeTpuell JBUXKEHHsl BIIPABO U BJIEBO II0 IOJIOCAM, TO
€CTb CyMMAapHBIE UMILYJIbCHI «IIYJIb» yPABHOBEIIUBAIOT
apyr apyra. COOTBETCTBEHHO, (Upyilets) = ann, The
na — KOHIEHTPAIWs JBUKYIIUXCSA MOJHOCTBIO 3apsi-
JKEHHBIX <«IIyJIb». TakmMm 06pa3oMm, IOPOTOBOE 3HATE-
mue Iy, = (E?)y, onpeie/seT KOJM9ecTBO 3apAKeHHBIX
«IIyJb», & uX cKopocTH (cM. (3)) HAXOAATCS U3 COOTHO-
MIEeHUs
(5)

n=>bly, (v)=abln.

5. SAKJIFOYEHUNE

B TomkoM cioe HemMaTmKa mpu AefICTBUU MTepeMeH-
HOI'O IIOJId IIPU OTCYTCTBUU 3apsAKEHHBIX IIpUMeceil
OIMUCAHHBIE BBIIIE IIPOIECCHl HMMEIOT MeCTO, €CJu
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MHKEKIUsT 3JIEKTPOHOB MPOUCXOIUT O, JeliCTBHEM
[IOCTOSIHHOT'O WJIM IIEPEMEHHOT'O MOJIsI. DJIEKTPUIECKOe
none E = E, = FEycos(wt) HApaBeHO LepIIEH-
JIUKYJISIPHO TTOBEPXHOCTH HEMATHIECKOTO CJIOs, T.e€.
addekr IIJ] M30TpONEH B IIOCKOCTH KOHAECHCATOPA.
TToaToMmy 3/1€CH CyIIECTBEHHBI JIBYMEPHBIE BO3MY ITIEHUST
ITOTOKOB C MHYKEKTHPOBAHHBIMU 3apsiaMu. fdeiikn c
HCKa’KeHUSIMU Tellepb MOTYT 3aHUMATD BCIO MIJIOCKOCTD
Ty, cozjaBasl I0JIOCYATYIO CTPYKTYDY C PaBHBIME
YCJIOBUSIME JIBUKEHUsI TIOCTOPOHHUX 3apsOB BJIOJIb
ocu y. B Takmx sgdefikax JeHCTBYIOT 3JIEKTPUIECKUE
[I0JIs1, TIPUBOJIAIINE B JIBU2KEHUE 3aPsizKEHHDIE <ILYJI»
KaK MCKAaYKEeHUsI OPUEHTAIINOHHOM cTPYKTYPHI. «ILysmims
C MHXKEKTHPOBAHHBIMU 3JIEKTPOHAMH IOJ JeHCTBHEM
YHOMSIHY TBIX TI0JIel MOTI'YT JIBUTATHCS B JIIOOOM HAIPaB-
JIEHUH, HO OCh Y WMeeT Ipejmnodrenne. Pucynok 5 us
paboTsr [1] (cM. TakyKe COOTBETCTBYIOIINE BUIEO, TIPHU-
BeJIeHHbIE B [1]) MOXKHO MOHSTH CJIeIyOMmuM 06pa3oM:
3apsPKEHHBIE <ITYJIU» YXOJSAT HA KATOJ W HCIE3AI0T
u3 moJist 3perusi. OJIHOBPEMEHHO <ITyJIN» B COCEJTHEH
IPyIIIE TI0JIOC C AJbTEPHATUBHBIM (10 OCH ) JIBIZKEHU-
€M YHOCSITCSI IIOTOKOM B OOPATHOM HAIIPABJICHUH. DT
pabora coBepIIeHHO (HEHOMEHOJOTHIEeCKasd. ITOOBI
HAWTH MUKPOCKOIMYECKHE 3HAYECHUs I1apaMeTpOB
a,b,m u 7, HEOOXOMMO TTOCTPOUTH MUKPOCKOIIUIECKIE
YPABHEHUSI, OIUCHIBAIOIIE OOCYXKIaeMbIil ITPOIIECC.
Boob1re roBopst, 31 eHOMEHOJIOTUIECKHE TTapaAMETPhI
JIOJI2KHBI COOTBETCTBOBATH YJICHAM COOTBETCTBYIOIIIX
ypaBHEHUl JBUKeHUsT 3apsiKeHHbIX nedektoB DI/ B
HEMATHKAX.

BaarogapHocTu. AsTop BbIpaxkaer OJaromap-
voctb E. C. [MukunOl 3a 10JIe3HBIE U ILIOIOTBOPHbBIE
obcyxyienus, a Takxke E. . Kamny u B. E. JImutrpuenko
3a [POsIBJICHHBIN MHTEPEC K padore.

PdunancupoBanue. Pabora BbiosiHeHa pu HU-
HaHCOBOH momep:kke MunncrepcTBa HayKn U 00pa3o-
Banus (rocymapcrsenHas nporpamma O®HUIT «Kpuc-
Tajmorpadus u poronukay Poccuiickoil akajgeMun Ha-

VK).
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1. BBEAEHUE

s MeHd ydacTue B 3TOM IODMJIEHHOM BBIIIyCKE
2KOT® ne TOSIBKO OOJIBITAS 9€CTH U BO3MOYKHOCTD BbI-
cka3arb cBoe mozapasienne 1. E. JIzsomunckomy.
Qakruyecku, umenno W. E. J3samomuncknit BHEIPUIT
B OTEYECTBEHHYIO HAyKy (M NPOMJIIOCTPHPOBAJI B Ce-
pun pabor B 70-bie rozpl mpornioro 20-oro Beka) MoHs-
THE O XKUJIKNX KPUCTAJIAX KaK 00beKTa, IMOoJJIeXKale-
o M3yYEHUI0 MeTojaMu Teoperudeckoit ¢pusuku. Ilo-
TOMy paboTa 0 KHUJKUX KPUCTAJJIAX, HAIIPABICHHAS
B JQHHBIN IOOWJIEHHBI COOPHUK, SIBJISETCS JJIsI MEHSI
€CTEeCTBEHHBIM BBbIPaKeHNeM 0JI1aro/[apHOCTH I00MIIsIpY,
OT KOTOPOT'O aBTOP BIIEPBBIE y3HAJ 00 UX CyIIECTBOBA-
HUU.

C rTex mop KUJKHE KPHUCTAJUIBI YKe HePecTain
OBITH IPOCTO ITPOMEXKYTOYHBIM COCTOSTHUEM HEKOTO-
pPBIX opraHmdveckux BernecTB. MHorouucienabe 0630-
pot 1 MoHOrpaduu (cMm., Hanpumep, [2-6] n muTEpPO-
BAHHYIO TAM JIUTEPATYPY ), MOI'YT OBITH MCIIOJb30BAHBI
JIJIST O3HAKOMJIEHUSI C JIOCTUXKEHUSIMU (DUBUKU KUJKAX

* E-mail: efim.i.kats@gmail.com
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KPHUCTAJLJIOB BILJIOTH JIO TIEPBBIX JeCATUIeTHii 21-010 Be-
ka. OJIHaKO CKa3aHHOe BBINIE HE O3HAYAET, 4TO (hyH-
JlaMeHTaJIbHAas HayKa O JKUJIKAX KPHCTAJIIAX 3aKOH-
YeHa W €JUHCTBEHHON MOTHBAIMEN sl TPOIOJIZKEHUS
U3YYEHUs] KUJKUX KPUCTAJIOB OCTAJINCH MHOTOObea-
IOII7E TIPAKTUIECKUE TMPUJIOKEHUS KAJKAX KPUCTAJ-
soB. OyHjaMeHTaIbHASA (PU3UKA YKUJIKAX KPUCTAJIOB
COBCEeM He 3aKOH'eHa. BoJiee TOro, oOHapYKUBAIOTCS
1 UIeHTH(DUIUPYIOTCA HOBBIE THITHI YKUJIKAUX KPUCTAJ-
JIOB (HAIIpUMEp, HEMATHKHU C MOZYJUPOBAHHON CTPYK-
Typoii, TaK Ha3bIBaeMble twist-bend, B ocHOBHOM cocTO-
SIHMM KOTOPOI'O MMEETCsI HeHyJieBast JedopMarysi Kpy-
venust (twist) u nomepeunoro nsruba (bend) mosns mu-
pekTopa), cM., Harpumep, |7,8]. Eme Gosee Bneuaraser
oTkphiTHE heppodekTpuaeckoro Hematnka N [9,10].
VHTEpPECHO OTMETHTD, YTO BO3MOXKHOCTH CYIECTBOBA-
HUST TAKOW CHCTEMBI ObLTa IpEeICKA3aHa TEOPETUIECKH
6os1ee 100 sreT TOMY Ha3a1, OTHUM U3 CO3/aTeseil KBaH-
rooit Mmexaunku M. Boprowm [11], ojtHako 710 pa6orst [9)
BCE TONBITKA 3KCIIEPUMEHTAJIBHOTO obHapyskenus Ng
OBLIN HEYTaIHBI.

Pazymeercs, 310 oTKpbiTHe [9] cruMyupyer MHOIO
HOBBIX WCCJIEJIOBAHMIA, MMOCBSIIEHHBIX (DEPPOIJIEKTPU-
gecknM HemaTukaMm. CoOCTBEHHO, HEKOTOPBIE BO3MOXK-
HbIE HAIIPABJIECHUSX TAKUX PADOT OOCYKIAIOTCS aBTO-



E. N. Kay

HITD, Tom 159, BBII. 4, 2021

pamu nybiukaruit [9, 10]. Janaas crarbs HOCBsIIe-
Ha OJHOMY M3 TaKuxX Hampasjienwii. Jlego B TOM, 9TO
B CHCTEMAaX C HECKOJbKUMU THUIAMHU YIIOPSJIOUEHUsT C
HETPUBUAJBHBIME [TPOCTPAHCTBAMHU BBIPOXKJIEHUS CO-
OTBETCTBYIONAX IAPAMETPOB IOPSIIKA BO3MOYKHO Cy-
IIeCTBOBAHME TaK HA3BIBAEMBIX KOMOMHUPOBAHHBIX JIe-
dexroB (ormerum, 4ro 06 3TOM (GakTe YIOMSIHYTO B
koMMmeHTapun Jlaspenrtosuua [10]). MHorouucsieHHbIe
IpPUMEPBI 9TUX KOMOUHUPOBAHHBIX JIe(PEKTOB (BO3HU-
KAIOIIUX B TAKUX, KA3aJ0Ch Obl, JIAJIEKUX JPYT OT JIPY-
ra 00beKTax, KaK OECKOHEUYHAsI BCEJIEHHAsI WJIM CBEPX-
rekyunit He-3 B HAHOIOPUCTOl MATpUIE) MPUBEICHBI
U TpOaHAJIM3WpOBaHBI B paborax [12,13]. B sroit 3a-
MeTKe Oy7IeT TPEJTIOXKEH ellle OJMH IIPUMED CUCTEMBI C
KOMOMHUPOBAHHBIME Jie(peKTaMu, HO YK€, TaK CKa3aThb,
u3 OOBIJIEHHOIO MUPA CYINECTBYIOMNX IIPU KOMHATHBIX
TEMIIEPATYPAX KUJIKAX KPUCTAJLIOB.

2. TOMOTOIIMYECKUE T'PVYIIIIBI OJIf
ITOCJIEJOBATEJIbBHOCTHU IMEPEXOJ0B
I-N—-Nr

st cucteMbl, 0 KOTOPOI TIOHET pevb B JaHHON pa-
60Te, CyIEeCTBEHHO HAJIUYINE JIBYX OTHOCUTEIHLHO O3~
KUX ¢1a0bIX (T. €. GJIU3KUX K HEIPEPLIBHBIM) (ha30BbIX
nepexosio mepsoro poma: I-N (rme I — m3orponHast
KUIKOCTD, 00JIaAI0IIAs TOJTHONH TPEXMEPHOH CUMMET-
pueil BpaleHnit w TpaHCaANn, a N — HeMaTudec-
KU KUJIKANA KPUCTAJUI), /e ITa UCXOAHAs I[IOJIHA
CUMMeTPpHUd IIOHU2KAeTCA 10 OJHOOCHOHN BpallaTeJbHON
cummerpunt Dyop, (BpallleHUil H& IIPOU3BOJILHBINA yTOJI
BOKPYT' ONHOHI BBIJICJICHHON OCH, 3aJlaBacMOil equHMY-
HBIM BEKTOPOM N (1 = —N) JUPEKTOPOM IIPU COXPaHe-
HUM TOJHON TPaHCAANMOHHON cummerpun). Crenyio-
Ui P TOHKEHUN TEMITEPATYPBI (Pa30BbIi TIEePEeXO]T
B deppoaekTpudecKyio ¢azy Np HapyIIaeT amojsp-
HYIO CHMMETPHIO JupekTopa n = —n. Pakruvecku, 1o
OTIPEIeJIEHUIO aDCOJTIOTHON TeMmepaTypsl 1, 0ba mepe-
XO/Ia B CYIIECTBYIOIINX IIPU KOMHATHBIX TEMIIEPATYPaX
(T ~ 300 K) kuukux KpucTa/uiax OJIM3KH, Tak Kak
obaactu crabusnbHocTn daz AT ~ (20-50) K Bcerna
yaoBieTBopsier HepaseHcTBY AT < T

Bce Bo3amozknbie TOmONIOTTYUECKHE MeDEKTHI, CyIIe-
CTBYIOIIME B HeMaTu4IecKoil dpaze N u B deppo3jiekT-
puueckoii daze N, XOPOIIO U3ydeHbl 1 U3BECTHBI [15].
IIpocTpamcTBO BRIPOK/IEHNS TTApaMeTpa, Topsijka B (a-
se N sBISeTcss TPOEKTUBHOH TiockocTbio P2, (T.e.
cdepa, bakTOpU30BaHHAS W3-3a AIOJSPHONU CHMMET-
pUI N — —N [0 AHTHUIIOJAIBHBIM TOYKAM ):

P?=5%/7,, (1)
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riae Zy — 9TO IpyIa U3 JABYX JIEMEHTOB, € i e2 = 1.
OcHoBHasI ¥ OOMAHYUBO MMPOCTAsT UJEsI O MPUMEHEHUN
TEOPUH TOMOTOIHMH K OIMCAHUIO TOMOJOTHIECKUX JIe-
beKTOB CBOAUTCA K HAOJIONEHUIO 33 U3MeHeHneM (Hu-
3UYECKOTO TTApaMeTPa, TOPSIIKA HA 3aMKHYTOM KOHTY-
pe (pasMepHOCTH T), OKDYyZKalolleM H3ydaeMblil Je-
dexT. IIpu aTOM TOMOTIOTHSA JTedheKTa ONPeTeISIeTCs COo-
OTBETCTBYIONIAM 3JIEMEHTOM T, (DYHIAMEHTATBLHON TO-
MOTONMUYECKOI rpymnbl. PyHaMeHTaIbHbIE TOMOTOIH-
Jeckme rpyninl A P? (em., manpumep, [14]) Takosbr:

m1(P?) = Zs, (2)

rae Z — rpynna nenbix ugwces. Orcroma  clieiyer,
9TO B HEMATHUYIECKOU (ha3e BO3MOXKHBI TOIOJOTUIEC-

m(P?) =7,

K1 crabujibHble JimHelHble NedeKThl (IUCKIMHAIN )
¢ HOJIyNEJbIMU TOIOJOrnIecKuME 3apgaiamu +1/2 u
HyJIb-MepHble J1epeKThl (MOHOIOJIM, HA3bIBaEMble B
HEMATHKAX €XKAMH) C I[EJIOYUCICHHBIMEI TOHOJIOTUIE-
ckumu 3apggamu +N. DKBUBAJIEHTHOCTb (/M HE K-
BUBAJIEHTHOCTD) €7Kell ¢ PA3HOMMEHHBIMH 3aPSIaAMHI 3a-
BUCHUT OT HAJUYUA B CUCTEME JTUCKIUHAIUN.

B nossiproit dpaze Np muckperHas cMMMeTpus n —
— —n Hapytiesa. COOTBETCTBEHHO ITPOCTPAHCTBO BbI-
POXKJIeHUs TIOJIIPHOIO IapaMerpa Mopsiaka 31o cdepa
52. CooTBeTcTBeHHO (DYHIAMEHTAILHLIE TOMOTOIIIYIE-
CKHUe TPYIIIBI B 9TOM CJIydae

7T1(S2) = O, 7T2(S2) = Z, (3)

OJIHAKO TEIEPhb MOJIOKUTEIbHBIE U OTPUIIATE/IHHBIE 38~
DSLIBL €Kell  OIpeJIesIeHbl  OJIHA3HAYHO, TaK KaK TO-
HOJIOTMYIECKA CTaOUIIbHBIE JIMHEfHBE HedeKTsl (mep-
Basi (byHIAMEHTabHAS TOMOTOINYECKAs I'PYIIIa TPU-
BUAJIbHA) BOOOIIE OTCYTCTBYIOT.

Ha sTom MecTe MOXKHO OBLIO OBl 32KOHYUTDH OIIHCA-
HIE TOIIOJIOrnIecKuX aedekTon B pazax N u Np, ecin
661 00a mepexoga [-N u I-Np Obutn ObI TOJTHOCTHIO
HE3aBUCUMBI ApyT oT jpyra. OjHaKO U3 TOro 06CTOosI-
TEeJIhCTBa, 9TO 00a (ha30BBIX MEPEXOa HE M30JUPOBaA-
HBI, CJIEJIyeT, 9TO HEMATUIECKUIl TUPEKTOP, COXPAHSIS
qacTh CBOeil CBODOIbI, MOKET OBITH OmpeseseH u B da-
3e Np. Ilpu KoHeYHON SHEPTUN 3aIEIIEHUST TUPEKTOPA
n u GeppovTeKTPUIECKOil moasgpusanun P

Fint = ’Yint(n ' P)2 ) (4)

B Np MOXKHO BBECTHU XapaKTEPHBLIH IPOCTPAHCTBEHHDIH
Macirad

int = VK /Yint (5)

riae K — Momyb opuenTaronHoit ynpyrocru @panka
[2]. CoorBercrBenno Ha MacmTabax 1 < & HEMATHIE-
CKUIl IMPEKTOP COXPAHSIET CBOU CTEIIEHHU CBOOO/IBI U, Ta~
KM 00pa30M, CyIIeCTBYET BO3MOXKHOCTb OOPa30BAHMS
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JIMHEHHDBIX CUHIYJIAPHOCTEHR (;LI/ICKJIHHauHIVI). Onamnako B
daze Ny nepBasi byHIaMEHTAIbHAS TOMOTONMIECKAST
rpylia 7m; TPUBHAJIbHA U IIOTOMY CBODOIHBIE JUCKJIU-
HaI[MU He MOI'YT OBITH TOIIOJIOTWYECKU CTAOWIHHBIMU.
Opnako mpu dazoBom mepexoge N-Np Hapymaercs
JUCKpeTHas rpynna cuMmMmerpun n — —n. Taxkoe Hapy-
[IIEHHEe CUMMETPUN MOXKeT IIPUBOIUTD K HAJUYIUIO JIBYX
BBIPOXKJIEHHBIX COCTOSTHUI CHCTEMBI, YTO IIPUBOAUT K
BO3MOXKHOCTHU CyIecTBOBaHus B dasze Np JTOMEHHBIX
CTEHOK. B cBOIO 04epe/ib, 9T JJOMEHHbIE CTEHKN MOTYT
TOITOJIOTUYIECKY «3aIUTATH» JUCKJINHAINN, CBSI3bIBa-
fOIUe JJOMEHHBIE CTEHKH.

WaTepecHo OTMETHTH, YTO KOCMOJIOTHYECKAS JIH-
HAMIKA TaKOro pojia JedeKToB (CTPYH TOMOJOTHIEC-
KU 3AINUIIEHHBIX JOMEHHBIMU CTEHKAMHU) Oblia u3y-
YeHa B paMKaxX KaJuOPOBOYHBIX MOJeeil B padorax
[16, 17]. Bue 3aBHCHMOCTH OT KOHKDETHDBIX XapaKTe-
pucTuK (U3UIECKON CUCTEMBI TAKON KOMOMHUPOBAH-
HBIA JgedeKkT TpedyeT st CBOEro OMUCAHUS UCIOIb30-
BaHUs TaK HA3BIBAEMBIX OTHOCHUTEIBHBIX TOMOTOIIIYEC-
KX TPYII, KPATKOe OMUCAHWE KOTOPBIX OYyJIeT Ipel-
CTaBJIEHO B CJIEJIYIONIEM pa3JIeIe.

3. OTHOCUTEJIBHBIE TOMOTOIINYECKUE
TPVIIITHI OJI4d OIIMCAHNA
KOMBVHUPOBAHHBIX JTE®EKTOB B
PEPPOIJIEKTPUYECKOM HEMATUKE Nr

Bo3MmoKHOCTE KOMOMHUPOBAHHBIX JePEKTOB CBsI-
3aHa C CyIIEeCTBOBaHWEM BOJM3U (DA30BOTO IEPEXOa
Np—N 1ByX TPOCTPAHCTBEHHBIX (M SHEPreTHIECKUX)
MAacCIITabOB, HA KOTOPBIX UMEIOT MECTO OTJIUIHBIE JPYT
OT JIpyra CUMMETPUHU TPOCTPAHCTB BBIPOXKIeHUsT R u
Ro. Jlns omucanmst 00bEKTOB MHBAPUAHTHBIX Ha 000-
uxX MHOrooobpasusx Ri um Ro MCIOMB3YIOTCST OTHOCHU-
TeJIbHbIE TOMOTONUYeCKUE IpyIibl 7, ( Ry, R ). B pa6o-
re [12] ObL1a mpeIoKeHa JIeranTHAS IPOLELyPa Bbl-
YUCJIEHNs] OTHOCUTEJIbHBIX TOMOTOIMUYECKUX Tpymi. A
WMEHHO, JIJIsi AHTEPECYIOIIEro HAC CJIyvast ¢ AByMs (da-
30BbIMH TIepexofamMu I-N u N—Np ITpoCcTpaHCTBO BBI-

POXKICHUST
Ry =G/S?,
rame G — mepBuuHas (MCXOMHAs) TPYIIA CUMMETPUM
n30TpONHOM xKujkocTu. C JIpyroil CTOPOHHI,
Ry, = P%/5?
U, CJIeJ0BATENHHO,
Ri/Ry = GS?/S*P? = G/P* . (6)

Takum 06pazoM, MBI HAXOIUM, UTO

7n(R1, Ry) ~ mn(P?) . (7)

11 2KIT®, b 4

CrenoBaresibHO, BCE TOIOJIOTUYIECKHU 3aIUINEHHBIE B
HEMATUIECKON (a3e 0ObEKTHI COXPAHSIIOT CBOU TOIO-
Jloruveckne 3apsabl U B (heppOIEKTPUIECKON HeMa-
Tuvdeckoit dpase Np.

B o6mem ciayuae pOBEIEHHOE BBIIIE MTPOCTOE PAC-
CMOTpEHHE He TMO3BOJISAET PA3JIUINTh, KAKNE U3 ITUX
JebeKTOB MOTYT CYIIECTBOBATEH caMu 10 cebe (T. e. Kak
cBOBO/IHbIE), a KaKue 00si3aHbl OBITH CBA3AHBI B KOMOU-
uuposanubie gedextol. [losmubiil anagus rpebyer 3Ha-
HUSI TOYHOHN IOCJI€I0BATENBHOCTH OTHOCUTETHHBIX TO-
MOTOIMYECKUX TPYMIL. B Takoil moc/egm0BaTe IbHOCTH
OTHOCHUTE/IbHBIE TOMOTOINYIECKHE KIacChl 41 (R, Ra)
0TO6paYKarTCsl B FOMOTOIIMYECKNE KJIACCHI MEHbIIen
pasmeprocTH Tk ( R2). OHaKO B HAIIEM CIyvae cBOGOI-
Hble quckuHanun B dase Np sanpemenst (1 (S2) = 0)
M TOTOMY JIOIyCTHMBI TOJBKO KOMOMHUPOBAHHBIE JI€-
DEKTBI: JMCKIMHAIIAY, CBA3BIBAIOIINE JOMEHHBIE CTEH-
KH.

Nmeercst Takke U JPyroil TUI KOMOUHUPOBAHHBIX
nedekTos. Ilockonbky g oboux muoroobpasuit (R
R3) roMoTonmveckas TpyIIa T He TPUBUAIBbHA, B da-
3e Ny BO3MOXKHBI JiBa THIIa MOHOIOJeH (exeii): cBO-
GOHBIE €KY € OJHOZHAYHO OMPEJIEISIeMOil UX TOIOJIO-
IHYeCKIM 3apsJIoM CTPYKTypoit m2(S?) = Z, a Takke
KOMOMHUPOBaHHbBIE Te(DEKTHI.

XoTs B IPUHITAIIE MOXKHO ceOe MPeICTaBUTh KOH(PU-
Iypaluio IIoJeid JUPEKTOPa U BEKTOPa JICKTPUYIECKONR
[OJIFPU3AIY, B KOTOPOU Toueunblil fedekt (exx) orpa-
HUYUBAET JIMHEHHBI fedeKT (IUCKINHAINIO), TaKO
KOMOUPUPOBAHHBIN JeDEKT He SIBJISI€TCS TOMOJIOITIeC-
KU yCTOHYMBBIM (TOJIBKO IHEPreTUYECKHe COO0pake-
HUs, CBS3aHHBIE C aHM30TPOIHOI 3Heprueit Ppanka
WK SHEPrueil JIUIOJIb-IUIOJILHOTO B3aUMOIEHCTBUSI,
MOI'YT CTaOWJIM3UPOBATH TAKOW HE TOIOJOTHMIECKUN
KOMOMHUPOBaHHBI fiedekT). OJHAKO CYIIeCTBYET JAPY-
rasi BO3MOYKHOCTD. F.cJi B HEMATHIECKOM >KUIKOM KPH-
crajijie MPUCYTCTBYIOT OJHOBPEMEHHO TOYEYHbBIE U JIU-
Heiiuble JedeKThl (€K1 U JAUCKIMHAIMN), TO Upu 06-
XOJIe BOKDPYT JUCKJIUHAINU €K ITPEBPAIAETCS B aHTHU-
exa (MeHAeTCs 3HAK TOIMOJIOTUYECKOTO 3apaia, CM., Ha-
upumep, [15]). B deppossieKTpraeckoM HeMaTHIeCKOM
JKUJIKOM KPHCTAJLJIE TAKoe Mpeobpas3oBaHue ¢ M3MeHe-
HUeM 3HaKa ToYedHoro gedexra (exka) Tpedyer nepece-
YeHMsl JIOMEHHON CTEHKH (TOIIOJOIMYECKH CTAbUIIbHOM
B dasze Np). 4 Graronapio pereHsenTa 3Toit paboThl,
yKa3aBIIIeMy Ha, 3TO 00CTOATeLCTBO. MHOTOYNC/IEHHBIE
NpUMEPHI AHAJIOTUYIHBIX TOMOJIOMMIECKY 3aIUIEHHBIX
KOMOUHUPOBaHHBIX JeeKkToB (06pasyonmx B CBEpXTe-
kydem He-3 M HEKOTOPBIX KOCMOJIOIHYIECKUX TEOPUSIX
«ByChbl» CTPYH U MOHOIOJEH) MOIYT OBbITH HANIEHBI B
paborax [18-20].
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4. SBAKJIFOYEHUE

N3ydenbl KOMOMHUPOBAHHBIE TOMOJOIHYECKUE JIe-
deKTHl HA TMpUMEpe HEJABHO OTKPBITOrO (Deppo3Jiek-
TPUYECKOTO KUJIKOr0 Kpucrasuia. [lokazaHo, 4To BO3-
MOXKHO CYIIIECTBOBAHUE TAKMX KOMOWHUPOBAHHBIX JI€-
bEKTOB IBYX THUIOB: JUCKIMHAINN, CBSI3BIBAIOIINX 10~
MeHHble CTE€HKH, M IelloYeK MoHomnoJseil (exeil) ¢ ux
3ePKAJIBHBIMUA OTOOPAYKEHUSIMU B JIOMEHHBIX CTEHKAX —
aHTHMOHOIIOIsIMU (aHTHeKamK). Ha MoMeHT Harmca-
HUsI 9TO¥ CTaTbhW, HACKOJIBKO 3TO M3BECTHO AaBTODY,
HET 3KCIEPUMEHTAJIBLHOTO TOATBEPXKIECHUS CYIIECTBO-
BaHUsI KOMOMHUPOBAHHBIX 1e(EKTOB B (hepPO3JIEKTPHU-
geckoM Hemaruke. Ha Teopermueckom ¢poHTe Takke
OCTaIOTCST OTKPBITHIMI HHTEPECHBIE BOITPOCHI O JTMHAMH-
Ke KOMOWHUPOBAHHBIX Je(PEKTOB, UX B3ANMOJEHCTBUN
JIPYT C JPYTOM, CO CBOOOIHBIME JieheKTaMU U MATKAMHU
(rUAPOAMHAMUYECKUMHE) CTEIIEHIMEI CBOOOIBI YKHJIKOTO
kpucrajuia. IIpakTudecku He u3ydeHbl (M HE TOJIBKO
B 2KMJIKUX KPUCTAJJIAX, & BOODIIE B (DU3MKE yIIOPSIIO-
YEHHBIX KOHJICHCUPOBAHHBIX CPE/Jl) CTPYKTYPbI, CBI3aH-
HBbIE C PEIKO OOCYKIAEMBIMU B (PU3UIECKON JTUTEpa-
Type dYHIAMEHTAIBHBIMA TOMOTONMNYIECKUMU TPYIIIa-
MH BbIcIIero eM n = 2 nopsaka. Cpeau HUX 0COOBIi
WHTEPEC UMEHHO JIJIsl KUJKAX KPUCTAJJIOB MIPEICTaB-
JisleT TOMOTONUYecKas Tpymnna 73. Jemo B Tom, UTO
T3 OMUCBHIBAET TOMOJIOIMIO TAK HA3BIBAEMBIX TEKCTYD,
T. €. HEOJTHOPO/THBIX PACIIPEJICJICHIIT ITapaMeTpa mopsi/i-
Ka, IT03TOMY CTPOT'O TOBODsI He J1eheKTOB, HO HE CBOJIU-
MBIX MaJIbIMU J1ehOPMAIUIMUA K TPUBAAJIBHBIM KOHMU-
ryparusaM. BermoMoraTebHast U HEIIPOCTast 33/1a9a 9TO
BBIYUCJIEHNE TOMOTOINYIECKON rpymmbl ms. Hampumep,
ISl TPOCTPAHCTBA BEIPOKIEHNS S M3BECTEH pPe3yib-
tar Xonda 73(5?) = Z (u nemble uncna, 3apaus Z,
Ha3bIBAIOTCs nHBapuanTamu Xouda). Vsydenue sroro
KpyTa BOIMPOCOB BBIXOJIUT 32 PAMKHU JAHHONW PabOTHI U
SIBJISIETCS IIPEJIMETOM OTJIEILHOTO PACCMOTDEHHUS.

OTMmeruM B 3aKJIIOYEHNE, UTO HeMaTHIecKas dep-
posekTpudeckas (asa ¢ OJHOPOTHON MoJgpu3alneii
MOXKET OKa3aTbhCsl HEyCTONIMBOI 110 OTHOMIEHNIO (ha3bl
¢ MojyMpoBaHHOH nossipusanmeii [21]. Jemo B ToM,
9TO JIsl TOJISIPHOTO W Y€THOTO MO OTHOIIEHUIO K WH-
BEPCUH BPEMEHU BEKTOPA IJIEKTPHIECKOI'O JIUAIOJIHHO-
0 MOMEHTa BCETJIa MMEET MECTO JIHIOJIb-(DJIeKCO-JIH-
10JIb-B3aMMO/ICHCTBIE BUIA

Fyp = 51P*(VP) + foPV(P?). (8)

Takoe B3auMo/ieiicTBIE (3alpeNieHHOe CUMMeTPHeil 1o
OTHOIIIEHNIO K OOpAIEHUIO0 BpeMeH! B eppOMarieT-
Kax) OpU JOCTATOYHO GOJIBINON Bejandune Kodhdum-
€HTOB B3amMojeiicTBus (31 u (2 NPUBOIUT K SHEpPTe-
TUYECKON BBITOJHOCTU CTPYKTYP C MOYJHPOBAHHOM
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nossipusanyeii (1 u3-3a B3auMojeiicTBust (4) Tak:ke
K MOJYJIAIUH JupekTopa n). Tak HasbiBaeMas splay
HeMmaTHuecKast Basza 22|, sBiasercs onHON U3 BO3MOXK-
HBIX CTPYKTYD, BOSHUKAIONTUX M3-3a YIIOMSIHYTOH BBIIIE
HEYCTONYIMBOCTH OHOPOJHOTO (HeppPOITEKTPUIECKOTO
memaruka. OJIHAKO OIMMCAHHAS B 3TON paboTe KJIacCu-
dukarmsa KOMOMHUPOBAHHDBIX /1e(DEKTOB TPUMEHUMA, 1
B 9TOM CJIyUae.

Baaromapuoctu. 4 1iyboko —mpusHaTeseH
I". E. BoaoBuky 3a moapobHbie 00Cy K IeHWS WI€0JI0TUT
KOMOWHUPOBAHHBIX TOIMOJOTUIECKHUX Je(DEKTOB, CTHU-
MYJIAPOBABIIIE ITY PabOTy.
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PaccmaTpurBatoTcsi ramMunbTOHOBBI CTPYKTYPbl MMAPOAUHAMNYECKOrO TUMa U HekoTopble ux 0bobuerus. O6-
CY>[aloTCsl BOMPOCHI O CTPYKTYPE U CreLmabHbix (hopMax COOTBETCTBYIOWMX Ckobok [MyaccoHa u cBs3b Takmx
CTPYKTYp C Teopueli UHTErPUpPOBaHUS CUCTEM TMAPOAUHAMUYECKOrO THNA.

Cmamoa das cneyuanvrozo svwnycka XKITDP, noceauwennozo 90-aemuro U. E. J3ar0wuncrozo

DOI: 10.31857,/50044451021040180 Cko6ku (1.1) B rupofuHaMUKe OOBIYIHO CBSI3AHBI C
raMIJIBTOHUAHAMH MHIPOMHAMIYECKOrO THIIA, T. €. Ta-
MUJIBTOHHAHAME BAJIA
1. BBEAEHUE
H= /PH (U(x)) d"z, (1.2)
Jannast pabora GyeT IOCBSIEHA TaMUIBTOHOBBIM

CTPYKTYDAM, HTPAIONIHM B HACTOSIIICE BpeMsl BasKHeil- e N — pa3sMepPHOCTb pPacCMATPUBAEMON 3aJatu.

MIyI0 POJIb BO MHOTHX OOJIACTIX MaTEeMATHUKU U MaTe- Herpymno sBuaers, [ro rammibrommanam (1.2) B

MaTH4IecKoit Gpu3uKu. A UMEHHO, MbI OyJIeM, TJIABHBIM
00pa3oM, pacCMaTpPUBATh 31€Ch TAMUJIBTOHOBBI CTPYK-

raMuiabTOHOBOI  crpykrype  (1.1)  coorBercTBYIOT
CHCTEMBI BUJIA

TYPBI TEAPOJMHAMUIECKOIO TUIIa 1 HEKOTOPHIE NX BazK- Uy = V;i (Ux)) U ;‘“
Hble 00001TeHNst. TPauIInOHHO, TAMUJIBTOHOBBI CTPYK- v =1 N i—1 n (1.3)
TYypPbl THIPOIMHAMUYECKOIO THIA CBS3aHBI CO CKOO- ’ T o

kamu [lyaccoHa, BOBHUKAIOIMMU B TUADPOJAMHAMUKE K Ckobka (1.1) u cucrema (1.3) 3anucansl B HaubGosee
IIPeICTAB/ISIONUME cOo00 CKOOKH JIJIS COOTBETCTByIo-  00Ieit dopMme, He oTparKalolllell HUKAKOH CIerudukn
MUX THAPOANHAMUYECKNX IIoTHOCTEeH. CKOOKM TaKo- TUAPOIUMHAMUICCKUX IIEPEMEHHBIX U(X). Herpynno Bu-
r'o THIIa TIPEJICTABIAIOT COOOIl, KaK MPABUIIO, BEIpaske-  JIeTh, UTO NpHUBEJeHHAA (opMa SBIAETCS NHBAPHAHT-
HHUs IIEPBOrO MOPSAKA II0 IIPOCTPAHCTBEHHBIM ITPOU3- HO#1 10 OTHOIIEHUIO K JIFOOBIM “TOYeYHBIM 3aMeHaM IIe-
BOJHBIM M MOTYT ObITH TipescTasiensl B ciaepytomem  pemennbix U = U(U) npu cooTBeTcTBYIONMX Mpeobpa-
obImem Bu/Ie: soarmsx semamn g+ (U), 05 (U) u VY (U). Bumecre
¢ TeM, KOHEYHO, B PEAJbHON I'MIPOJUHAMUKE KayKIast

(U”(x), UM (y)} == gvHi (U(x)) 8,1 (x — y) + repeMeHHasi, KakK IIPaBUIO, UMeeT CBOIl 0coObIi hu-

, BUYECKUil CMBICI, & COOTBETCTBYIONMe cKoOKkn (1.1) u
+ 0" (Ux)UNS(x —y), (1.1) o

by @ ) : cucreMbl (1.3) 06s1aIaI0T CBSI3aHHO € 9TUM JIONOJIHU-
TestbHOM cTpyKTypoit. Kak xoporro ussectso [1], B Han-
rie U(x) — nosmblit Habop ru/ipoAMHAMIYECKuX II0T-  Goree IPOCTOM cJiydae 6APOTPOIHOrO TEYCHUST Uea b
HOCTeH B pacCMaTpUBaeMOU 3alade. HO# 2KuIKOCTH CKOOKH Ilyaccona mIoTHOCTH KU IKOCTH

p(X) 1 KOMIIOHEHT ee CKOpOCTH v*(X) MOryT OBITH 3a-
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{p(x),p(y)} =0, {v'(%),p(y)} = Vaid(x~y),
i 1 ok ol (1.4)
{v (X)vvk(}’)} = TX) (a—%—w> d(x—y),

a COOTBeTCTByIOIHI/Iﬁ TaKOMY TE€YCeHUIO IaMUJIbTOHHUAaH
uUMeeT IIPHU 3TOM BH

H= / (p—;’z —I—e(p)) Pz,

UpesBbIuaiiHo BazKHBIM cBOitcTBOM CKOOKHM (1.4) siB-
JIseTcd TO, YTO yCJIOBUE

0

rot v(x) (1.5)

CcOXpaHsieTcss MpHU JI0OOH TaMUJILTOHOBOW JIUWHAMWKE
xuproctu. Onpejiesisiss TIPU ITOM IMOTEHIINAJ T€IEHUS
®(x) corsacHo cranapTHOI hopMmyIie

v(x) = VO(x),

JIEKO [IPOBEPUTH, YTO IepeMeHHbIe p(X) u P(x) 3a1a-
IOT KaHOHMYIECKyI0 cKoOKy Ilyaccoma

{p(x),p(y)} =0, {2(x),®(y)}
{@(x),p(y)} = d(x —y).
MO2KHO OTMETUTH TaKKe, UITO 0 CBOEeMY (bU3UTEC-

KOMY CMBICJIY IlepeMeHHbIe p(X) MOTyT 6bITh OTHECEHBI
K [EPEMEHHBIM THUIA JIeiicTBus, a nepeMenabie P(x) —

0 (1.6)

K yrjoBbIM (a3oBbiM) mepeMeHHbIM. Kak Takike Xo-
POIIIO U3BECTHO, BBEJICHNE KAHOHUIECKUX [T€PEMEHHBIX
s ckoOku (1.4) B Gosiee 00IIeM cilydae 3aBUXPEH-
HBIX TEYEHWIi SIBJISIETCsT OOJIee CJIOXKHBIM U CBSI3aHO C
ompejiesIeHneM TTepeMeHHbIX KiebIma s TakKux Tede-
Huit (em. [2]).

TamuibToHOBBL cTPYKTYPBL (1.1) BOBHUKAIOT TaK-
Ke u Jjist 6oJiee 0bOIIero cirydasi HeOAPOTPOIHBIX Tede-
HU, a TaKKe YpaBHEHUI MArHATHOU I'MJIPOJUHAMUKHI
[3]. MoxkHO mOKa3aTh, 4T0 Kak B 6apOTPOIHOM, TaK U
B Gosiee 0b61eM HEGAPOTPOITHOM CJlydae, BBEJIEHUE Ka-
HOHUYECKHX IIepeMeHHbIX (mepeMeHHbIXx Kurebmna) st
TaMUJIBTOHOBBIX CTPYKTYDP CBSI3AHO C MPEJICTABJICHU-
€M COOTBETCTBYIOIIUX YDABHEHWH B BHJIE JIADaHINKe-
BOIi cucreMsl co cBsa3samu (cM. [4,5]). Bouee roro, nan-
HBIH MMO/IXOJ] OKA3BIBAETCSI IJIOJOTBOPHBIM U TIPU OITHACA~
HIW HEU3IHTPOIINMYECKUX TEUYCHUIT KJIAaCCHICeCKON KU~
KOCTH, & Takxke cepxrekydectu [6]. MoxHO oTMe-
TUTH, ITO B MOCJETHEM CJIydae JIATDAHXKEB U TaMUJIh-
TOHOB IOJIXO/BI YACTO OKA3BIBAIOTCS BarKHOI COCTaB-
JISIIOIIEN He TOJILKO B OMMCAHUU OIPEJIEICHHBIX aCIeK-
TOB JWHAMUKE CBEPXTEKYUeH YKUIKOCTH, HO U B yCTa-
HOBJIEHUW yDaBHEHUI Takoil IUHAMUKHA B IIEJOM (CM.
[7-11]). B obmem ciydae OCTpOEHUE KAHOHUYIECKUX
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[IEPEMEHHBIX JJIsi TAMUJIBTOHOBBIX CTPYKTYP B THIPO-
JUHAMUKE SIBJISIETCS BECbMa BayKHOM 3aJjiadeil, CBI3aH-
HOIl C OIUCAHUEM MHOTHUX OCOOEHHOCTEH COOTBETCTBY-
IOIUX TEYEHUH, BKIIIOYas UX TOIMOJIOTHIECKHIE OCODEH-
HoctH (cM. [12,13]).

Hwuxe MBI moKazkeM, 9TO BO MHOTHX CJIydasX JJIst
CKODOK THJIPOJIMHAMUYIECKOTO TUIA €CTECTBEHHBIM $TB-
Jisiercst 6oJiee pacIIMpEeHHOe OIpejleieHne KaHOHUYIe-
ckoit dopmbl. Kpome TOro, moMmMo KaHOHUYIECKOI
dopmbl ckobku (1.1) upe3BbIUaiHO BaxKHOI IpU UCCIIe-
JIOBAaHUU COOTBETCTBYIONIUX TaMHUJIBTOHOBBIX CHUCTEM
SABJIAETCA TaKXkKe Apyras (quaronaibHas) dhopMa 3Toi
ckobkm. Ilocmemnee obcToATeTHCTBO OyaeT Hambosee
OYEBHUJIHO B CJIydae OJHOI IIPOCTPAHCTBEHHON pasMep-
HOCTH, TJI¢ TEOPUSA TAKUX CKOOOK (1 ux 0600IeHnit) sB-
JISIETCsI OCHOBOYM TE€OPUU MHTEIPUPYEMBIX CHCTEM THJI-
POAMHAMUYIECKOTO THUIA. JacTo OBIBAIOT BAKHBI U JIPY-
rue cTpyKTypbl ckoOok Ilyaccona (1.1), B gacTHOCTH,
ux Jm-ajurebpandeckas crpykrypa (cm. [14-16]).

K o6obmennsaM raMuIbTOHOBBIX CTPYKTYP THIAPO-
JIMHAMAYECKOIO THUIA MOYXKHO OTHECTH CTPYKTYPBI, CO-
JieprKaliue OTHOBPEMEHHO THIPOJUHAMUYIECKre u (da-
30BBIE MTEPEMEHHBIE, CTPYKTYPBI, 00HeMHSIONINE TH/I-
POJMHAMUYECKYTO U JIN-AJIreOpandecKy o YacTH, CTPYK-
TYPBbI, COJIEPKAII¥ie BBICIIINE TPOU3BO/IHBIE M HEJIOKAJIb-
Hble J100aBku u T.1m. OrpoMHOE MHOrOOOpasue dUpes-
BBIYAHHO Ba)XHBIX CTPYKTYP TAKOTO THIIA OBLIO pPac-
cMorpeno JIzsuromunackum u Bososukom B pabore [17].
B uwacrHocTH, Kak 6bLI0 HOKazaHo B [17], K orpoMHO-
MYy MHOXKECTBY IPUJIOXKEHUN TaMUJIbTOHOBBIX CTPYK-
TYp, ODODIIAIOIIMX CTPYKTYPhI T'UIPOJIMHAMUIECKOIO
THIA, OTHOCATCS OTNMCAHUE YIPYroW JWHAMUKH KpH-
CTaJIJIOB C MpUMecsMU U jnedeKTaMu, TUHAMUKA JKUI-
KX KPHUCTaJIJIOB, JUHAMHUKN MalHETUKOB CaMbIX pa3-
JINYHBIX TUIOB, 8 TAKYKE CIUHOBBIX CTEKOJI.

2. OJHOMEPHBIE TAMMNJIBTOHOBBI
CTPYKTVYPBI THAPOONMHAMMNYECKOTI' O
THUITA

B caydae oanoit mpocTpaHCTBEHHON IepeMeHHO
CUCTEMbBI THJIPOIMHAMUYIECKOTO TUIA UMEIOT BT
Uy =V, (U) UL (2.1)
Marpura V)Y (U) apisercss maTpurieii JmHeHrHOrO
npeobpa3oBaHUsl HA KACATEJIbHOM ITPOCTPAHCTBE MHO-
roobpasust ¢ KoopauHaTamu U, B 9aCTHOCTH, OHA 00JIa-
JTaeT COOTBETCTBYIOIINM 3aKOHOM TPe0OpPA30BaHUs TPH
roueunbx 3amenax U = U(U).
Cucrema (2.1) siBisiercst TuepOOIMIECKON B HEKO-
Topoit obaacTu 3Hadennit U, eciin B KaxXK 10 TOYKE ITOM
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obmactu Bee cobersennbie sradenns V' (U) apmsior-
Cs1 BEIECTBEHHBIMHE, & COOTBETCTBYIOIIHNE COOCTBEHHDIE
BEKTOPBI 00pa3yoT 6a3uc B KacaTEJTHLHOM ITPOCTPAHCT-
Be. Cucrema (2.1) HaspiBaercs CTpOro rumnepbosmde-
CKOI B HEKOTOPOIT 00JIACTH, €C/Ii B KaXKJI0f TOUKE ITOM
obnactu coberpennbre snavenns V) (U) Bermecrsenb
U IOIAPHO PA3JINIHbI.

B caygae pByxkomioHeHTHBIX cucreM (T.e. U =
= (U, U?)) kaxxaas cTporo runepbosinaecKas cucreMa
(2.1) MoKer GBITH IPUBEJIEHA K JIUATOHAIBHOMY BULY

RY =" (R) R” (2.2)

C IIOMOIIBIO BEIIECTBEHHON 3aMeHbI IIepeMeHHbIX R =
= R(U). B caygae N > 3, ogHaKo, Takoe IIPUBEJICHNE,
BOODTIIE TOBOPsI, HE BCETIa BOBMOXKHO. B 00111eM cirytiae
crporo runepbonndeckast cucrema (2.1) Moxer ObITH
JIOKAJIbHO TIPUBEJIEHA K JIMATOHAJIBHOI hopme (¢ momMo-
IO BEIECTBEHHOW 3aMEeHbl KOODAMHAT), €CJIA COOT-
BETCTBYIOIINi i TeH30p XaHTbheca TOXKJIECTBEHHO pa-
BeH HY/I0. B KoopamHaTHON (popMe KOMIIOHEHTHI TEH-
30pa XaHTbeca MOTYT OBITH 3allMCAHbI B BHUJIE

i (U) =
= V7 (U) V7 (U) N (U) = V7 (U)NZ(U)V,](U) -
= VZ(UNZ(U)VY(U) + N (U) V7 (U)VY (U),

rae Ny (U) — remsop Hettenxeiica onepatopa V) (U):

v o aV)\V o a /
1\(U) =V7(U) i VY (U) BU‘; +
ovye vy
v B~ yv A
+VX(U) i V¥ (U) IiE

B obmem cayuae dynknun R(U), yaosiersopstto-
mue B cuity cucreMsl (2.1) ypaBHeHHIO

Rt = U(U) Rm

st kakoit-mbo dyuxmun v(U), Ha3bIBAIOTCS UHBA-
puanTamn Pumana cucremsr (2.1). Tlpu sTom cucrema
(2.1) moxkeT 06s18/1aTh HEKOTOPBIM HAGOPOM He3aBHUCH-
MBIX HHBapUaHTOB PUMaHa, KOJMIECTBO KOTOPBIX, OJf-
HAKO, HEJIOCTATOYHO JIJIsI TIOJIHOM JTNATOHAJIN3AIIN CHC-
TEMBI.

TamuiabronoBa Teopus cucreMm (2.1) cBa3ana, npex-
Jie BCEro, C JIOKAJbHBIMH OJIHOMEPHBIMH CKOOKAMH
ITyaccoHa TMAPOJMHAMHUYECKOIO THIA, BBEJICHHBIMU
Hy6posunbiM 1 Hosukosbim [18]. Ckobka JyGposuHa —
Hogsuxosa na npocrpanctse noseit (Ut (z),...,UN (x))
nuMeer BHJ

{U"(2), U*(y)}
g"(U)d' (z —y) + 03" (U) U2 8(z — ).

(2.3)
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Kak 6but0 mokazano lyboposunsiv 1 HoBukoBbIM,
BoIpazkenue (2.3) ¢ HeBbIPOK AeHHBIM Ter3opoM gvH(U)
ompesienisier cKobky Ilyaccona Ha mpocTpaHCcTBe TOJIei
U(z) B TOM ¥ TOJBKO TOM CJIy4ae, eCJIH:

1) Temsop ¢"#(U) omnpeneiser CUMMETPUIHYIO
[ICEBJIOPUMAHOBY ~METPUKY HYJIEBOH KPUBU3HBI C
BEPXHUMM WHJIEKCAMU Ha IIPOCTPAHCTBE MAPAMETPOB
wt,...,UN),

2) Besmunsel
F;)\ = _guabg\ya

e g¥7(U) g5, (U) = 9}, asnsmorcs cumpomamu Kpuc-
rodderst 1yist coorBercrByIomeil Merpuku gy, (U).

Kak cireiyer n3 npuBeIeHHBIX BBIIIE yTBEPIKICHU,
snobas ckobka Jlybposuna — HoBukoBa MOXKeT OBITH 3a-
nucaHa B KaHOHMIECKOH dopme [18]

{n¥(z),n"(y)} = 6" (x —y), € =+1 (24)
nocJje mepexojia K mwiockuM koopauaaram n¥ = n(U)
merpuku g,,(U). Ecrecrento BBecTr pu 5TOM Ipym-
Iy TOYEYHBIX KAHOHMYIECKUX ITPEOOPA30BAHMII CKOOKM
(2.4), KOTOpAs, KaK JIETKO BHUJETH, COBIAJAET B ITOM
ciydae ¢ coorBercrByiomeii rpymmnoit O(K, N — K).

QO yHKIIMOHATIBI

—+oo

NY = / n?(z) do

— 00

SIBJIAIOTCH aHHyJIsiTopamu ckoOku Jlyoposuna — Hosu-
KOBa, B TO BpeMs Kak (hyHKIMOHAT

+oo

P= /

—0o0

npeacTaB/sieT (DYHKIMOHAJ UMIIYJIbCA JJIsT  CKOO-

ku (2.3).
Yacro ObBaeT yI00HO TaKKe 3allMChIBATH KAHOHU-

N

5 Z €’ (n")?(z) d

1

qeckyto popmy ckobku lyoposuna— HoBukosa B 6osee
o0I1IeM BUJIE:

{n"(x),n"(y)} = " &' (x —y),

rje nY# — NpPOU3BOJIbHASI TIOCTOSHHAS (HEBBIPOKIEH-
Has) CHMMeTpUYecKasg Marpuiia. HeTpyaHo Buierb,
9TO TpyIa (TOYEUHBIX) KAHOHUYECKUX [Peobpa3oBa-
unit ckobkm Ilyaccoma paciupsieTcss TpH ITOM O
GLy(R).

B cnyuae ecom N — dernoe, N = 2K, u Merpu-
ka ¢y, (U) nveer curnarypy (K, K), MOKHO BbIOpaTh
maockne KoopmuHaThl (al,...,a® bl,... b%) Takum
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00pa30M, YTO COOTBETCTBYIOIINE HEHYJIEBbe CKOOKH
IIyaccona mpumMmyT BH,

{a®(),b°(y)} = 67 8’ (x — y).

B arom cityuae, mpoBoJisi BEIECTBEHHOE HEJIOKAIb-
Hoit mpeobpa3zoBaHue

O (z) = /ao‘(ac) dx,

MBI TToTy4daeM ckoOky Ilyaccona B kaHoHuveckoit pop-
Me

{ba(‘r)= bﬁ(y)} =0, {(I)a(x), @B(y)} =0,

{2%(x), b7 (y)} = 6°7 é(x — ).

B mekoTopoii creneHn 0COGEHHYIO POJIb UTPAIOT TaK-
ke ckobku [lyaccona, siBsIONNE TMHEHHBIMU 110 KOOD-
nuaaram U(z):

{U"(z), UM (y)} =
=(Gﬁ‘+WUUX+g?)W@—y%%
FEIU 8 —y), (25)

bA” = const, gg" = const.

Koopmunarer U(x) npu 9T0M, KaK IPaBUIIO, ECTECT-
BEHHO CB#A3aHbl C pacCMaTpUBaeMO#l 3ajadeil, a ca-
MH CKOOKH (2.5) ONUCHIBAIOTCS JIM-AJIreOpanvecKuMu
cTpyKTypamu. B ciaydae ogHOM MpOCTPaHCTBEHHOM Tie-
peMeHHOM KiaccudUKaIisg COOTBETCTBYIOMMNX aaredp
JIu, a TakyKe JOIyCTUMBIX KOIMKJIOB Ha HUX ObLIa IO-
crpoena B padore [19], e B wacTHOCTH, OBLIA OTKPBITA
CBSI3b TAKUX CKOOOK ¢ Teopueil (hpoObeHnyCOBBIX U KBa-
3n(pPOOEHNYCOBLIX aaredp.

Ckobka (2.3) mmeer TakxkKe JBe APYyTUE BayKHbIE
dopmbr Ha mpocrpancrse noseit U(z). IlepBag us

HUX — «myBuiIeBa» dopwma [16, 18], mmeromas Bu

(07 (@), U ()} =
= () () () +

A
aU/\U 0

x

(x—y)

Jist HeKoTopbix (ynkuuit V4 (U).

JluyBunnesa dpopma ckobku Jlybposuna — HoBuko-
Ba HA3BIBAETCHd TakykKe (DU3MIECKOW U COOTBETCTBYET
cJIydalo, KOrjla HHTerpaJjbl oT Koopauaat UY

+oo

I’ = / U (z)dx

— 00

KOMMYTHUDYIOT APYT C IPyTrOM.
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Hpyras Baxkunas ¢popma ckobku Jlyoposuna — Hosu-
KOBa — jimaronasnbHas popma. OHa COOTBETCTBYET CJIy-
Yak0, KOTJIa KOOPAUHATEL UY SIBJISIFOTCSI OPTOrOHAJIBHbI-
MU KoopJuHaTaMu Jiist MeTpukd ¢, (U), u, coorsercr-
BeHHO, Ter3op ¢g¥*(U) B oupenesenun (2.3) nMeer aua-
ronajbayio dopmy. Takasa dopma ckodoku Jlydoposu-
Ha— HoBUKOBa TeCHO CBsi3aHa C TeOpUel MHTerpupye-
MBIX CHCTEM THIPOJAMHAMUAIECKOTO THIIA.

HoBukoBbiM 0Oblia BBICKA3aHA THIOTE3a, YTO BCE
CUCTEMBI THIPOJIMHAMUIECKOTO THUIA, TPUBOJUMBIE K
dopme (2.2) u gBigOmUEcs raMIWILTOHOBBIMUA 110 OT-
HOIIIEHUIO K KaKO¥-s1n00 CKoOKe (2.3), SBISAIOTCS HHTE-
rpupyemMbiMu. DTa runore3a Obuta jjokasana [lapeBbiv
B pabote [20], rme GBUT IPEIIIOKEH METOJ, HHTETPUPO-
BaHUg TAKUX cucreM (0600meHHbIH MeTos rogorpada).

ITocrpoenue pemennii cucremsr (2.2) merogom Ia-
peBa COCTOUT B HAXOXKJIEHUM KOMMYTHUPYIOIIUX C Hen
cucreM (KOMMYTHUPYIOMIUX [OTOKOB), UMEIOIIUX TAKOM
Ke BHJ, xapakrepucrudeckue ckopocru w”(R) koro-
PBIX VJIOBJIETBOPSIIOT TP 3TOM CHCTEME ypPaBHEHMI

Opw” Ouv”
O O ke 8
(O = 0/OR"™).
Kaxnoe uz pemennit w(R) = (w!(R),...,w" (R))

cucrembl (2.6) mopoxaer pemenue R(x,t) cucremsr
(2.2), onpenesisieMoe 3 anreSGpanvIecKoil CHCTeMBI

w’(R)=tv"(R)+2, v=1,...,N.

Cucrema (2.6) nyst dynkimu w” (R) npezacrassier
coDOil ITepeonpe/Ie/IeHHYI0 CUCTEMY JIMHEHHDBIX ypaBHe-

HUU C TIepeMeHHBIMU KO3 UIMeHTaMu, YCIOBUS COB-
O =0, | ——
A\ v

A ,Ul/) )
v#ER, pFEN ANF
Kak moxHO mokazars (cM. [20,21]), Bbimosnenue
ycsosnii (2.7) obecneunBaer B ciaydae OBIIErO IIOJIO-

MECTHOCTHU KOTOpOfI UMerT BUJI

174
Ouv
vH — ¥

Orv (2.7)

JKEHUSI TI0JTHOTY PeIIeHnii cucreMsl (2.6), 10CTaTouHy 0
s (J0KaabHOTrO) perenus obmedt 3agaaun Komu coor-
BETCTBYIOIIEH cucreMsl (2.2).

Kax 6buto mokasaxno B pabore [20], yciosue ra-
MUIJIBTOHOBOCTU CHCTeMBI (2.2) 110 OTHOIIEHHIO K JIIO-
6oit ckobke Jlybposuna—HoBukoBa Bieder 3a coboit
coorHomeHns (2.7) ®, TakuM 00pa30M, MO3BOJISET
MIPOMHTErPUPOBATEL 3Ty cuctemy merogoMm llapesa. B
JIeHiCTBATEILHOCTH, MHOYKECTBO JIUATOHAJIBHBIX CUCTEM,
VAOBJIETBOPSIOIIUX YCI0BHIO (2.7), 3aMETHO IIMpe, YeM
COBOKYITHOCTDH TaKUX 7K€ CHCTEM, TaMUJIBTOHOBBIX IO
OTHONIEHUIO K JIOKaJIbHOH ckoOke Ilyaccona, mosromy
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BCE JIMarOHAJIbHBIE CUCTEMbI, YIOBJIETBOPSIOIINE YCJIIO-
BusM (2.7), 6pLin HazBaubl [lapeBbIM 1101y raMIIIBTOHO-
BbIMU. Kak 0Ka3aj10ch mo3/Hee, B KJIACC MOy TaMIIBTO-
HOBBIX CHCTEM IIOMAJAIOT TAKYKE CHCTEMBI, SIBJISTIOTIU-
ecs TaMUJIBTOHOBBIMHU IO OTHOIIEHUIO K OOODIIEHUsIM
ckobku /lyoposuna—HoBukoBa — ciraboHe0KabHOMN
ckobke Moxosa— ®epamnonToBa u ckobke PeparroHTO-
Ba. Jla/um 371eCh COOTBETCTBYIOIINE OIIPE/IETICHIUS:

Ckobkoit Moxosa — @epamonrtosa [22] Ha mpocTpan-
crie nouieii U(x) HasbiBaeTcs CKOOKa, IpejcTaBuMast B
BUJIE

{U"(x), U ()} = g"*(U) &' (x — y) +

1
+ MUY UL §(x —y) + ECU:sgn(x—y) Uk,

£ (2.8)
O6mieit ckobkoit @epanonrosa [23-26] Ha mpocT-
pancrse nosieil U(x) HasbiBaeTcst CKOOKa BHA

{U%(2), U*(y)} =
=g"(U) &' (x — y) + b (U)UR6(z — y) +

1< )
+ 5 Z er Wi (U) U2 sgn (z —y) x
k=1

m

5
X Wiy s U

(U)US, ep =41 (2.9)

Ananornuso chopMyJIMPOBAHHBIM paHee yCJIOBU-
am st Gyukuit ¢7#(U) u b5 (U) st ckobku 1y6-
posuna — HoBukoBa, MOKHO chOpPMyYINPOBATE YCIOBUS
s koadbdunuenTos B Boipaxenusx (2.8) u (2.9), nupu
BBITIOJTHEHNH KOTOPBIX COOTBETCTBYIOININE BBIPAYKEHUST
onpeensaior ckobku Ilyaccona Ha OPOCTPAHCTBE IIO-
geit U(z). Vmenno, Boipazkenue (2.8) ¢ HEBBIPOXKICH-
M Terzopom g“#(U) ompenensier ckobky Ilyaccona
Ha npoctpancTie noseil U(z) B TOM U TOJIBKO TOM CIIy-
qae, ecan [22]:

1) Tensop g¢g“*(U) omupenesnsier CHUMMETPUYHYIO
[ICEBJIOPUMAHOBY METPHKY IIOCTOSHHON KPUBU3HBL ¢ (C
BEPXHUMH HHJIEKCAMHU) HA IPOCTPAHCTBE IapaMeTPOB
wt,...,UN),

2) Besnmuaunsl

Ly = —9u b,’)”
ABAAOTCH cuMmBosjaMu Kpucroddens mis coorBer-
crytomeit Merpuxu g,,(U).

Beiparkenne (2.9) ¢ HEBBIPOXKJEHHBIM TEH30POM
g"*(U) onpenensier ckobky [Tyaccona na npocrpancrse
nosteit U(x) B TOM 1 TOJBKO TOM ciydae, ecau [23]:

1) Tensop g¢g“*(U) omupenesnsier CHMMETPUYHYIO
[ICEBJIOPUMAHOBY METPUKY C BEPXHUMH WHJEKCAMH HA
npocrpancrse mapamerpos (UL, ..., UN);
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2) Besnmuaunsl

v Av
Ly = —9un b5
ABJIsIOTCA cuMBosiamu  Kpucroddens mas cooTser-
crytomeit Merpuku g,,(U);
v
3) Adbdunopn Wi 4 (U) u Ten30p KpUBU3HBI MeT-

Y7 (U) yHOBIETBOPSIOT YCJIOBUIM

puxu R

Gor Wiy = Gur Wiy V,,wé‘k))\ = VAwé‘k)V, (2.10)

g

=D ek (Wk)uw?fm - w(Tk)uw(Vk)A) ;o (211)
k=1
[wk, wk/] =0
(KOMMYTATUBHOCTD ).

PepanoHTOBBIM OBIIO YKA3aHO TaKXKe, ITO COOTHO-
menns (2.10), (2.11) sasiorest cooTHomeHnsMu Laye-
ca— Komamuu gas nomvmoroobpasus MY ¢ miockoit
HOPMAJIbHON CBSIBHOCTHIO B IICEBJIOEBKJIUOBOM IIPO-
crpanrcree EV1T9. TIpu sToM TeH30D Gy UTPAET POJIb
mepBoil KBajaparnumoii dopmot MY, a W(k) — POJIb
orepaTopoB BeliHrapreHa, cOOTBETCTBYIONIUX «IIapaJl-
JIeSTbHBIM» TI0JIIM eIMHUYHBIX HOpMmaJeil ny [23-26].
Kpome toro, @PepammoHTOBBIM OBLIO MOKA3aHO, YTO
ckobka (2.9) mosydaercss Kak pe3y/IbTaT OrpaHnIeHUs
no Jupaky ckooku [lybposuna—HoBukoBa, ompese-
neHHoit B mpocTpanctee FN1I st moaMHOroo6pasus
MN [24].

Kanonuyueckas dhopma ckooku Moxosa — Peparon-
TOBA, 3alIUCAHHAS B IVIOTHOCTSX AHHYJISITOPOB, & TAKKe
BBIpasKeHUe It (DYHKITMOHAJIA IMITY/IBCA STOU CKOOKM
GBbLIN TIPEJIOKEHBI B padore [27].

Kanonunyeckne ¢dopMmbl (a TakkKe KaHOHHYECKUE
dyukImonabl) 06mux cIaboHEJI0KAIbHBIX CKOOOK De-
panonToBa GbLIu uccseoBanbl B pabore [28]. Ilo ompe-
JleJIeHuIo, ckoOka (2.9) umeer B nepemennsix n = n(U)
KAQHOHUYECKYIO (DOPMY, €CJIH BBIIOJHAIOTCS COOTHOIIIE-
HUS

{n"(z), n" (3)}
= (€0 =37 en sy m) Sl ) | &'z —y) -

k=0

ex (fy@) fhy@)oa—y)+

M-

k

+

M-

er (Fiym) sen(e —y) (£ (n))y

1
2

b
Il

0

(¥ = +1) srst Hexoroperx Gynkuuit f(;(n), rakux uro
£45,(0,...,0) = 0.
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3/1ech MOXKHO OTMETUTH, YTO KAHOHHYIECKas (Hop-
ma ckoOku PeparoHTOBaA B OOIIEM CIydae OmpeseseHa
neonHo3Ha4yHO. Hanbosiee ecTeCTBEHHO CBA3BIBATH Ka-
HOHIIEeCKYI0 dopMy ckoOku (2.9) ¢ xakoit-mbo huk-
cupoBanHoit Toukoit Uy Ha MHOr00Opa3uu napamMeTpoB
U. C roukoit Uy ecTecTBEHHO IIPU 3TOM CBSA3aTh IIPO-
CTPAHCTBO <«IIETeJIb», HAYMHAIONINXCI U 3aKaHIMBAIO-
muxcs B Touke Uy, T. e. mpocTpanctso Ly, 0ToOparke-

: R - {U},

HHUU

TaKUX 9TO

U(z) — Uy, x— too.

C reoMeTpHYecKoil TOYKHM 3peHust, MOCTPOCHHUE Ka-
HOHUYECKHMX KOOPJAMHAT, OTBedaommx Touke Uy, CBs-
3aHO C YHOMSHYTBLIM BBIIIE BJIOKEHHEM MHOT000Pa3ust
napamerpos MY B ICEBIOEBKINIOBO IPOCTPAHCTBO
ENT9 ompenensiemoe croGkoit (2.9). A mMenmo, pac-
CMOTPUM COOTBETCTBYIOIEE BJIOYKEHUE

MY — pN*o

u BeIGepeM (IICEBJIO)eBKIMIOBY CUCTEMY KOODJIUHAT B
EN*9 ¢ mauanmom B Touke Uy € MY C ENTI rak,
9T00bI IepBble N KOOPAUHAT KACAJIHUCH ITOIMHOTI000pa-
sua MY B rouke Uy, a ocrapmuecss g GbLIA OPTOTO-
manpusl MY B 310l TOuke. Orpanmyenue nepserx N
koopauuar B V19 ma MY u 3amator B 9TOM cirydae
Habop KaHoHM4eckux koopauuat n'(U), oreuaronux
touke Up. Orpanndenue OCTaBIIUXCS ¢ KOOPAUHAT HAa
nogmuoroobpazue MY 3anaer erme g 1OMOIHUTEIEHBIX
dbyuxmmit h¥(U), Taxxke nrpaionmx BaxKHyO POIb.

Bnauenns (BexTop)bynkumii f(,) (n) B npusesemnmoii
BBIIIIE KAHOHUYECKON (hopMe COBMAAIOT CO 3HAYECHUSI-
MU TPOEKINNi 6A3NCHBIX MapAJIIEIHHBIX TI0JIell HOpMa-
neit k MY B npocrpancrse EN 19 na miockocTs, Kaca-
renapuyio K MY B Touke Uy. B wacruocru, myis ckob-
ku MoxoBa — ®epaltoHTOBa, COOTBETCTBYIONIEH CJIyIaI0
(ncenno)cepnr 8 ENFL mpr mveem f¥ le| .

Kak MoxkHO mokazaTs (cM. [28]), cooTBercTBYyIONIIHE
bYHKIMOHAIIBI

—+oo

/ n”(x)dx

— 00

NY =

3a/IAI0T AHHYJIATOPBI CKOOKM (2.9) Ha TpocTpaHCTBe
Ly,. PyHKIIIOHATBI
+oo
HF = / h*(z) dx
— 00

ABJIAIOTCA IIPU 3TOM IraMUJIbTOHNaHaMH, IIOPOXK TaIOI -

U = w(i),(U)

MM IIOTOKU

U:U'

x

Ha npocTpaHcTse Ly, B crLy ckoOku (2.9).
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JIroGasi ckoOka (2.9) ¢ HEBBIPOXKJIEHHBIM TEH30POM
¢"*(U) mMeer Tak:Ke JIOKAJBHBIH (DYHKIMOHAT HM-
myiabca P ma mpocrpamcTBax Ly,, uMeomuit hopmy

+oo N

/(>

oo v=1

g
e“n"n" + Z ex hERF | de,
k=1
rae dbyakmun n(U) u h(U) orseuator Touke Uy [29].
B pa6ore [28] 6b11a TakKe npeiozkena JInyBuiLie-

Ba (dusmueckast) popma o6mux ckobok PepanoHTOBA,
UMEIOIast BU/T

{U(2), UM (y)} =

VA = e f thy | 0@ —y)+

k=1
oy"H J y
+ WUi\_Zek(f(k))wf&) 6(z —y)+
k=1
1 J v H
+ ) Z €k (f(k))w sgn (z — y)(f(k))y

b
Il

1

¢ Hekoropbivu GyuKIwsvu Y4 (U) u f(’;c)(U)
Ckobka (2.9) umeer dusndeckyio bopMy B KOODIH-
Harax U B TOM U TOJIBKO TOM CJIy4ae, €CJIM HHTEIPAJIBI

+oo

JV = / U (z)dx

— 00

HOPOXKIAIOT HAGOD JIOKAJIBHBIX KOMMYTUPYIOIIHUX [IOTO-
KOB B CWJIy CKOOKHM (2.9).

Ckobka ®epanonrosa (2.9) mpejcrapisier coboit
Hambosiee OOt BUL (OHOMEPHOH) ciaaboHETOKAIb-
HOI CKOOKM rujipoanHamMudeckoro tuma. C apyroit cro-
ponbl, ckoOku PeparnoHTOBa, KaK MPABUIIO, CBA3AHBI
JIMIIb ¢ UHTEIPUPYEMBIMU CHCTEMAMU THIPOIUHAMU-
YECKOI'O THIIA, IOCKOJIbKY COJEPXKAT HUHTErDUPYEeMble
cTpyKTypbl BHYTpH cebs. Cornacuo runorese Pepanon-
ToBa [26], Bce amaroHaJu3yeMble IIOJYIaMIJIBTOHOBBI
CHCTEMBI SIBJISIIOTCS TAMUJIBTOHOBBIMU 10 OTHOIIIEHUIO K
crobKaM (2.9), ecin JAOIyCTUTD HAJIHYNE GECKOHETHOTO
YHUC/Ia YIEHOB B UX HEJIOKAJIBHON 9acTh. DTa UIoTe-
3a GBLTa, B YACTHOCTH, MOATBEpXKIeHa B pabore [30]
JIJIsL IOBOJIBHO HIMPOKOIO KJIACCA I10JIy TaMHJIBTOHOBBIX
cucreM. JlaHHag rumnoTesa paccMaTPUBAJIACH TAKKE B
paborax [31,32]. Hamo ckasark, omHako, 9To B 00MmEit
dopMysIupoBKe CTPOroe [0Ka3aTeJbCTBO YTON MUIIOTE-
3Bl [IOKA, HE II0JIYYEeHO.

B To ke Bpems, ckoOku (2.3) u (2.8) cBs3aHBI
€O 3HAYUTEIHHO 6OJIee MUPOKUM KJIACCOM CHUCTEM, He
[PE/IIOJIArAIONIAX UHTEIPUPYEMOCTH, U SBJIAIOTCS, B
9TOM CMBbIC]Ie, 60JIee PACIPOCTPAHEHHBIMU B PeaIbHbBIX
[PUJIOKEHUAX.
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Kak B ciiyuae ckobku lybposuna — HoBukosa, Tak
U B caydae caaboHeIOKAIBHBIX cKoOoK MoxoBa — @epa-
nouTtoBa n PepanoHTOBa, AUATOHAIbHAA POpPMA MeT-
PHKH gy, fABJAeTC Hanbojee TEeCHO CBA3AHHOI C Teo-
pueit unrerpuposanus cucrem (2.1). Ilpu srom mpo-
6jieMa JIMATOHAJIBHBIX KOODJIMHAT JIJIsT IJIOCKUX MeT-
PUK, sIBJISIJIACH, KAK M3BECTHO, KJIACCHYECKON Tpobire-
Mot muddepeHImaIbHONl TeOMEeTPUN Ha TPOTSXKEHUN
MHOruX JjieT. Hesib3st He cKa3aTh 371€Chb, UTO B MOCJIEI-
Hee BpeMsl B PEIeHUH TOM TPOOJIEMBI [TOJIy YeHbI HOBBIE
BeCbMa BaxKHbIe JocTuKeHus [33,34], cBsa3anuble ¢ Me-
TOJIOM OOpaTHOMU 3aja4u paccesnus. [Ipu 3ToM MOKHO
OTMETUTD, IYTO Teopus cKoOOK Ilyaccona Takxke mocty-
JKUJIA CTUMYJIAPYIOMUM (DaKTOPOM IIPU PACCMOTPEHUH
3TOU KJIACCUYECKON 3a/1a4u.

Hano ckazarb, omHako, 9To auaronaabHas (dpopma
ckobok Ilyaccona He saBIsI€TCSA, KOHETHO, €IMHCTBEHHO
BaXKHOIl IIpU PACCMOTPEHUU BOIPOCOB MHTETPUPYEMO-
CTH CUCTEM THJIPOJIMHAMUYIECKOrO THUMa. Tak, Halpu-
Mep, KAHOHUYIECKHEe KOOPIMHATHI CKOOOK MIDAIOT HAHU-
6oJiee BasKHYIO POJIb IIPU PACCMOTPEHUN OUTaMUJIBTO-
HOBBIX CTPYKTYD (cM. [35]), MMEONMXCcs ¥ 110aBIISIIO-
mero OOJBIMMHCTBA WHTErpUpyeMbIx mepapxwuii. Ha-
ITOMHUM 3JIeCh, YTO OCHOBY OUTaMUJIBTOHOBOI CTPYKTY-
DBI COCTaBJISIET IIapa COIVIacOBaHHBIX cKOOOK Ilyaccona,
{..,...him{...,... }2, T e ckobOK, r0bas JMHEHHAS
KOMOWMHAIHST KOTOPBIX

(o Al

Takke onpegesisier ckoOky Ilyaccona. [locTpoenne 6u-

(2.12)

raMHIJIBTOHOBBIX MEPApPXUil, KaK IPABUJIO, HAUUHAETCS
IIPA 3TOM C AQHHYJIATOPOB UJIM HEKOTOPBIX KAHOHHUYEC-
KX (DYHKIMOHAJIOB, CBA3aHHBIX C OJHON M3 TaMUjIb-
TOHOBBIX CTPYKTYD U HIDAIONIUX POJIb «POJIOHAYAI -
HHUKOB» COOTBETCTBYIONMX nepapxuit. Kak Mbl Bujesm
BBIIIE, B CJIyIae CKOOOK MUIPOIMHAMUIECKOTO TUIIA Ta-
Kre OYHKIIMOHAJIBI CBSI3aHbI MMEHHO C KAHOHUYECKIMU
KoOpnHaTaMu CKOOKH. MOXKHO 100aBUTH, ITO KAHOHU-
Jeckue KoopauHaThl n¥ () mas Beero myuka (2.12) sis-
JISTFOTCST TPOU3BOISINIIUMEI (DYHKITASIMA JIJIsT BCEX ILIOT-
HOCTEeHl raMuJIbTOHUAHOB pacCMaTpPUBAECMON nepapxuu,
[IPOU3BOJIATIINX BBICIITUE TOTOKH.

Henp3s HEe ymoMmsiHyTb 37€Ch O BaXKHON pOJIM CO-
[JIACOBAHHBIX JIOKAJBHBIX TaMHJIBTOHOBBIX CTPYKTYD
JIJIsI KBAHTOBOHM Teopuu 110Jisi, OTKPbITON JlyOpoBrHBIM
B 1990-x. Kak 6n110 mokazano lyOpoBuHBIM, crieru-
aJIbHBIE TTAPBI COTVIACOBAHHBIX CKOOOK /IybpoBuna —Ho-
BHKOBa JIAI0T KJIACCHU(UKAIUIO TOIOJOIMIECKUX TEO-
puii TOJisl, BOBHUKAKIUX B KA4eCTBE TPUOJIMKEHUT
B Pa3JIMYHBIX TEOPETUKO-IIOJIEBBIX MOJE/IsIX. Tak, ma-
pa corytacoBaHHBIX cKOOOK Jlyboposuma—Hosukosa Jje-
JKAT B OCHOBe olipejiesieHust (poOEHIyCOBBIX MHOI000-
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pasuii [36,37], mapaMeTpU3YIONMX PElleHNs] yPaBHEeHNsT
B/IBB, onuceiBatornue Tomojornieckue Teopuu. bosee
TOTO, TAJTLHEHIITUM Pa3BUTHEM Teopun (bPOOEHIYCOBBIX
MHOT000Opa3uil cTajga TEOpHusl «CAAOOTUCTIEPCUOHHBIX»
JgedopMaruii TaKuX TaMUJIBTOHOBBIX CTPYKTYP, IJA0-
IMUX MOMPABKK K TOMOJIOTHIECKAM TeopusiM |38, 39).

Kpowme Toro, Bo MHOYKECTBE IPUMEPOB BaKHEHTITY IO
POJIb UIPAIOT KOOPJIUHATHI, B KOTOPBIX CKOOKa Ilyacco-
Ha CTAHOBUTCSI JINHEIHOIA 110 ITOJISIM, TJI€ SIBHO IIPOSIBJIS-
0TCs JTH-AJIrebpandecKne acCleKThl PacCMaTPUBAEMOI
3a,/1a40.

Eie ogauM BaskHBIM 0000IIIEHIEM JIOKAJIBHBIX CKO-
OOK TUJIPOJMHAMUIECKOTO TUIA SBJISAIOTCS HEOTHOPO/I-
uole ckoOku [lyaccona, nmeromue B 00IIeM Cirydae BUT

{U"(x),U"(y)} = ¢"* (U(x)) b,i(x —y) +
+ [ (U U+ BH(U)] d(x—y). (2.13)

Ckobku (2.13) upencraBisiior coGoit B JeificTBU-
TeJILHOCTU Hapbl COIVIACOBAHHBIX CKOOOK, ITOCKOJIBKY
KaK ee ruapoanHamudeckas dacrb (T.e. (1.1)), Tak u
koHeuHoMepHast dactb h'F(U)d(x — y) ompezensiror
camocrosTesnbibse ckoOku Ilyaccona na mpocrpancrse
noseit U(x), corsiacoBanHble MeK Tty co60i. MoKHO Bu-
JIeTh, KpoMe Toro, uro Terszop h”#*(U) mosxken omnpee-
JIITH IPOCTYIO0 KOHETHOMEPHYIO CKOOKY Ha IIPOCTPAH-
crBe ¢ KoopaumHaTamu U.

Ckobku (2.13), Kak HETPYIHO BUJETH, CBI3aHBI
IIpeKJie BCEro ¢ HEOJHOPOIHBIMU CHCTEMaMU I'UIPOIHU-
HaAMUYeCKOI'o THUIIa:

Uy =V, (U) Uf + f(U)

Ha npocrpancrse noseit U(x).

Teopust cko60k (2.13) TakKe B 3HAYUTEIHHON Me-
pe HeTPUBHAJIbHA U COJEPIKUT MHOXKECTBO HHTEPECHBIX
TEOMETPHUIECKUX U AJIreOpanvIecKux CTPYKTyp. Tak, B
YaCTHOCTH, JIJIsI OJTHOMEPHBIX CKOBOK Ilyaccona

{U"(2), U*(y)} = ¢"" (U(x)) §'(z —y) +
+ [pY* (U) U + RM(U)] d(z —y) (2.14)

BEPHO cJieryromee yreepxaerne [40]:

Ecsin merpuka ¢ (U) HeBbIpOXKI€eHA, TO IPeobpa-
soBanneM koopaurar U = U(n) ckobka (2.14) npuso-
JIATCS K BUIY

{n"(z),n"(y)} =" &' (z —y) +
+ [CK“ nt 4+ d”“] 5z —v),

rae kodddummentsr n**, ", d’F nocrosmmsr, ¢/

[IPEJICTABIIAIOT COOON CTPYKTYPHBIE KOHCTAHTBHI IIOJIY-
mnpoctoit anredopsr JIlu ¢ merpukoit Kwmmuara n'#, a
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d"" = —d"¥ — npoM3BOJILHBIN KOIMKJI HA 9TOH asred-
pe.

B kaugecTBe BayKHOTO IIPUMEpPA CUCTEMBbI, CBA3aHHOM
€0 ckoOKoit (2.14), MOXKHO TIPUBECTH 3aJ1a4y N-BOJIH

My — ¢ (Mz) = [M,p (M)], (2.15)

e M = (M;;) — (n X n) — MaTpuna ¢ HyJeBbIM CJle-
JIOM (BO3MOXKHO, C JOLOJIHUTEIBHBIMUA CUMMETPUSIMH),
© (M) = (\ij M;;), ABsoniascst raMIJIbTOHOBOM 110 OT-
HOIIIEHNIO K cKoOke Buja (2.14) ¢ d"* = 0, ¢ kBajpa-
TUYHBIM AMHUJIBTOHUAHOM.

Kax xopormo nzsectHo (ewm. [41]), cucrema (2.15) un-
TerpupyeMa MeTo/I0M OOPaTHOI 33,1441 paCCestHUs IPH
Aij = (a; — a;)/(b; — bj).

3aMeTuM 3/eCh TAK¥Ke, ITO MAMHJIBTOHOBLI CTPYK-
Typel (2.14) mmeror u JasbHeiine 0600menns. Tak,
B 9acTHOCTHU, B pabore [42] OGbuim paccMOTpeHbl HEOI-

Hopoable cKoOKu Ilyaccona, oTBedaloIime MeTpUKaM
nocrosiHHOW KpuBu3HbL (ckobkam Moxosa— Peparnon-
TOBA).

B zakutiouenne JanHOTO pasjeia, MOXKHO OTMETUTD,
4T0 cKOOKH (2.3), a Takxe (2.8), (2.9), (2.14) npeacras-
JISIOT BBIJIEJICHHBIE KJIACChl 00jiee OOIMX JIOKAJbHBIX
OJIHOMEPHBIX TEOPETUKO-IIOJIEBBIX CKODOK

B, (@ pas- ) 6P (z —y)  (2.16)

U CJI1abOHEI0KAJIbHBIX CKOOOK

{¢' @), ¢’ W)} = > By (@, 0w, ) 6P (@ —y) +
k>0

1 & ;
—|—§ Z /iksS(k)(go,tpz,...)sgn(x—y)><

k,s=1
x Sty (@spy,-.), (217
e Kis HEKOTOpasi POU3BOJbHAS  (MOCTOSTH-
Hast) kBajgpatwuHasi dopma, ¢ = 1,...,n, p(x) =

= (' (@), ¢ (2)).

Kak u B ciaydae cKOGOK THAPOJMHAMUYECKOTO TH-
na, ckobku (2.16) MoryT GBITH CBsI3aHBI C BECbMA IIU-
POKHMM MHOTOOGPAa3UEM CUCTEM SBOJIIOIUOHHOIO TUIIA, B
TO BpeMs Kak CKOOKH (2.17) BOBHUKAIOT, KaK MPABUIIO,
[pU U3yYEeHNHN UHTErPUPYeMbIX nepapxuii (eum. [28,43]).

3. TAMUMJIBTOHOBBI CTPYKTYPHI U
TEOPUA MEJJIEHHBIX MOIYJISIIIN

PazBuTne Teopum wWHTErpUpOBAHUS OTHOMEPHBIX
CHCTeM TI'HJIPOJIMHAMUYECKOI'O THUIIA B JIeUCTBUTEIbHO-
CTHU IIPOUCXOIMJIO B TECHOI CBA3M C Pa3BUTUEM TE€OPUN
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MeJIJIEHHBIX MOy dimii (Meroga Yuzema) muorodas-
HBIX peIIeHnii MHTerpupyembix mepapxuit. Kak Brep-
BbIe OBIIIO IOKa3aHo YusemoM [44], yepeaaentbie ypas-
HEHUsl, ONUCHIBAIOIINE IBOJIIONNIO MEJJIEHHO MOJLYJIU-
POBaHHBIX ITAPAMETPOB OTHOMA3HBIX PEIIeHU ypaBHe-
mng Ka® npeacraBisgioT coboit cuctemy THAPOIAHA-
MHUYeCKOI'0 THIIA, IPUBOJUMYIO K JUATOHAJILHON (op-
Mme. Kak 6bu10 3areMm mokazano B pabore [45], 10 3a-
MedaTe/IbHOE CBOMCTBO IPHUCYIE TaKXKe W ypaBHEHU-
sIM MEJJICHHBIX MOJyJisiuil (ypaBHEHHSM YHU3eMa) JJIst
muorodazubix pemtennit Ka®. MoxHo 31ech cpasy oT-
METHUTb, YTO MOCTPOEHNE MHOTO(A3HBIX PEIeHU It
WHTErPUPYEMBIX ME€PAPXUN TECHO CBS3aHO C METO/IaMU
aarebpandecKkoil TeoMeTpur B TEOPUU OOPaTHOH 3a/1a-
un paccesuus (cMm. [46-52]). Kax ciencrsue sT0ro, Me-
TOJ[bI TEOPUU ME/JIEHHBIX MOJLYJISIHIl [1JIs WHTErPUPY-
€MBIX CHCTEM TaKKe CBA3aHBI CAMBIM TECHBIM 00pa-
30M C ajrebpo-reoMeTpruvecKUMU KOHCTPYKIUsMU. B
9aCTHOCTH, UMEHHO METOJbI AJIredPanvIecKoil reomMeT-
pUU TO3BOJIUIN YCTAHOBUTH JUATOHAJIN3YEMOCTD YPaB-
HeHuit Yuszema s MmHOrodasubix pemennii Ki® B pa-
Gore [45]. Byayun yHEBEpCAIbHBIM HOIXOJI0M B TEOPUH
WHTETPUPYEMBIX CHCTEM, METOJIbI AJIreOPanIecKoil reo-
METPHUH IO3BOJISIOT B JI€ICTBUTETBHOCTH YCTAHOBUTH
TaKKe aHAJOTUYHBINA (pakT s OOJIBIIMHCTBA Uepap-
XU, THTETPUPYEMBIX METOJIOM OOpATHON 3a71a4dn pac-
cesuus. Takum 06pa3oM, CHCTEMbI YyPABHEHUN M€ JI€H-
HBIX MOJLYJISIIIUI JIjIsi MHTErPUPYEMbIX UEPapPXUil I1pe/i-
CTaBJIAIOT COOOI BayKHEHIINIT KIACC TUATOHAJIA3YEMBIX
CHCTEM TUAPOINHAMIIECKOTO THIIA.

Kak MbI y2Ke ckazasm, [11st HHTErPUPOBAHUSA THATO-
HaJIbHBIX CUCTEM I'UJIPOJAMHAMUYIECKOTO THUIIA, KAK IIpa-
BHUJIO, TPeOyeTCs X TaMUJIbTOHOBOCTE. B psse cirydaen
raMUJIBTOHOBOCTH CHCTEM YPABHEHUI MOXKET OBITH CBs-
3aHa C UX JIArPAHXKEBBIM (DOPMAJIU3MOM, YTO, KaK IIpa-
BHUJIO, ITO3BOJISET OIPEIEJUTh COOTBETCTBYIOIIYIO Ta-
MIJIBTOHOBY CTPYKTYPY B KAHOHUUIECKOiT hopme. Bmec-
T€ C IPOLEJYypPOil IIOCTPOEHUA YPaBHEHUN Me/JIeHHBIX
Momynsinuii YusemoMm [44] Gbuia TakKe IIpeJIoYKeHa
[POIIE/yPa yCPETHEH sl JIOKAJIbHBIX JIAIDAHKUAHOB (B
TOM YHCJIe U [IPH HAJIMYIUU <IICeBIOMa3» ) U MOy YeHHUs
JIOKAJIBHOTI'O JIarpaHzKeBa (hopMaIn3Ma JJjIs <yCPeIHEH-
HO# cucrembr». Hamo ckazars, OHAKO, 9TO JIOKAJbHBIE
JIaTPAHYKEBbI CTPYKTYPBI UMEIOTCS NTaJIeKO HE y BCEX
WHTEPECHBIX CUCTEM IBOJIOIMOHHOI'O TUIIA

) (3.1)

i i
©r = Q" Puy - - -
n HamboJiee OOIMUM JJIsT TAKUX CHCTEM SBJISIETCHA, KaK
MpaBUJIo, HaJau4dne 60Jiee OOINEro raMmIbTOHOBA (hop-
Mmasm3Mma co ckobkoit IMayccona (2.16) (wmm (2.17)) u
TaMIIbTOHAAHOM



A. 5. Mansuyes, C. 1. Hosukos

MHIOTD, Tom 159, BBII. 4, 2021

+oo
H= / hp, pz,...)d. (3.2)

11 MOCTpOEHMsT TaMUJIBTOHOBBIX CTPYKTYD YpaB-
HEeHU MeJIJTEHHBIX MOIY/IANM B ob1ieM ciaydae JLyopo-
BuHbIM 1 HoBukoseiM [16, 18] Gbu1a 1pe/ioXkeHa mpo-
mejiypa «yCpemHeHus» JIOKAJIbHBIX CKOOOK Ilyaccona
(2.16), naromast ckobKy Buja (2.3) Jyist CHCTEMbl YH3e-
ma. Jajmm 31ech KpaTKOoe ONMUCAHUE TO MPOTIELy PhI.

B merose Yuzema MbI mipejosaraeM, 9To CUCTEMA,
(3.1) nMeeT KOHEYHO-TIADAMETPHIECKOE CEMEHCTBO KBa-
3UIIEPUOANYECKUX PEeIIeHU

o'z, t) =0 (k(U)z +w(U)t+ 600, U),  (3.3)

rae 0 0,...,0m), k(U) = (k'(U),...,k™(U)),
w(U) = (W'(U),...,w™U)) u (0, U) sanator ce-
MeHCTBO 27-IIlepuojndeckux 1o BceM 6% QyHKIwmii,
3aBUCAINAX OT JOMOJHUTEIbHBIX TapamerpoB U
= (UL,...,UM).

B merome Ymzema MBI TIPOU3BOJANM PACTSIKEHUE
X =e€x, T = et (e — 0) obenx KoopAuHAT T U t U
cuntaem napaMerpbl U QYHKIUIMA «MeJJIEHHBIX» KO-

opaunat X u T.

Meron Jlyoposuna u HoBukoBa ocHOBBIBaeTCsS Ha
cymecrBoBanuu N (paBrHoro uuciy napamerpos UY ce-
meiicTBa m-basHbix pernennii (3.1)) JOKAJIBHBIX HHTE-
rpaJjioB

= [P e
KOMMYTHPYIOIIIX ¢ TAMUJIBTOHUAHOM U JPYT C APYTOM:
{I",H} =0, {I",I*}=0, (3.4)
7 MOXKET OBITh OIUCAH HUXKE CJIEAYIONIAM 00pa3oM.
Boerancanm nonapubsie ckobkn Ilyaccona morHo-
creit PY, nmeromue dopmy

{P"(2), P (1)} = Y AP (4,00,

k>0

rue

A (@, ps ) = Q" (9,0, -)
cornacHo (3.4). CoorercrByomas ckobka JlyGposu-
ua — Hosukosa na npocrpancrse dyuknuii U (X ) umeer
BUJT

{U"(X), Ur(Y)} = (A")(U)0"(X = Y) +
Q™)
oo
rae (...) O3HauUaeT ycpenHeHue Ha ceMmeiicTBe m-dasz-
HbIx pemrenuit (3.1), 3anaBaemoe Gopmyioit

Uxd(X -Y), (3.5)

27

1 « m
<F>_WO/...O/F(<I>,I€ (U)®ge, . .. ) d™0.

27
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IIpu srom mbI BeIOmpaem mapamerpsl UY B Buie
U” = (P¥) Ha COOTBETCTBYIOIIUX PEIIEHUIX PACCMAT-
pUBaEMOTO HAMU CEMEeNCTBA.

Mozxkuo BusieTh, uTo MeTos Jlyoposuna n HoBukosa
B OIIUCAHHO (hOpMe CBSI3aH C KOHCEPBATUBHON (DOPMOit
CHCTEMBI yPABHEHMIT MEJJIEHHBIX MOJIYJISINIA, 8 UMEHHO
¢ popmoit
v=1

Ur =(Q")x, N, (3.6)

geeey

rie

P =

a v
5 @ (@)

B cuty cucrembl (3.1). MoxHO mokasaTh TakKe, 9TO
ckoOKa (3.5) umeer B 00mIEM CiIydae JILYBUILIEBY POD-
my. Uarerpasst or koopaunar UY (X)) naior B paccmar-
puBaemMoM caydae Habop N KOMMYTHPYIOIIUX HHTErpa-
J10B cucTeMbl (3.6), a MIIOTHOCTHIO TAMUJIBTOHUAHA JIJIST
cucrembl (3.6) sBjgeTCs yCpeIHeHHAs ILUIOTHOCTH Ia-
MIIbTOHNAHA UCXOHOH cuctembl (h)(X).

3/1ech MOYKHO TaKyKe OTMETUTb, UYTO BCE UHTErpa-
Jibl T# OPOKIAI0T KOMMY TUPYIOIIHE TOTOKK K CHCTEME
(3.1) B crty coorBercTByOmIEeil ckoOku (2.16), Tak 4TO
MOYKHO, Hapsily CO BPEMEHEM ¢, PACCMATPUBATDL TAKIKe
3aBUCUMOCTh BCEX DEIEHUIt OT JIOMOJHUTENbHBIX Bpe-
mer t* (u=1,...,N). Ilpu 910M TakzKe BEPHBI COOT-
HOIIIEHUS

v

0]
Ptu = % QV”(%(Pm s )

Jist HeKOTOopbix dbyHKnit QY* (¢, ¢y, ... ), & COOTBET-
cTByIOIlee ceMeiicTBO pereHnii (3.3) mpejcraBiser
TaK»Ke ceMefiCTBO m-(a3HbIX PENTIeHnH JJIsT KOMMYTHU-
PYIOIMUX IIOTOKOB ¢ HEKOTOPBIMU JAPYTUMU 3HAUEHUSIMU
BeJIMYIUH

wh(U) = (W™(U),...,w™(U)).

CI/ICTel\fH)I yI/I3el\Ia A1 KOMMYTUDPYIOINMUX ITOTOKOB
v 1%
UTI»L = <Q #>X

[PEJICTABJISIIOT IIPH TOM KOMMY THPYIOIIIE OTOKH JIJIst
cucTeMsl (3.6) U ABJIAIOTCA FAMIJIBTOHOBBIMH 110 OTHO-
IIEHNIO K CKOOKe (3.5) ¢ raMuiIbTOHHAHAMHU

400
H“:/U”(X)dX.

— 00

B obmem ciayuae obocHoBanme meroma Jlybposu-
na— HoBukoBa TpebyeT Ompee/IeHHbIX YCIOBUIA TOJI-
HOTBI M PEryJISIPHOCTH COOTBETCTBYIOIIETO CeMefCcTBa
m-dasubix pemtenuit (3.1) [53].
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Ormerum 31ech, uTo mporeaypa yoposuna—Ho-
BHUKOBA JIOIIyCKaeT TakKyke 0DObIeHne Ha ciaydail cia-
60-HEJIOKAJIBHBIX [AMUIBTOHOBBIX CTPYKTYD, [O3BOJIs-
FOIIee oIy JaTh CKOOKY (2.9) ju1st cucreMbl Yusema 1my-
TeM ycpeaHenus CKoOok (2.17) mjis ucxomHoit cucre-
Mol [54]. B mesom, sTa nponeaypa sBJISETCs TOBOJLHO
yA00HO! Kak sl cilydasl HHTEIPUPYEMBIX HepPapXWUii,
TaK U B OoJiee OOMIEHl CUTyAIH.

Bamnucek ycpemneHHbix cKob60ok Ilyaccona B maumaro-
HaJbHOHN (opMe JJIsi MHTErpUpyeMbIX HepapXuii, Tak
K€ KaK U 3alliChb B 3TOH (POpMe COOTBETCTBYIOIIMX
cucrteM Yusema, CBI3aHa C aJIredpPo-reoMeTpUIeCKUMU
MeTrojlaMu o0paTHOl 3aja4n paccesiHus [18, 21,55, 56].
BoJiee merajibHO, Kak U B CjIydae JUaroHaJIU3alldd Ca-
MHX CHCTEeM YH3eMa, JuaroHajbHble KOOPIAMHATHI JIJIst
ycpenaeHHBIX cKOOOK Ilyaccona st Takux mepapxuit
CBSI3aHBI C TOYKAME BETBJIEHHSI PUMAHOBBIX ITOBEPX-
HOCTEI, OIPEeIE/IIONUX COOTBETCTBYOMUE m-(has3Hble
pelliernst UCXOIHOM cucrembl. Kak y»Ke ObLIO OTMede-
HO BBIIlIE, JUAroHajbHasi (pOpMa TAKUX CKODOK Hau-
0oJiee TECHO CBsI3aHA C IIPOILELYPOil MHTErPUPOBAHUS
COOTBETCTBYIOIIMX CUCTEM I'UAPOJANHAMUYECKOTO THIIA.
Mo2KHO OTMETUTH TaKKe, 9TO U IIOCTPOEeHNe HanboJiee
MHTEPECHBIX PEIIeHnil YCPeJHEHHBIX yPABHEHM TaKyKe
OLIUPAETCs Ha aJrebpo-reoMeTPUYecKre MeTOobl (CM.,
HanpuMmep, [57-68]).

OcranoBuMcs 3eChb TaK>Ke€ Ha KaHOHMYECKUX (l)Op—
MaX YyCpEJHEHHBIX CKODOK.

OpHOll M3 0OCODEHHOCTE KAHOHUYECKOH (DOPMBI
ycpenaeHHbix ckobok Ilyaccona [44, 53, 69, 70| sBiis-
eTcst TO, ITO Bee BemunHbl k% (X)) ABIAIOTCA 4aCTBIO
KAHOHUYECKUX KOODJMHAT YCPEJHEHHONH CKOOKHU U, Ta-
KUM 00pa3oM, MPEJCTABIISIIOT YACTh MJIOCKUX KOODP/IU-
HAT I cooTBercTByIomeit merpuku ¢g“*(U), ymosie-
TBOPSIIOIIUX COOTHOIIEHUSIM

{EY(X),E°(Y)} = 0. (3.7)

Kpowme Toro, MoxkHO moKas3aTh, 910 ckobku Ilyacco-
Ha k%(X) ¢ mmorHOCTsIMu U” (V') MOTYT OBITH 3aIMCAHBI
B BHJE

{F2(X), U"(Y)} = (3-8)

(wm’(X) 5(X — Y))X

Kak 6puto mokazano B pabore [71], cooTHOMmEHMS
(3.7), (3.8) mo3BousstIOT TaK¥Ke MOJUPUINPOBATH IPO-
neaypy y6posuna—HosukoBa, ymeHbmms Tpebyemoe
KOJINYECTBO KOMMYTHUPYIOIMX HMHTErPAJIOB HCXOHOM
cucreMsl 10 N — m U IpeCcTaBiisisl yCPEeJHEHHYIO CKOO-
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Ky B Koopamnartax (k,... k™ UL, ..., UN~™) B dbop-
Me (3.7), (3.8) u

{U"(X), U"(Y)} = (AT")(U) §'(X = Y) +

L 2@

vyu=1,...,N—-m. (3.9)

[Ipencrapienne yCpeaHEHHOH CKOOKM B BHJe
(3.7)—(3.9) cBsi3aHO B JEHCTBUTEIBHOCTH €IIle C OJTHUM
BayKHBIM (9KBHUBAJIEHTHBIM) NIPEJICTABIEHAEM CHCTEMBI
YPaBHEHUN MEJICHHBIX MOJIYJISIUN,

ypaBHeHUus 3Bojonun (a3

Pa3IeIsIIoNIuM

5% = w*(Sx,U)

(S% k%) u ypaBHEHHs II€pEHOCA, KOTOPble MOIYT
OBITH 3aIMCaHbl B BrIe OajIaHca YaCTU 3aKOHOB COXpa-

HeHusA

U =(Q")x, v=1,...,.N—m.
Ipexncrasienne ckobku B Buge (3.7)—(3.9) moxHO
TaK»Ke HA3BATh CMEIIAHHBIM ITPEJICTABICHUEM YCPE-
HEHHON CKOOKU, B KOTOPOM YACTUYHO WCIIOJIB3YIOTCS
KAHOHUYECKHWE W YACTUIHO — JIMYBUJIJIEBBI HEPEMEH-
wele. B ogHoMepHOM caydae, KaK yiKe OBLIO CKa3aHo,
CKODKa, MOXKET OBITB ITOJTHOCTHIO IIPUBE/IEHA K TIOCTOSH-
HOMY BHJIY, I[P 9TOM MOYKHO IOJI00paTh IepeMeHHbIe

J=(1,...,Jm), n=(n', ... ,nN=2m) taxme aro

{k*(X), Js(Y)} = 05 6'(X =),

{nU(X),n?(Y)} =% §'(X - Y)

(ocranbpHble CKOOKH PABHBI HYJIIO).
CoorHorenust

{59(X), Js(Y)} = 65 6(X = Y),

(n9(X),nP(Y)} = €967 §'(X — Y),

npubJInKasCh K OOBITHON TEPMUHOJIOIMH B TEOPUU CKO-
6ok Ilyaccona, MOKHO ObLTO ObI HA3BATH TAKXKE TICEB-
JOKAHOHUYIECKOH (DOPMOit CKOOOK THIPOIMHAMUIECKO-
rO THIIA.

Kak 6buto ormedeno B [71], mcrosb3oBaHme MO-
mgudurmpoBanuoit mponeaypsl lydoposuna—Hosukosa
U IIpeJICTaBJIEHHE YCPeJAHEHHON cKoOKu B Buie (3.7)—
(3.9) siBasieTcst 0COGEHHO YIOGHBIM B CJlydae HEeCKOJIb-
KUX TPOCTPAHCTBEHHBIX MEPEMEHHBIX. B ciemyrorem
pazzesne Mbl 60J1ee TIOIPOOHO OOCY UM «MHOTOMEPHBIES
ckobkn Ilyaccona.
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4. MHOTOMEPHBIE CKOBKMU
ITMAPOOJVMHAMMWYECKOTO TUITA 1 1NX
OBOBIIIEHN A

Mpbr mepeiiem Ternepb K Oojiee OOIIMM MHOTOMED-
HbIM cKOOKaMm Buza (1.1)

{U"(x), U"(y)} =
= g (U(x)) du(x —y) + 05" (U)) U 6(x —y),

HamnboJiee MMOJTHAsT TEOPUsS KOTOPBIX OBbLIa MOCTPOEHA B
paborax [40,72,73].

Mpbr paccMOTpUM  CiIydaill HEBBIPOXKJIEHHBIX CKO-
6ok (1.1), a mMenHo, moTpeGyem, ITOOBI BCE TEH30DBI
g"*(U) 6bLIM HEBBIPOK ICHHBIMHU:

det g""(U) #0, i=1,...,n.

Kak 1 B 0fHOMEpPHOM CJIydae, 376Ch TAKAKE MOKHO
YTBEpKIaTh, uTo Bee Tersopsl g (U) mpepcraBasior
co6OIi JIOCKUE METPUKH Ha IIPOCTPAHCTBE aPaAMETPOB
U, B TO BpeMs KaK BeJUIHHBI

v _ X2 %)
Fixi = —IuoibX

3a/1aI0T COOTBeTCTBYIoIMEe cuMBOJIbI Kpucroddens. B
obreM ciydae, s OmpeeieHrsT KOPPEKTHOM CKOOKHU
ITyaccona koabdurmentsr g# (U) u b5 (U) momxmusr
YJIOBJIETBOPSTD IEJIOMY PsITy HETPUBUAJIBHBIX COOTHO-
miennit [40, 73], B 9aCTHOCTH, BCE BBIPAYKEHUSI

{U"(2),U"(y)}) =
=g (U(x)) &' (& —y) + 6" (U(2)) U2 6(x — y)

OIIPEJIEIAIOT B 9TOM CJIydae oJHoMepHble ckoOku [Iyac-
COHA, COMVIACOBAHHBIE JIPYT C JAPYTOM.

[To anajioruu ¢ OJJTHOMEPHBIM CJIydaeM MOXKHO OIpe-
JIeTUTh KAHOHUIECKYIO0 (POPMY HEBBIPOKIEHHON CKOO-
ku Ilyaccona (1.1) Kak CKOOKY IIOCTOSHHOTO BHJIA:

{n"(x),n"(y)} = 0" 6 (x —y),

rje Bce nVH* = const.
Kak merpymaHo BueTh, Bce (DYHKIIMOHAJIBI

NY = / n”(x) d"z

SIBJISIIOTCS B 9TOM CJIydae aHHyJasTopamu cKobkn (1.1).

B ormmdme 0T 0JJHOMEPHOTO CJIydasi, OJTHAKO, HEBBI-
poxkerHoctn ckoOku (1.1) 3mech okasbiBaeTcst B 06-
IeM CJiydae HeJIO0CTATOYHO Jist BO3MOYKHOCTH €€ IpPH-
BeJIEHUs] K KAHOHUYIECKOMY BHJLY C IOMOIIBIO HEKOTO-
poit TOUEUIHO# 3aMEeHbI KOOPJMHAT, U TPeOyeTcs HaJIO-
JKEHHe ellle HEKOTOPBIX JIONOJHUTEJIbHBIX YCIOBUii 06~
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Iero mosioxkenust. B uactHocTH (CM. [73]), HEBBIPOXK-
JienHasi ckoOka (1.1) MoxKer GBITH PUBEJEHA K [IOCTO-
SIHHOMY Bujy B HeKOTOpbIX Koopunarax n = n(U), ec-
7 XoTs 61 oA U3 MeTpuk gv+% (U) obpasyer Heoco-
OBIe IMapbl CO BCEMU OCTAJIBHBIMU METPUKAMH, T. €. KOP-
HU JIIOOOTO U3 ypaBHEHUH

det (g'fl“'o (U) - A g”‘”(U)) =0, i+#io

OTJIMYHBI IPDYT OT JPYTa.

[IpuBeieHHOE BBINE YCJIOBUE SIBJISIETCS YCJIOBHEM
OOIIET0 MOJIOXKEHUsI, TEM He MEHee, OHO 9aCTO HAPYIIa-
eTcs B BaXKHBIX puMepax. B gacruocTu, ckooku [Iyac-
CcoHa, oTBevalorue ajredbpam JIu BEeKTOPHDLIX MOJel B
R™ (N =n,n > 2):

{p'(x), 07 (y)} =p' (%) 6,5 (x —y) — P’ (y) 6,: (y — %)

U OIMCBHIBAIOMIFE 71-MEPHYIO THAPOIUHAMUKY, HE MOTYT
ObITH IIPUBEICHBI K MOCTOSHHOMY BHy. To 2Ke camoe
BEPHO U B OTHOIIECHUHN PsAa JIPYTHX BasKHBIX IPUMEPOB
CKOBOK I'IJIPOJIMHAMUYECKOrO THIIA.

MoxHo yrBepxkmats [40,72,73], ato B obmeM ciy-
qae Jir00asi HEBBIPOXKIeHHAst cKoOKa (1.1) MoxKeT ObITh
HpUBE/IeHA K JIMHEIHONI (HGO,ILHOpO,ILHOfI) dopme

{U"(x), U"(y)} =
- ( (bi“i + b&“’i) U* + 95”) Spi(x—y)+
+OUN S(x—y), (4.1)

bA"" = const, g"" = const

C TIOMOIIIBIO TOYEHHOH 3aMEeHbI KOOD/IMHAT.

Mo2KHO BUJIETH, YTO TEOPHUS HEBBIPOXKIEHHBIX CKO-
6ok Ilyaccona B ciiydae HECKOJIBKUX ITPOCTPAHCTBEH-
HBIX II€DEMEHHBIX CBdA3aHA B CaMOM OOINEM CiIydae
¢ Teopueit GeckoHedHOMEPHDBIX aaredp Jlu. Psm Baxk-
HBIX KJIACCU(PUKAIMOHHBIX PE3YJIbTATOB, OTHOCSIIIXCS
K TEOPUM MHOTOMEDPHBIX CKOOOK (4.1) m cooTBeTCTBYIO-
UM UM JIA-AJIre0PandecKnx CTPYKTYP, ObLI OJIydeH
B pabore [72]. B 1iesoM, 0/jHAKO, MOJIHAS 331a49a KJIac~
cu(UKAIII TaKUX CKOOOK IMOKa OKOHYATEJIHLHO HE pe-
HIEHA.

Hamo ckasarh, 9ro mguaronajibHas (opma CKOOKHU
IIyaccona B ciiyyae MHOrUX IMPOCTPAHCTBEHHBIX II€pe-
MEHHBIX YK€ He UrpaeT TOH BarKHOI pOJIM, KaKyIO OHa
urpaer B omHOMepHOM ciydae. Kak ciemyer u3 pesyib-
TaToB paboTe! [73], B cilyyae ABYX HPOCTPAHCTBEHHBIX
nepeMeHHBIX 06e Merpukn, gv*H(U) u gv#2(U), moryT
OBITH IPUBEJIEHBI K INarOHAJILHOMY BULY IIpeoOpa3oBa-
HUEM KOODJWHAT, eCJIi OHU 00Pa3yioT HeoCcoOyIo mapy.
B caygae n > 3 omHOBpeMeHHOE TpUBEIEHNE BCEX MET-
puk ¢"#*(U) K aumaroHaJbHOMY BHJLY, BOOOIIE TOBODSI,
HEBO3MOKHO.
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Tax ke, Kak U B OJHOMEDHOM CJIyd4ae, JJIs MHOTO-
MepHBIX CKOOOK (1.1) MOXKHO OIpe/Ie/IUTh JINYBHILIIEBY

bopMy, UMEIONILYIO0 BT
{U"(x),U"(y)} =
= (1) + " (U)) By (x = 3) +
+ (1) | bex—y)
U COOTBETCTBYIOIIYIO CATYaINK, KOrJa Bee (hyHKIIMOHA-

= / UY(x) d"z

KOMMYTHUDYIOT JIDYT C JIPYTI'OM.
B 3akirrouenne, Ham 6B XOTEIOCH PACCMOTPETH EITIe

JIbI

01HO 00001TIeHre CKOOOK THIPOIMHAMIIECKOTO THIIA, &
UMEHHO, CKOOKM, cofepKariue (pa30Bble TepeMeHHbIe

{5(x), 8% (y)} =0,

{59(x), U (y)} =w™(U,S8x)d(x —y),  (42)

(U760, U (y)} = 9" (U,8) 0,1 (x — y) +
H5 (U, ) U 6(x—y)+ £ (U, 8x) Sty S(x=):

Kak yke ObL10 yKa3aHO BbIIE, CKOOKH TAKOrO TH-
& BOZHUKAIOT, HAIIPUMED, [IPU YCPETHEHUN JIOKATBHBIX
raMUJIBTOHOBBIX CTPYKTYP B MHOIOMEPHOM ciydae. B
JIECTBATEJILHOCTH, TAKNe CKOOKH BCTPEYAIOTCS M BO
MHOTHX JIDYIUX CJIydasiX, [je IepeMeHHble S(X) Mo-
YT UMETh CAMbIil Pa3JUYHBIA CMBICT (KJIACCHYECKHUe
WM KBaHTOBBIE a3bl, Ga3bl mapamerpa TOPsIKa U
1.1.). B yacraoctu, ckob6Ku TAKOro BHIA HEOJHOKPAT-
HO BcTpevatorcst B padore [17]. K eme Gonee obrmum
CKOOKaM I10100HOT'0 THUIIa MOXKHO OTHECTH TaK¥Ke CKOO-
KW, TJ1e (Da30BbIe IIEPEMEHHBIE He KOMMYTUPYIOT MEXK-
JIy coboil, a OTBEYAIOT HEKOTOPOil Ju-arebpandecKoin
crpykrype (cm. [17]). Kak 6bu10 Tak:ke OTMEUEHO BbI-
1e, CKOOKHU OTIMCAHHOTO BUJIA MOT'YT BCTPEYAThCS TaK-
JK€ M B «9HUCTON» THIPOJUHAMUKE, HAIIPUMED, TP OITU-
CAHNU OTEHITNAIbHBIX TeYeHn. /I0BOJIbHO YacTo B Ka-
gyecrBe nepeMentbix U(X) BbIOUPAIOTCS IIIIOTHOCTHU 38~
KOHOB COXPAHEHHUSI, a T'HJIPOINHAMUYECKAs 9aCTh CKOO-
ki (4.2) umeer «JimyBHIUIEBY» (HOPMY.

Hac 6ymer nnTepecoBaTh 371eCh 00IMas CTPYKTypa
CKOGOK (4.2), 1 B YaCTHOCTH, BO3MOXKHOCTH IIPUBEJIE-
HUsI TAKUX CKODOK K HEKOTOPBIM KAHOHUYIECKUM (hOp-
MaM, OJu3KHM K paccMmarpuBasimmcst Beime. C du-
3MYECKOll TOYKM 3peHust, ¢ha3oBble mepeMeHHbe S(X)
SIBJISIIOTCST BBIJICJIEHHBIMU, [TO9TOMY €CTECTBEHHO B JIEHi-
CTBUTEJIHLHOCTU PACCMATPHUBATH 3aMEHBI KOOPMHAT, CO-
XPaHOIIe HEU3MEHHBIME TIepeMeHHble S(X) u upeot-
pasyrolnye Jiib ocrasimmecs: koopauaarsl U(x). Hamo
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CKa3aTh [IPU 9TOM, YTO BeJIMIUHBLI S§ («CBEpXTeKydune
CKOPOCTH» ) ABJISIOTCS y2Ke [ePEeMEHHBIMU UJIPOINHA-
MHIY€ECKOI'0 TUIIa U MOI'YT €CTeCTBEHHO UCII0Ib30BaThC
IIpU 3aMeHaX <«TUJIPOJUHAMUYECKUX II€PEeMEHHbBIX»

U” = U" (S, U).

Ms&r1 371€Ch PACCMOTPHUM B HEKOTOPOM CMBICJIE HEBBI-
POXKJIEHHBIN C/Ty4ail, KOrJaa MaTpuIia 9acToT w™
[OJIHBII paHr:

nMeer

rank ||w® (Sx, U) || =m

(N—m > m). Kak MOXXHO HIOKa3aTh [74], B 5TOM cirydae
BCETJIa MOYKHO TIEPEHTH K HOBBIM THJIPOJMHAMIICCKAM

HepEMEHHBIM
U — (Q(Sx,U),N (S, U)),

QO((X) QO(( :E?"'?S:Ed7U(X))7 a:17...’m’
NY(x) = N'(S;1,...,8,q4, Ux)), l=1,...,N—2m,
B KOTOPBIX CKOOKa (4.2) upumer Buj

{5°(x), 5% (y)} =0,
{SQ(X) , Qp (y)} :753 d(x—y),
{s%(x). N'(y)} =0, (4.3)

{Qa(x), Qs(¥)} = Jap [Sx, N] (x, ¥),

{Qa(x ) l (y } Jl [Sx, N] (%, ),
{Nl(x), I(y)} = J[S,,N] (x, y).
KommyTtatopst Jag [Sx, N] (%, ¥), J! [Sx, N] (x, y)
u J'[Sy, N] (X, ¥) 331a10TCA IPH 3TOM BBIPAsKEHISMU
IHUPOIMHAMAYECKOTO THUIIA, AHAJOTHIHBIMHA TIPEJICTAB-
JEeHHBIM B (4.2), 371eCh, OJHAKO, OHU 3aBUCAT JIUIIb OT
nepemensblx S(x) u N(x). Herpyauo nokasarb Tak-
e, uro semmannsl J'9 [Sy, N] (x, y) onpemensior mpu
sToM cKOOKy Ilyaccona Ha npocrpancrse moseil N(x)
upu JIIOOBIX (PUKCHPOBAHHBIX 3HAYEHUAX S(X).
Kax HeTpytHO BHIeTh, mepeMennbie (Q, (X) 1 N (x)
ONPEJIETIEHBI ¢ TOYHOCTBIO JI0 TTPEO6PA3OBAHMIT

Qa(x) = Qa(x) + fa (Sx, N(x)),

NY(x) = N" (S, N(x)),

e
ON'"
onr|| #

JloBO/IbHO 9acTO OBIBAET MHTEPECHA CUTYAIIMS, KO-
ria mepemennbie N'(x) me Bosmmkator (N = 2m), n

det

cKobKa (4.2) IpUBOIUTCS K BUJLY

{5°(x),57(y)} =0,



A. 5. Mansuyes, C. 1. Hosukos

MHIOTD, Tom 159, BBII. 4, 2021

{8%(x), Qs(y)} =95 6(x —y), (4.4)
{Qa(x), Qa(y)} = U5(Sx) doi(x—y)+

+ Fggy(sx) S;:mj 6(x—y)

(Fgﬁ’y = Fggy)-
Toxnecrsa Axobu

{{Qa(x), Qs(¥)} , @4(2)} +cp.

JaI0T Tellepb COOTHOIIECHU A

6Jap[Sx](x,y)  0J5,[Sx](y,2)
557(z) 55%(x)

07 [Sx](2, %)

555(y) "

Jutst byHKIMOHAIOB Jo3[Sx](X,¥y), 0O3HAUAIONMIX 3aMK-
HYTOCTH 2-(bOpPMBI

/Ja [Sx] (x,y) 85%(x) A 0SP (y) d"x d™y

Ha mpoctpancTse noseit (S*(x), ..., 5™ (x)).

CkobOku (4.4) mpuHaexar K obIeMy Kaaccy CKo-
GOK, Ha3BaHHBIX B [75] «BapHAIMOHHO JIONYCTHMBI-
mu». Bapuarummno gonycrumas ¢popma ckobok Iyacco-
Ha HEIIOCPEJICTBEHHO CBSI3aHA C BO3MOYKHOCTBIO JIAIDAH-
JKeBa OIMCAHUSI COOTBETCTBYOIINX TTHAMUIECKIX CHC-
TeM U, KaK OBLIO MOKa3aHo B [75], Takne ckoOKM mpu-
BOZAT B OOIIEM CJIydae K HeTPUBHAIBHOMY JIArDAHIKe-
BY IIPEJICTABJICHUIO TAMUIBTOHOBBIX CUCTEM, T/ie (DYHK-
nuonaJs Jlarpamka npezcrasisier coboit 1-dopmy, 06-
JIAJIAIONLYI0 HETPUBUAJILHBIMY TOIIOJIOIMIECKIMHE CBOIi-
CTBaMU.

B HaieM ciry4ae HaJio IOMHUTb, 9TO IPH TIPHBEJIe-
Hun cKOOKH (4.4) K KAHOHHYECKOMY BUJLY MBI OTDaHU-
YeHBI JIMIIb IPE0OPA30BAHUSAMHU «TUIPOJIMHAMIIECKOTO
THUIIa», IPEJICTABJIEHHBIMA BhIIe. Kak GbLIO HOKA3aHO B
pabore [74], mobast ckobka (4.4) MOXKeT GBITH JIOKAIBHO
NPUBE/IEHA K KAHOHHIECKOMY BHILY

{5°(x),57(y)} =0,

{5°(x), Qs(y)} = 05 6(x — ),
{Qa(x), Qs(y)} =0

C TIOMOIIIHIO TTPeOOPAZOBAHIST

Qa(x) = Qa(x) + fa (Sx) -

Kak cmencrBue, B 9TOM ciIydae COOTBETCTBYIOMIA
raMHJIBTOHOBA CUCTEMA MOXKET OBITH 3aIMCaHa TaKXKe
B JIaTPaHKeBOil (popMe ¢ JIarpaHKuaHOM «THIPOIITHA-
MUYECKOI'0 THUIIA»:

0,

5 [ [QuX) 8¢~ (Pu) (8, QX ] s
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Yro kacaercs obmux ckobok (4.3), 31ech Takxke
MOXKHO HOCTaBUTh BOIPOC O JIAJbHEHIIEM IPUBEICHIN
UX K KAHOHHYECKOI (hOpMe U, B HaCTHOCTH, O Pa3zese-
HUN CKOGOK Jutsi mepemennbix (S(x), U(x)) u N(x). B
JIEHCTBUTEJILHOCTH, TaKasi BO3SMOYKHOCTh HEPEJIKO BO3-
HUKA€T B KOHKDETHBIX HPUMEPax H, B YaCTHOCTH, B
TEOPUH MEJIJIEHHBIX MOJY/ISAIMI JJIs MHOTOMEPHBIX CH-
creM. MOXKHO TIOKa3aTh, OJHAKO, YTO B CAMOM OOIIEM
cilydae npuBejieHre CKOOOK (4.3) K Takoil KaHOHHYe-
CcKO#l popMe C TOMOIIBIO MPeodPAZOBAHUS «TUIPOIU-
HAMIYECKOrO TUIIA» HEBO3MOXKHO [74].

B zaBepiienune ormerum, uro ckobku (4.2) gacto
UMEIOT €CTECTBEHHOE IIPOJIOJIKEHHME M Ha DPACIIHPEH-
Hoe Ga30BOe MPOCTPAHCTBO, B KOTOPOM IEPEMEHHbIe
vy = S;"i MOT'YT CUHTATBHCS IOJIHOCTHIO HE3aBUCUMBI-
mu. IIposio/KeHnst TAKOTo THIIA JI0 HEKOTOPOil CTEIeHN
€CTECTBEHHO HA3bIBATDH «3aBUXPEHUIMU» CKOOOK (4.2).
Taxue IPOIOJIKEHUS €CTECTBEHHO BO3HUKAIOT HE TOJIb-
KO, K IIPUMEDPY, B THIPOIMHAMHEKE, IIPU IIEPEXOJIE OT 10~
TEHIMAJIBHBIX TeYeHNIl K 3aBUXPEHHBIM, HO U, HAIPU-
Mep, NIPH OIMCAHUY JIBIXKEHUSI CBEPXTEKYIUX JKUJKO-
CTeil, HeCYIIUX KBAHTOBBIE BUXPEBbIE CTPYKTYPbI BHYT-
pu cBoero obbeMa, u Jp. BayKHble IPUMEPBI TAKHUX «3a-
BUXpeHuil» ckoOOK Trna (4.2) npuseseHsl B padore [17].

5. BAKJIFOYEHUE

B pabore mnpencraBieH kKparkmit 0630p CKOOOK
IIyaccona ruapoinHAMUYIECKOTO THUIIA U UX CIIEIIAAJIb-
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Ha|7|p,eHo AHANNTNHECKOE pPeLleHNE KBAa3NMKNACCUHECKNX ypaBHeHmﬁ ABUXXEHNA MOAENN ,ELI/IKe B CBepxXunsny4a-

TENbHOM COCTOSHUWN. 3aBUCUMOCTU OT BpEMEHN konebaHwuii aMnNNnTyn CBepXm3ny4HaTesbHOro dDOTOHHOFO KOH-

A€HCaTa n KOFepeHTHOﬁ 3aCeNIEHHOCTN MacCcuBa ABYXYPOBHEBbLIX aTOMOB B MVIKpOBOJ'IHOBOﬁ NONOCTN BbIPa>XeHbl
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CUCTEME C CUJIbHOI CBSI3bIO. I'Iepmop,mquKl/le buenus aMNAnNTya CbOTOHHOFO N KOFr€peEHTHOro aTOMHOINo COCTOA-
HWiA CABNHYTbI BO BPpEMEHWN, NPeacTaBaAas coboii 3de)eKT «CBA3aAHHOINo CNAHNA», KOrga sHEpPrusa, 3akKJato4eHHas
B ABYXYPOBHEBbLIX CUCTEMAX, BO BPEMsA «TEMHOTbI» BHE3aNHO NEPEXOAUT B SHEPruto CbOTOHHOFO KOHOEHCa-
Ta, OCBeLlalouWlero» noJsioCTb Ha BpeMA nonynepuona konebaHuii nepen TeM, Kak OHa BHOBb MOrpy3mTcAa B

KTEMHOTY ».
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1. BBEAEHUE

[Ipenckazanublil panee CBepXu3/Iy IaTeIbHBIH (da3o-
BBIN nepexoz, B Mojenn Jduxe [1] menoukn w3z N > 1
nByxyposHeBbix cucreM (JIYC), cBA3aHHBIX ¢ OFHOI
6030HHOI MOIOH B pe3oHaHcHON mnosoctu [2, 3], Gbur
[peJICTaBJIeH Kak [4] caMocoriacoBaHHbIH TOBOPOT HA
KOHEUHBIH YroJl OIIePATOPOB IICEBIOCIIMHA B TIPEJICTAB-
sennn Losbireitna — [pumakosa [5, 6], onmcsiBaiomux
korepenTHble cocrostanst JIYC. Mbr paccmarpuBaem ra-
MmwIbTOHNAH Mogenn uxke [1] B Bume

1, R > .
H=3 (p* + w?@*) + gpSY — E; 57, (1)

IJIe BBEJIEHBI OIIEPATOPHI So = >, 8% cyMMapHBIX KOM-
MOHEHT rceBpocnuHa, onuckiBatormux JIVC. [ns ompe-
JeJIEHHOCTU MOYKHO PacCMOTpeTh cucteMy u3 N cBepx-
IIPOBOMAIINX OCTPOBKOB, KaXKJIblil M3 KOTOPBIX pa3ie-
JIEH TIOIOJIAM J?KO3e(PCOHOBCKUM KOHTAKTOM, B IIPE-

* . . . .
E-mail: i.m.sergei.m@gmail.com

CTaBJIEHNN KylepoBckoro sinuka [7]. Ienouka momerre-
Ha B PE30HAHCHYIO IIOJIOCTH C YaCTOTON w — YacTOTON
eIMHCTBEHHO# (pOTOHHOH MO/1bI. BTOpUTHO KBAHTOBAH-
HBIE OIEPATOPBI (DOTOHHON MOJIBI €CTh

e . h . .
p=i T(aT—a), q= i((ﬂ—i—a), (2)
ryie [a,a'] = 1. TosHblit KBaJIpaT MCeBI0CIIMHA S2 co-

XpaHsIeTCsI, TaK Kak ol Kommytupyer ¢ (1): [$2, H] = 0.
TyuHemmpoBaHNE KYIEPOBCKUX AP MPEJICTABICHO UiIe-
nom —E ;8% Uien gp SY onuceiBaer JUIIOJIBHYIO CBA3b
MEXKJIy KYIEPOBCKUMHE MapaMu U (POTOHHBIM IOJIEM C
KOHCTaHTOI cBs3M ¢. B pabore [2] nokazano, 4ro KBaH-
TOBBI (ha3oBbIil Iepexo epeBoautT cucremy (1) B 1Ba-
JKJIbI BBIPOYKIIEHHOE JIATIOJIHLHO-YIIOPSTIOYEHHOE COCTOSI-
uure. B mammoit paboTe MbI MPUBOIUM AHAJTUTUIECKOE
pellieHne, ONUCHIBAIOIIEE JUHAMUKY J12K03e(DCOHOBCKIX
KOHTAKTOB B MHKPOBOJIHOBOH TIOJIOCTH U JIEMOHCTDU-
pyfoliee CyIiecTBOBaHNE MeTacTabUIbLHOTO COCTOSTHUS
«CBSI3AHHOT'O CUSIHUST» C KOT€PEHTHBIMU II€PUO/IUIECKHU-
MU OMEHMSIMH JHIOJIEH, KOTOPOE CBS3AHO C JIBAXKIIBI
BBIPOXKIEHHOM JTUTOILHO-YIIOPSIIOUEHHON (ha3oii, Haii-
nennoit panee. Ilepsbie gBa diena B (1) coorBercTBy-

12%
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IOT SHEPIUHM TapMOHUIECKOTO OCHUJLIATOPa (POTOHHOM
mozel. Pacmerutenue yposreit 1Y C mpencrapiieno wie-
Hom —E; S #. a meH gﬁgy OICHIBAET JIUTIOJILHYIO SHED-
ruto csizu dhotonos ¢ JIYC. B pabore [4] 6bu10 OKa3a-
HO, 9TO CAMOCOTJIACOBAHHBIN MOBOPOT TPEJICTABIECHUS
Tommreiima — [IpuvakoBa omepatopos Sy, . TO3BOJs-
€T JIOCTATOYHO MPO3PAYHO OIMCATH KBAHTOBBIH (haz3o-
Bl mepexos Broporo poga B mogesu Juke (1). A
MMEHHO, KOTJIa KOHCTaHTa CBSA3U (¢ CTAHOBUTCH OOJIb-
e KPUTUIECKOTO 3HAYEHUs ¢., cynepcrma S = N/2
MTOCTEIIEHHO TTOBOPAYMBAETCA OT OCH Z K OCH ¥ Ha
yron |0] < m/2, rjae BepxHHil IpeEJES COOTBETCTBY-
eT MaKCHMyMy JMIOJBHOTO MomenTa (S,) oc S'sinf
IYC. OpHoBpeMeHHO € 3TUM (POTOHHBIN OIEPATOP
p TIpHOOpETaeT BHEAMATOHAJBLHOE CpelHee 3HAYEHUe
(p) x —gSsinf, roopsiiee 0 BOBHUKHOBEHHU MaK-
POCKOIMYECKOTO KOI€PEHTHOTO ( «CBEPXU3JILYYaTesIbHO-
ro») (OTOHHOrO KOHJEHCATA, CBSI3AHHOIO C JIMIOJIb-
apiM MomenToM JIVC ¢ smeprueit o< g(S,)(p). Oue-
BHJIHO, UTO OJHOBDEMEHHAsS CMeHa 3HAKOB: (Sy), () —
—<§y>, —(p), IpUBOAUT CHUCTEMY B HOBOE COCTOSIHHUE C
TOM K€ caMoil dHeprueil CumH-(GpOTOHHON CBSI3U, TEM
CaAMBbIM CBUJIETEJIBCTBYsI O CYIIECTBOBAHUM JIBAXK/IBI
BBIPOKJIEHHOI'O OCHOBHOT'O cocTosinus. Hamu Haiineno
AHAJIMTUIECKOE PEIICHUE YPABHEHUI JBUKEHUS, OLU-
CBHIBAIONIAX «MEJJIEHHOE» OJIy>KJIAHUE CHCTEMBI MEXK-
Jly JIByMsI BBIPDOKIEHHBIMA OCHOBHBIMU COCTOSIHHMSIMU:
xpansmascs B JIYC sueprust < (S, ) nepuoauaecku 3a-
KadunBaeTcst B (DOTOHHBIN KOHJIEHCAT, B TO BPeMs KaK
AMILUTUTY/Ia CyMMapHOTO JUIIOJIbHOTO MomeHTa J[YC
x (Sy) B aMIUINTyZa CBEPXHU3JLY<IATEILHOO KOHIEH-
cara X (p) MEHAIOT 3HAK HA IIPOTUBOIIOJIOKHBIN, KAK
dyuknun Bpemenn. HalijileHbl 1Ba MEPBBIX MHTETPAJIA
JUIST MEJIJIEHHOTO JIBU?KEHUST KOTEPEHTHBIX AMILIUTY] B
KBA3UKJIACCHIECKOM IIPEJIEIIE.

KBasukiraccuueckue ypaBHEHUS JIBUYKEHHUS CPeJl-
HUX 3HAYEHUN UMITYJIbCca (DOTOHA U JIEKAPTOBBIX ITPOEK-
Ui CyMMapHOI'O IICEB/IOCINHA B OCHOBHOM COCTOSIHUU
MOTYT GBITH MOJIyYeHBI COTJIACHO |8, HAUMHAS ¢ ypaB-
nenwnii 'eitzenbepra, B BuIe

(3)

[.4])

e A = D, Sy na = x,y, 2. Hamee, ucrnonb3yem ra-
mutbToHUAH Mosiesin Iuke (1), ypaBrerue (3) u Kommy-
TAIMOHHBIE OTHOIIEHUS MEXKJLy KOMIIOHEHTaAMU CIIUHA,
KOOD/IMHATOI U NMITYJIbCOM I'aPMOHUYECKOT'O OCIIHJLIISI-
Topa. llonyunm crnenyroriyo cuctemy anddepeHIm-
AJIbHBIX ypaBHEHUIl:
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>1

. = —g*p*S. — gEspS,, (4)
.A.y = —E,%S, — gE;pS., (5)
S, = —E,°8, — ¢S, (6)
p=—w?{p+95,}. (7)

Jljis mepexosia OT OIepaTopoB K UX CPETHUM 3HAUCHU-
SIM B OCHOBHOM COCTOSTHHN HEOOXOJIMO CJIe/IaTh CIeTy-
fommee. CHavasIa BBEIEeM aMILIUTYLY CBEPXHU3JIYdaTe lb-
HOro (hOTOHHOTO KOHZEeHCaTa AR [2| Kak casur GO30H-
HBIX OIIEPATOPOB B (2):

Kaxk mokaszano B [4], OMHOBpPEMEHHO C MOSIBJIEHUEM
KOHJIEHCATA AR IPOUCXOJUT MOBOPOT IICEBIOCIINHA HA
yros 6 Bokpyr ocu x. [asee MBI coBepIiaeM MOBOPOT
MIOJTHOTO CIIMHA HAa YroJl § BOKDPYr OCH T W HA yTOJ
¢ — m/2 BOKpyT ocHu z, rje 0, ¢ 3aBUCAT OT BPEMEHH:

S§% = J* cosf — JY sin,
Sy = J* sin @ sin g+ JY cos@sin(b—jw Cos ¢,
5% = J* sin 0 cos p+JY cos 0 cos p+J % sin ¢,

(10)

OTIEPATOPBI JIEKAPTOBBIX TPOEKIMI CYMMAapPHOTO CITHU-
na J* Y% onpeienensl Yepes mpejcrasienne [oabmreii-
na— [Ipumakosa:

J =5
JY =i g b %—\/1—?6) ~
“f5 -0
e %ﬁ]—%+l—?j:
A5 0+)
u [b,b1] = 1.

IToBopoT 0OBsICHSIETCST TPOCTO: B OCHOBHOM COCTOSI-
HUU € MAJIOH KOHCTAHTOH CBSI3U ¢ yroJi nmoBopota f = 0
u oneparop S, = J* B rammisronnane ke (1) mourn
JIUATOHAJIEH, CJIEJIOBATEJIBHO, IUATOHAJILHBIE DJIEMEHTHI
(S¥) = (J¥) crpemsrcs K Hymo. [T03TOMY «IHIOMLHbI
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MOMEHT», IIPOTIOPIIUOHAIBHBIH <S’ Y¥), paBeH HyJ110 U do-
TOHBI KBA3UKJIACCUIECKN PACHEIISIOTCs co crmaamu. C
JIPyro#l CTOPOHBI, KOIJa yroJj I0BOpoTa § HEHYJIEBOIA,
BO3HUKAET KOHCUHBIN «JIUIOJBHBIA MOMEHT» CIIMHOBOM
HOJCHCTEMbI, IPONOpIUOHaIbHEbI (SY) = (J7)siné,
KOTOPBI# CBsI3aH C KOIePEHTHBIM (DOTOHHBIM KOHJIEH-
catoMm (p) = Ag. Iocrennee npuBoguT K HECTAOWIIB-
HOCTH OCHOBHOT'O COCTOSIHHSI CHCTeMbI. MBI 3aMeHsieM
onepaTopsl B (4)—(7) UX CPeJHUMH 110 OCHOBHOMY COC-
TostEnIO B npejcTasiennn DeiizenGepra: A — </1>, nc-
nosb3yst coorHomtenus (9)—(11). asee paccmarpuBaem
pe3OHaHCHBIH caydait: hw = Fj.

B orsmume or [2] caBur GO30HHBIX OMEPATOPOB B
(11) He mpoBojmIICH, TAK KaK €ro poJib Ha cebs B3l
nosopor Ha yrou §. Torpa us (4)—(6) oueBuHO, 4TO CH-
cTeMa YpPaBHEHUH OIMCHIBACT HEJIWHENHYIO IBOJIIOIUIO
[IOJIHOTO CIIUHA S B CHUCTEME OTCYeTa, BPAIAroIeiics
BOKPYI' ocH 2z B (ha30BOM IIPOCTPAHCTBE IICEBIOCIIMHA
¢ gactoroit Ey. IlocKo/JbKy MBI pacCMaTpPUBAEM Pe30-
HAHCHBIN cayvait w = Ej, yron ¢ B (10) meHsiercst Bo
BPEMEHU KaK ¢ = wt, CJeJOBATEILHO, IIOJHBIA CIIUH S
BPAIlaeTC C IIOCTOAHHOM yIJIOBOII CKOPOCTDLIO W BOKPYT
ocu z, a ¢poroHHas nepementas p B (7) ocluiMpyer ¢
4aCcTOTO! w U IIPU 3TOM JIMHEHHO CBA3aHa CO CIIMHOM
4yepe3 nocyepnuii wied B npasoii gacru (7). Ymobuo
BBECTHU CJIEJIYIONINE OOO3HAYEHUsI JIJIsl CPEJHUX 3HATE-
Huit Kak QyHKIWit or Bpemenn (h = 1):

P = V2WAr(t) = —V2wgo(t) cos(wt),  (12)
S, = Scosf(t), (13)
Sy = Ssinf(t) sin(wt), (14)
Sy = Ssin0(t) cos(wt). (15)

TToCKOIbKY B CBEPXU3JIy9IaTEIHHOM COCTOSTHUE |2, 4]
OTOHHBII CIBUT B TEPMOTUHAMEIECKOM TIPEIETIE AR X
x S N/2 > 1, MOXHO WCIOJB30BATh KBa3W-
KJIaCCHYECKOe TPUOIIMKEHHE JIJIT OCHOBHOTO COCTOSI-

must: (5°) ~ (p)* B (4)-(7).

2. JUIIOJIbHBIN ®A30BBII ITIEPEXO/I, B
«3AMOPOXKEHHBIX» CKPEIITEHHBIX
JIEKTPUYECKOM U MATHUTHOM ITOJISIX

[TpuMedaTenpHo, 9TO B CTATUYECKOM IIPEJIEe, T. €.
upu Ag, 0, = const B ypasaenusx (12)—(15), Tpu
ypasHaerus (4), (5) u (7) craHoBATCS AJIrebpanIecKUMU
U OCTAIOTCS TOJBKO JIBA U3 HUX, TAK KaK ypaBHeHue (4)
00paIaercs B TOXKIECTEO. DTO O3HAYAET, UTO JTBAYKIBI
BBIPOKJIEHHOE DEIleHUe MOBOPUT O (Pa30BOM IIEPEXOIEe
B CIIOHTAHHO YIOPsA0UeHHY0 nunoabuayo dasy dYC c
3aMOPOKEHHBIMHA 3JIEKTPUIECKUM U MATHATHBIM T1OJIs-
MH B pe30HaHCHO# mosioctu. OUeBHUIHO, ITO MOJ0OHOE
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OCHOBHOE COCTOSIHEE CHCTE€MbLI BO3MOXKHO, €CJIH CKpe-
I[EHHBIE JIEKTPUYECKOe ¥ MATHUTHOE IOJIsl O [INHS-
FOTCSL CTATUYECKUM TPAHMYIHBIM yCJIOBHSIM Ha DAHNLE
HOJIOCTH, T. €. IOBEPXHOCTHBLH 3apsiiL HOJIZKeH ObITh CTa-
THYeH U (CBEPX)TOK JIOJIZKeH ObITh ToCTOsiHeH. Mbl Tak-
Ke TIOTYEPKUBAEM, UTO, KAK CJIE/IyeT U3 IPABBIX YacTeit
ypasuennit (5) u (7), AefiCTBUTENILHO CYyNIECTBYIOT /1B
PeIlleHus], OTJIMYAIOIINECS OTHOBDEMEHHON CMEHOM 3Ha~
KoB: 0 — —0 u Agp — —AR (cp. ¢ [2]).

3. «CBSI3BAHHOE CUSIHUE»
CBEPXWU3JIYYATEJILHOI'O COCTOSHUS B
MO/IEJIN JUKE B IIPEAEJIE
AJIVABATUYECKUX JIYC

B 3TOM pazmese TOSyInM aHAJUTHIECKOE DEIeHne
ypasaernit (4)—(7), ucronp3yst MOAXOM C JBYMSI BPe-
MeHHbIMHU Macirabamu [8] B mpeserne amnabaTnaeckoil
sposioru JIYC. Mbr onyckaem ypasraenue (6), Tak Kak
S, me Bxomut B ravmisromnan Juke (1) u B ypasuenus
(4), (5), (7). Takke MBI pa36MBaeM BPEMEHHYIO 3BOJIIO-
U0 Ha <«OBICTPYIO», IPOIOPIUOHAIBHYIO exp(iwt), u
«Me/JIJIEHHY 0%, OIMChIBaeMyIo dbyukimamu go(t) u 6(t),
KoTopele onpesenensl dhopmyaamu (12)—(15). Torza,
nogcrasisst (12)—(15) B (5) u (7) u ycpensist neByto u
PaBYI0 YACTH MO GBICTPHIM OCIIAJLTIATAAM W, TIOJTYTAM
CJTEJTYTOIIYI0 CUCTEMY YDABHEHWH JJIsl M3MEHSIFOIIXCST
auabaTnaecku pyHKITHH:

V2w

() = L2 go(t), (16)
mmz_ﬁ%%%@. (17)

IIporienypa ycpeanenusi Mo OBICTPBIM OCIHJIISITHIM,
npusossimas K (16) u (17), mpocra. A nmeHHO, HEOO-
xopumo nogcrasuth (12)—(15) B (5) m ymHOXKATH 06e
JacTH ypaBHeHUsd Ha cos (wt). 3aTeM HAJI0 BBIYUCIIATH
CpejiHee 110 «ObICTPBIM» OCHUJUIANUAM 38 KOPOTKUIA 11e-
puon Bpemenn (~ w™!), cumras nmepemennbie, cojep-
JKaIlme «MeJJIeHHbIe» YJIEeHBbI, KOHCTaHTaMu (azmaba-
rudeckas sBosonus JIYC). Uarerpupys 1mo KOpoTko-
My BPEMEHHOMY Iepuoy, noayuum (16). Ananorudno,
yMHOXKast 00e 1actn ypasHerus (7) Ha sin (wt) u moBTo-
psdst TY Ke caMylo nporeiypy, noiayauMm (17). ITo roii
’Ke npuuuHe ypaBHenue (4) BHOBb 00pAINAETCs B TOXK-
JIECTBO, KAK B «3aMOPOKEHHOM» CJIy4ae, PACCMOTPEH-
HOM BBIIIIE, MIOCJIE TPEHEOPEKEHNsT BTOPOi POU3BO/I-
HOI1 [0 BpEMEHU OT «MeJJIeHHO» (byHKIuu cos 6 B Jre-
Boii uactu (4). g yupomenus o6o3uavenuii naee Oy-
JIEM TI0JTb30BAThCA eauautiamMu A = 1. YMHOXKast JIEBYIO
gactb (16) Ha sin @ u ucnonb3ys (17), mosryanm nepBbIit
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ammadbaTUIeCcKuil HHTErpaJj JHHAMIIECKAX YPABHEHUH,
YCPEIHEHHBIX 110 OBICTPBIM OCITUJIISIIIISIM:

_ 920(75)

cos 0(t) = const = C, (18)

rpe C' — nosiHast SHEPrUsl CHCTEMBbl, YCPEJHEHHAs 110

OBICTPBIM ocumsanuaM, C' o (f[ ). Janee, nuddepen-

mupys (17) eMHOXKIBI IO BpEeMEHN U BhIpaxkast cos 6(t)

4epes go(t) ¢ ucronb3oBanueM (18), moyanm HeuHeR-

voe nauddepeHnuaabHOe yPaBHEHNE BTOPOTO TOPSIKA
9SVw 2

: go(t)(C+ < >:o.

Pertenne jannoro ypaBHEHHsT TOYHO BBIPAYKAETCs e~
pes bynkmun SAxobu. Ecam oibpars C' = 1 — 2k? ¢

JJIsT Hem3BeCTHON byHKIwn go(t):

2G0(t) | gvw g% (t)

(19)

0 <k <1 ][9], To pernerne ypasuenust (19) nmeer Bus

g\/Swt7k> 7

go(t) = V2Sk cn (

2 (20)
20
Ar = V25K cn (g 2S t,k) cos(wt),

e k — MOJIY/b JUINIITUIECKOTO UHTerpasia. Vcnoib-
3ys pemtenue (20), ocraBiinecs II€PEMEHHBIE MOYKHO
BbIpa3uTh anrebpandecku u3 (16), (17) kak (cp. ¢ [8])

1)

(21)

S, Scos925{1—2k2sn2 (

Sy = —Ssinfsin (wt) = 2kS x
X sn ( stt,k> dn ( ZSW

3nech sn, dn, cn — sjummnTHYecKue GyHKInn Axobu.
C mpyroit cropons!, mpu Buibope C' = k? — 2, pemmenns

t,k>,

9 9

t, k) sin(wt).

NMEIOT BUJL

go(t) = V2Sdn <g\/%

2
_ (22)
Ar = V2Sdn <g st t,k) cos(wt),
S, = Scosf =
= Sk? {1—25112 (g 2S’w t,k) } )
S, = —Ssinfsin (wt) =
y (wt) (23)

gV Sw
2

= 2k%sn <

<g\/ Sw
X cn

t,k) X

t, k) sin(wt).

2
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Db dexTuBnas gacrora 2, xapakrepusyroias Ou-
eHus mMITHIecKnX yHKipi ko6 B (20)—(23),
BBIPAXKAETCs YePe3 IIOJHBIH JUINITHIECKUI HHTErPall
nepsoro pona K (k) [9] (pacxomures npu k = 1) caeny-
TOIIIM 00Pa30M:

27 T g
t+— ) =go(t Q=
go ( + Q> gO( )7 wK(k) 2gc )
(24)
_ JEs
gc = —_—.
31ech g — KPUTHUYECKAss KOHCTAHTA CBS3U, IPHU KO-

TOPO#l CBEPXU3JIyIaTeIbHOE COCTOSIHUE CTAOUIBHO [2].
CuetoBarensio, B npegene k — 1 npesmosoxkenue o
«MeIeHHo» 3Bosmonun 6(t), 1. e. ) <€ w, KOTOpOoe Mbl
IPUHSIA B HAYAJIe BHIYUCJICHUN, BLITOIHACTCS, €CIIT

m g T9g
QD=w——ror ce. K(k — =
YE® 3g. S0 e KB E g0
ny (25)
ciienoBarenbHo, 1 — 2exp {—— —} <k<1.
e

Takum obpaszoM, pusmdeckoe sBjeHue (Ha3bl «CBs-
3aHHOTO CUSIHWsI» ONHUCHIBaeTcs pemterusivu (20)—(23).
BoIpazkeHust Uil 9JEKTPHIECKOTO TIOJsI U CyMMApHO-
ro JIMOJILHOTO MOMEHTA, CO3/IaBAEMBbIX B KAMepe, KO-
TOPbIE KOJIEBIIOTCA MEKLY JBYMsl BLIPOXK ICHHBIME OC-
HOBHBIMU COCTOSIHUsIMU MOjiesin JIuKe, 3almChIBAIOTCS
KaK

(26)

d = —2¢leS,, (27)
rae €,V,l — BeKTOp mojsgpu3aIyu, 00beM MOJIOCTH U
3ddeKTUBHAS TOJIINHA J13K03e(DCOHOBCKOTO KOHTAKTa,
COOTBETCTBEHHO, 2€ — 3JIEMEHTAPHBIN 3aPsi]i KyIIePOBC-
Kot mapbel. s JByX BO3MOXKHBIX BBIOODOB ajmada-
Traeckoro naBapuanta C, MPUBEJICHHBIX BBIIIE, IPEI-
CTABJIEHBI J[BA CJIELYIOINUX HAOOPA PEIIEeHU JIJTsT SJIEKT-
pudeckoro moJist E v cyMMapHOro qUojibHONO MOMEHTA,

AYC d.
1. Coywaii 1. C = 1 — 2k*:

(

gV Sw
2

= @evzgkcn

B() = -

t,k) X

x cos(wt), (28)
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d(t) = 2elSe - 2ksn | =——

g\/2Sw Eok

gV Sw

x dn Tt,k sin(wt), (29)
E;S.(t) = E;S |1 —2k? sn? g—VZS“t,k (30)
2. Cyuait 2. C = k? — 2:
2y/w gV Sw
E(t) = = 2 —t,k
(t) iz €Vv2Sdn 5 ,
x cos(wt), (31)
d(t) = 2elSe - 2k* sn g—”f“’t,k X
X cn %t,k sin(wt), (32)
E;S.(t) = E;Sk? |1 — 2sn? g—“%t,k (33)

2

Crenyer ormernTh uHTepecHBIH dakT. B oboux ciy-
JasiX BbIpaXKeHwue i qunosibHoi sueprun JIYC, T.e.
—E-d, onmunaxoso. Pazimrame B boToHHOM acTu p2/2 n
3eeMaHOBCKOI yactu —F;S,. OjHaKo Mbl paccMaTpu-
BaJIN «MEJJICHHYIO IBOJIIOIUIO», 9TO O3Ha4daeT k — 1.
B nannoM nipesiesie BeIparkeHus Jjis BCEX SHEPreTrdec-
KUX BKJIQJIOB COBIIQIAIOT.

Ucronb3yst ypaBHEHUSsI, 3allMCAHHBIE BBIIIE IS
JBYX CIYyYaeB, IOCTPOUM T'PapUKH 3aBUCUMOCTH JIEK-
TPUYECKOTO TI0JIst (POTOHHOIO KOHJEHCATa OT BpeMe-
uu FE(t), a Tak)Ke paclpeliejieHie SHEPIUd CHUCTEMBbI.
DHeprust pacupeiesieHa MeXIy dHeprueil CBA3U JIBYX-
YPOBHEBBIX CHCTEM 3JIEKTPOMATHUTHBIM IIOJIEM B IIO-
goctu —E - d m «3eemMaHoOBCKOiT» sHEprueit —Eng,
T. €. J12K03e(COHOBCKOIt HEpTHell TYHHETUPOBAHUS KY-
HepoBCKUX map B ramuabrornane (1). Jnsa C = 1 — 2k>
Ha puc. 1 NOKa3aHbI 3aBUCAINNE OT BPEMEHH OCITUJI-
JISITIIH KOTE€PEHTHOTO JIEKTPUIECKOT'0 T0JIst (POTOHHOTO
KOHJIeHCATa, (CILIONIHASL JIMHUS ) BMECTE € «MEJJICHHO»
orubarorreil KpuBoii (IITPUXOBas JIMHES ), KOTOpas 060~
3HaYaeT MEPUOINIECKOe n3MeHeHne (ha3bl OBICTPHIX KO-
JebaHuii Ha 7, T.e. JABOWHOE BBIPOXKJEHHE OCHOBHOT'O
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Puc. 1. 3aBMCUMOCTL OT BpPEMEHN OCLMANSLUI KOFepeHTHO-

ro 37eKTPUYECKOrO MoJisi (POTOHHOTO KoHAeHcaTa (croLHas

NUHNS) € «MeaneHHOR» orubatoweli (LUTpuxoBas MHUS), KO-

TOpasi CBWAETE/ILCTBYET O MEPUOANYECKOM N3MeHeHMN asbl
ocUMNNAUNA Ha T
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gVSwt/2

Puc. 2. 3aBucnMoCcTr OT BpEMEHU AUMNOJIbHOR 3HEPTN B nosie

coToHHOrO KoHAeHcaTa, nponopumoransHoi —E - d (cnnow-

Hast INHUS), U «3€EMaHOBCKON» 3HEpruu, NPOnopLUOHanbHON
—E;S. (wTpuxosas nnHust)

COCTOSTHWS CHUMAETCS JIWHAMIYeCKHM obpasoM. I'pa-
UK Ha pHC. 2 SCHO JIEMOHCTPUPYET, UYTO SHEPTHUs OC-
HOBHOT'O COCTOSTHIS IIPOSIBIISET IEePUOINIECKOe BHE3aI-
HOE IIPEBpAaIlleHne «3HEPIUU HyJIEeBLIX KOJeOaHUil» Ky-
MEePOBCKUX Tap (IITPUXOBasl JIMHWUs) B SHEPTHIO «CHsl-
HHUA» (POTOHHOTO KOHJeHCATA, CBA3AHHOTO C JTUTIOISAMA
JVC (cwoninas juHust), IPaBaa, MOAEIb He BKJIIOYA-
€T JINCCUIAIIHIO.

4. SBAKJIFOYEHUE

B pabore paccmorpena momens Jduke ¢ N mceBmo-
cimuamy 1/2, B3aUMOJIEHCTBYIOIUMHY C €AUHCTBEHHON
MO0t (POTOHHOTO TIOJII B PE30HATOPE B KBA3UKJIACCH-
9eCKOM CBepXu3JjydaresibHOM pexkume. C mcrmoabp30Ba-
HHUEM HeJaBHO MPEJJIOKEHHOTO TEOPETHIECKOTO METOIa
[4] Bpamatomerocs npencrasienns Lompmreitna — pu-
MaKOBa, JIEKAPTOBBIX KOMIIOHEHT IIOJTHOTO CIIMHA, ObLIa
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pPACCMOTPEHA KBAa3UKJIACCHIECKAs JTUHAMUKA, CHCTEMbI
oneparopHbix ypasHenmii [eitzenbepra. C moMoImpbo
[OAXO0/a JBYX BPEMEHHBIX MAacCIITa0OB (<«KOPOTKUii»
U <«JJINHHBIA») BIEPBBIE MOJIyYEHbl AHAJIUTHIECKUE
BBIPAXKEHUS ISl JIEKTPUIECKOTO TIOJsT U JUIIOJIBHOTO
MOMeHTa (CpeJHEro 3HAYeHHs] KOMIIOHEHTHI IICEB-
jpocumaa (Sy)) B pe3oHaHCHON mnosoctu. Perenus
BBIPAXKAIOTCS Yepe3 dJuunTudeckue yHknun Ixodwu,
OTIHMCHIBAsT BHYTPEHHEE CBEPXU3JIY YATEIHLHOE COCTOSTHUE
«CBSI3AHHOTO CHsIHHST». MHOXKECTBO JApyrux 3ajad,
CBSI3aHHBIX C TAHHOM, TAKUX KakK OndypKaImm 1 Xaoc B
ACHMIITOTUYIECKOM IIpejiesie, 00JIacTb MHTErPUPYEMOC-
TH U T.JI., IPEJCTABJISET WHTEPEC ISl JIAJIbHENIIero

nccJjieJI0BaHud.

Baarogaproctu. C. 1. M. 6aaromapur Kap-
a0 DBeitnakkepa, Komncrantuna Ederosa, Bepnap-
na BaH Xeka um Hwukosasi ['He3muiioBa 3a IOJIe3HBIE
JUCKYCCHM BO BpeMsi pabOTBI HaJ[ CTaThell, a TakKe
xosuter u3 Uncruryra Teopernyeckoit pusuku um. Jlo-
PEHIa 3a TOCTENPUUMCTBO BO BPEMsi €ro MpeObIBAHUST
B Jleiinene.

®dunaHncupoBanue. Pabora mpoBenena mpu
dbuHaHCOBOIT IO IEpKKe MUuHUCTEPCTBA HAYKHU U BBIC-
mero obpazosanust Poccuiickoit Pemeparnun B paMKax
[IPOTPAMMBbI TOBBLIIIEHUST KOHKYPEHTOCIOCOOHOCTH II0
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rpaaty HUTY «MUCuC» K4-2018-061, BbImtoTHEHHOIT
[I0 TOCYJapCTBEHHOMY IIOCTaHOBJIEHUIO OT 16 Mapra

2013, Ne211.
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OCUMNNNATOPbLI C 3ATYXAHUWEM B PAMKAX OBLLEN
TEOPUN CNNT KASUMUPA N BAH OEP BAAJIbCA

0. C. Bapaw™
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MokaszaHo, 4To obwas Teopusi cun Kasumupa n Ban gep Baanbca onucbisaet obycnosneHHble B3aumogelicT-
BMEM 4acCTV TEPMOLNHAMUNYECKUX MOTEHLNATIOB KBAHTOBOrO rapMOHNYECKOro OCUMANATOPa C 3aTyxaHueM, bu-
NMHEHO cBA3aHHOro ¢ TepmocTaToM. Mo aHanorum ¢ wnpokoii obnacTblo NpuMeHNMocTy obleli Teopun cun
Kasnmupa n Ban gep Baanbca npoeefeHo paclivpeHune mMofenn 3aTyxaloLero oCLUINATOPa U NoJyHeHbl CO-
OTBETCTBYIOLLME TEPMOANHAMUYECKNE BENNYMHBLI. B TO Bpemsi Kak B MCXOAHOW MOZENM TEnnoBoll pesepsyap
copepXuT bonblioe Yncno cBobOAHbLIX OCLMINATOPOB C UCHe3aloWe MaibiM AeMnUpPoBaHMEM, B PaCLUNpPEH-
HOli MOAENN TEPMOCTAT COCTOUT U3 ANCCUNATUBHbIX COCTABASIOWMUX, KOTOPbIE MOTYT MMETb Ntobble 4ONYCTUMbIE
3aBUCSLME OT YacTOTbl U TemMnepaTypbl BOCAPUUMYMBOCTN BCAEACTBME UX B3aUMOAENCTBUS B TepMocTaTe C
OOMNOSHUTENBHBIMUN AUCCUNATUBHBIMUA KaHaNaMu, HEMOCPEACTBEHHO HE BAMSIIOLUMMU HA LeHTPafbHbI ocuun-
natop. Takum 06pasoM, NofyUeHHbIe pe3ynbTaThl OKa3biBAOTCA NPUMEHUMbI K CAy4Yato 3aBUCALLENA OT 4acToThl
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1. BBEAEHUE

[Mpumensist  HaIyKTYaIMOHHO- TUCCUTTATIMOHHBIE CO-
OTHOIIEHUsI K JIEKTPOMATHUTHOMY IIOJI0 B KOHJICHCH-
poBannoit cpeme, E. M. Jludmmi permmua 3amady 06
uMeroIeM  (hJIYKTYaIMOHHOE 3JIEKTPOMATHUTHOE TIPO-
UCXOYKJIEHNE B3aUMOJICHCTBUN MKy pa3/eIeHHBIMU
[yCTON IesbIo ToscThiMu TuiacTuHaMu [1]. Permenne
Jludmuna noxkazano, KaK MOXKHO IOJIYYHUTh €IMHOE
onmmcanue cun Kasumupa n Ban nep Baasbca mexmy
MAaKPOCKOIMIECKUMHU TeJIAMU € 3aBUCSIIAMU OT 9aCTO-
ThI TPOU3BOJILHBIMU JINIJIEKTPUICCKUMU ITPOHUIAEMOC-
TSIMU.

C nosiBJIeHrEM KBaHTOBO-TIOJIEBBIX METOJIOB TEOPUU
MHOTUX Tesl moaxo JIudimuia 6611 00001eH B padboTe
Hzstmommmsackoro u ITuraesckoro 2], B KoTopoit GbLin
[OJIYYEHBI MMEIOIINE MUPOKYI0 00JIACTH TPUMEHUMO-
ctu obrmpe (hOPMYIIBI, OMUCHIBAIOIINE BKJIAJT JIJTHHHO-
BOJTHOBOTO (DJTyKTYAIMOHHOIO 3JIEKTPOMATHUTHOTO 110~
Jisl, B3aUMOJIECTBYIOIIEr0 ¢ KOHJIEHCUPOBAHHOI cpe-

* E-mail: barash@issp.ac.ru
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JI0i, B TePMOJMHAMUYECKHIE BEJMYUHBI HEOTHOPOIHBIX
JINCCUNIATUBHBIX CUCTEM B YCJIOBHUAX PABHOBECHS. DTO
HO3BOJIMIO, B YACTHOCTH, PACIPOCTPAHHUTL peIleHue
Jnbmuna g 3318491 0 ABYX ILIACTUHAX, Pa3esicH-
HBIX IIyCTOU IIEJIbIO, HA CJIy4yail B3auMOJeicTBUA 4Ye-
pe3 xuakywo 1wieHKy [3]. C Tex mop OCHOBHBIE Hjen
u pe3yiabrarbl obmeit Teopun cui Kaszumupa u Ban
nep Baasbca [1-4] cocrapisttor 6a3mc 1y1st COBpEMEHHO-
ro OIHUCAHUS TEPMOJUHAMUYECKUX BEJIMYUH, 00YCIOB-
JIEHHBIX (PJIYKTYAITMOHHBIM 3JI€KTPOMATHUTHBIM B3aU-
MmogeiicTeuem [5-11].

[To3nHee n BHE 3aBUCHMOCTH OT NIPUBEJEHHBIX BbI-
e UCCIIEIOBAHMIT 3HATUTE/ILHOE BHUMAHUE OBLIO yIe-
JIEHO TEPMOJIMHAMUKE OCHUJLIATOPA, CHIMHEHO CBs-
3aHHOTO C TEIIOBBIM pe3epByapoMm [12-26]. KsanTosast
U KJIacCHIecKasi JTMHAMUKA OCIUIIISATOPA € 3aTyXaHH-
€M, B3anMOJIEHiCTBYIOIIEro ¢ TEIIOBBIM PE3EPBYapOM U
HAXOJISAIIEr0Cst O ero (hIIyKTYaIMOHHBIM BO3IEHCTBI-
€M, n3yJayauch B Tedenne MHorux Jjetr [27-40]. Ocruir-
JIATOP C 3aTYXaHUEM SBJISIETCA XAPAKTEPHBIM IPHMe-
POM JIMCCHIIATUBHBIX KBAHTOBBIX cucreM [40,41], mpes-
CTaBJIAIONIIM UHTEPEC B CBA3MU C IEJIBIM PSIOM 34189 1
KACAIOIUMCS, B YaCTHOCTH, KBAHTOBOI'O GPOYHOBCKOTO
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nBukenus [37,39], BiugHUMS JAUCCUIALMU HA IPOLEC-
Cbl KBAHTOBOI'O TYHHeUpoBanus [33,42] u HeKOTOpbIX
OOIIUX ACIIEKTOB CTATHCTUYECKON MEXaHUKH M TEPMO-
JAUHAMUKA TIPU HAJUYIUU CUJIBHOI CBS3M C TEpPMOCTa-
ToM [26].

B mpennaraemoii crarbe cpaBHHUBAIOTCS OCHOBHBIE
ACIIEKTHI U PE3YJIbTATHI IBYX TEOPUil, UIACHTUPUIIIDY-
IOTCS WX OOIMUEe YepPThI U O0JIACTU CYIIECTBEHHOTO IIe-
pecedenus. Ilo anasornu ¢ mMupoKoit 061aCTHIO IPIMe-
HuMocTHr obreit Teopun cunt Kasumupa nu Ban gep Ba-
aJIbCa MOJIEJIb OCIIMJLISITOPA C 3aTyXaHueM OyJIeT jaJjee
006001IeHa Ha ClIydail TeEpMOCTATOB ¢ 0ojiee CIIOXKHOM
CTPYKTYPOii.

Ha mepBoiit B3rIsiy, JiBe yIOMSIHYTHIE BBIIIE 00JIa-
CTH WCCJIEIOBAHUIT CYIIECTBEHHO OTIMYAIOTCS JPYT OT
apyra. Momens IIBanmura— Kammeitpor — Jlerrerra mys
ocimyiaTopa ¢ 3aryxarueM [30, 33| npemcrasaser co-
6ol mpuMep MaJjoif KBAHTOBOW CHCTEMBI, KOTOpasi Jie-
MOHCTPUPYET IMCCUIIATUBHOE IIOBEJEHUE, BO3HUKAIO-
1ee BCJIE/ICTBUE €€ B3aUMOJEHCTBUS C TEPMOCTATOM.
Takast MOJIe/Ib TIO3BOJISIET U3YYUTh BAaXKHbBIE JjIsi KBAH-
TOBOIl JJUHAMWMKY CUCTEMbI CBOICTBA, JOITyCKas TOYHBIE
peIlleHns B IPOCTBIX CIIydasdx. e Takke MOYXKHO pac-
CMaTpUBATh KaK YaCTh H0JIee CJIOXKHBIX KBAHTOBOMEXA~
HUYecKux 3ajad. [Ipocrast crpykrypa Tepmocrara, co-
CTOSIITIEr0 U3 OOJIBIIOTO YHC/Ia CBOOOIHBIX OCIIUJLISITO-
POB, B3aUMOJIEHCTBYIOIIUX TOJIBKO C IEHTPAJBLHBIM (CH-
CTEMHBIM) OCIUJLIATOPOM, IIPUBOJUT K BO3MOXKHOCTH
ONHUCAHNUS IUCCUTIATUBHOTO ITOBEIEHUS IIPU IIEPEXOIE K
3aj1a4e ¢ OJHON WU [BYMSI CTEIEHsIMUA CBOOOIBI.

B mporuBomnosio:KkHOCTH MOIEN OCIUIISTOPA C 3a-
Tyxanuem, obas reopus cui Kazumupa nu Ban nep Ba-
aJbCa paccMaTpuBaeT (B paMKaxX MHUKDPOCKOIHNIECKOTO
KBAHTOBOI'O IOJIXO/IA) B3aUMOEHCTBUE JJIMHHOBOJIHO-
BBIX KOMIIOHEHT JIEKTPOMATHUTHOTO IOJI C PeabHOMN
KOHJIEHCUPOBAHHOI CUCTEMOI, TP KOTOPOM He BO3HU-
KaeT HeOOXOIMMOCTH HU B PA3/IEJIEHUN JBYX HOJICUCTEM
Ha MAJIYIO IMEHTPAJIBHYIO CHCTEMY 1 OOJIBIION TEII0BOMH
pe3epByap, HU B CyIIECTBEHHBIX YIIPOIIEHUSAX OOIIeit
IIOCTaHOBKHU 3a/laYvM. ?)aBI/ICHIH‘I/Ie OT 9aCTOTbI JUCCHUIIa~
TUBHBIE JUIJIEKTPUIECKIUE IIPOHUIAEMOCTA KOHJIEHCHU-
POBaHHOM cpebl GUTYPUPYIOT B TEOPHUU B OOITEM BU/JIE,
B coracuu ¢ (IyKTyalmOHHO- TUCCUAIAIMOHHBIMU CO-
OTHOIIIEHUSIMI, & WX KOHKpeTHas (pOopMa MOXKET OBITh
3a/IaHA UCXO/lsl U3 HE3aBUCUMBIX TEOPETUIECKUX WUJIU
9KCIIEPUMEHTAJILHBIX JTaHHBIX. Pe3ypTaTsl 001eit Teo-
pUU IPUMEHUMBI K HEOTHOPOIHBIM KOHIEHCHPOBAHHBIM
CHCTEMaM C IIPOU3BOJIBHBIM ITPOCTPAHCTBEHHBIM ITPO-
duseMm, B KOTOPBIX IPOSABJISIOTCS HEJIOKAJIbHbIE KOPPe-
JIAINN MUKPOCKOITMYECKOTO KBAHTOBOT'O 3JIEKTPOMAr-
HUATHOTO TIOJIsi B Cpeax € 3aBUCSIIAMEA OT KOODJUHAT
MaTPUYHBIMHA IUJIEKTPHIECKAMH IIPOHUIIAEMOCTIMU.
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CB060IHASI OT MOJIEJILHBIX [IPEIIIOJIOXKEHNI 00IIast Teo-
pust 00618 7a€T CyIeCTBEHHO 00JIee MUPOKUMHI BO3MOK-
HOCTSIMU B PaMKaX 00JIACTH ee IIPUMEHUMOCTH.

C Jpyroit CTOPOHBI, JIBE CPABHUBAEMbIE TEOPUH UMe-
FOT PsiJi BayKHBIX OOIUX XapakKTepHbIX uepT. [Tockosib-
Ky CBoiicTBa u B3ammojeiicrBusa Kasumupa u Ban nep
Baasbca m HaXosAIIEroCs 1O/ BJAUSHUEM TEPMOCTATA,
ocnmIITOpa (POPMUPYIOTCS TIOJ, BO3/JEHCTBHEM paB-
HOBECHBIX (DJIYKTYaIuil, CXOHbIE YePThl MEXKY HUMUI
U3BECTHBI [43|, XOTs HENOCPEACTBEHHOE CPABHEHHE OC-
HOBHBIX PE3YJIbTATOB JIJIs TEPMOIUHAMUYIECKUX ITOTEH-
[IHAJIOB HE MPOBOAMIIOCH. Kpome TOro, JaIMHHOBOJIHO-
BO€ JIEKTPOMATrHUTHOE (DJIYKTYAIIMOHHOE IIOJIE B TEO-
pun cun Kazumupa u Ban jep Baanbca okaspiBaeT-
csl 3aTyXalOMM, UMEIONUM KOMILJIEKCHbIE COOCTBEH-
HbI€ YACTOTHI, BCJIEJICTBUE €r0 B3aUMOIENCTBUS C KOH-
JIEHCUPOBAHHOI CpeJIOil, U B 3TOM KOHTEKCTE HAIIOMUHA-
€T OCITUJIIATOP, KOTOPBIH CTAHOBUTCS JUCCUIATHBHBIM
13-33a B3AUMOJEHCTBHUA C TEPMOCTATOM.

Cieryer TakkKe OTMETHTH OOIIYI0 OMIMHEHHYIO OTIe-
PaTOPHYIO CTPYKTYPY OCHOBHBIX WJIEHOB B TAMUJIBTO-
HAAHAX, ONUCHIBAIOIINX B3aMMOJIEHCTBUE, C OIEPATO-
paM# MUKPOCKOITMYECKON KBAHTOBOH IIJIOTHOCTH TOKA
U 3JEKTPOMATHATHOTO IMTOTEHIINAIA B OJHON W3 Teo-
puil U C omepaTOpaMh IIOJIOKEHUH IEHTPAJJIbHOI'O OC-
IUIISTOPA U KaXKJI0T0 U3 OCIUJIISITOPOB TEPMOCTATA B
Japyroii. B oboux cityuasix ycpeHeHIe 9IEHOB B3auMO-
[efCTBUST MOYKHO IIPOBECTH, UCIIOIb3Y (DIIyKTYaIlnOH-
HO-JTUCCUTIAIIMOHHDBIE COOTHOIeHusI. Ermie omna cyime-
CTBeHHAs OOIast 9epTa JBYX TEOPHil COCTOUT B TOM,
9TO B3AMMOJIENCTBUE C MEHTPAJBHBIM OCIUJLIATOPOM
HE TPHUBOIWUT, B PAMKaX MOJE/JN, K U3MEHEHUIO BOC-
[IPUAMYKMBOCTEN OCIUJLISITOPOB TEPMOCTATa. JTO aHAa-
JIOTMIHO TOMY, 4TO B 00Immeit teopun cun Kaznmu-
pa n Bam nep Baanbca BKIag oT B3aMMOIEHCTBHSA C
JJIMHHOBOJIHOBBIM (DJIyKTYaIlMOHHBIM 3JIEKTPOMATHUAT-
HBIM IIOJIEM B JUJIEKTPUIECKHUE TPOHUIIAEMOCTH KOH-
JEHCUPOBAHHON CPEIbI MPEIIIOJAraeTcs IPeHeOpexKm-
MO MAaJIbIM.

CylriecTBeHHOE II€pecedeHne JIBYyX O00CYZKJIaeMbIX
Teopuil CTAHOBUTCH OYEBHUHBIM B CJIydae JIEKTPOMAr-
HUTHOTO B3aMMOJIEHCTBUS EHTPAILHOIO OCIUAJIIISITOPA
C TEPMOCTATOM. Y UNUTHIBasI 3TO OOCTOATEIHCTBO U IIPO-
BO/Id QHAJIN3, B HEKOTOPOM CMbBICJIE B OOPATHOM ITOPS/I-
Ke, BKaa cui Kasumupa u Bam gep Baasnca B cBo-
OOHYIO SHEPrUIO JUCCUIATHBHBIX CHCTEM OBLI HJIE€H-
TUMUIIPOBAH UCXOS U3 PACCMOTPEHUS JIJIMTHHOBOJIHO-
BBIX 9JIEKTPOMATHUTHBIX (DIIYKTyallnii B 9JIeMEHTAPHOM
RCL-koHTYpE, KOTODBIH, HO-CYIIECTBY, SABJISICTCS [IPU-
MepoM ocIuuIsATopa ¢ 3aryxanueM [44]. Bupouem, B
TO BpeMs Kak O0Iasi Teopusi IPUMEHNMa K OOBITHOMY
RCL-k0oHTYDY, KOHTYD Y/OBJIETBOPSIET HE BCEM YCJIO-
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OcunnnsTopsl € 3aTyxaHnem B paMkax obuieii Teopun cun Kasnmupa. . .

BUSIM MOJIEJIN, B KOTOPO#l OCIHMJLISTOPHI TEPMOCTATA,
“MeoT GECKOHEYHO MaJjible (DYHKIUHU J1eMII(UPOBAHUS
U, CJIeJIOBATEHLHO, BENECTBEHHBIE COOCTBEHHBIE TaCTO-
Te1. O0bIuHOE conporusiienne RCL-koHTypa, Hampo-
THUB, OIIPEJIEJISETCSI U3BECTHBIMU PEAJIBHBIMU ITIPOIIECCa~
MH B MeTaJlle, KOTOPbIE CJEIyeT PacCMaTPUBATEH KaK
JIOTIOJTHUTE/IbHbIE BHYTPEHHHE KAHAJIbI JINCCUTIAIIAN B
TepMocTaTe, He BKJIIOYEHHBIE B UCXOIHYIO0 MOJETh. JTO
OTHOCHUTCSI, KOHEYUHO, K OOJIBIIEil 9aCTH CUCTEM, OOBIY-
HO m3yvaeMbIX B 00mIeit Teopun cui Kasumupa u Ban
nep Baanbcal).

Mogesbio  3JIeKTPOMArHUTHOTO — IIPOUCXOXK IEHUSI,
KOTOpasi OJJHOBPEMEHHO YJIOBJIETBOPSIET KAK YCJIOBHSIM
MOJIEIN OCITUJIIATOPA € 3aTyXaHUEeM, TaK U TeOPUHU CUJT
Kasumupa u Ban nep Baanbca, siBaseTcs 3apsizKeHHbBIH
OCIIMJIISITOP B PABHOBECHOM II0JI€ M3JIY9€HUSI YEPHOTO
Tena. B arToit momesn dyHKnus memudupoBaHUS Yy
OCHMJIIIITOPA BO3HUKAET OJlarofiapst IPOIEccaM pe-
akiun usaydenus (12, 13]. Ceasp 910if KOHKPETHOI
3ajtaun ¢ Teopueit cu Kazumupa n Ban jiep Baasibcea,
He 3aMedeHHas B paborax [12, 13|, obcyxmanack B
[45], HO TONBKO B pENETHHOM CJIydae BEIeCTBEHHBIX
COOCTBEHHBIX YaCTOT, KOTJIA PEe3yJbTAT CBOIUTCS K
CcBODO/THON SHEPIUM CBOOOHBIX OCIMIJISITOPOB € COD-
CTBEHHBIMU YaCTOTAMH B3aUMO/ICHCTBYOMIEH CUCTEMBI,
KaK 9TO UMeeT MeCTO I B3ammojeiicTBus KasuMmupa
u Ban nep Baasbca B cucTtemax ¢ BelecTBEHHBIMHI
cobcTBeHHBIMU YacToTaMu [46-50].

Kak Oymer mokazano HmkKe, 00yCJIOBJIEHHBIE B3a-
UMOJIEICTBAEM YACTH TEPMOJIMHAMUYECKUX TOTEHITHA~
JIOB, TIOJyY9€HHBbIE B PAMKAX MOJIEIH OCIMIISTOPA
C 3aTyXaHWeM U B paMKaX CBOOOJHOI OT MOJIEjIb-
HBIX IIPEeIOJIOXKeHuil obIieit Teopun cuii Kaszumupa u
Ban mep Baasbca, coBmamaior, ecan uX BBIPA3UTDH de-
pPe3 CXOHBIE BEJIMIUHDBI. DTO SIBJISIETCS CJIEJICTBUAEM CY-
IIIECTBEHHOI'O II€PECeveHnsl JIBYX IOJIX00B. JIpyrumu
CJIOBAMU, TEPMOJIMHAMUKA OCIHJLISITOPA € 3aTyXaHU-
eM, OMJIMHEWHO CBSI3aHHOTO C TEPMOCTATOM, HEIOCPE/I-
CTBEHHO OIUCHIBAETCs JABHO IIOJIyYeHHBIMU Pe3YJIbTa-
Tamu obmeit reopun cut Kasumupa n Bax jiep Baasibca
[4,50-54].

[IpemyioxkeHHOE B 3TOM CTaThe pacIIupeHre NUCXO/I-
HOM MOJIEJI OCIMJIISTOPA € 3aTYyXaHHEM BKJIIOYAET
BJIMSIHUE JIOTIOJIHUTEJbHBIX BHYTPEHHUX KAHAJIOB JIHC-
CUIIAIIM B TepMocTare. B pesysibrare, BMECTO UMEIO-

1) Ciiefysi BBISIBJIEHHON B STOH CTAThe AHAJIOTHH MEXKILY De-
3yJIbTATaMM [ABYX TE€OPUi, OUCCUIATUBHBLIC CBOHCTBA KOHICHCU-
POBAaHHOI Cpe/ibl Mbl CPABHUBAEM 3/1ECH C [IUCCUIIATHBHBIMU CBOM-
CTBaMH OJJHOI'O TOJIbKO TEPMOCTATa, HO HE CAMOIO IEHTPAJIbHO-
ro ocrussaTopa. Posb mociaennero B MofesIu aHAJIOTUYHA POJIK
bIIyKTyalmOHHOIO 3JIEKTPOMArHUTHOIO I0JIs1 B Teopun cui Ka-
sumupa u Ban gep Baassca.
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IIIIXCsI B MCXOHON MOJIEJIN BOCIIPUUMYUBOCTENR CBOOOI-
HBIX OCIWIJIATOPOB TEPMOCTATa, PACHIUPEHHA MOJIEIb
JOIIyCKaeT HaJIu4dne 3aBUCAIINX OT YaCTOTHI U TeMIlepa-
TYPBI UCCUNIATUBHBIX BOCIPHUUMYNBOCTEN OOIIEro BU-
Ja. XOTs MEeHTPATbHBIN OCIUJIISATOD, IO TPEJITOTOXKe-
HUIO, HEIOCPEJCTBEHHO HE CBA3aH C JIONOJHUTEIbHBI-
MH KaHaJaMu, ero MyHKINAA JIeMI(pUPOBAHUS TPUOO-
peTaeT 3aBUCUMOCTb OT YaCTOTBI U TeMIlepaTypbl de-
pe3 OuimMHelHOe B3aMMOJEHCTBHE C JUCCUIIATUBHBIMUI
OCHWJIIATOPAMU TepMOCTaTa WM aHAJOIMYHBIMU UM
€ro cocTaBJsdomuMu. Pacimupennast MoJIeb JIOMyCKa-
€T TepMOJMHAMIYEeCKOe OIIICaHNe OCIIUIIIATOPA C 3aTy-
XaHUEM B PaBHOBECHOM COCTOSIHAU U, BOODIIE rOBODH,
He NpeJiHa3HavYeHa JId U3yYeHud JUHAMWUKU Bceil cu-
crembl. COOTBETCTBYIOMIUI PE3yIbTAT JJIs CBOOOIHOM
9HEPruy, MOJYYEHHBIA C 3aBUCAIIECH OT TeMIlepaTyphbl
byurmnmeit reMdupOBaHNs IEHTPATHHOIO OCIIHILIATO-
pa, Kak OyIeT MOKa3aHO, COBIIAIAET C BhIPayKeHNeM JIJIsi
CBODOIHOM SHEPTUM B WMCXOHON MOJEJN, B TO BpEMA
KaK pe3yJbTaT JjId BHyTPeHHell SHepruu u3MeHseTCd.
CraTbsi OpraHmsoBaHa CjeaymomuM obpazom. B
pa3jl. 2 mpuBE/ICHBI OCHOBHbBIE PE3YJILTATHI JJIsT OCITUJI-
JIATOpA C 3aTyXaHueM, UCHOJIb3yeMble B I10CJIeTyIONINX
paznenax. B pasa. 3 mpejicraBieH aJbTepHATUBHBIN
BBIBOJI OOYCJIOBJIEHHBIX B3aMMOJIENICTBHEM YacTeil CBO-
6O/HOM W BHYTPEHHEH SHEPruil OCIUJIISATOPA C 3aTy-
XaHUeM, 9TO CJIYy2KUT OCHOBOH N4 JaJbHE!Iero pac-
cMmotrpenus. Pasensl 46 1OKa3bIBAIOT CBA3b PE3YJib-
TATOB /ISl OCIUMJIATOPA C 3aTyXaHUEM C pe3yJibTaTa-
mu 00rmeit reopun cuit Kasumupa u Ban nep Baasibca.
Pacimupennast Mofeb 710 OCIUJIISITOPA C 3aTyXaHUEM
pasBuTa B pazj. 7. Pazmen 8 3aBepiiaer cTaThio.

2. OCHOBHBIE COOTHONIEHUA J1JId
OCINJIJIITOPA C 3ATYXAHUEM,
B3AVMMO/JIENICTBYIOIIIETO C
TEPMOCTATOM

PaccvoTpum B KadecTBe MaJioif KBAHTOBOIl cHCTe-
MBI, B3aUMO/JICHCTBYIOIIEH ¢ TEpPMOCTATOM, LEHTPAJIb-
HBI  OCIMJLIATOP, B3AUMOJEHCTBYIONHUT CO CBOOO/I-
HBIMU OCIIIJLIATOPAMH OKDPYKeHHUsd. BBemem cooTBeT-
CTBYIOIIIUE OIIePATOPBI MOJOXKECHUA Q u g, (@ = 1,
2,...,N).

Ecam BuemnHnee Bo3MyIIeHne B TaMIJILTOHIAHE TMe-
eT BU[J,

N
‘7emt = _Qfezt,Q(t) - Z QQfemt,a(t) (1)
a=1

W JIMHEWHBIA OTKJMK Ha BHENIHUE CUJIbI femt_,Q u
fewt,a OIIMCBHIBACTCH CJICAYIONUMU COOTHONIEHUAMH J1J1s
bYphe-KOMIIOHEHT YCPETHEHHBIX BEJIMIWH:
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Qw)

+ZXQ04
+ZXO[5

TO cojleprKalnasl BXOJSINNE CIOJla BOCIPUUMYUBOCTH
GIIyKTyaIMOHHO- TUCCUIIAIIIOHHAsT TeopeMa, KaK W’3-
BECTHO, MOXKET ObITh HpeJCTaBIeHa B Bue [55]

(QQ)W = hcth (%) Im [XQQ(w)},
1) [¥2u(©) ~ xae (@)

(), = heth (57 ) i)
St () [Xale) ~ xastw)]

= —cth
2

31echb (AB)W 0003HAYAET CIEKTPAJIBHYIO ILJIOTHOCTH

CUMMETPU30BAHHOM KOPPEJSIIUOHHON (DYHKIIUU B DaB-

HOBECHOM COCTOSIHUM,

SUAWMBE) + B)A®W) =

:XQQ( feth ferta() (2)

o (W) = XaQ( feact Q feact,6(w)7 (3)

(4Q),, =

(905),,

= / (AB),, exp [—iw(t — )] ;i—:i (8)

JIJ1s1 KBAHTOBBIX COCTOSIHUI, NHBADHUAHTHBIX 110 OT-
HOIIIEHUIO K OTIEPAINY NHBEPCUN BPEMEHH, JTOZKHBI BbI-
HOJIHATBCSA COOTHOIIEHU X Qa (W) = Xa@ (W), Xas(w) =
= Xsa(w), 1, HATIpAMED, paBeHCTBO (5) CBOAUTCS K CO-
OTHOIIIEHUIO

), = e (1) tfrcnt].

[Ipu Hanmmauy BHEITHEH CUJIBI U BBI3BAHHBIX B3AUMO-
JefiCTBUEM C TepMOCTATOM JIUCCUIIATUBHBIX IIPOIECCOB
JIMHEApU30BaHHOE IUHAMUYIECKOE ypaBHEHUe JJId CTa-
THCTUYIECKH yCPETHEHHOI'O OIlepaTOpPa MOJIOXKEHUS IIeH-
TPaJIbHOrO ocIujsiTopa ¢ Maccoir M u gacroroit ()
nMeeT BU]

)+ M / dt'y(t
= fewt(t)u

rae ¥(t) — muccnnarubHast DYHKIMST TTAMSITH.
COOTBeTCTByIOH_Ia,H 3aBuUcAdIad OT 9aCTOTHI BOCIIPH-
HMYUHBOCTD, CIEIOBATENBHO, eCTh X (W) = Xo(w),

1
T (( pon) M

)Qt") + M*Q(t) =

(9)

xe(w)

rae dysxmus gemnduposanus y(w) sasasercsa dy-
pbe-obpazoM (t).
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BocmpunMauBocTh (-T0 ¢BOOOIHOTO OCITAILISITOPA, C
MAaccoit M, W 9aCTOTON W, UMEET BUJ

1 1

— —
Me W2 —w? —iwe

Xao(w) = e — +0. (11)
J1si  HAXOXKJIEHHsI  II€PEeKPECTHBIX

XQa (W), Xavy(w) MaTpuanoOil GyHKIUE OTKINKA YIOG-
HO BBECTH IIOJIHBIM KBAHTOBBIH TaMAJILTOHUAH MOJIEJIN

KOMIIOHEHT

IIsannura — Kamnmeiipor —Jlerrerra 8 3aTyXalomiero
ocrsiropa [30,33] ¢ 1o6aBIeHHBIMEA KJIACCUIECKUMU
BHEIIHUMU CUJIQMU:

N p2
H= MQ2 2 .
2M Q@ — Qfexto +
A9 2
pa 1 2 ~ Ca A
! g gt (1) ] )

(12)

N
- E QQfemt,a-
a=1

31ech Q, Pu Goy Do — OIEPATOPBI TIOJIOXKEHUST U UM-
MyJIhCa COOTBETCTBEHHO NEHTPAIBHOTO OCIALISTOPA, 1
Q-TO OCIIJLISITOPa TepMocTaTa. LleHTpabHbIi OCIuI-
JISITOP B3aUMOJIEHCTBYET € -M OCIUJIIATOPOM OKPY-
>KeHust ¢ KoHcTauTol cBsasu C,. Popma BXOmAIMNX B
raMuiibTOHNAH (12) 9I€HOB B3anMOIEHCTBUST NCKITIOIa-
eT 00yCJIOBJIEHHY IO B3aNMO/IEHCTBUEM TIEPEHOPMUPOBKY
9acTOTHI §).

CpaBHuTEIHHO IIpocTas MoJeb (12), Kak u3BecTHO,
JIOIIYCKAET JIETAJIBLHOE OIMCAHNE CBONCTB HAXOISAIIErO-
CsT TIOZT, BO3/IEHCTBIEM TEPMOCTATA OCIIUJLIATOPA C 3aTY-
xanueMm [26,30,33,37,39,40]. B yacraocTH, KBAHTOBbIE
ypaBHEHUsI JBUKEHUsI [TOC/Ie UCKJIIOUEHUS (o U3 yPaB-
HeHust 11 (), KBAHTOBOTO CTATHCTUYECKOTO YCPEIHE-
Hust 1 npeobpasosanusa Pypbe CBOIATCA K BHILY

M [(9* — w?) —iwy(w)] Q(w)

= feat,@(w) + Z CaXa(W) feata(w), (13)
Ma(@? ~w3)4a(w) = CaQ@) = furtalw).  (14)

s ypasuennit (13), (14) sbrrexaer
Yao(®) = Xo(w): (15)
XQa(w) = Xa@W) = Caxq(w)Xa(w), (16)
Yaa @) = Xa(@) (14 C2xe@)xa(@)),  (7)
Xas (@) = CaCix(@)xa(@Xs (@), a#6,  (18)

u (11).

rae X (w) 1 Xao(w) onpenenens: B (10)
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Kaxk Bujno n3 Bopakennii (4)—(7), (15)—(18) u
(11),
COJIEPZKAT AUHCTBEHHYO BeJIMINHY 7y (W), KOHKPETHBI
BUJI KOTOPOH OIPEJIesIsieTcst TaMuIbTORnaHoM (12):

(10),

paccMaTpuBaeMble  KOPPEJISITUOHHBIE  (DYHKITUT

(19)

iwMry(w —Xa(0)],

an

U OKa3bIBAECTCA CBA3aH C TAaK HA3bIBAECMON CIIEKTPaJIb-
HOU IJIOTHOCTBIO B3aUMOIEHCTBULA

N
w) Z C?
a=1

rie 0(w) — equHUYIHAS CTyeHYaTas MyHKIM, & JIBOM-
HO mITpUX y Y 0003HAYAET B3sATHE MHUMON JaCTH.

(20)

Ceasp mexay dyukuueii nemidupoBanus y(w)
M CIEKTPAJIBHON TJIOTHOCTBIO B3aMMOJEHCTBUS UMEET
BUJ

J(§)dg
§(€? — w? —iwe)’

29w

0.
7TM e —+

Y(w) =

(21)

Omupenenennnsie B (19), (20) BeaMIMHBI YIOBJIETBOPSI-
0T COOTHOIIEHNIO (21) HE TOJBKO B CIIyvae MCIOJb30-
BaHUs BbIpaxkeHusi (11), HO TakxKe U Jyisd JIOOBIX JIO-
[YCTUMBIX 3aBUCSIIAX OT YACTOTHI BOCIPHUMIUBOCTEN
Xo(w). Hdus yecraHOBIE€HUST CripaBeiinBOCTH (hOPMYJIBI
(21) B obmieM caryuae cireyer mojgcraButh (19) u (20) B
(21) 1 npEMEHNTH K BBIPazKeHHAM |Xa(w) — Xa(0)] /w?
[OJ] 3HAKOM CyMMUDPOBAHHUSI B JIEBOH YaCTH IIOJLyIHB-
IIErocss PaBeHCTBa, Cyeytoniee cooraomenne Kpamep-
ca— Kponura:

fx”(&)dé

X/(w) - 52 _ wg . (22)

0

3. TEPMOAVNHAMMYECKHNE ITOTEHIIMAJIBI
OCHMNJIJIATOPA C BATYXAHMNEM

OO0ycCJIOB/IEHHBII B3aNMOAEHCTBAEM IIEHTPAJBHOTO
OCITUJIIATOPA C TEPMOCTATOM BKJIAJ] B CBOOOIHYIO SHED-
TUI0 MOXKHO CPaBHUTEJBLHO IIPOCTO HAMWTH, €CJIM IIPH-
PaBHATH, CJedysl OOIUM COOTHOIIEHHAM CTATHCTHYe-
ckoit dusuku [53-56], MpousBoIHYI0 CBOGOIHOI SHEP-
I'UU 110 ITapaMeTpPy B3auMOJEHCTBUA COOTBETCTBYIONIEH
YCPEAHEHHON IIPOU3BOJHON OT raMUJIBTOHUAHA C IIOCJTIe-
AYIOIAM HWHTErPUPOBAHUEM IOJYyYeHHOIO PAaBEHCTBA
110 TMapaMeTpy B3auMOJEHCTBUA. Y MHOXKAs C ITOI Iie-
ab10 Bee KoHCTaHThl ¢Bsi3u Cp(a = 1,2, ..., N) B ra-
MuwibroHnane (12) HA OJMH U TOT Ke HapaMerp A,
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MIPUXOIUM K YCPEJIHEHHOH IIPOM3BOIHOII I'aMUJIBTOHH-

aHa 1o A:
OH () N
) - ; Clo
dw
x / = ((an) ~ACaxal0) (@2),,,)- (23)
Baech (...)x # (...)y,x O3HAYAIOT COOTBETCTBEHHO

YCPEJIHEHNE TI0 PABHOBECHOMY COCTOSIHUIO CUCTEMBI C
raMuIbTOHIAHOM H (\) M CHMMETPH30BAHHYIO CIICKT-
PAJIBHYIO IUIOTHOCTD.

Tak Kak BOCIPUUMYUBOCTH OCIUJIIATOPOB TEPMO-
crata Yq(w) (11) me comepkar C,, OHM He 3aBU-
CAT OT TapaMeTpa B3amMOJEHCTBUS A, B TO Bpe-
Mgl Kak dyHKIus gemidupoBanus y(w,\), Kak 3TO
crenyer u3 (19), HposiBASET KBAIPATHIHYIO 3aBUCH-
mocTh: Y(w,A) = A2y(w). CremoBarenbHo, 3aBHCH-
MOCTB (DYHKIUN OTKIHKA X (W, A) OT 9TOro mapaMeTpa
HOJIyYaeTCst TOCsIe ToCTaHoBKU B opmysty (10) Besn-
et A2y (w) Bmecto (w).

IIpumensis Temephb IIyKTYaIuOHHO-TUCCATIATIAOH-
Hble cootHomenus (4), (5) n yaursiBas (15), (16), BBI-
pakaeM KBaJpaTUYHble U OUJIMHEHHbIE 110 TIOJIOYKEeHN-
SIM OIIEPATOPOB CIEKTPAJIbHBIE IUIOTHOCTH B (23) uepe3
COOTBeTCTBYOINE (DYHKINA OTKIUKA U TOJYIAEM CBO-

AVF = F(A= O):/d/\< > -
A

[e'e) 1
dw iwAd\y(w) B
—Im/ %th / 02 —w?) —iwA2y(w)
—0o0 0
dw hw

02 — w? —iwy(w)
02 —w? —jwe

00/IHYIO SHEPTUIO B BU/JIE

DH())
)

1)—F (A

hw
2T

X In (24)

, € — +0.

IIpu y4eTe aHAIUTHYECKHUX CBOMCTB (DYHKIUIT OTKJIMKA,
B BepXHel OJIYIIOCKOCTH KOMILIEKCHOI 9acTOTHI pop-
Mysia (24) nmpeobpasyercst K CJIeYINIeMy BIPAYKEHUIO
JI7IsT CBOOOTHOM SHEPTUM:

P fwny(iwn)
ANF = F—F, = TZ: In o (25)
3aecs w, = 2mnT/h — manybapoBckas dacroTa, a

HMITPUX Y 3HAKA CYMMHPOBAHUs O3HAYAET, UYTO UJIEH C
n = 0 Gepercs ¢ MOJOBUHHBIM BecoM. [Ipu mosryueHnn
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BhIpaskeHust (25) yunTsiBaiock ycuosne y(w) — 0 npu
W — 00, KOTOPOE OJIZKHO BBINOJIHITHCA B PEAJHHBIX
CUCTEMAX.

Xorst wren ¢ n = 0 B (25) obpamjaercsa B HyJb,
€ro yao0HO OCTaBUTH JIJIsi CPABHEHUsI C AHAJIOTUIHBIM
BBIpaXKeHHEM, KOTOpOe HCIOJIb3yeTcs B Oojee obIem
ciydae. PaBeHCTBO HYJIO 0OYC/TOBJIEHHBIX B3anMOJIEH-
crBHEeM 3(P@PEKTOB B KIACCHIECKOM IIpeIesie sIBJISeT-
cs crienpuIecKuM cBoiicTBoM Mogeseit Tuna Lpamu-
ra— Kaseiipsr — Jlerrerta, OMMCHIBAIONINX CUCTEMBI C
OJIHOI CTEIeHBIO0 CBOOOIBI. JTO MPOUCXOJIUT, B YACTHO-
CTH, W3-338 OTCYTCTBHUS B MOJIEJU BBI3BAHHOW B3aMMO-
JieficTBAEM EPEHOPMUPOBKY 9aCTOTHI OCITUIIIATOPA ().

OO6yciioBiieHHast B3auMogeiicrBueM dacTb Ay F
CBOOOJHON HEPIMU IEHTPAJBLHOIO OCHULIATOpPa (25)
MIpeJ/ICTaB/IsIeT COOOM PA3HOCTH CBOOOJHBIX SHEPTHi
[TOJTHOM CUCTEMBI, B3ATHIX C YIeTOM U 0e3 ydeTa B3au-
MOJEMCTBUST OCITUJLIATOPA ¢ OKpy2KeHueM. CBOOOIHA
sHeprus F ociuiisiTopa ¢ 3aTyXaHneM KakK OTKPBITOM
CUCTEMBbI, B3aUMOJEUCTBYIOIIEH ¢ TepMOCTATOM, IIOJIy-
Jaercsi U3 BbIpaykeHus (25) JobaBeHneM K ero npasoii
9aCTU WIEHOB, KOTOPBIE HE 3aBUCAT OT KOHCTAHT CBSI3U
U TpH OTCYTCTBUH B3aMMOIEUCTBUS 00ECIIETHBAIOT
COBIIaJICHNE BeJUYUHBI F O CBODOIHOU 3Heprueit
CBODO/THOTO OCITHJLIISITOPA

BQ QO 02
Tln (25hﬁ> =Tln —H(Hw—%)

KUM M, UCXOJI U IIPUXOJIUM K CJI -
Ta 00pa3oM, UCXO, 3 (25), 0, CJIETY IO
et ¢BOOOIHOM SHEPTUH OCIUJLIATOPA C 3aTYXAHUEM:

Q15 02 y(iwy)
F=Tlh —11<1+E+—n> (26)

CpobosHast SHEpPrus OTKPBLITONH CHCTEMbI MOXKET
ObiTh IpejcrasieHa B Bujge F = —TInZ(T), rne Z —
NPUBEJIEHHAsT CTATUCTHIECKAs] CyMMa, T. €. OTHOIIEHUE
CTATHCTUIECKUX CYMM IIOJHOIl CHCTEMBI M HEBO3MY-
IIEHHOrO pesepByapa. VIcxons U3 9TOro COOTHOIIEHNH,
u3 (26) IpUXOEM K XOPOITIO U3BECTHOMY BBIPAsKEHUIO
U1l IIPUBEJICHHON CTATUCTUYECKON CyMMBI JIMHEHHOI'O
KBAHTOBOI'O OCIUJUIATOPA ¢ 3aryxanueM [26,40]:

2
Wn

+ wyy(iwn)

T
7

Z2(T) = (27)

o0
Il o0
S 2t wp
Broipazkenue 18 BHyTPEHHEH SHEPIHH OCIHJLIATO-
pa ¢ 3aryxaHueM cieayer u3 (26) npu ydere cTaHIapT-
noro coornomenus £ = —T29 (F(T)/T) /oT:
o dy(iwy)
" dw,
02 4w + wpy(iwn)

oo 207 4wy (iwn) — w
T,
n=0

E

(28)
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Dopmysia (26) ayisi cBOGOAHOI SHEPrUM HE COJIEp-
JKAT TPOU3BOHOM IO 9aCTOTE OT (DYHKIAN JIEMII(OUPO-
BaHMUsl, TIOCKOJIbKY MapaMeTp B3amMojeiicTeus B (23),
(24) cumrancs U3MEHAIIMMCH NIPH (PUKCHPOBAHHOI
TeMIeparype U, CJIeJOBATEHHO, TPU (DUKCAPOBAHHBIX
marybapoBckux dactorax. C Japyroif CTOpoHBI, BbIpa-
JKeHUsI JIJIsI TAKUX TEPMOIMHAMUYIECKUAX TOTEHIUAJIOB,
KOTOPBIM OTBEYAIOT IIPOIECCHI C UBMEHSIONIEHCST TeMITe-
paTypoil, ¢ HEM30eXKHOCTHIO JOJIKHBI COJIEPXKATH IIPO-
W3BOJIHBIE TI0 YACTOTE OT (DYHKIMHU IeMI(PUPOBAHUSI,
B3sThIe IIPU MAIyOapOBCKUX 9aCTOTaX, IPUMEPOM de-
My CJIy2KUT BbIpazkeHue (28).

Buyrpenusgs sueprus (28) coBmamaeT ¢ pe3ysbra-
TOM, TIOJIyY€HHBIM paHee Ha OCHOBE MPe/BAPUTEhb-
HO HalJEHHOU HPUBEACHHOU CTATUCTUYECKONH CyMMBI
[16,40]. Hasmame npousBoHOM 110 YacToTe OT QyHK-
un JeMiudupoBanus B (28), KaK M3BECTHO, OTBEYAET
HAJIMYUIO TeMIEPATyPHON 3aBUCUMOCTH Y TaMUJIBTOHU-
aHa cpexueil cuisl [26].

4. CBA3b C PE3VYJIbTATAMU
A3AJIOINIMNHCKOI'O 11 ITMTAEBCKOI'O

B nenm aToro u caeayiomniero pa3aesaoB BXOIUT CPaB-
HEHUE OCHOBHBIX (DOPMYJI [UJIsi TEPMOIUHAMUIECKUAX
MOTEHIINAJIOB, IOJYYEHHBIX B JIBYX PacCMaTpPUBAEMBIX
TEOPUSIX, U YCTAHOBJIECHUE UJICHTUIHOCTH ITUX (DOPMYII,
BO3HUKAIOIIEH IPU UCIIOJb30BAHUU CXOJIHBIX BEJIMYUH.
B sTom paznene paccmaTpuBaeTcst OJUH U3 OCHOBHBIX,
CBOOOJTHBIX OT MOJIE/TBHBIX IPEIIIOIOXKEHNH, pe3yIbTa-
TOB, ONTyYeHHbIX [[3sommuckum u [Iutaesckum (2| B
paMKax pas3sBUTOM uMu 0601eit Teopun cuit Kazumupa u
Ban mep Baambca. Peub uner o Bapuarnum o0ycI0BIeH-
HOI B3aMMOJIeiCTBIEM CBOOOTHOM SHEPTUN JITUHHOBOJI-
HOBOT'O 3JIEKTPOMATHATHOTO (DJIyKTYAIIMOHHOTO TIOJIsI B
HEOJHOPOIHOM KOH/JICHCUPOBAHHON Cpejie.

JInHEHHbI 3/IeKTPOMATrHUTHBIN OTKJIMK KOHJIEHCH-
pPOBaHHOM cpefbl, (pUrypupyoomuii B 00X BbIpaske-
HUSAX TEOPUH, OIUCHIBACTCH IOJIAPUSAITUOHHBIM OIlepa-
TOPOM P, 3aBUCSIIIM OT MAILyOAPOBCKUX YACTOT U CBsI-
3aHHBIM C JUITEKTPUIECKON (PYHKITHEH COOTHOITEHNEM

Pik (wn7 ry, r2) =

2
n

=5 [€ik (iwn, T1,12) — 6id(r1 — 12)].  (29)
CooTBeTCcTBYIOIIAs BapUAIis CBOOOIHON SHEPTUH TIPH
MAJIOM U3MEHEHWH MOJISPU3AINOHHOrO onepaTopa 0P,
Kak ObUIO HaiiJieHO, nMeeT Buj [2]
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T
—— X
47

oF

> I
X Z /drldrgDik(wn,rl,rg)épki(wn,rg,rl). (30)
n=0

3aecs D (wp,r1,r2) — TeMmiepaTypHas I'DUHOBCKAs
byHKIUST JIIMHHOBOJHOBOTO JIEKTPOMATHUTHOT'O TIOJIst
B cpese. COOTBETCTBYIOMAA 3aa3/bIBAIONIAs TPUHOB-
cKasi QYHKIUS CBsI3aHA ¢ PABHOBECHBIME KOPPEJIAIMsI-
MU KBaHTOBBIX MUKPOCKOITMIECKUX TOTEHIUAJIOB B CPe-
Jie TIpU KaJIMOPOBOYHOM YCJIOBUU PABEHCTBA HYJIO CKa-
JIIPHOTO TIOTEHIIUAJIA.

Paccvorpum  Tereph  Bapumarmio 00YCIOBIEHHOMN
B3aMMoIelicTBIEM cBOOOAHOM sneprun (25) (um (26))
upy MaJioM u3MeHeHun bYHKIMU JeMIDUPOBAHU:

oF

-T Z/ X (iwn) [— Mwndy(iws)]. (31)
n=0

3ech 6b1I0 BCII0J1b30BaHO Bbipazkenue (10) mius dyHk-
UM OTKJIMKA OCHULIATOPA C 3aTyXaHUeM. Y DaBHEHHUE
(31) cupasemmuBo npu JIIOGOH BOZMOXKHOI 9aCTOTHOM
3aBUCUMOCTHU (DYHKIUHU TeMII(PUPOBAHUSI.

Bumskas ananorus mexry dopmytamu (30) u (31)
JIOILYCKAET JeTaabHoe onucanue. B 1o Bpems Kak dhyHK-
s [puna B (30) cBs3ana ¢ KoppessuusaMu (BIryKTy-
UPYIONUX MUKPOCKOIMMYECKHX JIEKTPOMAIHATHBIX T10-
TEHINAJIOB B cpele, MYHKIMs OTKINKA X OMUCHIBAET
Koppessanuu  (GJIYKTYAIUi II0JIOKEHNsT [EHTPAIBHOTO
ocnmyisiropa @ (em. coorromenust (4) u (15)). Crexr-
pajbHasd IJIOTHOCTH JEKTPOMATHUTHBIX CHJI JlamxKe-
BEHA B CPEJie CBA3aHA, KAK U3BECTHO, C IIOJISPU3AIUOH-
HBIM OIIEPATOPOM, B TO BpeMsl Kak BenmdnHa iwMy(w)
CBSI3aHA CO CHEKTPAJIBHOM IIOTHOCTBIO cuil JlamkeBe-
HA B CJIydYae OCHUISATOPA C 3aTyXaHUEM.

Iaee, 11 OCHUILIATOPA C 3aTyXaHUEM, KaK BUIHO
u3 seipazkennii (13) u (10), dyuxuus xo(w) onucsiBaer
JIMHEHHBIA OTKJIUK KOOPJAWHATHI () HA BHEIIHIOK CUJLY
fext,o(w), B TO BpeMsl KaK COOTHOILIEHUE MEXKLY CHJIOf
TPEeHUsT U KOOPJAUHATON () ecThb

ffriction (W) = ZWM’Y(W)Q(UJ)

Amnajiornuno, B Teopun cuyi Kasumupa u Ban nep Ba-
anbea BesmanHa — (1/he) D, Kak n3BeCTHO, UTPAeT POJIb
0DOOITIEHHON HEJIOKAJIBHOI MaTPUIHON (QYHKIUKA OT-
KJIUKA JIJTsl 9JIEKTPOMATHUTHBIX TTOTEHINAJIOB O] BO3-
JleficTBIEM BHEITHUX TOKOB, B TO BpeMst Kak — (chi/4m)P
BXOJUT B COOTHOIIEHWE MEXKJy IUIOTHOCTHIO TOKA U
9JIEKTPOMATHUTHBIME TIOTEHIIHAIAMA B cpenax. ['pym-
UPYsl PACCMATPUBaEMble BEJIMYUHBI BMECTE C yKa3aH-
ubiMu Ko dunuentamu, B 060oux Boipaxkenusax (30) u

767

(31) moaygyaeMm OJMHAKOBbIE MHOXKUTEJIU MEPEJ] 3HAKA-
MU CyMMUPOBAHUS.

Haxkomer, B3ammojeiicTBue ¢ JIIUHHOBOJHOBBIM
3JIEKTPOMATHUTHBIM TIOJIEM PACCMATPUBAETCA B ODIIIEiH
TEOPUHN KaK B3aUMOJIECTBIE CO CPABHUTEIBHO CJIA0BIM
ojieM B TOM CMBbICJIE€, YTO BKJIAJ OT TAKOTO IIOJSI B
AMIIEKTPUIECKYIO TPOHUIIAEMOCTh KOHIeHCHUPOBAHHOMN
cpeabl mpeHebpexkuMo Masi. [losroMmy mosisipusaiiu-
ounbiii oneparop (29) BXOAUT B BBIPAYKEHUS TEOPHUU
YMHOX>KEHHBIM TOJIBKO HA KBAaJpaT COOTBETCTBYIOMIEN
KOHCTaHTBI AHajIOrUYHO, BOCIPUUMYMBOCTHU
OT/IEJIbHBIX OCIMJLISTOPOB B TEPMOCTATE IIPE/IIoIara-

CBsA3HU.

IOTCS He 3aBUCIMIMHI OT COOTBETCTBYIOMNX KOHCTAHT
CBA3M, YTO NIPUBOAUT K KBaJIPATUIHON 3aBUCHMO-
ctu dyuknuu gemiduposanus y(w) OT mapamerpa
B3aUMOJIECTBUS.

5. CBA3b C BKJIAJOM CIJI KASMIMUPA 1
BAH OJEP BAAJIBCA B IIOJIHYIO
CBOBOJHVYIO S9HEPT'MIO

Bosspamasick K BbIpaykeHuto (25) 11st ¢BoGOAHOIM
SHEPI'MH, PACCMOTPUM JiBe (PYHKIINU,

D(w) = Q2 — w? —iwy(w),

Do(w) = Q* —w? —iwe (e = +0),

B3sATHIE B (25) PN MHUMBIX MaIy6apOBCKUX YaCTOTAX
w — iwy,. Kopuu gucnepcuonnoit dyuximuu D(w), T.e.
pelIeHns JUCIEPCUOHHOTO YPABHEHHS

D(w) = Q% — w? —iwy(w) =0, (32)

[IPEJICTABJISIOT CODOM KOMIIJIEKCHBIE COOCTBEHHBIE JaC-
TOTBI OCIIMJIISITOPA C 3aTyXaHneM. B To ke Bpemst ypas-
Herne Dj(w) 0 ompenessier cOOCTBEHHBIE 4YaCTO-
ThI CBOOOIHOTO OCIUJLIATOPA, T. €. IIPU OTCYTCTBUU €0

B3aMMOJIEHCTBUS C TEPMOCTATOM.
Taxum o6pasom, dopmyna (25) mpuHEMAeT BU

D(iwy,)

Doian)” (33)

OO/
A,\F:F—FO:TZhl
n=0

Cueryer OTMETHTD, UTO BhIpakeHue (33) mpescTaniisi-
er coboit ocHOBHYIO DOPMYILY JJIsi CBOOOJIHOIM SHEPIUH
B obmieit Teopun cun Kasumupa u Bamn mep Baasbca
[50]. D1y dopMysy MOXKHO TOJYIUTh B PAMKax ObIIeit
TEOPHH, UCIIOJIb3Ysl, B YACTHOCTH, METOJ, HHTEIPUPOBa-
HU# 1[I0 TapameTpy B3aumoueiictsus [53, 54] ananoruy-
HO TOMY, KaK 9TO OBLIO CII€JIAHO B Pa3fl. 3 JJjid 3aJa4du
00 OCIIMILIIATOPE € 3aTyXaHHUEM.
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ITockonbky coorromenust (30) u (31) TecHo cBsi3a-
HBI JIDYT € APYTOM, & Beipazkenue (25) conagaer ¢ (33),
MIPUXOIUM K 3aKJIOUYEHHIO, UYTO 001ast Teopus cuit Ka-
sumupa u Ban gep Baasbca ommcbiBaeT o0ycCIOBIIEH-
HYI0 B3anUMOJIEiICTBHEM 4YaCTh CBOOOIHON dHEPIUU OC-
MIIISATOPA C 3Ty XaHHEM.

BBumay Toro uro Ha 6€CKOHETHO TAJIEKMX PACCTOSI-
HUSIX B3aMMO/JIEHiCTBUE OOpaIaeTcs B HyJb, IIPU U3Y-
qennu B3anmojeiicTBusa Kaszumupa n Ban nep Baasb-
ca MeXKJIy TeJIaMH [apaMeTp B3auMOJEHCTBUS A MOXK-
HO B KOHEYHOM CUYETE CBSI3aTh C PACCTOSHUEM MEXKILy
wHuMu. B sTom cirydae cBoGomuble sHepruun F' u Fy u
mucnepcuonsbie Gyukiwmun D(w) n Do(w) B (33) or-
BEUYAIOT COOTBETCTBEHHO PACCTOSIHUIO | MEXKJY TEJIAMU
U CJIydaio, KOrJa Tejia HAXOJATCS OY€Hb JIAJIEKO JIPYT
ot apyra. CiesoBaTenbHO, B Ipemene | — oo uMeeM
D(w)/Dy(w) — 1. Ecoim dyrkuus D(w) ectb mpomns-
BeJIeHNE HECKOJIbKUX JUCIEPCUOHHBIX (DYHKIUH, TO He
3aBUCSINNE OT | MHOXKUATEJN COKPAIIAIOTCSA U He BHOCST
BkJaza B (33). Ocraroieecs oTHOIIEHUE ABYX (DYHKILHI
OOBITHO PACCMATPUBAIOT KAK HOPMUPOBAHHYIO JIUCITED-
CHOHHYIO (DYHKITHIO, KOTOpasi 3aaeT 3aBUCSIIIUN OT
PACCTOSTHUSI CIIEKTP COOCTBEHHBIX MOJ| B CHCTEME.

Hasiee, coOCTBEHHBIE MOJIBI B CUCTEME MaKPOCKOIIH-
YeCKUX TeJI PA3JIMIHON TeOMeTPpUU MOI'YT 3aBHUCETH OT
[IepEMEHHBIX, UMEIOINX HEIPEPBIBHBIN MM KBa3WHE-
[IPEPBLIBHBIN CIEKTD 3HAYEHUI, TAKUX KAK KOMIIOHEH-
ThI BOJIHOBOT'O BEKTODA. BbINe/isisi 9TH HEIPEPLIBHBIE
repeMeHHble 1 0003Ha4Yast UX OYKBOI (3, IPUXOIUM C
HOMOIIBIO cooTHOIIeHus (33) K ciemyorieil popme 3a-
ey Jijist 06yCJIOBJIEHHON B3anMoielicrBueM Kaszumupa
u Ban nep Baasbca gactu ¢BoOOHOI sHEpTHM:

MF=F-F =73 [p(3) a8 D(.iw). (31
n=0

rje p(f) — MIOTHOCTH COCTOSTHUIA.

@opmysbr (25) mim (26) myst cBOGOJHON HEPrUM
OCIMJIJIATOPA € 3aTYXaHUEM He OOCYKIAJIUCH B JIATE-
parype, HECMOTPS HA UX OYEBUJHYIO CBA3b C XOPOIIO
U3BECTHOM TIPUBEIEHHON CTATUCTHIECKOH CyMMOii (27).
BwmecTo 3T0TO 00BITHO HCTIOTB3YETCST MOTUPUITTPOBAH-
Hast (POPMa ITOrO Pe3ysIbTaTa, KOTOPasi IOJLy 9aeTCsd U3
dopmysbl (25) ee npeobpazoBaHEeM K HHTEIDUPOBa-
HUIO BJIOJIb BEIeCTBEeHHOH ocu dacTor (cp. (24)) ¢ uc-
noab3oBanueM pasencrsa D(3, —w) = D*(f8,w) u no-
CJIE Ty TOIIAM WHTETPUPOBAHUEM TI0 IACTAM. DTO IPUBO-
JIAT K CJIEIYIOIEeMy SKBUBasjeHTHOMY dbopmyde (25) (u
(33)) BoIpakeHuIo:

AL\F = /Tln (2sh %) Axp(w) dw, (35)
0
_ 1 0 . D(w)

[losiBienue 371ech YaCTHOUW MPOU3BOJHON IO YaCTOTE
BMECTO IIOJIHOY IIPOU3BOJHON CBA3aHO C BO3MOXKHDBIM
MOSIBJIEHUEM JIOTIOJTHUTEIBHBIX MIEPEMEHHBIX, OT KOTO-
PBIX MOXKET 3aBUCETH JUCIEpCUOHHas GpyHKmus. Takas
BO3MOXKHOCTH 0OCYZKJIA€TCA B KOHIIE JIAHHOTO pasfelia,
a TakxKe B paz/l. 7.

B oryimane ot Teopum B3ammojieiictBusa Kaszumupa
n Ban nep Baasbca, B paMkax KOTOPOil paccMaTpHUBa-
€TCs1, KaK IPABUIIO, TOJBKO O0YCIOBIEHHAS B3AUMOJIE-
CTBUEM YaCTh CBOOOHOM SHEPTUH, TIPOCTAST MOJIEIH OC-
MUJLIATOPa ¢ 3aTyXaHUEeM IO3BOJISET OIUCATH CBODOI-
HYI0 9Hepruio (26) B3auMOIECTBYIONIErO ¢ OKPY2KEHHU-
eM oCHMUIATOpa ¢ 3aryxanueM. IlepenmceiBas (26) B
dopme, anasoruuanoii (35), (36), u ucnouan3ysa onpeje-
nenwe (32) mig dbyuxnun D(w), moydaem

F= /Tln (2 sh %) p(w) dw, (37)
0
plw) = —% Im % In(MD(w)). (38)

Besencrsue Bortekaromero u3 (10) u (32) pasen-
crBa M D(w) = Xél(w), u3 coorrommennii (37), (38) B
PaMKax MCXOHOM MOJEIN OCHILIATOPA C 3aTyXaHUEM
HAXOIAM

F:l/Tln <2Sh%)lmwdw, (39)

s dw
0

9TO B TOYHOCTH COBIAJAET C PE3YIbTATOM JJIsi CBO-
00/THOI SHEPrUU, UCIOJIb3YEMBIM B T€OPUHU OCIUJLIATO-
pa, OMINHEHHO B3aMMOJIEHCTBYIONIIETO C TEPMOCTATOM
[12-15,17,26].

Ananornuso BoipaxkenusM (35), (36), obycioBieH-
HYIO B3anMoJieficTBueM cBoGOIHY0 sHepruio (34) B 06-
meit Teopun cun Kaznvupa n Ban nep Baambca Takxke
MOYKHO IIPEJICTABUTDH B BUJIE

r i
ANF = /Tln (2 sh ﬁ) Ayp(w) dw, (40)
0

Baple) =~ tm - [ p(9)dsmDE.w). @D

Boobiie rosops, sobas u3 dopmya (26), (39) mo-
JKeT UCIIOJIb30BATHCS JIJIS ONUCAHUsT CBOOOJHON SHEp-
UYL OCHMJUIATOPA C 3aTyXaHneM. IJOCKOJIbKY BBIpazKe-
Hre (26) umeer GoJsiee MPOCTOH BHJ M HE COJEPIKHUT
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MIPOU3BOIHOMN [0 YACTOTE OT BOCIPAUMYHBOCTH OCIIHI-
Jgaropa, (opma 3anucu cBoboaHOM sneprun (26) wim
(33) xazkercs Gosiee IPEAIOYTHTEIHHON 10 CPABHEHHIO
¢ (39) mm (37), (38). D10 Tem Gosiee BEPHO B OTHOIIE-
HUM aHajm3a GoJiee CJOXKHBIX 3a/1a4, BKIIOYasd TUIIAY-
Hble 3aja9n Teopun cui Kasumupa u Ban mep Baasb-
ca, TJe 3amuch CBOGOMHON 3Heprun B Buge (34) mme-
€T PsiJl 3HAYUTE/IbHBIX IIPEUMYIIECTB [0 CPABHEHUIO C
(40), (41).

Biosib BeIeCTBEHHONW OCH 9aCTOT HMPOHUIAEMOCTH

NPUHAMAIOT, KaK W3BECTHO, KOMILIEKCHBIE 3HAYEHUS
U MOI'Y IPOSIBJIATL CJIOXKHOE ToBenenue. Hanporus,
OHU TIPUHUMAIOT BEINECTBEHHBbIE 3HAYEHUSI U MOKA3bI-
BalOT CPABHUTEILHO IIPOCTOE MOHOTOHHOE IOBEJIEHUE
Ha BepxHell MHIMOII mosryocr 9acToT. B aToM cocrosiia
aprymenTanus Jludmmuna [1] npu npeobpasoBaHum ero
OCHOBHOT'O PE3YJIbTaTa, HA HAYAJIHHOM 3TAIE BKIIIOYAIO-
[IEr0 UHTErPUPOBAHKE IO BEIIECTBEHHBIM 9aCTOTAM, K
dopmMe, BKIIOYAIOMIEH CyMMUPOBaHUE 10 MaiybapoB-
CKHMM 9aCTOTaM BJIOJIb BEPXHEH MHUMOM IIOJIyOCH Yac-
Tor?).
K ToMmy 2Ke mMpou3BOJHbIE IPOHUIAEMOCTENH IO Jac-
TOTe, BO3HUKAOIINe mocje npuMenennst (41) K Heos-
HOPOJTHBIM KOHJIEHCUPOBAHHBIM CHCTEMAM, MOTYT JIpa-
MAaTHYECKU YCJIOKHATH BUJ PE3YIbTATA 10 CPABHEHHIO
¢ ero dopmoii B (34). B3 B KadecrBe HpuMepa Xo-
POITIO M3BECTHBIE IUCIIEPCUOHHBIE (DYHKITUU I COO-
CTBEHHBIX MOJ, B 3ajade JIudimuma, HETPYIHO IMMOJTY-
YUTH KOHKPETHBIE TPOMO3/IKIE BBIPAKEHUS, COJIEPIKa-
1€ TPOU3BOIHBIE OT IPOHUIIAEMOCTER [0 YACTOTE IO
3HAKOM WHTEIPUPOBAHMS BJIOJb IIOJIyOCH BEIeCTBEH-
HBIX 49acTOT. V3 BCEro CKa3aHHOTO BUJHO, YTO HPEI-
cTaBJieHHEe CBOOOIHOM sHeprun B Bue (34) HAMHOIO 60-
Jlee TIPEJIIOYTHTEIBHO 1o cpasHenuio ¢ (40), (41).

BameruM, yro Besuunna p(w) durypupyer B (37)
kaK 3hdexTuBHag CIeKTPaIbHAS [IJIOTHOCTD BO30Y K-
nernit. /g cBomameiics B ipeiesie MpeHedpesknMo Ma-
JIOH Jiccuianyu K J1ebra-pyHKIUE BeJuauHbl p(w) u3
dopmyiet (37) mosrydaercs cBOGOHAS SHEPIHUs CBOOOI-
HOTO OCIIIIIATOPa. B To ke Bpemst BesmamHa Ay p(w)
B (36) u (41) ecTb B JyuIIeM ciydae PasHOCTH MEKILY
3 PEeKTUBHBIMYI CIEKTPAIBLHBIMA TJIOTHOCTSIME CHCTE-
MBI IIPY HAJTAYUU U OTCYTCTBUU B3aUMOJEHCTBUSI.

Jlanee, BIpasKeHUs JJIsT PA3TMIHBIX TEPMOIAHAMY-
YECKUX MOTEHINAJIOB OyJyT COJepKaTh OJIHY U Ty Ke
Besmanny Ayp(w) TOJBKO IIPU OTCYTCTBUU €€ TeMIIe-
paTypHoit 3aBucumocTtu. CorjiacHO 0bIeit Teopun Cua
Kasumupa un Ban nep Baasbca, dopmyist (34) u (40),
(41) g cBOGOMHOI SHEPrUM COXPAHSIOT CBO BUJ, B
Cllydae 3aBUCSIIUX OT TeMIePATyPhbl IIPOHUIAEMOCTEIH,

YTO HOPHUBOJUT K TEMIIEPATYPHOIl 3aBHCHMOCTH BEJH-
quabl Ayp(w,T). Tlpu 3TOM BBIparKeHue I BHYTPEH-
Hell SHEPIUU, AHAJIOTUIHOE TT0 (opMe CBODOHOM SHEDP-
run (40), (41), Gymer comepkaTh APYTYIO BEJUIHHY

AAPE(va) 7é A)\p(waT):
ANE = /—Cth A)\pE( T)dw, (42)
1 o T 0
A,\pE(w,T) ——Im(aw"r;a—T)

x / () dfD(B.w,T).  (43)

L1t OMJIMHEHO CBSA3U MEHTPAJIBHOTO OCIIUJLIATO-
pa ¢ TepmocTaToM DYHKINS JeMIIPUPOBAHUS OCITUIIISI-
Topa B Mojiesin [IBanmura — Kamneitper — Jlerrerra, kak
M3BECTHO, HE 3aBHUCHAT OT TeMmIeparypbl. Pacmimpenue
9TOM MOJIeJIH, TIPUBOJIAIIEe K TeM ke (opmMymam (25),
(26), (33) u (35)—(39), HO TIpM HAIMYIMH TEMIEPATYD-
Holl 3aBucuMocTu dyuknuu gemiduposanus y(w,T),
WHIYITAPOBAHHON OMIMHEHTHOM CBI3BIO C OKPYIKEHUEM,
OyIeT pacCMOTPEHO B pa3d. 7.

6. IIAPHBIE 1 MHOT'OYACTUYHBIE
B3AMMOJENCTBUS MEXK/Y YACTAMU
TEPMOCTATA

BrisiBiienne 0in3K0i aHAJIOTAN MEXKTy JIBYMS TEO-
PHUSIME [TO3BOJISIET PACCMOTPETH BOIIPOC O CYMIECTBOBA~
HUU B MOJIEJIN OCITUJLISITOPA C 3aTyXaHHEM aHAJIOTa, KO-
TOPBIA OBI COOTBETCTBOBAJ, IO KpaifHeil mepe ¢ dop-
MaJIbHON TOYKM 3peHusi, B3ammojeicTsuio Kaszumupa
u Ban nep Baaabca MexX/1y MAKpPOCKOTUYIECKUME TeJIa-
Mmu. B aToMm pazzesie 6yer noka3aHo, YTo TaKUM aHAJIO-
TOM $IBJISIETCS B3AMMOJEHCTBAE MEXKy PA3HBIMUA YaC-
TSIMH TE€PMOCTATA.

XoTsT COCTABJIAIONINE YACTH TEPMOCTATa HEIOCPE/T-
CTBEHHO JIPYT Ha JIpyra HE BO3AEHCTBYIOT, MEXK Iy HUMUI
nmMeercst 3(pPHEKTUBHOE HENPSIMOE B3anMOIEHCTBUE de-
pe3 u3 CBA3b C MEHTPAJIbHBIM OCILISTOPOM. Beire-
CTBHE MHOTOYACTUIHOTO ITPOUCXOXKICHUST B3aMMOJIEH-
cTBUd, cBOOOMHASA dHEprus (25) U Apyrue TepMOIMHA-
MUYECKHEe MOTEHINAJBI Hea JINTHBHBI 110 OTHOIICHUIO
K BKJIQJIAM OTJIEJIbHBIX COCTABJISIIONIAX TEPMOCTATa, B
TO BpeMs Kak (pyHKnuga gemiduposanus (19) u crekr-
pajibHasd IJIOTHOCTH B3auMojeiicreus (20) npeacrasis-
10T OO0 &I INTUBHBIE BEJINIUHBI.

Ilapuble 1 Tpex4acTUYIHBIE BKJIAJLI B CBOOOTHYIO
9HEPIUIO BBITEKAIOT U3 COOTHOIIeHus (25) B mpejene
crnaboil cBasu. PaccmorpuM TepmocTat, mopasieseH-

2) D10 GBUIO CAEIAHO JIudmmunem no nosiBinenust crarbu Mairybapa.
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HBIIf HA HEKOTOPOE IHCIO PA3INIHBIX TacTell, 1eMy OT-
Bewaer GyHKIus geMdupoBaHus ¥ = » o _ vy,. Ecin
pubJIMKeHne c1aboil CBSA3U MPUMEHUMO K B3anMOJIeH-
CTBHUIO IIEHTPAJIBHOIO OCIWJIIATOPA C TEPMOCTATOM B
[IeJIOM, TO MOXKHO Pa3oKuTh (25) mO cTeneHsM vy u
[IPEJICTABUTH CBOOO/IHYIO SHEPTUIO B BUJE

n<m n<m<l

Sneck BejquunHa F, ONUCHIBAET WUHIUBU/LYAJIbHBIA
BKJIQJT N~ 9aCTH TEPMOCTATa B CBOOOIHYIO SHEPIUIO,
cojiepzKalliuit TOJIbKO HapaMeTp 7Yy, U €ro CTeleHH.

ITaproe B3amMopeiicTBIE TPUBOJIUT K MTAPHOMY I~
HY B CBOOOJTHOM SHEPI'UH, U OCHOBHOM BKJIaJI OT KaXK IO
napbl OTBevYaeT IPUTSZKEHNI0 MeXK/1y JaCTsSIMU:

w1 (iwn )2 (iwn)
(02 4+ w2)2

(44)

Fiy = —TZ

AHaJIOrMYHO, OCHOBHO# TpeX4YaCTUYHbBINA BKJI&J| B CBO-
GOTHY O SHEPTHUIO OT KOMOMHAIINN TPEX PA3IUIHBIX IaC-
Tel ecThb

Fio3 = QTZ

Cymmbr 1o Mary6aposckum gacroram B (44) u (45)
CXOZIATCA Ja’Ke B NPOCTEHINEM CJIy9ae OMUYECKOTO pe-
JKUMa, KOTJ]a OHH MOTYT OBITh BBIPAXKEHbI COOTBETCT-

n”Yl (iwn )ya (1w )3 (iwn)

(22 4+ w?2)3 (45)

BEHHO 1epe3 dJIeMEeHTapHbIe U CIeNnaIbHble (DYHKITAN.
Tak, npeamonaras 712 He 3aBHCAIIIMU OT IaCTOTHI,
JIJIS TTAPHOTO BKJIAJIa HAXOIUM

27172

Fia=—-—9

O6paienne B3aMMOJIEHCTBYS B HY/Ib B IIPEJEse BBICO-
KUX TEMIIEPATYD, HE UMeIoIee MeCcTa B OOIIEM CIIydae,
CBSI3aHO 3/1€Ch C YK€ YIIOMUHABIINMCS B pa3fi. 3 CIre-
nupuaeckuM cBoiictBoM Mozenau Ilpammura — Kasmeit-
poi—Jlerrera.

7. OCHMJIJISITOP C 3ATYXAHUEM,
JIMHENHO B3AVMO/JENCTBVYIOIIIUN C
JINCCUIIATUBHBIM TEPMOCTATOM

Boabmoe umciio cBOGOAHBIX OCIHMILISATOPOB ¢ Gec-
KOHEYHO MAJBIMUA (DYHKIUAMEI JeMiipupoBanus, Gpop-
MUPYIONUX CIEKTPAJBHYIO CTPYKTYPY TEPMOCTaTa B
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MOJIEIN OCITUJISITOPA C 3aTYyXaHUEM, MOYXKHO PaccMaT-
puBaTh Kak coOCTBEHHBIE MOJBI TepMocTaTa. CooTBeT-
cTByIOIHEe COOCTBEHHBIE YACTOTHI BEIECTBEHHBI, MO-
CKOJIbKY TPEJIIoIaraeTcsi, IT0 MphU OTCYTCTBUU BJIUSI-
HUsI IIEHTPAJIBHOTO OCIUJIISITOPA TEPMOCTAT SIBJISIETCSI
3aMKHYTOH CUCTEMOIL.

CBsI3b NEHTPAJILHOIO OCIMJIISATOPA C OTJIEIBHON
MOJIOfl TepMocTaTa CIMTAECTCS C1aboit, ITO 0ObSICHS-
eT odYeHb cjaaboe BO3MYIIEHHE COCTOSTHUS COCTABJISIO-
IIUX TEPMOCTAT MOJ, U COTJIACYeTCs ¢ OMIMHERHOM hop-
MO¥I raMUJIBTOHMAHA B3aMMOJIEHCTBHsA. B To e Bpems
[EHTPAJILHBIN OCIIUJIIIITOD MOYKET UCIIBITHIBATH 3HAYUU-
TeJIbHOE JINCCUIIATUBHOE BJIUSTHIE, KOJIJIEKTUBHO CO3/a~
BaeMoe OOJIBINM KOJHIECTBOM MOJ TepMocTaTa. [lpu
sroM yHKIEs JeMibupoBanus y(w) IEHTPAIBHOTO
OCIMJIIISITOPA He 00513aTeIbHO MaJa, a ee YacTOTHASI 3a-
BUCUMOCTH MOXKET U3MEHSIThCS B IIUPOKUX IPEJIEIax B
coorBercTBHN ¢ hopmysamu (19)—(21), rae crekTpasib-
Hasl NJIOTHOCTH B3aUMOJIEHCTBUS U3MEHSIETCS BMECTE CO
CHEKTPAJbHBIM PACIPEIEIeHIEM BEIECTBEHHBIX CO0-
CTBEHHBIX 4acTOT TepMmocTaTa [22,23,33,37,40].

Takoi moxo/1 MUPOKO U 3(PMEKTUBHO UCIOIb3yeT-
st JIJIsT M3y IEHUsT 33,184, KacaIOInXCsl, B OCHOBHOM, BO3-
HUKHOBEHUSI JIUCCUTIAIINU U CBS3aHHBIX ¢ Heil adpdek-
TOB B KBaHTOBBIX JUHaMHUYecKuX cucremax. C apyroii
CTOPOHBI, HEJb3sl UCKIIIOYATH BO3MOXKHOCTH TOTO, YTO
B3aMMOJIEHCTBYIOIINE C TEHTPATbHBIM OCIUJIIATOPOM
MOJIbI HE MCYEPIBLIBAIOT BCE CTEIIEHU CBOOOBI TEPMO-
crara. JlomoJHUTEIbHBIE BHYTPEHHIE KAHAJBI TEPMO-
craTa, HAXOJAIIUECs] B KOHTAKTE C €r0 OCHOBHBIMU MO-
JIaMU, HO HEIIOCPEJCTBEHHO HE CBsI3aHHBIE C IIEHTPAJIb-
HBIM OCITUJLIATOPOM, MOI'YT IMPUBOIUTH K (hOpMUpOBa-
HUIO 3aBUCSIINX OT YACTOTHI U TEMIIEPATYPhI JIMCCUTIA-
TUBHBIX BOCIPHUAMYHUBOCTEH Xo(w, ), 3aMEHAIONUX B
9TOM CJIydae PacCMATPUBABINUECS B MCXOJHON MOJIEIH
BEJIMYUHBI ¢ OECKOHEYHO MaJjIbiMU (DYHKITUSIMA JIEMII-
duposanus. BiusHre MEHTPATBHOIO OCIUJIATOPA HA
BOCIIPUUMYUBOCTH COCTABJISIIONIUX 3JIEMEHTOB TEPMO-
craTa, MpEeIoaraeMoe Mo-IPeXKHeMy TPEeHeOPEesKNMO
MaJIBIM, CJIEJIYET B 3TOM CJIyvae CPABHUBATDH C COOTBET-
CTBYIOIIUME BKJIQJIAMH OT JIOTIOJTHUTEHHBIX KAHAJIOB,
KOTOPBIE MOT'YT JJOMAHUPOBATD.

Be3 koHKpeTusanuu 4acTv MOJHOIO MaMUJILTOHUA-
HA, CBA3aHHON C JOMOJHUTEILHBIMU KAHAJIAME, Pac-
cMaTpuBaeMasi paclIinpeHHas MOJIeJIb, BOOOIIE TOBOPsI,
HE TpeJHA3HAYEHA, JIJId U3yYeHUs] KBAHTOBOW JUHAMU-
KU ToJIHOM cucreMbl. OJIHAKO, KAK MOKA3AaHO B ITOM
pasjiesie, obyCIOBIEHHBIE B3aUMOJICHCTBHEM TEPMO/TU-
HAMUYECKHE BEJTMUUHBI OCIUJIIATOPA C 3Ty XaHIUEM MO-
ryT OBITH ONMCAHLI B PACIIUPEHHBIX PaMKaxX aHaJjo-
TUYIHO PACCMOTPEHHOMY B pazj. 3 ciaydaro. KirodyeBbiM
3JIECH SIBJISIETCSI TO OOCTOSTEILCTBO, YTO FAMUIBTOHIAH
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B3aMMO/IEHCTBHS IIEHTPAJILHOTO OCIIUIIIATOPA C TEPMO-
CTaTOM, HEOOXOIMMBIN [IJIsi HAXOXKJIEHUsI COOTBETCTBY-
IOMUX TEPMOJINHAMUIECKUX BEJIUINH, B PACIIUPEHHOM
MOJIE/TN OCTAETCsT HEM3MEHHBIM M MOYXKET OBITh BBIJe-
JIEH U3 TIOJIHOTO PACIIMPEHHOTO TaMUILTOHNAHA, B3ATHU-
€M TIPOU3BOJHOM O BHIOpAHHOMY MTapaMeTpy B3anuMO-
JleiicTBUA.

Takum 06pa3oM, MpeICTaBUM HOJHBIA TaMUJILTOHN-
aH B BUJIE

N

MQQQQ_Qfemt,Q_ Z (jafemt,a +

a=1

N =2
H=_——
oM 2

+ Z e (i~ Coxe0.00Q) A

rJe Bu ciaraemMoro H 1e pUKCHPOBAH, 38 HCKIIOUCHU-
€M TOTO, 9TO OH HE COJEPKHUT HU OTHOCSIIAXCH K IEH-
TPAILHOMY OCIHJLISITOPY ONepaTopoB (), P, Hu KomHc-
TaHT cBsa3u Cfy

B coorBercTBum ¢ busmHeitHOM (bopMoit B3anMo,1eii-
CTBUsI U OIIPeJIEIEHIEM JINHEHHBIX BOCIIPUUMINBOCTEH,
JIMHAMIYIECKOe YpaBHeHUe s (), BBITEKaloIee u3
raMuibToOHnaHa (47) mociie NCIoJIb30BaHus Mpeobpas3o-
Banusi Pypbe, CTATUCTUIECKOTO YCPEJIHEHNS U UCKJTIO-
YeHUsl JOTIOJTHUTEILHBIX CTeTleHel CBOOO/IBI, UMEeT BH/I

X;l(wv T)qa(w) = CaQ(w) + fe:ct,a(w)~ (48)

VYpasuenue (48) orsmuaercs ot (14) TONBKO BCIEACT-
Bue pasmmausi Mexay (11) u auccnnaTuBHON BOCIIPU-
UMYHBOCTBIO (-if cocTaBIIsTIONIEH TepMocTaTa X o (w, T').

Ucnonb3ys seipaxkenus (47), (48) Bmecro (12),
(14), a B ocraybHOM cilejysi pa3f. 2, IPUXOAUM K TeM
ke pasercTBaM (1)—(3) u daykryanunonHo-uccHnany-
OHHBIM cooTHoIeHusiM (4)—(7), a Takke K (9), (10) st

0o 202 + wpy(iwy) —

[EHTPAJILHOTO OCHUIIIATOPa ¢ 3aTyxamneM. Takske 3a-
kiodaeM, uro paseHcrsa (13), (15), (16) u (19)—(21)
Oy/LyT B PACCMATPUBAEMOM CJLYIa€ BBIIOJHATHCS HOCTIE
[OJICTAHOBKU B HUX MOAUMDUIMPOBAHHBIX BOCHPUUMIH-
BocTeil TepmocTaTa Xo(w,T) BMecTo nexoaubix (11).

IMepexons masee K BBIBOAY Pas3i. 3, YMHOXKAEM KOH-
cranThl cBsizn Cp, B raMuIbTOHUAHE (47) HA OJIMH U TOT
K€ TTapaMeTp B3aUMOMEHCTBUST A. DTO HE IPUBOJUT K
U3MeHEeHUsIM BOCIIPUAMYIHUBOCTEN TepMOocTaTa Yo (w, T,
HE TI0/IBEPXKEHHBIX 3aMETHOMY BJIMSIHUIO [IEHTPAJIHLHOTO
OCIUJLJIATOPA U, CJIEJ0BATEJILHO, HE 3aBUCAIIUX OT .
Beuny BbimosHenust pasencrsa (19), dyHkuus memmn-
dbupoBaHUs IEHTPATHHOTO OCIUJIIATOPA MO-TIPEXKHEMY
aBjgercd KBajapaTuaHoit gymkumeir A: y(w,T,\) =
= A\2y(w, T). Takum 06pazoM, TOC/Ie MOy H9eHnsT TaKO-
ro xxe BbIpaxkeHus! (23) I IPOU3BOIHOM MojudIIu-
POBAHHOTO ramMuibToHUaHa (47) 1o napamerpy A u uc-
nosib3oBaHust coorHommenuii (4), (5) n (15), (16) moxHO
[IPOBECTH MHTEIPUPOBAHUE TI0 TIAPaAMeTpPy B3auMOJIeii-
CTBUsI U TIOJIYIUTh Te YKe caMble Bhipaskerns (24)—(26),
(33) myist 06YCIIOBIIEHHON B3aUMOJIEICTBUEM 9aCTH CBO-
GOJIHOM SHEPI MU OCIIUJIITOPA C 3ATYXAHUEM, & TAKIKE U
dopmymy (27) mis NpUBEIEHHON CTATHCTHYECKON CyM-
MBL.

Crobosaast sHeprust B Ji06o#t u3 Gdopm 3ammcu
(25), (26), (33), (37)-(39) cranoBuTCa B paMKax pac-
IIUPEHHOrO 0/[X0JIa MPUMEHUMOM K CJIydalo, B KOTO-
pom dyukiusa gemiduposanus y(w,T) ociuisgTopa
C 3aTyXaHWeM 3aBUCHUT, B JIIODOM MOmMycTUMOi dopme,
HE TOJIbKO OT YACTOTHI, HO TAKXKE€ U OT TeMIepary-
PbI, HECMOTPsI Ha OUIUHEHHYTO POPMY B3aUMOJCHCTBUS
MEHTPAJILHOTO OCIIWJIISTOPA C TEPMOCTaTOM. B 3Tux
yCI0BUAX Bbipaskenue (28) jjig BHyTpPEHHEH sHEprun
JIOJIZKHO OBITH MOJIA(DUIITPOBAHO:

ETZ

Beipaxkenne (49) MOKHO Tak»Ke MPEJICTABUTE B BU-

e
[ho  hw
E:/7cthﬁpE(w,T)dw, (50)
0
o T 0
pe(w,T) =——1 (% Za_T)

02 + w2 + wyy(iwn, T)

(49)

[IpescraBiieHHast B 9TOM pa3/iesie paclInpeHHas MO-
JIeJIb  TTOKA3bIBAET, UTO TEPMOJMHAMHUKY KBAHTOBOI'O
OCIIMJIIATOPA C 3aTyXaHWEM, OWIMHEHHO B3aMMOJEeli-
CTBYIOIETO ¢ TEPMOCTATOM, MOYKHO TEOPETUIECKHU OITU-
caTh 6e3 UCIOIH30BAHNS MOJEJBHBIX [TPEJIITOI0XKEHHI,
YIPOIIAIOIINX PEAJbHYI0 CTPYKTYPY TEpPMOCTaTa. ITO
[TO3BOJISIET, B YACTHOCTH, PACCMATPUBATH B PAMKAX Ta-
koit Mojiesin RCL-KOHTYD, MeTaJIJIMYeCKoe COITPOTUBIIE-
HUEe KOTOPOT'O 00YCJIOBJIEHO 3JIEKTPOH-(DOHOHHBIM B3aH-
MOJIEICTBHAEM, PACCETHUEM JIEKTPOHOB Ha IPUMECSX U
Jpyrumu GU3HIECKUMH TIPOIeccaMu B MeTaJiie. Briro-

13*
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4JeHre CBOOOIHBIX OT MOJIEIBHBIX IPEJICTABICHUN BHYT-
PEHHUX MPOIECCOB B TEPMOCTATE B MOJIEJIh OCIIUJIIATO-
pa ¢ 3arTyxaHueM ObLIO 3/eCh TPOBEIEHO 0 AHAJIOTHH
¢ obmieit Teopueit cun Kazumupa n Bam nep Baasbca,
NPUMEHUMON K peajibHbIM KOHICHCUPOBAHHBIM CHCTE-
MaM C JUJIEKTPUIECKUME TPOHUIIAEMOCTSIMU ODIIEro
BUJIA.

[IpuBeieHHOE BBIIIIE PACCMOTPEHUE TAKIKE ITOKA3bI-
BaeT BHYTPEHHIOIO HECOTJIACOBAHHOCTH HEJABHEN KpH-
Tuky obieit reopun cun Kasumupa u Ban nep Baasb-
ca, KOTOpast OCHOBBIBAETCS Ha OTCYTCTBUU B TEOPHH SIB-
HOT'O BBIPAXKEHUS JIJIsI TOJIHOTO TAMUJIBTOHIAHA CHCTE-
MBI KBAHTOBOT'O 3JIEKTPOMATHUTHOTO I0JIsI B KOHJIEHCHU-
poBaHHBIX cpefax [57-61]. Bakirouenne, cueranHOe B
paborax [57-61], cocTonT B TOM, 9TO TaKasi TEOpHUs He
MOXKET MPUBECTHU K TOCIEIOBATEHHOMY MUKPOCKOIIHU-
9eCKOMY KBAHTOBOMY OIMCAHWIO TEPMOINHAMUIECKUX
BEJINYUH KBAHTOBBIX CHCTEM C B3aMMOJIEHCTBHEM.

Paccmorpennast 3/1ech paciuimpeHHast MOJIe/b IPeI-
CTaBJSET COOOI CPABHUTEIHLHO MTPOCTOI MPUMED, TTOKa-
3BIBAIOIIHH OIMOOYHOCTD STON KPUTUKHU. ¥ 2Ke U3 ITOr0
[IprMepa BUIHO, YTO JIJIsl HAXOXKIEHMsT 00YCIOBIEHHOM
B3aMMOJIEHCTBUEM YACTH TEPMOIMHAMUIECKUX BEJIU-
9UH OUJIMHEITHO CBSI3aHHOW C TEPMOCTATOM KBAHTOBOIA
CHUCTEMBI HEeT HeOOXOIMMOCTH B 3HAHUU YACTU IIOJTHOTO
raMUJIBTOHUAHA, OMUCHIBAIOIIEH TEPMOCTAT U HE COJIEP-
JKalllell COOTBETCTBYIOIIMX IapaMeTPOB B3aUMOJICHCT-
Bust. Tak Kak JIyKTyaIllmOHHO-IMCCUTIAIIIOHHBIE COOT-
HOIIEHWST UIACHTUDUIUPYIOT PYHKIMA OTKJIMKA UCXOS
U3 UX MUKPOCKOITUYIECKUX BbIPAYKEHUI, TAHHBIN TO/IXO]T,
000CHOBaH C MHUKPOCKOIIMYECKOW TOYKM 3peHusi. 1lpu
9TOM JIMHEHBIE (DYHKIUU OTKJIUKA TEPMOCTATA MOXKHO
Jlajiee pacCMATPUBATH KaK U3BECTHBIE U3 JPYIUX TEO-
PeTHYECKUX WJIM SKCIIEPUMEHTAJbHBIX HCCJIeI0BaHUIA.
DTO HO3BOJISET OTJIEUTH PACCMATPUBAEMYIO 33,149y OT
[TOJTHOTO JIMHAMUYIECKOTO ONMCAHUST KBAHTOBOW CHCTE-
MBI B IIEJIOM.

Cnemyer Takyke yHOOMSHYTH O Psifie MoOjeJeil 1mo-
[JIOMIAIONMIAX KOHJIEHCUPOBAHHBIX CPEJI, B3aMMOJIEH-
CTBYIOIIIUX C KBaHTOBBIM 3JIEKTPOMAaIrHUTHBIM I10JIEM,
KOTOPBIE WCIOJIB3YIOTCsI, B YACTHOCTH, JJIs U3y4e-
nust B3anmojeiicteust Kazumupa u Ban nep Baasbca
[57,58,60-74]. DTu Momesu BKIIOUAIOT B PacCMOTpe-
HUE JITHEHHO NOJIsIPU3yeMble OCIUILIATOPDI (HJId COCTO-
SINIYI0 U3 MHUKPOCKOIMUYECKUX TApMOHMYECKUX TOJIel
Cpejly), KOTOpble B3aUMOJEHCTBYIOT C 9JIEKTPOMATrHUT-
HBIM TI0JIEM, KaK B PaHHUX paboTax [75,76], u, B momos-
HEHHUe K 9TOMY, ¢ OCHULIATOpaMHU TepMocTara [62,77].
Tloceree pUBOAUT K JUCCUATIATHBHBIM dhdeKTaMm B
cucTeMe, aHAJIOTUIHBIM PACCMATPUBAEMBIM B 3TOH CTa-
The B PaMKaxX MOJEJIM OCIHJLIATOPA C 3aTyXaHHEeM.
Kanonnveckoe KBaHTOBaHHE 3JIEKTPOMATHUTHOIO IIO-
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JIsl, IPOBeJIEHHOEe XaTTHEpOoM 1 BapHerToMm [77], mocse
JUArOHAJIM3AIUN [I0JIHOTO TaMUJIBbTOHUAHA PACCMATPH-
BaeMoit Mozemu meromoMm Pamno 78] mpuBeno K KBaH-
TOBBIM (DIYKTYaIUsiM TOKA, MMOJTHOCTHIO COBMECTUMBIM
co BceMu DIIYKTYaIMOHHO-IUCCUTTAIIMOHHBIMU COOTHO-
menustMu. Kpome Toro, BeI6Op DYHKIMOHAJIBHBIX 18-
paMeTpOB TaMUJIBTOHUAHA B3AMMOJIEHCTBUS TIO3BOJILIT
AMHUTUPOBATDH IIPOU3BOIBHYIO 3aBUCHIILYIO OT YaCTOTHI
JUCCUTIATABHYIO IIJIEKTPUIECKYIO DYHKIINIO, YAOBJIIE-
TBOPSIONTYIO cooTHoteHnssM Kpamepca — Kponwura. I1o-
JIyIUBIIASICS B PE3yJIbTaTe MAKDPOCKOINYIECKas KBaH-
TOBAas JIEKTPOIMHAMUKA ITOTJIOMIAIOIINX IUCIIEPTUPY-
FOIUX CPeJl MCIIOJIb3YeTCsl JIJIsi M3Y4YeHUsl KBAHTOBBIX
9 dEKTOB B3aMMOJENCTBUS 3JIEKTPOMATHUTHOIO II0-
Jisi B KOHJIEHCHPOBAHHBIX TE€JAX M MX OKPECTHOCTSX
[59,65,77,79-94].

ITockoJIbKyY TIOJIyUeHHBIE B paMKaxX MOJIE PabOThI
[77] pesyabTaThl B UTOre BBIPAXKAIOTCS Uepe3 HMero-
Y10 IIPOU3BOJIBHYIO 9aCTOTHYIO 3aBUCHMOCTD JIHJIEK-
TPUYECKYIO (DYHKIUIO CUCTEMBI, MOYKHO OBLJIO OBbI 0XKI-
JIaTh, YTO 9TU Pe3yJIbTaThl UMEIOT H0Jjiee 00U XapaK-
Tep, YeM JIeXKAIWii B OCHOBE MOJIEJN TaMUIJIHLTOHUAH.
D10 03HAYAIO ObI, OJHAKO, YTO KOHEIHBIE PE3YIbTATHI
BBIPAKAIOTCS Yepe3 JINJIEKTPUIECKUE [IPOHUIIAEMOCTHI
cpez B 00ImieM ciiydae NPy HAJUYIUU JTACCUIAINANA. XO-
T JAHHOE IIPEJIIIOJIOYKEHNE CIIPABE/JINBO B OTHOITEHUN
Teopuu B3aumoyielicteust Kaszumupa u Ban jgep Baasb-
ca [2], B ofmem ciaydae OHO He OBLIO MOJATBEDPXKICHO
[95] (cm. Takke [96]). Kpome Toro, B orimume oT da-
CTOTHOI 3aBUCHUMOCTH, 3aBUCUMOCTD JINIJIEKTPUIECKUX
[IPOHUIAEMOCTEN OT TEMIIEPATYPhI HE BOCIIPOM3BOJIUT-
cd B paMKax 00CYKIaeMOr0 MUKPOCKOITMYIECKOTO MO-
JIEJIBHOI'O TAMUJIBTOHUAHA, COIEPIKAIIEr0 TOJbKO KBaJI-
paTHuyHbIE U OMJIMHEHHbIE OIIePATOPHBIE YJIEHBI [IPU OT-
CyTCTBUU 3aBUCSIIAX OT TEMIIEPATyPhI TapaMeTPOB.

Taxum 06pa3oM, pPe3ysbTaThl JJIs JACIEPCHOHHBIX
B3aUMOJIECTBUH, OJIyYE€HHbIE B paMKaX MOJEJH IIO-
IJIOMIAIONINX CPEJI, MOT'YT OBITH BBIPAyKEHBbI Uepe3 -
SJIEKTPUYIECKUE TTPOHUIAEMOCTH MATEPUAJIOB U JOJIK-
HBI HAXOIUTLCA B coryiacuu ¢ obreit Teopueit cun Ka-
sumupa un Ban nep Baasbca [2,4| B pamkax obiactu
ee mpumennmoctu. CKa3aHHOE, OJTHAKO, HE MMEET OTHO-
IIEHUsT K Pe3yJIbTaTaM 9TO CTaThl, B KOTOPOH MOJIE/h
OCIIMJIAATOPA C 3aTYXAaHUEM IIPEJICTABJIAET OTKPBITYIO
MaJIyi0 KBAaHTOBYIO CHCTEMY, a HE COCTABHYIO YaCTh MO-
JIeJIA TUCCUATIATABHBIX IUJIEKTPUIECKUX TPOHUIIAEMO-
cTeil KOHJIEHCUPOBAHHBIX Cpell. B crarbe ObLia BBISAB-
JIEHA aHAJIOTHS MEXK/Ly MOJIEIBIO OCIIMILIATOPA C 3aTy-
XaHHEM B ee MCXOMHOU popMe, B KOTOPOIl IeHTpaJIb-
HBII OCHUJLISITOP OWJIMHEITHO B3aMMOJEHCTBYET C OC-
MUJIASTOPAMU TepMOCTaTa, U O0Ieil Teopueit B3auMo-
neiicreus Kasumupa un Ban gep Baaanca, cBo6ogHOM 0T
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MOJEJIBbHBIX Hpe,ZLHOJIO}KeHI/IfI B €€ paCCMOTpEeHUH IJINH-
HOBOJIHOBOT'O (bJ'IyKTyaHI/IOHHOI‘O KBaHTOBOI'O 3JIEKTPO-
MarHuTHOTI'O IIOJIA, BSaI/IIVIO,D;efICTByIOHleFO C KOH/IEHCH-
POBaHHBIMU TeJIaMH.

8. SAKJIFOYEHUNE

B mannoit pabore moka3zaHo, YTO PaBHOBECHAsT TEP-
MOMHAMUKA OCIUJIATOPA C 3aTyXaHWEM, OMJIMHEHHO
B3aUMOJIEICTBYIOIIETO C TEPMOCTATOM, M3y4YeHHAs pa-
Hee B pamkax mojesin LBanmura — Kamnmeiipsr — Jlerrer-
Ta, MOXKET ObITH ONMMCAHA PE3YJIbTaTaAMU ODOIIel Teopun
cun Kasumupa u Ban nep Baannca. Haitnenmnoe 3na-
YUTEIbHOE [IEPEKPBHITHE MEXK/Ly JIBYMs TEOPUSIMU Jie-
TaJbHO m3yueHo. lIpencraBiena momudunupoBaHHAS
MOJIeJIb, JIOIYCKAIOMAasl YACTOTHYIO U TeMIIEPATYPHYIO
3aBUCUMOCTH (PYHKIIUU [AeMIIUPOBAHUS IIEHTPAIHHO-
o OCHUJLISITOPA, U TOJyYeHBbI COOTBETCTBYIOIIUE MO-
JUDUIIPOBAHHBIE TEPMOJIMHAMUIECKUE TOTEHITUAJIBI.

PunancupoBanue. Pabora BbIIOIHEHa B paMKax
Tocymapcreennoro 3amanus UOTT PAH IIporpammbr
dyHIaMEHTATBHBIX HAYJIHBIX HCCIEIOBAHUN TOCYIap-
CTBEHHBIX akajieMuilt Hayk Ha 2013-2020 rr.
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Abstract. The present work discusses extensions
of the pioneering analysis by Dzyaloshinskii and Larkin
[Sov. Phys. JETP 38, 202 (1974)] of correlation func-
tions for one-dimensional Fermi systems, focusing on
the effects of quasiparticle relaxation enabled by non-
linear dispersion. Throughout the work we employ
both, the weakly interacting Fermi gas picture and non-
linear Luttinger liquid model to describe attenuation
of excitations and explore the fermion-boson duality
between both approaches. A special attention is de-
voted to the role of spin-exchange processes, effects
of interaction screening, and integrability. Thermal-
ization rates for electron- and hole-like quasiparticles,
as well as the decay rate of collective plasmon excita-
tions and the momentum space mobility of spin exci-
tations are calculated for various temperature regimes.
The phenomenon of spin-charge drag is considered and
the corresponding momentum transfer rate is deter-
mined. In the context of transport properties, momen-
tum relaxation due to several competing mechanism,
triple electron collisions, electron-phonon scat-
tering, and long-range inhomogeneities is addressed.
Energy transfer facilitated by plasmons is highlighted
from the perspective of inhomogeneous Luttinger lig-
uid. The full matrix of thermoelectric coefficients is

viz.

found at the quantum critical point of the first conduc-
tance plateau transition.

1. Introduction. The concept of quasiparticles
plays a central role in the condensed matter physics

* E-mail: levchenko@physics.wisc.edu
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of strongly interacting many-body quantum systems
[1,2]. For instance, in the context of electrons in con-
ductors, one typically views the quasiparticle states as
those evolving from the free electron gas to a Fermi
liquid when adiabatically turning on the interaction.
In accordance with Landau theory [3], quasiparticles
inherit some of the basic quantum numbers of bare
electrons such as spin, charge, and momentum. Their
respective dispersion relations as well as thermodynam-
ical and kinetic properties may, however, differ signifi-
cantly due to interaction-induced renormalizations. A
crucial advantage of the quasiparticle picture is that
residual interactions are assumed to be weak, and can
be systematically and controllably addressed by means
of perturbation theory. The central question related
to the validity of the quasiparticle description concerns
their lifetime 7,,. Indeed, in the process of scattering
quasiparticles decay and their mere notion is meaning-
ful only if attenuation is weak enough and they can
be considered as sufficiently long-lived collective exci-
tations. In Fermi systems, the Pauli principle severely
limits the phase space available for quasiparticle col-
lisions. The low temperature decay rate can then be
estimated from the Golden rule as

g2+ w272

-1
T (6, T) o< (¥Vp) -

(1)

In this expression, the excitation energy e = vp(p—pr)
of a quasiparticle with momentum p is counted from
the Fermi energy ep, v is the density of states and
Vo is the characteristic strength of the short-range re-
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pulsive interaction?. The dominant microscopic scat-
tering channel leading to Eq. (1) involves quasiparti-
cle decaying into three: another quasiparticle and a
particle-hole excitation. The amplitude for this process
is proportional to Vj, hence, the dimensionless factor
of (vVp)? in the scattering probability entering Eq. (1).
The factor €? is the phase space volume for scattering
of a quasiparticle with energy e compatible with the
conservation of total energy and momentum. At finite
temperatures the smearing of states in the energy strip
of order ~ T per particle leads to the corresponding
T? dependence of 7! Higher-order processes involv-
ing 2n + 1 quasiparticles, namely n > 1 electron-ho-
le pairs, are usually neglected as their respective rate
scales with higher powers of energy. In particular, at
zero-temperature the rate for relaxation processes of
a quasiparticle with energy ¢ involving n particle-hole
pairs vanishes as 7,.' o £*". One notable property
of Eq. (1) is that it predicts the same relaxation time
for particle-like and hole-like excitations. Another pro-
perty is that the crossover from zero-temperature to
finite-temperature relaxation is governed only by one
scale, viz. when the excitation energy compares to the
temperature itself e ~ T

In addition to the quasiparticle relaxation, which
is often viewed as an out-scattering rate from a par-
ticular quantum state, one may address a more gene-
ral question of relaxation of a nonequilibrium quasi-
particle distribution function. In kinetic theory such
problem is typically analyzed in the framework of the
linearized Boltzmann equation. The eigenvalues of the
corresponding collision operator define relaxation times
of different distribution function modes. In three di-
mensional Fermi liquids this problem is exactly solvab-
le [4,5] and one finds that all these rates are para-
metrically the same, scaling respectively as oc T2. In
contrast, in two-dimensional Fermi liquids, kinematics
of head-on collisions leads to a parametrically distinct
relaxation of odd and even momentum harmonics of
the distribution function, in particular 7,1, o T?/cp
while 7.}, oc T* /€3, [6,7].

The role of dimensionality in quasiparticle relaxa-
tion becomes the most dramatic in one-dimension (1D).
This special case of electron liquids can be experimen-
tally realized in quantum wires of GaAs/AlGaAs hete-
rostructure [8] or carbon nanotubes [9] when parti-
cle density is such that only the lowest sub-band of
transversal modes is occupied. It further requires that
temperature is sufficiently low and sample purity is suf-

1) Throughout the paper we use units with Planck and Boltz-
mann constants set to unity h = kp = 1.

e

ficiently high, so that thermally- and disorder-induced
transitions to higher sub-bands are suppressed. In ad-
dition, edge modes formed at the boundaries of a 2D
electron gas when placed in a strong magnetic field in
the integer or fractional quantum Hall regime [10, 11],
or edge states of 2D quantum spin Hall topological-in-
sulators [12], provide other distinct examples of, respec-
tively, chiral and helical quantum 1D electron liquids.

In principle, all these systems can be successfully
described within the framework of Luttinger liquid
theory [13-15], which builds out of the Tomonaga-Lut-
tinger (TL) model [16,17]. As is known form pioneer-
ing works [18-20], in the asymptotic low-energy limit
e/erp < 1, the key properties of the TL model are
manifestly non-Fermi liquid like. A power-law anomaly
manifests in the suppression of the single particle den-
sity of states

V() = v (

and collapse of the quasiparticle residue in the distri-
bution function. At T — 0 that is

%9 sin(mg)
g

el
VFPA

r-29), (2

_ I(1/2+g)
RN
L(1/2—g) (el \*
X ll T2+t (vaA> sgn(a)} , (3)

where vy = 1/(27vr), T'(2) is the Euler’s gamma func-
tion, and pa is the momentum cutoff of the model
(parametrically ppx ~ pr). In the simplest spinless ver-
sion of the TL-model with short-ranged interaction, a
single dimensionless coupling constant,

1+ vV

—_ — 1,
[\/1+2VOV0 ]

can be related to the zero-momentum Fourier compo-
nent of the bare interaction potential V. The limit of
weak interaction corresponds to g < 1 and Egs. (2),
(3) are valid for ¢ < 1/2%). However, a direct at-
tempt to apply Luttinger liquid theory to the question
of quasiparticle lifetime meets formidable challenges.
In a fermionic representation of the TL-model, elabo-
rated explicitly by Dzyaloshinskii and Larkin [19], the
electron self-energy vanishes on the mass shell in all
orders of perturbation theory and, consequently, corre-
lation functions assume power-law tails. These results,

1

9=3

: @)

2) In Ref. [19] the limit of strong interactions, g > 1/2, was
also considered, including the scenario when coupling between
fermions of the same chirality is different from coupling bet-
ween fermions of different chirality. For additional details on
the derivation of Eq. (3) see also Ref. [21].
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and the absence of relaxation, can be alternatively un-
derstood from the Mattis and Lieb [18], and Luther and
Peschel [20] bosonization construction, which maps in-
teracting 1D fermions to a collection of decoupled har-
monic modes of charge-density and spin-density oscil-
lations. Notably, in both approaches the exact solution
relies heavily on the linearization of the fermionic dis-
persion relation.

One is then left with the natural puzzle whether in-
corporating curvature of the dispersion relation into the
TL-model would cure the issue and yield a finite life-
time of excitations, thus possibly restoring Fermi liquid
like properties of the system. This line of reasoning can
be also corroborated within the fermionic picture, not-
ing that spectrum nonlinearity softens phase space re-
strictions for quasiparticle scattering, thus making their
relaxation possible.

Similarly, at the level of the bosonic description,
nonlinear terms of the dispersion relation couple charge
and spin modes thus enabling their decay. However, it
was quickly recognized that curvature cannot be in-
cluded perturbatively, and a naive expansion leads to
spurious divergences. These and other related ques-
tions to 1D kinetics, including the connection between
the two pictures of the fermion-boson duality, attracted
significant recent interest. This has lead to the devel-
opment of the nonlinear Luttinger liquid theory, also
referred to as Fermi-Luttinger liquid (FLL) theory (see
Refs. [22,23] for comprehensive reviews and references
herein). Specifically for the problem of quasiparticle
relaxation in quantum wires, various scattering rates
were calculated within different interaction models for
both, spinless [24-33] and spin-1/2 fermions [34-40]. In
parts of the present work we review and extend these
results.

On the experimental forefront the hallmark sig-
natures of Luttinger liquid behavior have been ob-
served by means of various spectroscopic techniques.
Namely, power-law anomalies in the density of states,
tunneling conductance, and current-voltage characte-
ristics [9,10,41,42], spin-charge separation [43,44], and
charge fractionalization [45,46]. Besides GaAs quan-
tum wires, carbon nanotubes, and edge modes, clear
features of Luttinger liquid physics have been identi-
fied in many other systems such as bundles of NbSes
[47] and MoSe [48] nanowires, polymer nanofibers [49]
and conjugated polymers at high carrier densities [50],
as well as atomically controlled chains of gold atoms on
Ge surfaces [51], just to name a few distinct examples.
In the most recent report [52], relaxation processes in
quantum wires were captured and bounds on the cor-
responding timescales were determined, thus providing
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measurements of quasiparticle properties beyond the
parading of linear Luttinger liquid theory. In a parallel
line of developments [53-56], cooling of nonequilibrium
quasiparticles in quantum Hall edge fluids was mea-
sured and corresponding lengths scales of thermaliza-
tion processes were quantified.

The focus of this communication is on the descrip-
tion of elementary kinetic processes inducing relax-
ation in nonlinear Luttinger liquids and their emergent
transport properties. Keeping forward scattering elect-
ron-electron interactions and accounting for nonlinear
contributions to the electron dispersion, this theory is
beyond the Dzyaloshinskii—Larkin theorem. The lat-
ter relax kinematic constraints and open phase space
for multi-loop corrections to the electron self-energy,
thereby providing a variety of inelastic processes which
affect equilibrium as well as nonequilibrium proper-
ties of the 1D quantum electron liquids. The rest of
this work is structured as follows (see the full text).
Section 2 focuses on the hierarchy of relaxation times
in Fermi-Luttinger liquids. We present results be-
yond parametric estimates, including detailed compu-
tations of a number of experimentally relevant interac-
tion models®). The complimentary kinetic equation ap-
proach, applied to the quasiparticle picture of a weakly
interacting Fermi gas, and spin- and charge-excitations
of a Luttinger liquid, are explored concurrently. We
present numerical estimates for experimentally mea-
sured relaxation rates and provide detailed comparison
to previous results. In Sec. 3, the temperature depen-
dence of kinetic coeflicients is calculated, accounting
for extrinsic mechanisms of momentum relaxation due
to phonons or long-range inhomogeneities. The contri-
bution to heat transport mediated by plasmons in the
inhomogeneous Luttinger liquid is elucidated. Finally,
we devote parts of the discussion to the thermoelectric
properties at the first plateau transition of the quan-
tum conductance. In Sec. 4, we provide a summary of
main findings and open questions, sketching a broader
picture and commenting on related topics relevant for
chiral, helical, and spiral versions of 1D quantum fluids.
Several Appendices accompany our presentation in the
main text, providing additional technical details of the
presented analysis and formalism.

2. Hierarchy of relaxation processes. The
physics of quasiparticle relaxation in 1D quantum elec-
tron liquids is perhaps a surprisingly rich and compli-
cated problem. In part this has to do with the fact
that, in contrast to their higher dimensional counter-

3) In part this material was summarized in Sec. IV of the ex-
tensive review in Ref. [23].
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parts, two-particle collisions, namely scattering pro-
cesses with the emission of a single particle-hole ex-
citation, do not result in finite relaxation rates. This
statement pertains to generic dispersion relations, i.e.
including curvature, and not only applies to models
with linear dispersion. Indeed, kinematics of two-par-
ticle scattering in 1D is such that particles either keep
or swap their momenta, but neither of these options
causes relaxation. To allow for the redistribution of
momenta and, at the same time, to comply with re-
strictions of conservations laws one necessarily needs
to consider triple electron collisions, or alternatively,
assume some extrinsic mechanism.

The analysis of 1D kinematics of multi-particle col-
lisions resolving energy and momentum conservations
reveals a plethora of possible scattering events. They
ultimately lead to a hierarchy of relaxation stages in the
system and an emergent asymmetry between the relax-
ation of particle-like and hole-like excitations. All pro-
cesses can be broken down into several distinct classes.
First are the forward scattering processes with soft
momentum transfer that involve either (i) all parti-
cles from the same branch, or (ii) particles from both
branches such that all initial and final states are near
the Fermi energy. Second are processes involving states
deeper in the band. These latter are relevant for
(iil) the drift of quasiholes and (iv) backscattering pro-
cesses that change the number of right and left moving
excitations before and after the collision. We will refer
to thermalization when discussing relaxation processes
that proceed without backscattering. These processes
determine the lifetime of quasiparticles associated to
the redistribution of excess energy, and affect thermal
transport properties of the system. In contrast, the no-
tion of equilibration will be used to refer to relaxation
processes involving the backscattering of quasiparticles,
which ultimately govern electrical transport properties.

2.1. Quasiparticle interaction model. In the
picture of a weakly nonideal Fermi gas, the probabil-
ities of particle collisions can be calculated perturba-
tively in the interaction, employing the usual T-matrix
formalism [57]. Within the Golden Rule, the scattering
rate

W = 27| A|?6(E — E')op pr (5)

is expressed in terms of the scattering amplitude A of
the corresponding process. Here E(E’) and P(P’) la-
bel total energy and momentum of initial (final) states,
and the delta function §(E — E’) along with the Kro-
necker delta ép p: enforce energy and momentum con-
servations. In the semiclassical limit, the three-particle
amplitude A was considered in Ref. [58]. The general-
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ization to the degenerate quantum limit was presented
in the work of Ref. [59], and exchange terms were care-
fully examined in Refs. [35,60]. The resulting ampli-
tude takes the form

1
A= I3 Z sgn(P) sgn(P’') x
PP/

5 V;?; —Pa Vp’c —Pe

(6)

S
Zoo! -

Epy, T Epe. ~ Epptpe—p,

Here L is the system size and sums are over all possible
permutations P of momenta p; with ¢ = 1, 2, 3 star-
ting from the direct scattering process (p1,p2,ps) —
—  (p},ph,ps) to all its exchange processes, with
sgn(P) accounting for the sign of the particular per-
mutation (using the convention that sgn(123) = +1).
Each permutation comes with a spin-dependent factor
Eoo’ = Oo,07, (5%0{7 do.0: reflecting particle exchange. In
the spinless case, the amplitude has an identical struc-
ture to Eq. (6) with Z,,» = 1. The amplitude con-
sists of 36 distinct terms that can be split into groups
of 6, each representing one direct and five exchange
scattering processes, respectively. Technically speak-
ing Eq. (6) appears from the iteration of the T-matrix,
T = V+V@0T, to second order in the bare two-particle
interaction potential V. Here Gy is the resolvent op-
erator (viz. the free particle Green’s function) and ¢,
denotes the energy-momentum dispersion relation.

For practical applications to quasiparticle scatter-
ing in quantum wires, it is sufficient to assume the sim-
ple dispersion of a parabolic band ¢, = p?/2m* with
effective mass m*, and use a Coulomb interaction po-
tential. Effects of screening due to nearby gates can be
modeled by a conducting plate placed at a distance d
away from the wire. In this case the interaction poten-
tial is of the form

1

W verae, 0
where s is the dielectric constant of the host mate-
rial. The diverging short-range behavior of this poten-
tial needs to be regularized in order to evaluate the
small-momentum Fourier components V}, entering the
amplitude in Eq. (6). To this end, we introduce the
small width w of the quantum wire, w < d, and replace
1/]z] = 1/v2? 4+ 4w?. Upon 1D Fourier transform we
then find

V= 2 (Ko2ulp) - Ko(2di)],  (8)
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where Ko(z) is the modified Bessel function of the
second kind. Using the asymptotic expression of the

Bessel function at z <« 1,
2

with «vg the Euler constant, one then finds the simpli-
fied form of the interaction potential
d

qoRe

applicable to the screened limit of Coulomb interac-
tion and valid for p < 1/d. In the opposite regime,
d~! < p < w™!, the second term in Eq. (8) can be
neglected since Ko(z) o< e */4/z at z > 1. One then
arrives at the simplified form of the unscreened poten-
tial

22

+zln

zeVE

Ko(z) = In (

el_'YE

Ipld

2¢2
Vo= —
»

—VE el—E

€ 2

X {ln (W) + (pw) 1n< )] . (10)

A few comments are in order in relation to the in-
teraction model presented in this section. (i) It should
be noted that retaining numerical pre-factors of the
order of unity under the logarithm in above expres-
sions for V,, would exceed the accuracy of further cal-
culations, so they will be dropped and simply set to
unity. (ii) However, retaining the sub-leading correc-
tions containing p? in the main log-series expansion of
both Eqs. (9) and (10) is actually crucial. Indeed, in
the spinless case, the model with contact interaction as
well as the Calogero—Sutherland model, are known to
be completely integrable [61]. This implies that all irre-
ducible multi-particle scattering amplitudes must van-
ish identically for a constant V, and V, o [p|. Fur-
thermore, the extended model of short-ranged interac-
tion, V,, oc p?, corresponding to the real space poten-
tial V(z) o« ¢”(x), is also integrable. This is known
as Cheon—Shigehara model [62]. It is only due to the
additional logarithm oc p?In |p| in Eq. (9), that there
is partial non-cancellation between different terms in
Eq. (6) and the amplitude remains finite. (iii) In the
model of long-ranged Coulomb interaction the situa-
tion is more subtle. A priori this model is not known
to be integrable. Nevertheless, the amplitude in Eq. (6)
vanishes for pure logarithmic interaction V), o In|p|, so
that retaining an additional p? In [p| term in Eq. (10) is
important to get a finite result.

|p|lw
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The triple electron scattering rate from Eq. (5) gen-
erates the collision integral (Stosszahlansatz) of the cor-
responding Boltzmann equation

St{n} = Z W[np’l(1_np1)np;(1_npz)npé X
{p}.{o}
X (1_np3)_np1(1_np/1)np2(1_np/2)np3(1_np’3)]~

(11)

Here each pair of Fermi functions, n,(1 — n,), cap-
tures statistical occupation probabilities, whereas the
two terms of the collision integral correspond to in-
coming and outgoing processes. At thermal equilib-
rium these terms nullify each other by virtue of the de-
tailed balance condition. At weak disequilibrium, one
can linearize n, = f, + én, in the external perturba-
tion dn, around the equilibrium Fermi-Dirac distribu-
tion function f,. The collision term can then be con-
sidered as a linear integral operator, acting on dn, =
= fp(1 — fp)¥, and one can formulate the eigenvalue
problem for this operator, St{¢,} = wpt,. The spec-
trum of eigenvalues w,, may be discrete or continuous,
and captures all the information about the decay of
different distribution function modes. As solving this
problem exactly for triple collisions presents a daunting
task [29,40], we here follow a simpler more pragmatic
approach. Setting, for instance, 0ny, = 0p, ppie/v, de-
scribes a quasiparticle with excess energy . Neglect-
ing then secondary collisions, the Boltzmann equation
reduces to the simple relaxation time approximation,
(8¢ + 75," )00, = 0, with solution dn, o< exp(—t/7yp).
It is natural to identify the corresponding timescale for
decay with the quasiparticle life-time

_ 0St{n}

ony,

-1 _
ap

; (12)
which follows from Eq. (11) by only retaining the
out-scattering contribution. Alternatively, one may
project the collision operator (11) onto either momen-
tum or energy modes and thus infer the relaxation time
of interest. This approach is parametrically correct,
however, may miss numerical factors of order unity
when compared to the exact solution of the eigenvalue
problem. We will employ both approaches in the forth-
coming sections.

2.2. Quasiparticle decay rates. Owing to one-
dimensionality of the problem, it is convenient to think
of particles of different chirality, namely right-movers
(R) and left-movers (L). It can be readily checked
that strictly at zero-temperature quasiparticle relax-
ation is only possible if collisions involve both, right-
and left-moving particles since otherwise conservation



MXKITPD, Tom 159, BrI. 4, 2021

Kinetic processes in Fermi—Luttinger liquids

laws cannot be satisfied. For this reason, consider first
a process of relaxation that involves two right-moving
particles, with initial momenta p1, p2, and a left-moving
particle labeled by momentum ps. The outgoing mo-
menta after the collision, p; = p; +g;, will be labeled by
momenta transfer ¢; for each of the particle i = 1,2, 3.
In these notations, the momentum conservation be-
comes q1 + g2 + g3 = 0, and the energy conservation,
for a simple parabolic band, can be cast in the form

2(p1qr + p2g2 +p3q3) + 4 + @5 + g5 = 0.

These conditions set the phase-space constraints for
collisions.

For an initial state with p1 = pr + ¢/vp, the quasi-
particle life-time corresponding to an RRL-process is
then

-1 _
Tap =

= Z Wl - f;o/l)fm(l - fp;)fps(l - fpg)v (13)
paps,
P1PHP3
where we begin analysis from the spinless case. At
this point it is convenient to shift momenta of left- and
right-movers from the respective Fermi points, p1 2 =
= pr + k12 and p3 = —pp + k3. In addition, it is
sufficient to linearize the spectrum in the distribution
functions, approximating
-1
)"

but not in the scattering probability W. Indeed,
an analysis of the kinematic constraints suggests that
@1 = —q2 and g3 = (q1/pr)(k1 — k2 + q1), implying
that |g3| < |g1,2|- In other words, relaxation occurs in
incremental steps of momentum transfer g3 ~ £2/vZpr
from right-movers to left-movers. With these observa-
tions at hand, we next need the corresponding three-
particle scattering amplitude. For the case of long-
ranged Coulomb interaction Eq. (10), one finds from
Eq. (6) after a laborious expansion

e ()
[t o

4
This result is obtained to leading logarithmic accuracy
using two small parameters |q1|/pr ~ |g3|/|¢1] < 1 in
the expansion. With the same level of accuracy the

L ork

Japrtk = frr = [GXP < T

~
~

2¢?

Va

A~ 2(prw)?

@
Prlgs|
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momentum and energy conservations in Eq. (5) can be
simplified to

5p7p/5(E — E/) =~
q1(kr — ko) + 3
PF

> Og1,—gs- (15)

These approximations enable one to complete all five
momentum integrations. Two integrations are removed
by delta functions which fix values of ¢2 and g3 in terms
of k12 and ¢;. Furthermore, in the zero temperature
limit, T" — 0, Fermi occupations become step-func-
tions, fr — 0(—k). The integral over ks then becomes
elementary, contributing by a pure phase space factor

S Sk~ frtamg) = o laslf(—as)
k3

The product of Fermi factors, fi,(1 — fr,—q,), simply
limits the domain of ks to the range k2 € [—|q1],0],
while the remaining 1— f, 44, dictates that ¢; < k;. Fi-
nally, we recall that in this setting k1 = ¢/vp. Putting
everything together the RRL-process gives the life-time

)4
where g = €?/xvp is the dimensionless interac-
tion strength of the model and we introduced
A1(2) 22In(1/z). The numerical coefficient c;

= (15 —7?)/32m3 is obtained with help of the following
integral

1
/0/ 22g(x,y) In? (

where g(x,y) = 1 — z(1 — y). Notice that the numeri-
cal factor in Eq. (16) differs from the one calculated in
Refs. [26,28] as different properties of the interaction
potential were assumed?).

We see that finite decay rate emerges in forth order
of the interaction strength. We also notice that the at-
tenuation is inversely proportional to the cube of mass,
Tt o (m*)7, and vanishes as the limit m* — oo is
taken at fixed band velocity. This limit corresponds to
the situation considered by Dzyaloshinskii and Larkin.
The energy scaling of the decay rate, o< £*, is consistent
with expectations based on the Fermi liquid picture for

€

E€F

1 = cepg* N (pruw) ( (16)

15 — 72
dedy=—", (17
g(%y)) Y 72 (17

4) In Appendix (see full text) we sketch derivation of Eq. (16)
from the bosonization framework of an impurity scattering in
Luttinger liquids.
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a process involving two particle-hole excitations. How-
ever, this result is not universal. This becomes evi-
dent from repeating the above calculation for the model
of screened short-range interaction, i.e. using the po-
tential given by Eq. (9). Expanding the amplitude in
Eq. (6) under the same conditions as above, one then
finds instead of Eq. (14) the amplitude

SNE
o (2]

2¢?

»

1
prd

5(prpd)*

 3L2%p

|

A~

4p2F

- Z_g rom({2))]. 0

The crucial difference here compared to Eq. (14) is the
appearance of the additional small parameter |q1|/pr ~
~ lgs|/|q1] ~ €/er < 1, which can be related to the fact
that this particular model is nearly integrable. A close
inspection of the amplitude in Eq. (6) reveals that each
term individually diverges as 1/¢ at small characteris-
tic momentum transfer. However, all exchange terms
combined together remove the singularity and partially
cancel out all the way to ~ ¢2 In g order. The rest of the
calculation carries through in exactly the same way as
in the previous example, and one finds the decay rate
8

Tq_pl = coepg* N2 (prd) (i) In® (E?F) (19)
with ¢ = 2445/358473 and \a(z) = 2*In(1/z). The
four extra powers in the energy dependence, can be
traced back to the different asymptotic form of the
amplitude in Eq. (18). This demonstrates the high
sensitivity of decay rates in 1D to details of the in-
teraction. The result captured by Eq. (19) is of course
perturbative. For a generic nonintegrable models with
short-ranged interaction, it can be generalized to ar-
bitrary interaction strength. It can further be shown
that 7! oc €% remains valid, and the pre-factor can be
expressed in terms of the exact spectrum [31].

As should be anticipated from the discussion above,
electron spin plays a crucial role in the transition ma-
trix element for the three-particle process, and should
thus significantly affect the quasiparticle decay rate.
Indeed, in the spinless case antisymmetry of the elect-
ron wave function dictates that its orbital component
should be odd and therefore relevant exchange ampli-
tudes are suppressed by Pauli exclusion. Mathemati-
cally, one sees this in a cancellation of various terms
that lead to Eq. (18). In contrast, for spinful elect-
rons singular parts of the amplitude do not cancel.
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They are dominated by 2pr exchange-processes be-
tween branches, in which left-movers are scattered into
right-movers [35]. Even though the strength of 2pp
exchange interaction is weaker than small momentum
scattering, Va,, < Vy, for Coulomb interaction the rel-
ative reduction is only logarithmic. The gain in the
amplitude, on the other hand, is more substantial and
controlled by the large factor ~ ep/vpq > 1. This
statement can be verified explicitly from Eq. (6) where
after spin summation one finds for the square of the
amplitude for the RRL-process

> ap - M e [0 SR o
0203 32L4€%‘ q% q%
olo50%

To obtain this result we approximated V,, _p,44, = Vo
and Vp, , ps+q; = Vop, in all the relevant terms since
P12 — p3 =~ 2pp and ¢; < |p;|. Again, by repeating
momentum integrations, the decay rate is found to be
of the form

EF

: (21)

2

-1 442 € 2
Tep = C36Fg A3(PFPw) (;) In ( ) ;
with c3 = 45/3273 and A3(z) = In(1/2). To be consis-
tent with the approximations that lead to Eq. (20),
the difference Vy — V5, should be understood as a
weak logarithmic factor (2¢2/x)In(ep/e) for the
Coulomb interaction potential. This was incorporated
into Eq. (21). The singularity of the amplitude was
compensated by phase space factors, and perhaps sur-
prisingly this restores essentially the Fermi liquid form
of the decay rate at T'= 0. We note that up to model
dependent pre-factors, the quadratic dependence of the
relaxation rate on energy of spin-1/2 particles given by
Eq. (21) is consistent with predictions of previous stu-
dies [35,39].

We proceed with discussion of the effects of thermal
broadening on relaxation processes. In the Fermi liquid
picture one expects a simple crossover at excitation en-
ergies of the order of temperature e ~ T'. For 1D liquids
this is not the case, as even at T' < ¢ there are inter-
mediate regimes and relaxation shows nontrivial tem-
perature dependence. Indeed, at finite temperatures
each collision results in a typical momentum trans-
fer g; ~ T/vp allowed by thermal smearing of states
near the Fermi energy. As RRL relaxation is controlled
by the momentum transfer between the branches, one
needs to compare phase spaces available to left movers.
Since at zero temperature gz ~ g2 / U%pp, one deduces
from comparison to g3 ~ T'/vp the crossover scale ep ~

~
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~ +/epT. Technically, this argument can be also made
clear by observing that
v
{exp (

and reducing to LT /2mvp as g3 — 0. These consider-
ations suggest that Egs. (16), (19), and (21) are valid
for T < €2?/ep. Above this threshold one finds

y

instead of Eq. (16) for the spinless Coulomb case. Si-

milarly,
6
) S

instead of Eq. (19) for the spinless screened case, and
finally

instead of Eq. (21) for the spin-1/2 Coulomb case. The
set of coefficients c4 5 ¢ can be determined from numer-
ical integrations, however, their specific values are of
no particular significance here.

At elevated temperatures the above mechanism of
relaxation competes with another process involving
only particles of the same chirality. As indicated ear-
lier, this RRR-~ (or equivalently LLL-) process is kine-
matically possible only at finite energies. It follows
from the same amplitude Eq. (6), but admits differ-
ent conditions on the involved momenta. In this pro-
cess, a high-energy particle with excess energy ¢ can
relax on two other comoving particles, which during
the collision are scattered in opposite directions in en-
ergy. Namely, one is drifting slightly upwards in energy,
whereas the other float downwards, closer to the Fermi
energy. A detailed calculation in the spinless Coulomb
model shows that the corresponding relaxation rate is

given by

where ¢, = vp/w. This rate exceeds that given in
Eq. (22), provided that temperature is higher than
~ ey/e/ep. In the case of screened Coulomb interac-
tion, the same mechanism is more strongly suppressed

) (7).

L
543

Zf—k3(1 - f—k3—q3) = o
k3

T

E€F

g

E€F

-1 _
Tap =

C4£Fg4)\%(ppw) ( (22)

9

E€F

T
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EF

e

o = cserg e (
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EF

. (24)

T
Tq_pl = 06spg4/\§ (pFw); In? (

—1
Tap

T3 Ew
= 0794 (pFw)4 a In” (? (25)
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€

€

7 (26)

-1 4 s T7 . 5
T = €89 (Prd)°—5 In (
ee%
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where e4 = vp/d. In fact, oc T7 is a generic property
for any non-integrable finite-range interaction model
with a sufficient degree of analyticity at small momenta
[32,33]. Lastly, in the case of spin-1/2 chiral electrons
one estimates the decay rate to be of the form

Tes d
—1_ . 417 4
Top = €99 21 In (w) . (27)

In addition to relaxation of particles with the same
chirality, thermal broadening allows for the relaxation
of hot quasiholes, a process kinematically forbidden at
zero temperature. The derivation of the corresponding
decay rate Tq_hl proceeds in close analogy to that for the
RRL-process. Crucial modifications are (i) the sign of
gs, (i) a smaller phase space volume, now suppressed
by an additional factor ~ T/(¢?/eFr), and (iii) that it
takes ~ (¢/e7)? steps to relax the excess energy. As a
result, the quasihole relaxation rate e.g. for the spin-
1/2 model,

EF

E (28)

T\ 2
Tq_hl = cr0erg N (prw) (E) In? ( ) )
is by a factor (er/e)* smaller than Tq_hl defined in
Eq. (21) when taken at the same energy. This pro-
nounced asymmetry in the relaxation rates of elect-
ron-like and hole-like excitations is a direct consequence
of the 1D kinematics of three-particle scattering with
nonlinear spectrum. This feature marks a sharp dis-
tinction between the quantum 1D Fermi-Luttinger lig-
uids and higher dimensional Fermi liquids.

We summarize in Table the discussed quasiparticle
relaxation rates in the different regimes.

2.3. Distribution imbalance rates. Another
common technique in kinetic theory applied to the de-
termination of relaxation rates is to project the collision
integral onto specific modes of interest, to infer their
corresponding decay times. For instance, in the context
of the present problem, one can look at the thermal im-
balance relaxation between left- and right-movers. This
amounts to projecting the collision term onto the ener-
gy mode of the distribution function n,, which is even
in momentum.

To see the practical implementation of this method,
consider a situation in which right-movers are hotter
than left-movers. The goal is then to derive an equa-
tion which describes the relaxation of the difference in
temperatures AT = T — T* of left- and right-moving
It should be noted that the physical set-
ting with imbalanced temperature is justified in 1D:
while three-particle collisions generate both right- and

electrons.
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Table. Energy and temperature dependencies of quasi-
particle relaxation rates (only the leading parametric
behavior is indicated and logarithmic terms are omit-
ted for brevity). First two rows summarize results for
spinless electrons interacting via Coulomb and screened
short-range interaction models, respectively, and the
last row gives the result for the spin-1/2 model. The
first two columns describe processes involving particles
the RRL-process), and the
last column describes the relaxation of comoving par-

of both chiralities (e.g.

ticles with only same chirality (e. g. the RRR-process).

In all cases 71 ~ EQ/EF, while Tb ~ E\/E/—EF in the

Coulomb model, T ~ ES/E/—EF in the screened model,
and Tz ~ e(ea/cr) {/€a/e in the spinful model

T T<Th | Th<T<Ty | To<T<e
Coulomb | /&3 Te? /e T3 /ecp
Screened | 8/e% Teb /5, T7 Jech
Spin-1/2 | €2/ep T Tes./e%e

left-moving particle-hole pairs the intrabranch relax-
ation induced by these processes is faster, while inter-
branch is a slow.

We start from the Boltzmann equation, multiply
both sides by ¢,, — e, and sum over p; > 0

Z (Epl - gF)atnpl = Z (Epl - EF)St{TL},

p1>0 p1>0

(29)

where, as above, momentum p; is that of a right-
moving particle. We then assume n,, to be of Fer-
mi-Dirac form with nonequilibrium temperature 7% =
=T + AT of right-moving excitations, and linearize in
the left-hand-side with respect to AT,

(ep, —erp)OAT
When computing integral over p; it is convenient to

Oy, = Orny, O AT = (30)

AT2 ch? (S 1
¢ ( oT

shift momentum to the respective Fermi point, p; =
= pr + k1. Linearizing further the dispersion relation
in ki, €p, — €r = vrki, one may use that the integral
is peaked at pr and rapidly converging. Noting that

“+o0
/ 22dz/ ch?(z) = ©%/6,
one readily finds

LT
Z (ep, —€R)Oing, = —— O AT.
p1>0 GUF

(31)
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The next step is to also linearize the right-hand-si-
de of Eq. (29) in AT. To accomplish this task we
parametrize n, = fp+fp(1—fp)1p, which allows to con-
veniently take advantage of the detailed balance con-
dition in the collision integral St{n}. For the thermal
imbalance 9, = (¢, — ep)AT/T?, and one finds upon
expansion in AT

> (eps —ep)St{n} =
p1>0
AT
=77 > (vrk)(vrgs)W.  (32)
{k,q,0}
Here

W= Wfkl(l - fk1+q1)fk2(1 - fk2+qz) X

X f—ks(l - f—ks—q:a)v (33)

and at intermediate steps we made use of the energy
conservation implicit in W, and approximated e,, —
—ep &~ vpkp and Epl, — Eps X —UFG3. It is now evident
that Eq. (29) can be cast in form of the usual relaxation
time approximation,

OAT = —AT /1y, (34)
where we introduced the corresponding thermalization
time. For the kinematics of the RRL-process, the latter
evaluates to

T\? €

! = eneeg Moo (2 ) w* (). @)

Er T
In a similar fashion one can find the relaxation rate for
the odd part of the imbalanced distribution. For this
purposes one may consider a boosted frame of referen-
ce, €p — pu, and derive the relaxation equation for u
by projecting the collision integral onto the momentum
mode. Kinematics of the respective collision is different
though, and will be considered in the next section.

To get an idea of the order of magnitude of the
different timescales, it is instructive to consider the fol-
lowing estimates for GaAs quantum wires using exper-
imental parameters of Ref. [52]. For vp ~ 2-10° m/s
and » ~ 10, the interaction parameter is just within
the applicability criterion of the perturbative expres-
sions g ~ 1. For the typical electron density we use
pr ~ 108 m~! w ~ 10 nm, and ex ~ 1 meV. Then for
€ ~ ep/4, which is a typical excess energy of injected
particles in tunneling experiments, and T' ~ 0.25 K one
is securely in the regime T < ¢%/ep. For this set of
parameters 7' ~ 10! 571, Tq_hl ~ 102 s71, and thl ~
~ 106 s~

Tap
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2.4. Backscattering hole mobility rates. Rela-
xation processes of low-energy excitations leading to
the decay of quasiparticles near the Fermi energy do not
change the numbers of right- and left-moving particles.
Thus they are chirality conserving. It turns out that it
is also possible to have backscattering processes. The
kinematics of these collisions involves states deep in the
Fermi sea, and for this reason it is useful to consider
the mobility of holes at the bottom of the band. These
processes are commonly considered from the perspec-
tive of mobile impurities in a Luttinger liquid [63-69].
Here we will continue using the kinetic equation ap-
proach for their description. The idea is then to single
out hole states at the bottom of the band with small
momenta, and to derive an effective kinetic equation
capturing their dynamics and allowing the calculation
of corresponding backscattering rates [70,71].

For this purpose, let p; and pj be momenta near the
band bottom, ps and p} lie near the right Fermi point
(+pr), and ps and p§ be taken near the left Fermi point
(=pr). As before, the unprimed momenta correspond
to incoming states whereas primed ones are associated
with outgoing states. With these conventions, we intro-
duce the hole distribution function, h,, =1—mn,,, and
the collision integral for holes, St{h, } = —St{n,,}.
Starting from Eq. (11), the latter can be cast in the

form
St{hpl} = Z [P(plupi)hpi - ,P(pllvpl)hpl} ) (36)
where
Plor,ph) =123 % W (1= fyy) frs (1= fi) (37)
{g’} P2;Ds

p2p3

is the rate for a transition in which a hole scatters from
some state p) into p;, while P(p], p1) denotes the rate
for the inverse process. In the above sums, all momenta
have been restricted to the discussed ranges, which ex-
plains the combinatorial overall factor of 12. Since both
p1 and p) lie near the bottom of the band, the distri-
bution functions h,, and hy are exponentially small
o e~¢F/T due to Pauli exclusion, and so is the collision
integral of holes St{h,}. It is therefore unnecessary
to account for additional exponentially small contribu-
tions in the transition rates P(p1,p}) and P(p),p1),
and this is why we replaced fp, ~ 1 and f; ~ 1 in
both. As in the case of the forward scattering process,
the typical scale for momentum change of all three par-
ticles in a hole backscattering is set by temperature,
qi = p, —p; ~ T/up. At the same time, the typical
momentum of a hole is p1 ~ vVm*T so that g1/p1 ~
~ +/T/ep < 1. This means that the net momentum

14 XKIT®, o 4

change in each scattering event is small, and holes ef-
fectively drift through the bottom of the band. Thus
relaxation occurs in multiple steps and the underlying
dynamics is momentum space diffusion. Under these
conditions, the mobile impurity falls into the universal
class of problems described by a Fokker—Planck equa-
tion [72]. The collision integral Eq. (36) can then be
simplified by expanding in the small momentum step
q1 < p1, and maps to the differential operator

St{hp, } ~ =0, [Alp1)hyp,] + 2351 [B(p1)hp, ] (38)
Here we introduced
Z 01Pq, (),
(39)
qu 0 (1),
and used the short-hand notation Py, (p1) = P(p}, p1)-

The diffusion coefficient in momentum space B(p;) is a
function of the hole-momentum p; varying on a scale
set by pp. For holes at the bottom of the band, one
may thus approximate B(p1) by its value at p; = 0,
in the following simply denoted by B without argu-
ment. Furthermore, the drift coefficient A(p) is read-
ily obtained from noting that the collision integral (38)
has to vanish for hole distributions of an equilibrium
Boltzmann form. This condition leads to the relation
A(p) = pB/2m*T

The rest of the calculation depends on the struc-
ture of the amplitude for the given kinematics of the
three-particle process. In calculating A from Eq. (6)
for the momentum configuration under consideration,
and up to small corrections in T'/ep < 1, it is sufficient
to approximate p; ~ 0, ps &~ +ppr and p3 =~ —ppr. Mo-
mentum and energy conservations provide additional
restrictions on the transferred momenta, enforcing that
g2 =~ q3 =~ —q1/2, again up to small corrections in
T/erp < 1. As a result, the amplitude A can be
parametrized only by a single momentum ¢;. Expan-
ding Eq. (6) and summing over spins one then finds

AR = 0 v Vor — V2 2Pk 40
> 14] 2L o ( 2pe) g (40)
(] a1

The singularity of A at small momenta is cancelled in
the spinless case. Specifically, for the long-range inter-
action model with Eq. (10) one finds

An 2 (2 4%( w)ln® ( 2L (41)
T16e2 L4\ L\PF l1] /)’
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whereas for the screened model
2¢2 4
(7) A3 (prd).

In order to perform remaining momentum integrations
implicit in the definition of B, one can approximate
delta functions in the scattering probability by

_9(n4 —1)?

A=
g2 L*

(42)

1
5p,prd(E — E') ~ —0(g2 — 43)845,— g, /2-

a

This removes two integrations out of five, and gives

12L
B=—— Z q% Z |A|2fk2—th/2(1 - fk2) X
UF
qik2ks {0}

X fk3+ql/2(1_fk3)7 (43)
where we shifted momenta p 3 to the respective Fermi
points, £pr + k2 3, and linearized the dispersion rela-
tion in all Fermi occupation functions. Finally, using
the tabulated integral

1
e'UFq/T — 1,

S fueall = ) = by by = (44)
k

where by is the equilibrium Bose distribution, we arrive
at the general expression

o6mr [ L 3
B:v_<2_> Do ai Y 1APbg (1 + by, p0). (45)
FASTS 0

A notable feature of this expression is that it is entirely
expressed in terms of bosonic modes. In essence, this is
a manifestation of bosonization at the level of fermionic
kinetic theory, as the occupation of an electron-hole
pair near one of the Fermi points integrated over the
center of mass momentum is equivalent to a collective
boson emitted/absorbed in a course of hole diffusion.
It will be shown in the subsequent section that struc-
turally the same expression for B can be obtained from
a purely bosonic formulation of the problem. Finally,
inserting Eq. (40) into Eq. (45) one finds the momen-
tum space diffusion coefficient of spin-1/2 holes

B

~ 7681n°(2)
o ™ Syl

3
9" A3 (prw) ( > prep.  (46)
The corresponding backscattering relaxation rate can
be found from Einstein relation adopted to diffusion in
momentum space, Ap? = Bry,. The notation 74y, is
meant to emphasize kinetics of a deep hole as opposed
to earlier notation 74, describing quasiholes near Fermi

786

energy. Thus for Ap? ~ m*T the result is (omitting
numerical factor for brevity)
T )2

- (47)

Tan = 9N (ppw) (
Finally we recall that the mobility of particles u is re-
lated to the diffusion constant by the simple kinetic
formula p = T/B, and therefore p oc 1/7T72.

The result is different in the spinless case. From
Egs. (41), (42) and (45) one finds B oc T in both cases,
modulo a logarithmic factor In? T' in the Coulomb case,
and thus T;f o T* and p oc 1/T*. The results dis-
cussed in this section are again perturbative in the in-
teraction. The power laws in the temperature depen-
dence of relaxation rates are, however, generic and also
apply to the strongly interacting regime, as we further
elaborate below, see also Refs. [67,68].

2.5. Electron-phonon relaxation rates. Apart
from the purely electronic mechanisms of relaxation
electrons may scatter on phonons, disorder, and sam-
ple imperfections thus relaxing their energy and mo-
mentum. At extremely low temperatures phonons are
not expected to be efficient at cooling the electronic
sub-system. On the other hand, electron-phonon scat-
tering has no such severe phase space restrictions like
the three-particle collisions considered above. It is thus
instructive to estimate the temperature dependence for
the corresponding relaxation rate. Unlike the previous
studies of electron-phonon relaxation in multichannel
quantum wires [73,74], and phonon-induced backscat-
tering relaxation [75,76], we focus on the complemen-
tary effect of soft collisions in a single-channel geometry
of strictly 1D electrons and 3D phonons.

The coupling of electrons and phonons is described
by the collision integral [77]

St{npv Nq} =

= Z W_[ny (1 = np)Ng—np(1—ny ) (14+Ng)] +

+ Z Wi [y (1=np ) (14-Ng) =1 (1 =1 )N ], (48)

p'q
where the scattering rate
Wi (p,p',q) = 2m)|A(q)[0(ep—ep Fwq)Sp=prtq, (49)

describes phonon emission and absorption processes
with an amplitude

A = | g (Dlal + )




MXKITPD, Tom 159, BrI. 4, 2021

Kinetic processes in Fermi—Luttinger liquids

Here we took into account that at the level of the lead-
ing Born approximation, the probabilities of scattering
for direct and reverse processes are the same. In the
amplitude we include both deformation (D) and piezo-
electric (A) couplings, o is the mass density, ¢, the
phonon wave-vector along the wire, and V is the sys-
tem volume. For simplicity we assume only a single
acoustic branch wq = s|g|, with sound velocity s.

For equilibrium Fermi and Bose distribution func-
tions of electrons and phonons respectively, n, — fp
and N, — by, the collision integral in Eq. (48) vanishes
due to detailed balance condition. As in the above ex-
ample of the distribution imbalance relaxation, we then
assume that electrons are hot, that is, at an excess tem-
perature T+ AT with respect to the temperature T of
lattice phonons. Electron-phonon collisions tend to re-
lax AT, and the corresponding rate for relaxation can
be found by projecting the collision integral onto the
energy mode,

Z Epip = — Z epSt{np, Ng},
P P

with €, = €, —ep. To linear order in AT one finds
from the phonon emission processes of hot electrons,

AT = —AT /7.y, where

_ 6vp
b=

p 7T3L

X

X > Wepwgfe, (1= fo,)(feyrw, +bu,) . (50)

pp'q

Upon completion of the remaining momentum integra-
tions, we then find to leading order in T’

—1ZMT

o o8 (A?/s%vro). (51)

The scattering rate due to the deformation potential
is parametrically weaker, scaling as 7.,' oc T%. The
backscattering mechanism results in an activated tem-
perature dependence o< e~T4/T with Ty = 2spp. It
is straightforward to generalize Eq. (51) to the case
when electronic relaxation occurs via several acoustic
branches. Notice also that the piezoelectric potential
may have complicated angular dependence in case of
wires oriented arbitrarily with respect to the crystallo-
graphical axis of the sample. A proper angular aver-
aging would change then numerical factors in Eq. (51)
where we took the simplest geometry. Luttinger liquid
effects lead to renormalization of the linear-7" behavior
and transform it into a power-law with interaction de-
pendent exponent oc T, where K = vp/u is the ratio

of Fermi and plasmon velocities. In the TL model u =
=vpy/1+ Vo/mvp.

2.6. Spin-charge scattering rates. The applica-
bility of the Born approximation, used to construct the
quantum amplitude for triple particle processes cap-
tured by Eq. (6), requires that incoming spin-1/2 quasi-
particles have sufficiently high energy compared to the
typical scale of interparticle interaction € > m*vpVj.

In the generic interacting environment of a 1D
quantum fluid, quasiparticle excitations break down
into spin and charge modes. At the level of linear Lut-
tinger liquid theory, spin-charge separation is an ex-
act property of the model [14]. At weak coupling, the
splitting between velocities of collective spin (v, ) and
charge (v,) density waves is related to the forward scat-
tering component of the interaction v, —v, ~ Vp (recall
that for repulsive interactions v, > v,). Assuming then
thermal excitations with € ~ T', the Born condition can
be equivalently formulated as T/(m*vr) > v, — v,.
In other words, for fermionic quasiparticles to preserve
their integrity the excitation energy (or temperature)
should be bigger than the energy scale of spin-charge
separation.

The interplay of spectrum nonlinearities and in-
teractions leads to spin-charge coupling [78,79]. Al-
though irrelevant in the renormalization group sense,
the newly emerging higher order operators capture
the attenuation of quasiparticles. The kinetic prop-
erties of 1D quantum liquids with spin-charge cou-
pling are not fully understood. There are basically
two possible approaches one may pursue. The first is
to refermionize the nonlinear bosonic theory to obtain
an effective description in terms of dressed quasiparti-
cles: holons and spinons. Holon relaxation was conside-
red in Refs. [36,37] based on non-Abelian bosonization
[80]. The advantage of this complex theory is that, in
principle, it allows to go beyond the weakly interact-
ing limit for spinful fermions. Alternatively, one may
choose to continue working in bosonic language. In the
limit of weak backscattering one can then account for
spin-charge interaction perturbatively in the basis of
well-defined spin and charge modes. This second pro-
cedure is limited to weak interactions V2, < Vi < vF.
To complement previous studies, we follow in this sec-
tion the second path. In part this will enable us to ex-
plore the fermion-boson duality. We delegate technical
details of bosonization to the Appendix (see full text)
and elucidate here the impact of spin-charge scattering
on various decay rates.

The lowest order nonlinearity, compatible with
SU(2) symmetry of the problem is cubic. It contains

14%
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one charge and two spin operators. Treating this term
in a perturbative expansion generates a collision ker-
nel that describes the decay of a plasmon into two spin
modes p — oo. It reads

St{N*, N7} = - > "W [N,

9192

J(L+NJ)(1+Ng,) —

-1+ N;)N;Ngz} , (52)

where N*/? are the bosonic occupations of charge (p)
and spin (o) excitations. The scattering probability

W= 27T|A|26q:lh+qz§(wp ) (53)

q
contains an amplitude scaling cubically with momenta
of the bosons [A]* = (7°/8L)|ql|q1/|¢2|T3,,- The per-
turbative result for the coupling constant is I'yoe =
= V4,,./V27?, where the prime denotes the derivative
with respect to pp. Note that it thus vanishes for the
integrable case of constant interaction. At smallest
momenta the dispersion relations are linear w?/? =
= v,/0|q]. The kinematics of this process uniquely
fixes momenta in the final state. Indeed, for concrete-
ness let ¢ > 0, then ¢1 = ¢(v, + v,)/2v, and g2
= —q(v, — v5)/2v,, which means that spin waves are
counterpropagating. From dimensional analysis it be-
comes apparent that St{N?, N°} defines the decay rate
of a plasmon, and one can introduce the characteristic
rate

g g
qul qu2

2 2
- Z W~ qg(VépF)QUPTUU'
9192 o
For the sake of an estimate, one may now take V5, —~
~ Vapr /pr and replace v,, ~ vr, except in their dif-
ference where v, — vs ~ Vp, and finds the life-time

) 3
Notice the nonanalytic dependence of interaction o V3.
For thermal plasmons the relaxation rate can be cal-
culated from Eq. (52) by a projection onto an energy
mode. We observe that as |g2| < ¢ the relaxation
occurs by small energy transfer from right-movers to
left-movers (or vise versa) so that interbrach processes
are slow. Assuming that right-moving excitations are
hotter by AT, and in complete analogy to the fermionic
case, we find

D wWhOND = whSt{N” N°}.

q>0 q>0

e ) (L (54

(55)

The left-hand-side is straightforward to evaluate fur-
ther, noting that

wgatAT

AT2sh?(wh /2T)’ (56)

O.N{ = Or NLO,AT =

788

which after momentum integration gives a factor of
(mLT/6v,)0;AT. The right-hand-side can be linearized
with the usual substitution Ny, = b, + bg(1 + by)dy,
where ¢, = w,AT/T? for the case of a thermal imbal-
ance. After some algebra one finds

> whS{N?, N7} =

q>0

(14 )03, b,

q1 792’

(57)

—AT Y (wh/T)*W

99192

where we repeatedly used energy conservation and the
detailed balance condition. Performing the final inte-
grations, we then arrive at

_ 3
7-p b= 16Fia'a' (TB/US')F(UU/UP)? (58)
where the dimensionless function reads
F(k) = k(1 — K?%) /dzz (14b.)b., b (59)
0
with b, = (¢ —1)7! and 2+ = 2(1 £ k)/2. One can

readily check that F' — 327%/15 in the limit k — 1.

The same scattering process can be alternatively
viewed as a mutual spin-charge friction. Physically,
this is analogous to the electron-phonon drag effect,
typically studied in the context of thermoelectricity, or
Coulomb drag in double-layers [81] and spin Coulomb
drag [82]. In each of these examples momentum trans-
fer between interactively coupled systems leads to drag-
ging of one sub-system by the flow of the other. For
instance, in the context of spin physics in Luttinger lig-
uids, generation of spin current is possible by Coulomb
drag [83|. To estimate the spin-charge drag rate, one
can consider a boosted frame of reference for spin and
charge excitations with mismatched boost velocities
u,/s- The scattering leads to momentum exchange be-
tween spins and charge and, as a result, to relaxation
Oy = —(up — Us)/Tpe. To capture this effect, we lin-
earize the collision integral for N(w, —ugq) with respect
to u, for both spin and charge occupations, and then
project onto the momentum mode to calculate the rate
of momentum loss by (e.g.) charge modes

0P, =Y qSt{N’,N} =

q

A
_ou b bo .

W(l—i—b”) 7 00, (60)

99192
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When we compare this to 8, P, = (xLT?/3v3)d;u,, we
find that thus defined drag relaxation rate 7, p‘al coin-
cides with Eq. (58) up to a constant factor. It is per-
haps useful to note that 7, oc T2 is consistent with
the expectation that Coulomb drag transresistivity be-
tween double quantum wires due to interwire momen-
tum transfer from spin-charge coupling at zero mag-
netic field scales as pp oc T° [37]. Indeed, this rate is
accompanied by two thermal phase space factors ~ T'
per wire, thus leading to 7°. In the drag problem,
the factor ¢ results from the width of the dynamic
charge structure factor and the underlying scattering
that gives rise to ¢ is precisely the decay of a charge
boson into two spin bosons.

The next in complexity is a quartic nonlinearity in
spin-charge coupling which leads to two-boson scatte-
ring po — po. In particular, we consider backscat-
tering of spin excitations on plasmons. Such scattering
processes correspond to the diffusion of spin excitations
near the spectral edge, and the goal is to calculate the
corresponding diffusion constant. As alluded to earlier,
the discussion parallels the previous calculation of the
backscattering of a deep hole in the fermionic language.
The corresponding collision integral reads

St{N”, N7} =

-y W{NU (1+ Ng)NL(1+Np) -

q2q1q2
- Ng(1+ N;)N;’é(l +N2) (61)
The scattering rate for this process is given by
W = 27|Al*60.0 6(E — E) (62)

with the amplitude |A]? = (T,,/8L)?|q1¢1q245|, where
the Coupling constant at the perturbative level reads
Iy = 2p - The notations for momentum and energy
conservation here are () = ¢1 + ¢2 and F = wg, +w},.
Let momenta ¢; and ¢} correspond to the initial and fi-
nal states of the spin excitation near the spectral edge.
Kinematically each momentum is of the order of the
Fermi momentum, ¢; ~ ¢} ~ pr, while their difference,
gy — q1 ~ T/vp, is small. This corresponds to a small
momentum change in each collision, which is accom-
panied by the excitation of plasmons at low momenta
g2 ~ ¢ ~ T/vp. For this reason the low-energy de-
scription based on Eq. (61) is sufficient to capture this
physics. Under the specified conditions and n complete
analogy with the fermionic case, we can convert the
collision integral into a Fokker—Planck differential op-
erator, thus describing the diffusion of spins. Indeed,

789

for momenta ¢ ~ pp the occupation is small, NJ o
x e~ ¢/T <« 1, and correspondingly 1+ N7 ~ 1, where
€, is the band width of spin excitations. The latter is
parametrically of the order of the spin exchange cou-
pling. Viewing Eq. (61) as the collision integral for

spins, we thus write

St{N,, } = Z[P(thlﬂNg; —Plgy, q1)Ng ], (63)
a
where
Plai, @) =y WNZ, (1+Np,) (64)

q2 q2

is the transition rate for spin scattering processes. More
specifically, it describes a collision with momentum
transfer dg, in which a spin is scattered out of the ini-
tial state g1. It can thus be rewritten as P(q},q1) =
= Psq(q1), and following the same prescription, the
transition rate for the inverse process reads P(q1,q]) =
= P_sq(q1 + 0g). Performing then a small-momentum
expansion,

P(q1,q1)Ng, = P-sq(q)Ng, +

52

o q o
+ 0904, [P-s(a1) NG | + =05, [P-sq (@) NG, ], (65)

the collision integral of spin excitations takes the sim-
plified form

St{ }—_ [ po‘(ql)N;]_F
450 B lan) NG, (66)
where
Apd = - Zaqpéq(m)v Byo = Zaqutsq(QI)' (67)

] dq

At this stage we focus on the derivation of Psq(g1). The
momentum conservation implicit in W removes the ¢}
integration. We then notice that distribution functions
limit the typical momentum transfer and momenta of
plasmons to gz ~ dq ~ T/vp. At the same time, the
typical momentum of spins at the spectral edge is g1 ~
~ pp and it is sufficient to calculate Psq(pp). With
these observations at hand, we can now approximate
energy conservation by

S(E—-FE')=~ %5((]2 —4q/2).

P
This removes the gs integral, and we thus arrive at

Ve (6q/pr)?

Psq = ,
% 1024Lv, sh®(v,0q/AT)

(68)
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with the notation V,, = p%Fpg. Finally, this defines
the diffusion coefficient of spins in momentum space
associated to po — po scattering channel

5

( )»

In addition to spin-charge scattering, nonlinearities
also allow for spin-spin scattering. Importantly for the
momentum space diffusion, scattering processes with
spin-flips are enhanced. They are thus described by a
different scaling of the probability with momentum as
compared to Eq. (68). That is,

3

30

T

PFUy

2
Voo 3

va .
Up

Byo = (69)

V2 1
872 Lvg sh?(v,0q/4T)’

Psq = (70)

and this crucial detail is technically speaking traced
back to the non-commutativity of spin operators when
calculating the corresponding amplitude. The impor-
tance of spin flips is also apparent at the level of
fermions. Indeed, the ratio of scattering rates between
spinless and spinful cases has exactly the same param-
eter (q/pr)? < 1 as the ratio between probabilities in

Egs. (68) and (70). The resulting diffusion constant in
the spin-spin channel is then
At (Voo \°( T Y’
Boo = — | -2 3V 71
= (%) (55) e

A microscopic calculation of the respective coupling
constants for the different scattering channels is a chal-
lenging task. Known approaches include weak coupling
results obtained via mobile impurity model [69], results
for Kondo polarons [66], and calculations in the strong
interaction limit within the non-Abelian bosonization
framework [37], as well as a model departing from the
Wigner crystal limit [84].

Two-boson processes also contribute to the thermal-
ization rates [33,85,86]. For charge excitations this re-
sults in a subleading correction to Eq. (58). In the
spin sector the situation is, however, different since
at the cubic level of nonlinearities spins are kinemati-
cally forbidden to scatter. In both cases nonlinearity of
the bosonic spectrum plays an important role to open
phase space for such collisions. In order to general-
ize the present model, consider first the charge sector
and assume a weakly anharmonic dispersion of plas-
mons, w! ~ v,|q|(1 — (£¢)?). Assume now that a right-
moving boson with momentum ¢ 2 T/v, is injected
into the Luttinger liquid. For this setting the collision
term from Eq. (61), with replacement N7 — N*, dic-
tates that the dominant process limiting the lifetime
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of the injected boson is due to scattering with inter-
branch momentum transfer. Indeed, for g1, ¢2,q; > 0
momentum conservation implies that ¢} is order ¢3,
since energy conservation fixes ¢5 ~ —(3£2/2)q1q24; -
Curiously, even though a finite £ is crucial to resolve
the kinematic constraints it drops out from the corre-
sponding rate provided that ¢ < /T/v,£2. In this
regime v,|¢5| < T, implying that N T/w , and ¢4
cancels out from W The decay rate “then scafes para-
metrically as Tp o T'q*. This estimate is applicable
as long as T'/v, S ¢ < W.

For thermal plasmons, this rate can be estimated
more accurately by projecting the collision integral
onto the energy mode. Assuming that the boson with
momentum ¢; is “hotter” by a temperature difference
AT, one finds upon repeating the steps from the pre-
vious similar calculations

E :waqu

4142
4142

_ by,
T aLT

x WNp Ny, (1+NE)(1+ N5 (72)

For the kinematics of the process specified above, one
sum is removed by momentum conservation setting
4y = ¢1+¢2. Energy conservation removes another inte-
gral, setting ¢ = —(3¢2/2)q1q2(q1+¢2). The remaining
integrals can, after rescaling of momentum variables in
units of temperature, be brought to a dimensionless
double-integral. This results in
) 4

)7

z? y (x +y)e*TVdx dy
)(e¥ —1)(emtv — 1)

Vop

(5

P

T

PFUp

_ 3c1e
 (4m)t

where the coeflicient

o[

and Vy,, = p3ly,.

~1
Tp

(73)

The two-spin scattering can be analyzed in the same
way, starting out from Eq. (61) by changing N* — N°¢.
The crucial difference is in the momentum dependence
of the scattering rate, which is enhanced by spin-flip
processes. The resulting spin wave thermalization rate
due to two-boson scattering processes reads

T

() G)

This final estimate exhausts all possible scattering pro-
cesses emerging from the quartic corrections to the lin-
ear Luttinger liquid model.

Vi

Vo

Tg_l

(74)



MXKITPD, Tom 159, BrI. 4, 2021

Kinetic processes in Fermi—Luttinger liquids

Funding. This work was supported by the U. S.

Dep

artment of Energy (DOE), Office of Science, Ba-

sic Energy Sciences (BES) Program for Materials and
Chemistry Research in Quantum Information Science

under Award No.

DE-SC0020313. T. M. acknowl-

edges financial support by Brazilian agencies CNPq

and

FAPERJ.

The full text of this paper is published in the English

vers

10.

11.

12.

13.

14.

ion of JETP.

REFERENCES

. A. A. Abrikosov, L. P. Gor’kov, and I. E. Dzyaloshin-
skii, Methods of Quantum Field Theory in Statistical
Physics, ed. by R. S. Silverman, Dover Publ. (1975).

. D. Pains, Flementary Ezxcitations in Solids: Lectures
on Phonons, FElectrons, and Plasmons, CRC Press
(1999).

L. D. Landau, Sov. Phys. JETP 3, 920 (1957); 5, 101
(1957); 35, 70 (1959).

. A. A. Abrikosov and I. M. Khalatnikov, Rep. Prog.
Phys. 22, 329 (1959).

. G. A. Brooker and J. Sykes, Phys. Rev. Lett. 21, 279
(1968).

R. N. Gurzhi, A. I. Kopeliovich, and S. B. Rutkevich,
Adv. Phys. 36, 221 (1987).

P. J. Ledwith, H. Guo, and L. Levitov, Ann. Phys.
411, 167913 (2019).

O. M. Auslaender, A. Yacoby, R. de Picciotto,
K. W. Baldwin, L. N. Pfeiffer, and K. W. West, Sci-
ence 295, 825 (2002).

M. Bockrath, D. H. Cobden, J. Lu, A. G. Rinzler,
R. E. Smalley, L. Balents, and P. L. McEuen, Nature
397, 598 (1999).

A. M. Chang, L. N. Pfeiffer, and K. W. West, Phys.
Rev. Lett. 77, 2538 (1996).

A. M. Chang, Rev. Mod. Phys. 75, 1449 (2003).

T. Li, P. Wang, H. Fu, L. Du, K. A. Schreiber,
X. Mu, X. Liu, G. Sullivan, G. A. Csathy, X. Lin,
and R.-R. Du, Phys. Rev. Lett. 115, 136804 (2015).

F. D. M. Haldane, J. Phys. C: Sol. St. Phys. 14, 2585
(1981); Phys. Rev. Lett. 47, 1840 (1981).

T. Giamarchi, Quantum Physics in One Dimension,
Clarendon Press (2004).

791

15

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

. D. L. Maslov, Lecture Notes for the LXXXI Les
Houches Summer School “Nanoscopic Quantum Tran-
sport” (2004).

S. Tomonaga, Prog. Theor. Phys. (Kyoto) 5, 544
(1950).

J. M. Luttinger, J. Math. Phys. N. Y. 4, 1154 (1963).

D. C. Mattis and E. H. Lieb, J. Math. Phys. 6, 304
(1965); see also Mathematical Physics in One Dimen-
sion, Acad. Press, New York (1966).

I. E. Dzyaloshinskii and A. I. Larkin, Sov. Phys.
JETP 38, 202 (1974).

A. Luther and I. Peschel, Phys. Rev. B9, 2911 (1974).

H. Gutfreund and M. Schick, Phys. Rev. 168, 418
(1968).

V. V. Deshpande, M. Bockrath, L. I. Glazman, and
A. Yacoby, Nature 464, 209 (2010).

A. Imambekov, T. L. Schmidt, and L. I. Glazman,
Rev. Mod. Phys. 84, 1253 (2012).

K. Samokhin, J. Phys.:
(1998).

Condens. Matter 10, 533

A. V. Rozhkov, Eur. Phys. J. 47, 193 (2005); Phys.
Rev. B 74, 245123 (2006); Phys. Rev. Lett. 112,
106403 (2014).

M. Khodas, M. Pustilnik, A. Kamenev, and L. Glaz-
man, Phys. Rev. 76, 155402 (2007).

D. A. Bagrets, I. V. Gornyi, A. D. Mirlin, and
D. G. Polyakov, Semiconductors 42, 994 (2008).

R. G. Pereira, S. R. White, and I. Affleck, Phys. Rev.
B 79, 165113 (2009).

T. Micklitz and A. Levchenko, Phys. Rev. Lett. 106,
196402 (2011).

S. Teber, Phys. Rev. B 86, 195112 (2012).

K. A. Matveev and A. Furusaki, Phys. Rev. Lett.
111, 256401 (2013).

Z. Ristivojevic and K. A. Matveev, Phys. Rev. B 87,
165108 (2013).

I. V. Protopopov, D. B. Gutman, and A. D. Mirlin,
Phys. Rev. B 90, 125113 (2014); Phys. Rev. B 91,
195110 (2015).

L. Balents and R. Egger, Phys. Rev. B 64, 035310
(2001).

T. Karzig, L. I. Glazman, and F. von Oppen, Phys.
Rev. Lett. 105, 226407 (2010).

T. L. Schmidt, A. Imambekov, and L. I. Glazman,
Phys. Rev. B 82, 245104 (2010).



A. Levchenko, T. Micklitz

MKITP, Tom 159, BhII. 4, 2021

37

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

. R. G. Pereira and E. Sela, Phys. Rev. B 82, 115324
(2010).

A. Levchenko, Phys. Rev. Lett. 113, 196401 (2014).

M. Bard, I. V. Protopopov, and A. D. Mirlin, Phys.
Rev. B 97, 195147 (2018).

K. A. Matveev and Z. Ristivojevic, Phys. Rev. B 102,
045401 (2020).

Z. Yao, H. Postma, L. Balents, and C. Dekker, Nature
402, 273 (1999).

O. M. Auslaender, A. Yacoby, R. de Picciotto,
K. W. Baldwin, L. N. Pfeiffer, and K. W. West Phys.
Rev. Lett. 84, 1764 (2000).

O. M. Auslaender, H. Steinberg, A. Yacoby, Y. Tser-
kovnyak, B. I. Halperin, K. W. Baldwin, L. N. Pfeif-
fer, and K. W. West, Science 308, 88 (2005).

Y. Jompol, C. J. B. Ford, J. P. Griffiths, I. Far-
rer, G. A. C. Jones, D. Anderson, D. A. Ritchie,
T. W. Silk, and A. J. Schofield, Science 325, 597
(2009).

H. Steinberg, G. Barak, A. Yacoby, L. N. Pfeiffer,
K. W. West, B. I. Halperin, and K. Le Hur, Nature
Phys. 4, 116 (2007).

H. Kamata, N. Kumada, M. Hashisaka, K. Muraki,
and T. Fujisawa, Nature Nanotechnol. 9, 177 (2014).

E. Slot, M. A. Holst, H. S. J. van der Zant, and
S. V. Zaitsev-Zotov, Phys. Rev. Lett. 93, 176602
(2004).

L. Venkataraman, Y. S. Hong, and P. Kim, Phys.
Rev. Lett. 96, 076601 (2006).

A. N. Aleshin, H. J. Lee, Y. W. Park, and K. Akagi,
Phys. Rev. Lett. 93, 196601 (2004).

J. D. Yuen, R. Menon, N. E. Coates, E. B. Namdas,
S. Cho, S. T. Hannahs, D. Moses, and A. J. Heeger,
Nature Mater. 8, 572 (2009).

C. Blumenstein, J. Schaefer, S. Mietke, A. Dollinger,
M. Lochner, X. Y. Cui, L. Patthey, R. Matzdorf, and
R. Claessen, Nature Phys. 7, 776 (2011).

G. Barak, H. Steinberg, L. N. Pfeiffer, K. W. West,
L. Glazman, F. von Oppen, and A. Yacoby, Nature
Phys. 6, 489 (2010).

G. Granger, J. P. Eisenstein, and J. L. Reno, Phys.
Rev. Lett. 102, 086803 (2009).

C. Altimiras, H. le Sueur, U. Gennser, A. Cavanna,
D. Mailly, and F. Pierre, Nature Phys. 6, 34 (2010).

792

55

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.
67.

68.

69.

70.

1.

T2.

73.

74.

75.

76.

. H. le Sueur, C. Altimiras, U. Gennser, A. Cavanna,
D. Mailly, and F. Pierre, Phys. Rev. Lett. 105,
056803 (2010).

M. G. Prokudina, S. Ludwig, V. Pellegrini, L. Sorba,
G. Biasiol, and V. S. Khrapai, Phys. Rev. Lett. 112,
216402 (2014).

J. R. Taylor, Scattering Theory: The Quantum Theo-
ry of Nonrelativistic Collisions, Dover Publ. (2006).

Y. M. Sirenko, V. Mitin, and P. Vasilopoulos, Phys.
Rev. B 50, 4631 (1994).

A. M. Lunde, K. Flensberg, and L. I. Glazman, Phys.
Rev. B 75, 245418 (2007).

A. Levchenko, Z. Ristivojevic, and T. Micklitz, Phys.
Rev. B 83, 041303(R) (2011).

B. Sutherland, Beautiful Models, World Sci., Singa-
pore (2004).

T. Cheon and T. Shigehara, Phys. Rev. Lett. 82, 2536
(1999).

T. Ogawa, A. Furusaki, and N. Nagaosa, Phys. Rev.
Lett. 68, 3638 (1992).

A. H. Castro Neto and M. P. A. Fisher, Phys. Rev.
B 53, 9713 (1996).

A. ITmambekov and L. I. Glazman, Phys. Rev. Lett.
100, 206805 (2008).

A. Lamacraft, Phys. Rev. Lett. 101, 225301 (2008).

M. Schecter, D. M. Gangardt, and A. Kamenev, Ann.
Phys. 327, 639 (2012).

K. A. Matveev and A. V. Andreev, Phys. Rev. B 86,
045136 (2012).

M.-T. Rieder, A. Levchenko, and T. Micklitz, Phys.
Rev. B 90, 245434 (2014).

T. Micklitz, J. Rech, and K. A. Matveev, Phys. Rev.
B 81, 115313 (2010).
M.-T. Rieder, T. Micklitz, A. Levchenko, and

K. A. Matveev, Phys. Rev. B 90, 165405 (2014).

H. Risken, The Fokker-Planck Equation: Methods of
Solution and Applications, Springer (1996).

V. L. Gurevich, V. B. Pevzner, and K. Hess, Phys.
Rev. B 51, 5219 (1995).

A. Sergeev, M. Yu. Reizer, and V. Mitin, Phys. Rev.
Lett. 94, 136602 (2005).

G. Seelig and K. A. Matveev, Phys. Rev. Lett. 90,
176804 (2003).

G. Seelig, K. A. Matveev, and A. V. Andreev, Phys.
Rev. Lett. 94, 066802 (2005).



MXKITPD, Tom 159, BrI. 4, 2021

Kinetic processes in Fermi—Luttinger liquids

7.

78.

79.

80.

81.

A. Levchenko and J. Schmalian, Ann. Phys. 419,
168218 (2020).

S. Brazovskii, F. Matveenko, and P. Nozieres, JETP
Lett. 58, 796 (1993).

C. Nayak, K. Shtengel, D. Orgad, M. P. A. Fisher,
and S. M. Girvin, Phys. Rev. B 64, 235113 (2001).

A. O. Gogolin, A. A. Nersesyan, and A. M. Tsvelik,
Bosonization and Strongly Correlated Systems, Cam-
bridge Univ. Press, Cambridge (1998).

B. N. Narozhny and A. Levchenko, Rev. Mod. Phys.
88, 025003 (2016).

793

82

83.

84.

85.

. I. D’Amico and G. Vignale, Phys. Rev. B 62, 4853
(2000).

M. Pustilnik, E. G. Mishchenko, and O. A. Starykh,
Phys. Rev. Lett. 97, 246803 (2006).

K. A. Matveev, A. V. Andreev, and A. D. Klirono-
mos, Phys. Rev. B 90, 035148 (2014).

J. Lin, K. A. Matveev, and M. Pustilnik, Phys. Rev.
Lett. 110, 016401 (2013).

. S. Apostolov, D. E. Liu, Z. Maizelis, and A. Levchen-
ko, Phys. Rev. B 88, 045435 (2013).



2KOT®, 2021, Tom 159, BbI. 4, crp. 794-805

CUMMETPUNHbLINN noagxod B 3AOAYE
O PACLUMPEHNN TA30B B BAKYYM

E. A. Kysneuos »*<", M. FO. Kazan **

@ Quauneckutc uwemumym um. I1. H. Jlebedesa Poccutickoti axademuu Hayx
119991, Mocxksa, Poccus

b Inemumym meopemuseckot gusury um. JI. J]. Jlanday Poccutickoti axademuy, Hays
142432, Yeprnozonoskra, Mockosckas oba., Poccus

¢ Croakosckuts Mncmumym Hayku U mernoaozutl
121205, Cronkoso, Mockosckas 0ba., Poccus

4 Hoyuonaasroill uccaedosamesserkull ynusepcumem « Bulcuia, wkoia sKoHOMUKY
109028, Mocksa, Poccus

€ Unemumym gusuveckux npobaem um. I1. JI. Kanuuywv, Poccutickotl axademuu HayK
119334, Mockea, Poccus

IToctynuiia B penakuuio 7 suBaps 2021 r.,
nocJsie nepepaborku 7 siuBapst 2021 r.
ITpunsara x nybnukamun 7 suBaps 2021 r.

MpepcraBnen kpaTkuli 0630p pe3ynbLTaTOB O pasfeTe KBaHTOBbLIX U KACCUYECKMX Fa30B B BaKyyM Ha OCHOBe
UCNoNb30BaHUs cummeTpuii. Jns KBaHTOBbIX ra3oB B npubnxkenun [pocca—luTaesckoro gononHnTensHble
CMMMETPUIN BO3HUKAIOT ANSi ra30B C XUMUYECKUM MOTEHLMANOM [i, 33BUCSILLIUM OT MJAOTHOCTU 1L CTEMNEHHbLIM 06-
pa3som c nokasatenem v = 2/D, rge D — pa3mepHOCTb NpocTpaHcTBa. [isi rasoBbiX KOHAEHCATOB H03e-aToMOB
npu TemnepaTtypax T' — 0 3Ta CUMMETPUS BO3HMKAET ANs ABYMepHbIX cuctem. [pu D = 3 u, cooTseTcTBEH-
HO, ¥ = 2/3 Takasl cuTyauusi peanusyeTcs 4js B3auMoAelicTBytoLlero depMu-rasa npy HU3KUX Temnepaty-
pax B TakK Ha3blBaeMOM yHuTapHoM npegene [1]. DTa e cuMMeTpUs ANsi KNACCUYECKNX Fa30B B TPEXMepPHOI
reoMeTpun BO3HWKAET ANsl rasoB C nokasaTenem aguabatel v = 5/3. Oba 3Tn chakta 6binn obHapyxeHbl B
1970 rogy HesaBucumo TanavoebiM [2] ans aBymepHoro HenuneliHoro LU peantrepa (coBnagatowero ¢ ypasHe-
Huem [pocca —MNuTaeBckoro), onncbIBatoLLEro CTaUMOHapHY caModOKYCHPOBKY CBETA B Cpefax C KEPPOBCKONA
HENIMHENHOCTBIO, a ANst KNaccuyecknx rasoB — AHncmoBbiM u JlbicukosbiM [3]. B kBasuknaccruyeckom npegene
ypaeHenus ['pocca—MuTaeeckoro coenagatoT € ypaBHEHNSMU FMMAPOANHAMUKI NAEANBHOMO ra3a C NoKasaTenem
agnabaTbl v = 142/D. ABTOMOZENbHBIE PELUEHUS B 3TOM MPUBINKEH NN ONUCBIBAIOT Ha hOHE pacLuMpsitoLLero-
cs1 rasa yriosble gechopmanuu razosoro obnaka B pamkax ypasHeHuii Tuna Epmakosa. Takoro poga nsmeHeHus
dopmbl paclumpsitowerocst obnaka HabnOAAOTCA B MHOrOYUCIEHHbBIX SKCMNEPUMEHTaX Kak Mpu passiere rasa
nocne BO3LEACTBMS MOLLHOMO N1a3€pHOrO W3JlyYeHWUsi, HaNpuMep, Ha METans, Tak W Npu pasfieTe KBaHTOBbIX
ra3oB B BaKyyMm.
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1. BBEAEHUNE: ICTOPUA BOITPOCA

Cummerpun B U3NKE BCETJA UTPAINA KJIOUEBYIO
POJIb TIPU TOJIyYEHUN TOYHBIX COOTHOIIEHU U PE3yilhb-
TATOB, HA HUX OCHOBAHHBIX. BpsI/T JI UMeeT CMBICII I1e-

* E-mail: kuznetso@itp.ac.ru
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PEUYHUCIATh MHOTO PA3JIUYHBLIX (PU3MYECKUX IPUMEPOB,
rJle HUCIOJL3YIOTCS cUMMeTpuu. Ham KaxkeTcs mocTa-
TOYHBIM cocJiaThest Ha Kype Jlanmay —JIludmuna [4],
rjle UX BEeJMKOe MHOXKECTEO. B JaHHOM KpPaTKOM 06-
30pe MBI PACCMOTDHUM, KAK CAMMETPHU DEaU3yIOTCS
B 3ajlade pasjieTa B BAKyyM KBAHTOBBIX U KJIACCHYIE-
CKHX T'a30B B pAMKAaX COOTBETCTBEHHO ypasHeHuii ['poc-
ca—ITuraesckoro (I'TI) u ypaBuenuii ra3oBoii quHaMu-
Kk (ypaBHEHHUSI HENPEPHIBHOCTH W yDaBHEHWs Diije-
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pa JUIsl OJHOATOMHBIX Ta30B C TOKa3aTeaeM aaunabaTwl
~v = 5/3). Ecain roBopuTh 0 KBAHTOBBIX 'a3aX, TO MBI
Oy/leM pacCMaTpPUBATH TaKWe, JJIsI KOTOPBIX XUMUYIe-
CKUl TOTEHIUAJ (i 3ABUCUAT OT TJIOTHOCTH 7. CTEIeH-
HBIM 0Opa3oM ¢ nokasareneM v = 2/D, tne D — pas-
MEPHOCTb MPOCTPAHCTBA. VIMEHHO TOJIBKO JIJIS TAKUX
3HAYEHUN TOKA3aTessI IV BO3HUKAET JIONOJIHUTEbHAS
cummerpus. Ormerum, uro B npubiauxkenun ['I1 npu
temneparype T — 0 1j18 KoHIEHCATa CJIabOHENIea b
HOro 6o3e-raza IVIABHBIM B3aUMOJICHCTBUEM sIBJISIETCS
s-paccestaue. Eciu jymmnHa paccessHusl s IOJIOXKHUTEb-
HA, TO MEXKJIy aTOMaMU UMEETCS OTTAJTKUBAHUE U CO-
CTOSTHUE TAKOTO ra3a B MATHUTOOIITUYIECKUX JIOBYIITKAX
OKa3bIBaeTCsl yeToiauBbIM. [Ipu 5TOM XUMUYIeCKuit mo-
TeHImAa i = gn, rie g = 4nh?as/m. Takum obpazom,
TOJIBKO JIJIsI JIBYyMEPHOTO 603e-Ta3a MOSIBISETCS CUM-
MeTpusi, 0 KOTOPOi TOo#AeT pedsb HmKe. B caydae oT-
pUIATEIBHON JJIMHBI PACCESTHUST MEXK Ty D03e-aToMaMu
BO3HUKAET NPUTsKeHNe. B HeInHelHo# ONTUKe TaKo-
rO0 pojia TPHUTSKEHWE MPUBOIUT K caMO(pOKYCHPOBKE
CBeTa JIJIsi CPeJI C KepPOBCKOIT HeJimHeHHOCTBI0. OTTasm-
KHBaHMe, B CBOIO 0YEPE/Ib, IIPUBOJUT K J1ePOKYCHPOBKE
CBETOBOTO IIyYKa, KOTOPAasl IPUBOJIUT K TEM K€ CaMbIM
addekram, 9T0 U AUMPAKIHS B MOMEPETHOM HAIIPAB-
JIEHUU K 1Iy4Ky. B ciydae as < 0 603e-KOHIEHCATHI OKa-
3BIBAIOTCS HEYCTONIUBBIMU, ITO TPUBOIUT K (DOPMUPO-
BAHWIO CKUMAIONIXCS 0B1acTel raza — KoJutancy (CM.
00630p [5] u cepiku Tam), HAGIIOMAEMOMY B IKCIEPU-
MmenTe [6,7]. ITOGBI OMYINTH HEYCTONYNBOE SHAYEHUE
JUIMHBI PACCEesSTHUsT B SKCIIEPUMEHTAaX, MCIOJb3YIOT pPe-
zonanc Pembaxa [8,9], nHo3BOIAIONME U3MEHATD G5 B
GOJIBINIX TIpeJiesiaX: OT OYEHb OOJIBIIUX TOJIOKUTE b
HBIX 3HAYEHUH JI0 CHJIBHO OTPUIATENbHBIX. Ecmm s
603e-aTOMOB B CJIyYae OTPUIATEBHBIX (s BO3SHUKAET
KOJLJTAIIC, TO JiJisi (DEPMU-TA30B S-IIPUTSKEHUE 00ectie-
qnBaeT 00pa3oBaHUe KYIMEPOBCKUX HAap, KOTOPbIE DU
T — 0 obpa3yioT cBepxTeKyunii 6o3e-koHeHcaT. Ba-
pPBUDYSI JUINHY PACCEesHUs ¢ IOMOINbIO pe3oHanca Perr-
bOaxa, MOXKHO €O3/1aTh 003e-KOHIEHCAT B TaK Ha3bIBa-
eMOM yHHTapHOM mpezene [1], xoTopsrii peasmsyercst
npu yeaosun (|ag|kr) ™! — 0, rae pp = hkp — umiyane
®epmu. B aToM pexnMe MOJIOKUATETbHBIN XUMUATECKUH
norerrman i(n) = 2(1 4 B)ep, Tae B COOTBETCTBUH C
paboramu [10-13] 8 = —0.63 ecTb yHUBepCcaIbHAs KOH-
CTaHTa, a

_ 2 \2/3
Ep = m(67T n)

— JsiokasibHast sHeprus Pepyu. Bennauna m npencras-
JseT coboil ynBoeHHyI0 Maccy depmu-aroma. B yHu-
TApHOM IIpeJiesie, TAKIM 0Opa3oM, XUMUIECKUH TOTEH-
I[Maj UMeeT CTEIEHHYIO 3aBHCHMOCTBH OT IUIOTHOCTH C
nokazarejem v = 2/3.
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Hamubosiee mpocrasi cuMMerpusi B CJIydae CTeIeH-
HOI 3aBHCUMOCTH XUMHUYECKOI'O IOTEHIUAJIa OT ILJIOT-
HOCTH — 3TO CUMMETPUA OTHOCUTEJIbHO PaCTAKEHUN
IIPOCTPAHCTBEHHBIX KOOPJMHAT U BPEMEHU BUJA

r—ar, t— ozzt,

(1)
e  — CKeWJIMHIOBBII mapameTrp. DToT BaKT JIETKO
npoBepuTh UCxos u3 ypasaenus 11 [14] nyst BosHO-
Boli (pyHKIMU OO3€-KOHIEHCATa, 1):

L 0y h?

1h—— R

ot 2m )

e n = [¢|?. Coxpanenne uncia sactun, N = [ |¢|?dr
U cTenenHas 3aBucHMOCTb j ox n?/P
OJIMHAKOBBIE 3aBUCHMOCTHU OT CKEHJIMHTOBOTO TIApaMET-
pa (¢ KHHETHYIECKOTO WIEHA M XUMUIECKOTO MTOTEHITAIA,

Arp 4 p(n )i,

obecreuYnBaioT

(ompeesIstroNero HeMMHEHHOCTD B (2)): OHM TIPOTIOPITH-
OHAJILHBI v 2.

B wmenuneitHoit onmrtuke m usmKe IMIa3MbI ypaB-
uerve [Tl (2) umeer Ha3BaHWe HEJIMHEHHOTO ypaBHE-
uust pemunrepa (HYII). Crammapraeni suy HYIIT
BO3HMKAET II0CJIe IIPUBEJCHUS K He3pa3sMepHOMY BUILY

ypasHeHus (2):

8¢ 1 2,
Z§+§A¢—(V"’1)|¢| Y =0, (3)
KOTOPOE TIPEJICTABUMO B TAMUJIBTOHOBOM BuJIe (5]
Oy 6H
Yot T o

C raMUJIbTOHNAaHOM

= [|3ver oo @
Caeryer OTMETHTD, 9TO CKelyinHroBas cuvMerpust (1)
ecTh Takke B ypaBaenuu [lIpeuarepa st JIBUKEHUS
KBAHTOBOMEXAHUIECKOW YaCTUIBI B moTeHImame U =
= Br~?2 me3aBHUCHUMO OT 3HAKAa 3 U Ipu J06OI pasMep-
moctu D. DTa yKe CUMMeTPUsl IPUCYTCTBYET U JIJIsT TH/I-
POJIMHAMUKHU UJICAJBHOTO Ta3a ¢ MOKA3aTeJIIMU ajha-
6aTbl ¥ = 5/3 I OTEHIUAILHBIX TPEXMEPHBIX TeUe-
Huit 3] u v = 2 B cayuae AByMepHBIX Tedenwuit. [To-
cJle/THee, B YACTHOCTH, CBSI3aHO C TE€M, UTO ypaBHEHHE
I'TI (2) B KBa3UKJIACCHIECKOM IpeJierie (mpubinKeHne
Tomaca—Pepmu) coBuagaer ¢ ypaBHEHUSIMU [HJIPOJIU-
HAMUKHY Jlsl [IOTEHIMAIbHBIX TedeHuii rasa [15,16], u
TO9TOMY MTAHHASI CHMMETPHUsI COXPAHSIETCS B CIIydae ra-
30BOii quHamuku ¢ Y = 1+2/D. Ha 310 06cTOsITENBCTBO
BHUMaHKe aBTOpoB [3| obparui J3smomunckuit [17].
OHAKO CKEeHINroBoe Mpeobpas3oBaHne He NCUEPIIhbI-
BaeT Beex cummerpuii ypasaenuii (2) u (3). Bosee 06-
el SBJSeTCsl CUMMETPHsl OTHOCHTENBHO Ipeobpaso-
Banuit TasnaHoBa [2] — npeobpazoBanuil KOHGOPMHOTO
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THIA, KOTOPbIE BKJIOYAIOT B cebsl KAK CKEHJIMHIOBBIE
npeobpa30BaHUs AMILIATY/IbI, TAK U U3MeHEeHUs (hasbl
BOJIHOBO# pyHKIMHU ). DTO IIpeodbpazoBaHue ObLIO Hali-
geno gy asymeproro HYIII, ommchbiBalomero cTarmo-
HapPHYI0 CaMO(OKYCUPOBKY CBETA B CPEJIE C KEPPOBCKOIX
HesMHeHOCThI0. Posh BpeMenn B ypasHenun (3) urpa-
eT KOOpJIMHATA Z BJIOJIb HAIPABJIEHUSI PACIIPOCTPAHE-
HUSI [Ty9IKa CBETA.

IIpu upeobpazoBanmsix TamanoBa o6mEero BuIa
(st Beex v = 2/D) ypasuenue (3) ocraercs HHBAPH-
AHTHBIM IIPU 3aMeHe BOJTHOBOI (DYHKIIUH 1), KOODJIUHAT
I' i BPEMCHHU ¢ HA HOBYIO BOJIHOBYIO (DYHKIIIO ¢) M HO-
Bble KOOpamHATH I’ 1 Bpems t' [18]:

T ir? ~
)= —— S 't
wlrt) = e | 12 ),
(5)
, rT , tT
r=——, = .
T+t T+

B nmmeiinoit onTuKe 3TH COOTHONIEHWS M3BECTHBI KaK
JINH30BBIE TPEOOPA30OBAHMSI.

Bazkio oTMeTHTh, UTO CyIEepHO3uIys Tpeobpa3oBa-
HUL ¢ Ay =Ty Ly = Ty ! npencrasisier mpeobpaso-
Bauue (5) ¢ A3 = A1 + A2. Takum o6pasom, mpeobpaszo-
Bauus (5) obpasyror abenesyto rpymy [18].

[IpsaMBIM  CJIEJICTBUEM 3TONH CUMMETPUH SIBJISETCS
TeopeMa BUpHAaJIa, Mmojydennas BiacosbiM, [leTpurie-
BbIM, Tamanosbim [19] s asymeproro HVII ¢ xy6u-
YeCKOI HeJIMHEHHOCTBIO:

2

dt?

/r2|z/1|2dr = 4H, (6)
Buepsble sTa TeopeMa ObLia ycranosiena B padore [19]
ayist (bokycupyroleli HejquHeiHOCTH. JIerko BuIETh,
4yTo ypaBHeHue (6) cIpaBeIMBO M B CJlydasl OTTaJ-
kuBanus (nedokycupyromeit HesuHeitnocTH) [15, 16].
Baxno, uro Teopema Bupuasa (6) BepHa mpu JH060M
saavenun v = 2/D [18,20]. OrmernM, 49T0, ¢ TOUKH
spenns kiaaccuduranuu, HYII ¢ v = 2/D orHocuTest
K TaK HA3BIBAEMbIM KPUTHIECKUM MojeaMm [5,18,20].

ITpocroe unrerpuposanue ypasaenus (6) gaer, 4ro
cpeannil Ksajpat pasmepa obsaxa R% = [ r?[y|?dr/N
MEHSIETCS BO BPEMEHU KBaJIPATHIHO:

NR? = 2Ht* + Cyt + Co. (7)
B ciyuae orrankusanus (nedokycupyromieil HesmHeii-
HocTHn) ramuibToHnaH H nosoxurener. [losromy mpu
6OJIBIINX BpEMEHAX, t — 00, cpeaamit pa3zmep R pacrer
co BpemeneM Jimneiino. Coornommenue (7) comepkat aBe
koucTanThl, C; u Cy, KOTOPBIE SIBJISIOTCS HOBBIMHU 110
cpasuenuio ¢ H u N unarerpasamu gsuxkerus. OHAKO
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OHH OTJINYAIOTCA OT IaMHWJIbTOHHAaHA W YHCJIa YaCTHUIL
HaJIMYuEeM ABHOW 3aBUCUMOCTH OT BpEeMEHHU t:

_d 20,12
_dt/r [|*dr — 4H,

Cy = /r2|z/1|2dr — 2Ht* — Cit.

Cq
(8)

Takoro pojia MHTErpaJbl OTHOCATCS K HEABTOHOMHBIM,
49TO, KaK OYIeT BUJIHO JaJjiee, He I03BOJISeT YCTAHOBUTD
[IOJIHYIO MHTEIPUPYEMOCTD IIPXA aBTOMOJIEIbHOI pelyK-
MY KBa3WKJIaccuideckux ypapuenunii. [Ippmepom Takmx
HEaBTOHOMHBIX HMHTETPAJIOB JBUKCHHUSA CJIYyKUT 3aKOH
COXpaHeHUd [EHTPa MacCC, ABHO COJepzKalluil BpeMd t.

B ciydae rasoBoit nuHaAMUKH BIEpPBBIE, ITO-BUIH-
MOMY, 3Ta cuMMeTpust OblIa Haiigena OBCIHHUKOBBIM
[21], & a¢pdexTuBHO GbLIA UCHOIB30BAHA AHUCUMOBBIM
u JIbicUKOBBIM [3] Jisi OCTPOEHUSI TOYHOIO OCECUM-
MEPUIHOIO aBTOMOJIEJIBHOIO PEIIeHHsI, OMUCHIBAIOIIE-
o HeJWHEHHbIe YTJIOBbIE JIeOpPMAIMH Ta30BOr0 00-
Jlaka Ha (oHe ero pacuHimpeHdsi B BakyyM. Brocses-
CTBUM OBLJIO BBISICHEHO, YTO TAKOTO poaa aedopma-
nuu HAOJIIOMAIOTCS B PA3IUIHBIX (PUBMIECKUX 3418~
Jax, HAIPUMeEp, IPHU BO3/EHCTBAN MOIIHOTO JIA3€PHO-
IO U3JIyUeHHUs HA TBEPJIOE BEIIECTBO, B PE3yJIbTaTe ue-
ro mHa ¢oHe PACIHIUPSIONIErocs Ta30BOr0 ODJIaKa €ero
nepBoHavasbHas GopMa B BHJE JHUCKa IIpeodpasyer-
csi B curapoobpasHyio dopmy (cMm. MoHorpaduio [22]
U cojepzKanpecss TaM CCbUIKK). [l KBaHTOBBIX ra-
30B [IPU MX PACIIUPEHUNA B BAKyyM TaKue TpaHcdOop-
MalUH sIBJIAFOTCS TUIUIHBIMU KaK it 603e-Ta30B, TaK
u 151 bepMu-Ta30B (CM. COOTBETCTBEHHO paboTh! [23]| u
[24,25] u ccpiku B Hux). Cile/lyeT OTMETHTD, 9TO Iep-
Bbl€ MACINITAOHO-MHBAPUAHTHBIE, 3ABUCSIIUE OT BpEMe-
HU perienus Jjis 603e-KOHIEHCATOB B THJIPO/IMHAMEIYIE-
CKOM peKuMe JIIsT aHM30TPOITHOM JIOBYIIKY ObLIN Haii-
nenbl Karanom, Cypkoseim n HlnsimaukossiM [26]; B
YaCTHOCTH, UMU OBLI OIPEJIEIeH CIEKTD JbIXaTeIbHbBIX
MOJT ocIyuIApyforero tuta. [lo3anee aBToMoIe/IbHBIE
pPeKUMBI HAOJIIOIAJINCh B 9KCIIEpUMeHTax rpymimbl To-
Mmaca [24, 25| nmpu aHU30TPONHOM DACIIUPEHUU U3 Ol
TUYECKOI JIOBYIIKU B BAKYYM CHJILHOB3aNMOEHCTBY IO
IIEr0 BBIPOKIEHHOTO (hepMu-ra3a aToMoB L.

XoTesnoch 66l OTMETHUTB, UTO B MIECTUIECSTHIX TOIAX
[IPOIILJIONO BEKa 9Ta 3ajlada — 3a/1a49a O pasjieTe ra3a B
BaKyyM — ObljIa BeCbMa Moty isipHa. [lepBbie Kiaaccude-

CKHe Pe3yJIbTaThl B 9TOM HAIPABJIEHAN ObLIM IIOJTyde-
ubl OBesaankoBbIM (1956 1.) [21] u Haiicornom (1968 r.)
[27]. DTu pabOTHI MMEIN MHOKECTBO PA3JIUIHBIX NPU-
JIO?KEHWH HE TOJBKO B THUJIPOJMHAMEKE, HO TAKXKE U B
acrpodusuke (CM., HAIPUMEDP, OPUIMHAIBHYIO CTATHIO
BesbaoBuya [28]).
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B namnmnOM HEOOJIBITIOM 0030p€E MBI B OCHOBHOM OT'Pa-
HUYIUMCST PACCMOTPEHUEM KBA3UKJIACCUYECKOTO PACIIU-
pPEeHHsI KBAHTOBBIX I'a30B B BaKyyM, UTO COBIAJAET C
pPA3JIeTOM MJIEaTBLHOTO ra3a C MoKa3aTesieM aanabaTsl
o 14 2/D. C nomompio aBTOMOJEILHOIO pere-
HUs OyIeT MOKa3aHO, KAKUM 00Pa30M IBOJIIOINOHUDY-
er dopmMa PA3JIETAIONIETOCS O00JIaKa I KBAHTOBBIX
ra3oB B KBa3WKJACCUIECKOM IIpejiesie W JJisi pa3Jjera
nIeaIbHOTO Ta3a. JmHaMuKa aBTOMOIEJBHOIO pasJie-

Ta B 9TOM CJIydae OIUCHIBAETCS B PAMKAX CHCTEMbI
OOBIKHOBEHHBIX Jud HepeHnnaIbHbIX YPaBHEHUIT epMa-
KOBCKOro Tuna. CreyeT OTMETUTD, UTO BIEPBBIE PaC-
cMaTpuBaeMasi CHUMMeTpus Oblila HCIOJIb30BaHa Ep-
MakoBbiM B 1880 . [29] mpm mocTpoenmm permenuit
JUIS PAJIA MEXAHUIECKUX CHCTEM, BKJIIOYas JBUKEHUE
KJIACCUYIECKOH YaCTHIBI B IIOTEHIIUAJE, TIPEICTABIIAIO-
eM CyMMy OCIMJIJISTOPHOTO MOTEHIUAA U TOTEHIA-
na V(r) = B/r?. Ciejyer OTMETUTD, YTO 3Ta e CHM-
MeTpHsi TIOMOraeT B HAXOXKJIEHWM CIIEKTPa B KBAHTO-
BOM ciiydae Jjist cucteMm N YACTUIl, JIBUTAIOIIAXCHA B
IIJIOCKOCTU U B3aNMOJIEHCTBYIOMNX MEXKTy cODOit ¢ 1o~
rennuanoM V(ry;) = ﬂ/rfj (rij — paccrosHme MexIy
YACTHUIAME) B IPUCYTCTBUU BHEIIHEIO OCIHJIISTOPHO-
ro morernuaia [30,31]. Ormernm TakXKe, 9TO B CeMU-
JlecaThle TOJBI IIPOILIOrO BeKa pe3yJbrarbl Epmakosa
661 IepeoTKphITHL Peitem u Peiinom [32]. Ceiiuac Bee
TAKOTr0 POJIa YPABHEHUS IIPUHATO HA3BIBATH CUCTEMAMMU
Epmaxosa— Pesi— Peiina (cm., nanpumep, padory [33] u
ccplIK B Heil). B Bakiodenun sToit crarbu Mbl 06Cy-
JIAM, B 9eM COCTOWT Pa3JINIhe MEXKJIy PA3JIeTOM KBAH-
TOBOTO M KJIACCHYECKOTO Ta30B, & TAKXKe IKCIIEPUMEH-
TaJIbHBIE JAHHDIE 110 PA3JIeTy KBAHTOBBIX Ta30B B BAKY-

YM.

2. OCHOBHBIE YPABHEHWUS{ 1
KBA3UKJIACCUKA

Pacemorpum ypasuenus ' st BostHOBOIM (hyHK-
1 1) Gose-KoHeHCaTa [14]:

oy W

PN
! ot 2m

Ay + p(n)y. (9)
31ecs m — macca 6030Ha. B cirydae 603e-aToMOB M —
Macca aToma, s (hepMu-aToOMOB M — Macca KyIepoB-
CKOIf Iaphl, T. €. paBHA YIBOEHHON Macce aToMa. XUMU-
JecKHuil ImoTeHnua [ it 603e-aTOMOB PaBeH

p=gn, (10)
rie g = 4rh%as/m — KoHCTaHTa B3AaUMOICHCTBHS, TPO-
[IOPIMOHAJIbHAS JIJINHE S-pacCesHus ag. JJis mosmoxu-
TeJIbHBIX 3HAYCHWI JJIMHBI PACCESTHUS MEXKIY O030Ha-
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MM MMeeT MECTO OTTAJKUBaHUE, a ph a; < 0 — mpurs-
xeHue. B mocieaem ciiydae KOHIEHCAT HEYCTONINB —
pa3BHUTHE 9TOi HEYCTOYMBOCTH BeJIeT K KOoJuialcy (cM.,
HanpuMmep, 0630p [5]).

Iist bepMHU-aTOMOB OTPUIATEHHOE 3HAYCHUE g
npu yMeHbIlennn Ttemiepatypsl, 1T — 0, crmocob-
CTByeT cHa4daja (GOPMUPOBAHUIO KYIIEPOBCKOI'O CIIapU-
BAHUsI ATOMOB, BIIOCJIEJICTBAU OOPA3yIOMMX 003e-KOH-
nencar. Kak yxke oTmedasioch Bo BBenenum, mpemen
(laslkr)™* = 0, re pr = hkp — uvmyase Qepmu, co-
OTBETCTBYET TAaK HA3BIBAEMOMY YHUTAPDHOMY DEXKUMY,
JJIsT KOTOPOTO

u(n) = 21+ B)er, (1)

rne = —0.63, a

h2
T o

(6m2n)*°

— jokaabHas sueprus Pepmu. B aTom ciyvae ypasme-
HU€ JIBUXKEHUs JIJIs BOJHOBOI (DYyHKIIUU KOHIEHCATA, 1)
(T — 0) mpejcrapisier coboit 0GOBIEHHOE yPABHEHHE
TTI (2) ¢ u(n) (11).

[Tocse mpocroro mpuBeeHNs K 6e3pa3MepHOMY BU-
ny ypastenus LIl npu v = 2/D nosydaem craniapr-
noe HYIII (3) ¢ ramusibronnasom (4), B KOTOPOM I11ep-
BBIfl 4JIeH COBIA/IAET C IIOJIHOM KMHETUYECKON IHEpru-
eil, a BTOpOe CJIaraeMoe OTBETCTBEHHO 3a OTTAJIKIBAHUE
MeXK Ty 003e-dacTHUIlaMHU.

BBogas crammaprabIM 00pa3oM aMILUTyay u (a3y,
= Aexp (ip(r,t)) (n = A?), HYIII (3) nepenucoiba-
ercs B BUJE JBYX YPABHEHUN — yPABHEHUs HEIPEPDIB-
HOCTH JIJIsSi N U ypaBHEHUs dKoHAA, JiJist (Dasbl ©:

on
dp (Vo) _
2 Y um +Tp =0, (13)

riae v =V npejcrasisier coboit ckopocTs (TIpemosia-
raercsi OTCYyTCTBUE BUXpeit, V X Vv
YPABHEHUU CJIATAEMOE

0). Bo Bropom

Avin

NG

OTBETCTBEHHO 3a KBAHTOBOE JIaBJICHUE.

Tor = (14)

VYpaBHeHU st JJIs TJIOTHOCTH 1 U (PA3bI (p COXPAHSIOT
TaMHUJIBTOHOBY (DOPMY:

on  o0H

on _ oH %_ 0H
ot s’

rje raMmIbTOHMAH coBrajgaer ¢ (4). B nepemenubix n
U  raMuiIbTOHHAH H mMeeT BUJ
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2
(V\/ﬁ) 4 nl/—‘rl dI'.

- (16)

H:/’MWﬁ+
2
Kak yzxe ormegasocs Bo Beegennn, HYIII (3) npu v =
= 2/D obnanaer JONOJHATENHHON CUMMeTpHeH OTHO-
curesibHO Tpeobpaszosanuit Tamanosa [2]|. TIpeoGpaso-
Baana TasaHoBa COMEP’KAT KaK CKEHJIMHTOBBIE TPE0D-
pasoBannsa Buna t — ot ur — ar Gaaromaps CoxpaHe-
uuio nosiHoro uncia wactury N = [ |¢|?dr, tax u npeo6-
pa3oBanus dasbl. 06e 3Tr CuUMMETPUN — HETEPOBCKOI'O
THTIA, OHU MPUBOJAT K MOSIBJIEHUIO IBYX JOTOJTHATE b
HbIX uHTerpasos apuxkenus, C1 u Cy (7), ciaemyomux
U3 MHTErPUPOBAHUS COOTHONIEeHUs Bupuasa (6).
Ksasuknaccuueckoe npubsuzkenue (HeCcTanuoHap-
Hoe npubimxkenne Tomaca—®epmu) Ui ypaBHeHUsI
T'TI coorBeTCTBYET NIpeHEOPEIKEHNTIO KBAHTOBBIM JaBJIE-
HUeM B ypasHeHuu (13):

u(n) > [Topl. (17)

B pesymbrare ypaBHeHHs JBUKEHHs PEBPAIAIOTCS
B ypaBHEHHs T'WJIPOJMHAMUKH JUIsl TOTEHIUAIBHOTO
TeUeHUsl NJEAJbHOTO Ta3a C MOKasaTeJeM aJnabaThbl
vy=1+2/D:

% +(V-nVp) =0, (18)
dp , (Vo)? _
E T + u(n) =0. (19)

Creyer TOAYEPKHYTH, 9TO BCE CUMMETPUU B ITHUX
YPaBHEHUSIX COXpaHsoTcs. s 9Toit cucTeMbl ocTa-
ercsl CIPaBeJJIMBON TaK»Ke W TeopeMa BHpHaJa; B
9TOM cjlydae B ramuibroHuane (16) HeoOXommmo mpe-
HeOpEYIh BTOPBIM CJIATA€MBIM, OTBETCTBEHHBIM 33 KBAH-
TOBOE JIABJIEHUE.

B ocHoBHOM n1ajiee MblI Oyzem mpeHeOperaTh KBaH-
TOBBIM JlaByieHueM. [Ipenebperkenne KBAHTOBBIM JIaB-
JIEHWEM TIpeJrosiaraeT 60Jee ObICTPhIe TPOCTPAHCTBEH-
Hble U BpeMeHHble usMeHeHusi das3nl (Gosbmme hazo-
Bble IPAJMEHTHI U IPOU3BOJHBIE 110 BPEMEHN) 0 CPaB-
HEHUIO C IIPOCTPAHCTBEHHO-BPEMEHHBIMU BaPHUAIUSIME
vomynst P-dyukimu B ypasuenun ['II. Tloguepkuem,
9TO BCE YKa3aHHbIe CHMMETDUU HE 3aBUCAT OT Xapak-
Tepa B3aUMOJIEHCTBUSI — OTTAJKUBAHUS WU [TPUTSIKE-
HUd. DTO »Ke OTHOCHTCA M K TeopeMe Bupnasia (6).
715t oTTaIKUBAHUS U3 TEOPEMbl BUPHAJIA, CIE/LYyeT, ITO
ACUMIITOTUYIECKN TIPU OOJIBININX ¢ CpeHuil pa3mMep 00-
JIAKA KBAHTOBOTO Ta3a, PACIIUPSIIONIEroCs B BaKyyM,
BHE 3aBUCUMOCTH OT TOT'O, YUUTHIBAETCS UJIU He yINThI-
BaeTCs KBAHTOBOE JIABJICHUE, PACTET JIMHEHHO CO Bpe-
MEHEM, T.€. UMeeT MECTO BBIXOJI Ha OaJlTHCTUIeCKUii
pexum [34,35].
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PaccmorpuM, KakuMm 06GpasoM MPOUCXOJUT Pa3JIeT
KBAaHTOBBIX I'a30B B BAKYYM B KBa3WKJIACCHIECKOM IIPH-
OmrkeHnn. B aToM ciryuae ypaBHEHUs JABUKEHUS, KAK
OTMEYAJIOCH, COBNAJAIOT C YDABHEHUAMMU THUJPOJUHA-
MFKH JIJIs UJIeaTIbHOTO ra3a ¢ v = 1+ 2/D. B Tpexmep-
HOM CJIydae, TAKMM OOPa30oM, Pedb UIET O PasJieTe B
BAKyyM OJHOATOMHOTO Ta3a (HAIIOMHUM, 9TO JIsT MJIe-
aJbHOTO Ta3a vy = (i + 2)/i, rue ¢ — 9YUCIIO CTeneHel
CBOGOJIBI).

B 1970 rogy Anucumos u JIbicukoB [3] OTKpBLIH
OY€Hb HHTEPECHOE ABJICHUE, CBA3AHHOE C HEJIMHEHHBIMU
nedopmarusaMu (pOpMbI ra30BOro 0bJIaKa, PaCIIPsIO-
MErocss B BAKyyM. TaKoe IOBEJICHHE HEOCPEICTBEHHO
CJIEJIYeT M3 HAJICHHOTO UMHU DEIIeHHs JIs ra3a ¢ 7y =
= 5/3 (cm. Takzke paboTsl [22,36,37]). B nanHOM pase-
JIe MBI BOCIOJIL3y€TCsl TEOPEMOii BUPHAJIA B TIOCTPOMM
AHM30TPONHOE KBA3WKJIACCHIECKOE DEIEHHE, KOTOPOe
coBlazaer ¢ pemenueM Anucumosa—JIbICHKOBA LU
D =3.

Byznem uckarp pemenne ypasaenuit (12) u (13) B
ABTOMOJIEJIHOM BHJIE:

1
n=——- 20
Ty € (20)
rJe CKEJIMHIOBBIE MTAPAMETPHI & SIBJISIOTCH (DYHKITHSI-
Mu BpeMmenu ¢, £ = x;/a; — aBTOMOJEJIbHbBIE IEPEMEH-

Hele, a V(a) = HzD:1 a; — 00'beM B IPOCTPAHCTBE CKeii-
JIMHIOBBIX napamerpos. OrmeruMm, uro anzar, (20) co-
XPaHSIET ITOJHOE TUCJIO TACTHIL.

IMogcranoska (20) B ypaBHEHHE HEIPEPHLIBHOCTU
(12) nomyckaer MHTErpHpOBaHHe, B DE3yJbTaTe Hero
daza ¢ HAXOAUTCA € TOYHOCTHIO [0 HPOU3BOJILHOM

byukmmm g (t):

@Z@o(f)‘f'z
1

ayay .o
TR (21)
DyHKIUA ©q(t) ONpeessieTcs n3 ypaBHEeHNsI SHKOHAIA.
Toncranoska (21) B (13) maer D ypaBHeHU JBUKEHNS
JITIST TTAPAMETPOB )

A
a0 = ——57+ 22
IJe A — IIpPOU3BOJIbHAs IIOJIOXKHUTeJIbHAasl KOHCTAHTA,

ompejiesisieMasi U3 HadaIbHbIX yeaosuit. s f(€) B pe-
3yJIbTATE UMEEM
D/2
¢|

Takum 006pa3oM, MJIOTHOCTH B MEPEMEHHBIX £ 3aBUCUT
TOJIBKO 0T Mogys |€]. Tlpu

DA

2(2+ D) (23)

f(&) = {1

2(2+ D)

|§|>|€|maz: DA
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€1

Puc. 1. MosepeHue f(£) ans pepmu-rasa B yHUTapHOM npe-
aene (Npon3BonbHbIE eanHULbI)

2
|£maz‘

IJIOTHOCTD 7. CJIEAYET TOJIOKUTH DPABHOW HYIO (CM.
puc. 1 gusg D = 3). B coorBercTBuu ¢ ypaBHEHUIMU
(22) nuaamuka nmapamerpos a;(t) (i = 1,...,D) npen-
craBasgeT coboit ypaBuenuss HbioToHA TSt JIBUXKEHUS
qacTUIlbl B D-MEpHOM IIPOCTPAHCTBE,

oU
1 = ———, 24
d 9a, (24)
B IIOTeHIaJIe
DX
R — 25
U(a) 2V(a)2/D ( )

OTMeTruM, 9TO 3T ypaBHEHHS OTHOCATCS K TaK Ha3bl-
BAeMbIM CHCTEMAM epMaKOBCKOro Tuma [29] (cm. Takxke
paboty [33] i cchLIKY TaM).

OueBnHO, uTO ypasHeHust (24) MOJKHBI IMETH Ty
JK€ CHMMETPHIO, 9TO M ucxonHoe ypasaenme I'IT (2).
Bo-niepBbix, ypasaenust (24) cOXpaHIIOT SHEPTUIO

E—1 3 2+ U 26
_5;al +U(a). (26)

Bo-Bropbix, i ypaBHeHuil (24) npsaMbIM BHIYUCICHU-
€M JIEIKO YCTaHAaBJIMBAETCS BUPHUAJIBLHOE COOTHOIIEHUE
(6), zarmcannoe B TepmuHax a;. s Y a? umeem

2 ) 2
@Zai:ZZ < ) +a

Ioncranoska (24) B 970 COOTHOIIEHUE JaeT

2
j—;;af=2zi:< >+V2m 4B

(a)2/D ’
o cosnagaer ¢ (6). JIBakiapl uHTErpUpys, MOIyIaeM

dai
dt

) d2 a;
L dt?

da,l-
dt

aBa unrerpasa, Ch u Cs:

> a? =2E8 + Cit + Co. (27)

3

799

Kazasoce 661, HAJIMYHE TPEX UHTEPAJIOB JIJIsT CUCTEMBI
(24) — E, C1 u Cy — rapauTupyer ee MHTerpUPyeMOCTh
JI7I1 BceX (DU3MYIECKUX pa3MepHocTeit, BKaodas D = 3.
O/1HaKO 3TO HE TaK B CUJIy TOTO, 4TO uHTerpasbl Ci u
C5 Kak PYHKIMOHAJBI OT G; SIBHO 3aBUCSIT OT BPEMEHU:

d 2
Cr=— Z a? — AFt, (28)

Cy =) al —2Et - Cit, (29)

U 110 9TON IPUYUHE SIBJISIOTCH HEABTOHOMHBIME, XOTSI
U HAXOJATCS B WHBOJIONUW C JPYTHMH HMHTETDAJIAMA
JIBIDKEHUs, cp. ¢ (8).

2.1. Pazser nByMepHOro rasa

Bragauste paccMorpuM 6osiee oapoOHO Pa3IeT JABY-
MepHOro rasza (cM. pabory [16]). B mmumspudeckoii
cHCTeMe KOODJMHAT ¢ a? = af + a3 ¥ TOJISAPHBIM YTJIOM

¢ WHTerpaJj SHEPI'UH 3aIlNCHIBAETCH B BUJE

2\

a2(;32
a?sin2¢

2

C‘LQ

2

E=—+
Hommoxkas mamee E ma a? = 2Et? + C1t 4+ Cy, Jerxo
[IOJIYIUTh, IYTO KOMOUHAIINS
F=Ea - laa®=EBC, - 102
= rLa — 5& a = 2 — g 1
siBJIsieTcsl KOHCTaHTON (mHTerpan Epmakosa). B pe-

3yJbTaTe Mbl IPUXOJUM K 3aKOHY COXpaHCHUA HOBOM
«HEPTUum»

~ 1 /dep\?
o U, 30
5 () + o (30)
C HOBBIM BpeMeHel\/I T:
d / dt’
t t
dT_’I"_Q, _/2E(t/)2+01t/+027 (31)
0
e
2\
Uer(¢) = 20 (32)

urpaer posb HOTEHIHAIbHOM sneprun. Bemmauna U, gy
BCeria MOJIOKUTEJbHA U CTPEMUTCA K OECKOHEIHOCTH
npu ¢ — 0 u ¢ — m/2. Munnvasbnoe snadenne Ugpp =
= 2\ pu ¢ = 7/4 COOTBETCTBYET U30TPOILHOMY CJIy-
4gaf0. B M30TpOITHOM Citydae MEHSIETCsI TOJIBKO BEeJINIn-
Ha a?, ompeengeMas U3 COOTHONICHUS BUPHATA:

&2 = 2Et2 —|— Clt —|— CQ.
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Hogoe Bpemst 7 (31) MOXKeT OBITB JIEMKO BBIPAYKEHO
gepes t:

= V2E(t+t V2E't
2F T = arctg M — arctg 70,
X X

rie X2 = E/E uty = C1/4F, rax uro 7 = 0 ipu ¢t = 0.
Eciin HavaabHAsi CKOPOCTh Ta3a paBHA HY/IO (4TO TH-
HMYHO JIsl SKCIIepuMenTa), 1o koncranra C; = 0 u

V2ET = arctg

B stoMm cyuae acumnrornaecku ipu ¢ — 00

V2Et

Cs

™

S (33)
2V2E

T — Too =

Tpaekropusa ¢(T) HAXOIUTCA U3 UHTErPHUPOBAHUSI BbI-
pazkenus (30):

- -

Orcrona T-nepuon B norennumade Uesr(4) (32) Beipaka-
eTCsl Yepe3 MHTerpasl

d¢o
E- Ueff(¢)}

¢(+)

rea [

¢ /2 [E - Ueff(‘b)}

re ) — xopun ypasuenust E = Uesr(¢) (Toukn
ocTaHOBKM). IIpy GOsbIINX 3HAUEHUSAX E xoneGanus
cmabo 3aBucar or gerateit morennmana  Uepr(@).
AcCUMIITOTHYECKH  yTJIOBast do/dr —
— +£V2E, a T-nepuon, T — w/\/ﬁ, T.e. B 3TOM
npesiesie T’ IPEBOCXO/IAT B JIBA Pasa Teo (33). OTMeTHM

«CKOPOCTb»

Tak¥XkKe, 9T0 3aBUCUMOCTh T'(E) sIBIsSeTCS MOHOTOHHOI
qist Uepr (@) ¢ MAKCHMYMOM, COOTBETCTBYIOIMM MUHY-
MmyMy mortennuaia Ueyp(m/4). D10 03Hadaer, ITO IpH
C1 = 0 BTOpad TOYKa OCTAHOBKU SBJIAETCHA HEIOCTH-
XKumo#t npu t — oo. B wacTtHOCTH, eciin cTapTOBATH
C JIeBOII TOYKH OCTAHOBKHU, TO CHCTEMa He JOCTUTAET
IpaBoil TOYKH ocTaHOBKHU. VI Haobopor: eciam crapro-
Basl TOYKA IIpaBasl, TO JieBas HENOCTIKHMA. lakas
CHTyaIusl, KaK Mbl yBUJUM JIaJIee, SIBJIsIeTCs] TUIINIHON
U I TPEXMEPHOI'O IMJINHIPUYECKH-CHMMETPIYIHOIO
CITyJast.

2.2. Pazner TpexmepHoOro rasa

s paziera depmu-raza B yHUTAPHOM IIpejieJie,
Korjia v = 2/3, ypaBHeHWsl JJIsSl CKEHJIMHTOBBIX T1apa-
METPOB MHTETPUPYIOTCST TEM K€ CAMBIM CIIOCODOOM, UTO

800

u B nBymepHoM ciay4dae. [Ipu D = 3 suepruio (26) cie-
JIyeT 3alUcaTh, BBOJA C(HEPUUECKYIO CUCTEMY KOODIIHU-

uar (a,0,¢):
2 2 2
2 [ AU 2 2
) +a (dt) +a* sin 9( > +

n 3A 1
21/3a? (sin2 0 cos fsin 2¢) 2/8

1

2

da
dt

do d¢

dt

CooTBeTCTBEHHO BBOAUM CHOBA 3HEPIUIO

~ 1 1
E=Ed - §a2d2 =FECy — gClz

— €pPMAaKOBCKHUIl MHTerpaJl, COXpaHEeHNe KOTOPOI'O ABJIA-
eTcd CJIeJICTBAEM CAMMETPUU OTHOCHUTEIBHO PaCTAZKe-
HUIi, © HOBOE BPEMs T C IIOMOIIBIO TOM Ke (POPMYJIbI
(31). B pesysnbrare nmeem

(

rae 3 dEeKTUBHBIN TOTEHIIAT BEIpaXKaeTcs depes cde-

do

dt

E

2 2
d
) +sin% 0 <d—?) + Ueyy, (34)
pUYecKue yriibl:

3
21/3 (sin® 0 cos 0 sin 2¢) 23

Uepr = (35)

Takum 06pa3oM, MBI IIPUXOIUM K CUCTEME C JBYMS CTe-
reHsiMu ¢BOOOJIBL, 6 1 .

JLst NUIIHIPUIeCKU-CUMMETPUYHBIX PEIeH i, KO-
ra cos¢ = sing = v/2/2, T.e. upu ¢ = /4, sueprus
E 3aluchlBaeTcst B BHie

( >2+21/3(

aasorngHoM (30) JuIst ByMepHOro ciiydas. PasHu-

do
dt

3\

(36)

sin? 6 cos 9) 2/3°

118 COCTOUT TOJILKO B BHUjie 3PHEKTUBHOIO TTOTEHIINAIIA,
Ucys. VnrerpupoBanue 3TOro ypaBHEHUs IPUBOIUT K
pesyibrary AHucuMoBa — JIbicukosa [3].

B o6miem ciaygae (1ipu ydyere 3aBUCUMOCTH OT 06erx
YTJIOB) OJHOTO MHTETpAJa E HejioctaTouno. Kak ObI-
q0 mokazaHo lade [38], maHHas cucrema mmeer emne
OJIUH JOTIOJIHUTEIbHBI HHTErpaJl JBUKeHusd (HOMUMO
E), KOTODBIit caepyer u3 tecra llemnese. CymrecTBo-
BaHUe yXKe JIBYX WHTErpajioB JBUKEHUsI FapaHTHPYyeT
[IOJIHYIO MHTEIPUPYEMOCTDb 3TON cucreMbl. BakHo oT-
METUTH, KAK W B IPEJBIIYIIEM CIy4dae, U9TO JIBUKEHUE
B noteHnuase (35) coxpaHseT CBOH HEJMHEHHDIH KBa-
BUOCIUJUIAIMOHHBIN XapaKTep.
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CI/IMMETpI/IVIHbIﬁ noaxoa B 3afa4de O pacClWUpeHnUn ra3oB B Bakyym

2.3. YuyeT KBAaHTOBOIO JaBJICHUS

Ob6cymum Tenepb, KAaKOBa POJIb KBAHTOBOTO JABJIe-
HUSI TP PACIIUPEHIN KBAHTOBBIX ra30B B BakyyM. OT-
METUM, 9TO B TOYKE & = &y JJISA MOJYIEHHBIX BBIIIE
perenuii Kpurepuit kBasuksaaccuanocru (17) napymra-
eTcsl — B 9TOM TOYKe BTOPast IPOU3BOHAS AMILTHTY/IbI
A no £ obpamaercs B 6ECKOHEYHOCTb, COOTBETCTBEH-
HO YJIeH KBAHTOBOTO JIABJICHUS CTAHOBUTCS DECKOHETHO
GOJIBIITIM. DTO TUMUIHAS CUTYAIWs JIJIsT KBA3UKJIACCH-
YeCKUX PeIIeHNI B KBAHTOBOU MeXaHHKe, KOIJa Tpe-
Oyercsi pemuTh 3a7ady O CIIUBKE PEIIeHWii B TOYKe
ocranoeku [39]. B mamHOM ciyuae posb TOUKH OCTa-
HOBKHU UTpaeT & = &mar- B OKpecTHOCTH TOYKU & =
= &nae HEOOXOIWMO CIIMBATH MOCTPOECHHOE DPEIICHUe
up € < &nar (BHYTpEeHHSs 00JIACTD) ¢ BHEIIHE 06J1ac-
TbI0 & > &nar. Baamum ot &4, BO BHyTpPeHHEH 0b/1acTu
pEIleHre JTOJIZKHO MEPEXOUTD B HANREHHOE KBA3UKJIAC-
CHY€eCKOe, a BO BHeITHEHl 00/1acTu 1) NOJKHA I0/I9U-
HaThes JimHelnomy ypasuernto [lpenunrepa. Crepmy-
eT CcKa3aTh, 9TO ITa 3aJa49a 006CyKIaaach AETaIbHO B
pabore [40] mag pexkuMa CHIIBHOIO TPEXMEPHOIO KOJI-
narnca B Kyomaeckom HVIIT (v = 1). Bagaqa ciiuBky B
JIAHHOM CJIydae MOXKeT OBITh PacCMOTPEHA AHAJIOTHY-
HBIM 00pa3oM.

Hauee 6ynem npemanosnaratb A <K &paz, T- €. TPE/I-
CTaBJIsisl TIePEXOAHYI0 001acTh A JOCTATOYHO Y3KOM.
Jlerko moHATH, YTO 3a/a4a MOXKET OBITH PACCMOTPEHa,
KaK OJHOMEpHAasl B HAIPaBJIEHUM, HOPMAJIHHOM K TIO-
BepxHOCTH & = &nas-

Haunem ¢ wm3orpomHOro pasjera JIBYMEPHOTO 0O-
3e-ra3a, Korja XuMudeckuii norennuan u(n) = n. O6-
parumcs K ypasuenuto (13) nya daser . g aBromo-
JIEJIBHOTO KBA3UKJIACCHYECKOTO periennst (ra3a, HAIIOM-
HUM, HAXOJINTCSI U3 MHTEIPUPOBAHNUS yPABHEHUS HEIlpe-
PBIBHOCTH, T. €. (0 He YYBCTBUTEIbHA K U3MEHEHUIO aMII-
JINTYABI B O0JIACTH CIIMBKU. DTO O3HAYAET, 9TO BCIOILY
B IEPEXOHON 00IaCTH MOXKHO CIMTATDH, ITO

dp (V) 2

— + ——— =~ —245,

ot 2
rie A2 = a=2(1 — \¢2/4) ecTb penenue KBa3suKJIacc-
9ecKUX ypaBHeHWil. B pesysibrare ypaBHeHue st am-
mIaTy a6l A B 06JIACTH CINUBKU 3aIUCHIBAETCS B BUJIE

1
5v2A —2(A% - A3)A=0.

Hockombky Ao(Emaz) = 0 (bmae = 2/VA), B 910M
ypaBHEeHUU B cjaraeMoM A2 Hy»KHO yjepKaThb JIHeii-
HbIe OTKJIOHEHUS 110 X = & — &zt A2 = —xa ™2V, a
B oneparope Jlamraca V2 B CHIy y30CTH II€PEX0IHOIO
CJIOST OCTABUTH BTOPYIO MPOU3BOAHYIO IO X. B pesyinb-

15 2KIT®, o 4

TaTe MPUXOIUM K CjemyomeMy auddepeHnaIbHOMY
ypasrenuto mist hyukuun g = A/a:

2
%j—XZ -2(¢> +VAx) g =0,

¢ rpaHUYHBIMU ycjoBusivu ¢ — 0 ipu x — 0o u g —
— /=AY2y mpu ¥ — —oo. DTo ypaBHeHHE IIpej-
craBJisteT coboii ypasraenue Ilennese Broporo Tuna [40].
IIpu GONBITIUX TOJIOKUTETBLHBIX Y 9TO YpaBHEHUE IIpe-
BpAIllaeTcsl B ypaBHEHUE DIpPU ¢ SKCIIOHEHITHAJIBHO 3a-
TyxaronmmM penienueM. [Ipu Menbmux |x| pemienue Gy-
Jer Ou3Ko K (PYHKIUM DUPH, OHO OCIUJLIMPYIONIIErO
xapakTepa. [Ipu gaabHeiemM 0TXo/ae OT TPAHUIILI £ =
= &mnag BO BHYTPEHHIOO 00JIACTD B PEIIeHNN OYIAyT CO-
XPAHSITHCST OCHUJIIANNY, HO UX AMILIATY/1a Oy/1eT yobi-
Barh. CaMo perierne pu Y — —o00 OYJIET BBIXOIUTD
HA HYXKHYIO aCUMIITOTUKY.

[TostBiteHnEe 9THX OCIMJLISIIAN SBJISIETCS TJIABHBIM
[IPOsIBJIEHNEM KBaHTOBOW NPUPOALI 003e-KOHIEHCATA
P €ro PACIHIUPEHUH B BaKyyM. IDTH OCIMJLISIIH
nMerT AU PaKIMOHHOE TPOUCXOXK IEHIEe, OHU ITOI00HBI
KoJsibliaM Hproromna.

XoTesaoch ObI OTMETUTH, UYTO B OJTHOMEPHOM 3a/1axe
0 pazjere O03e-Ta3a B BaKyyM, KaK MOKa3aHO B paboTe
[41] (cM. B Heil puc. 3€), BooOIIe HeT HUKAKUX OCIIUJLIISI-
nuit Ha Kparo. [Ipuanna cocTonT B TOM, UTO IJIOTHOCTH
B 9TOM CJly4ae B OKPECTHOCTHU KpaliHeill TOYKH BeJeT
cebsi KBaJ[PATUIHO, U TIOITOMY HUKAKOIO HAPYIIEHUsI
KBa3WKJIACCUKN B 3TOI Touke He Habmomaercsa. OmHa-
KO TIPU JPYTHUX YCJOBUAX [42] ocruuisiimm Ha Kparo
nabonarorces. IlogaepkaeM, 9TO 3a/a9a O CIUBKE B
npezesie Maabix A& K &ar CBOJUTCS K OJJHOMEPHOI
3aJlade, HO OHA II0 IMOCTPOEHUIO CYIIECTBEHHBIM 00pa-
30M OTJIMYAETCS OT 3aJ[@adi pa3jieTa B PAMKaxX OJHO-
mepHoro HVIII, maTerpumpyemMoro ¢ moMoImpbio MeToj1a
obpaTHOI 3a/1aun paccesiHusi [43)].

B anmzorponHOM ciydae, OYEBUHO, OCIIMJIISIAN
coxpanaTcs. Bo-mepBbix, B omeparope Jlamimaca nau-
6oJibIIast TPOU3BOIHAS OYIET IO HOPMAJIA K TIOBEPXHO-
et € = &pge- BO-BTOPBIX, yIJIOBast CKOPOCTH Vo = i%g)
[P JIOCTATOTHO OOJIBINNX BpeMeHaX ¢ — 00, KOIJIa pas-
Mep R ra30BOro 06Jiaka 3HAYUTETHLHO IIPEBOCXOIUT Ha-
JAJIBHBINA pasMep Ry, OKa3bIBAETCA 3HAYUTEIHHO MEHb-
me R. Cornacuo reopenme upnana (6), R & vso, a

jd/dr| _ 2B

v =T |Q| =

r Vool
DT0 03HAYAET, YTO IJIABHBIE M3MEHEHUs OYIyT IPOUCXO-
JUTH TI0 HOpMaJu K rpasutie & = &4, & BDEMEHHBIMA
U3MEHEHUsIMU 10 YTJIy MOXKHO mpenedpets. Eciu B Ha-
9aJbHBII MOMEHT BBINOJHEHO YCJIOBUE KBa3aKJIACCHY-
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HOCTH, TO OHO OYyJIET BBITIOJHEHO BCIOJY 3a UCKJIIOYE-
HueM y3Koif obmacti 6§ K [€|maz. IIpn sTOM OTHOIIE-
Hue 0 U |€];mar B CUILy ABTOMOJIEIBHOCTH MOYKHO CHUU-
TaThb HEM3MEHHBIM, 4YTO CIIPaBEJIMBO 110 KpailHell me-
pe npu Oosbinux t. TakuM 00pa30oM, aCHMITOTHIECKT
3a/1ay O CIIUBKE CJIeJyeT CUMTATh OMHOMEDHOM 110 |¢]
¢ JIOKAJIbHO-3aMOPOXKEHHBIM HAIPABJIEHUEM HOPMAJIH.
OTcrofa CTAHOBUTCS SICHBIM, 9TO BOKPYT HOBEPXHOCTH
& = &maxr DOPMUDPYETCH MOSIC OCIUJUISIII IJIOTHOCTH
AP PAKIIMOHHOTO XapaKTepa.

AnajiornaHbiM  00pa30M  AHAJIUBUPYETCS TOBEJIE-
HUEe KBaHTOBOro (bepMU-Ta3a B YHUTAPHOM IpeJesie B
OKPECTHOCTHU TOBEPXHOCTH & = &pay-

3. BAKJIFOYEHUNE

Taxum 06pa3oM, MbI TIOKA3aJIH, KAK CUMMETPUH JJIsI
ypaBuenud ['Il, korja XuMUYecKuil MOTEHITNAT 3aBU-
CHAT OT TJIOTHOCTH 7. CTEIIEHHBIM 00Pa30M C MOKa3a-
reqteM v = 2/D m D — pa3sMepHOCTH IIPOCTPAHCTHA,
BJIUSIOT Ha PACIIMPEHNE KBAHTOBBIX I'a30B B BaKyyM.
Bcenencrsue Teopemel Bupnasia, HE3aBICHMO OT COOTHO-
[IEHUS M€Ky KBAHTOBBIM JIABJIEHUEM U XUMUYIECKIM
[TOTEHITNAJIOM, CPEIHUN Pa3Mep PACHIUPSIONIErocs 00-
JlaKa, pacTeT aCUMIITOTHYECKH IIPHU OOJIBINNX BPpEeMEHAX
JITHEIHO ¢ ¢, TaK YTO CKOPOCTh PACIIUPEHUS CTPEMUTCS
K IIOCTOSIHHOMY 3HAYEHHIO Voo = (2H/N )1/ ?. Hamboutee
obmmasi cumMerpust ypaBuenuss [Tl — cummerpusi oT-
HOCHUTEJILHO TIpeobpazoBannii TasaHOBa, COBOKYITHOCTH
KOTOPBIX 0Opasyer abejieBy I'PyIILy. DTa YK€ CHMMET-
pus UMeeT MECTO JJIs HOTEHIMAJbHBIX TeUYeHU! ra30oB
¢ nokazareseM ajuabarel ¥ = 1+ 2/D, onuchlBaeMbIX
C IIOMOIIBIO YPABHEHHUH I'a30BOM IMHAMUAKA: YPaBHEHUS
HEIPEPBIBHOCTH U ypaBHeHUs Diiepa. BaxkHo, 9To T4
TUIPOIUHAMIYECKAs CHCTEMa COBIIAJAeT C YpaBHEHIEM
I'TI B kBa3WK/TACCUIECKOM IIPEJIeJie U HACIEIYeT TeM Ca-
MBIM cuMMeTpun ypasaerus ['11.

Mpbl mokazaan TakyKe, YTO B KBA3UKJIACCUIECKOM
npubnmxkenun ypasaenne 'l nmeer aBromMomesbHBIE
AHU30TPOIIHBIE PEIlleHns, ONUChIBaoIue Ha (oHe pas-
JleTa, HeJIMHEHbIe YTJIOBbIe KBA3UOCIUJLISIINE (POPMBI
obsaka KBAHTOBOI'O ra3a. B TpexmepHOM cilydae 3TH
peIleHusT COBIAIAIOT ¢ perenusMu Armcnmona — JIbi-
CHKOBA JIJIsI PACIINPEHUS B BAKYyM KJIACCHIECKOIO O/I-
HOATOMHOI'0 ra3a ¢ MoKasarejaeM ajuabarsl v = 5/3
3a UCKJIIOYEHHEeM 00J1acTH, Iie B KBA3UKJIACCUKE ILJIOT-
HOCTH OOPAIAETCS B HYJIb. DTO TeJ1ask TOBEPXHOCTH, KO-
TOpas UrpaeT Ty K€ CaMyI0 pPOJIb, 9TO M TOYKa OCTa-
HOBKM B KBa3WKJIACCHYECKOM HPUOJIMIKEHUU B OOBIU-
HOW KBAHTOBOW MeXaHUKe. 3aJlada CITUBKU PEIleHus
BO BHYTPEHHE!l W BO BHEINIHENl 00JIaCTsIX IMOKA3bIBAET,

802

9TO B OKPECTHOCTH TOIl ITOBEPXHOCTH BOZHUKAIOT IIPO-
CTPAHCTBEHHBIE OCIUJIISIAN IJIOTHOCTH T PAKITHOH-
HOrO XapakTepa. VIMEHHO 3THM pa3indaroTcsi KBAHTO-
BBIN U KJIACCHYECKUE Ta3bl IPU WX pa3JieTe.

B szakmiouenme obcymmM, B KakKoil Mepe IKCIEPH-
MEHTaJIbHBIE JJAHHBIE COOTBETCTBYIOT [TOJIY ICHHBIM aHAa~
JIUTHYECKUM De3y/ibraTaM. B skcnepumenTax [24] ma-
GJII0JIAJIOCH aBTOMOJIEIHHOE PACIIUPEHNe CHJILHOB3AU-
MOJIeficTBYIOIIEro epMu-raza M3 JOBYIIKH CHTapO-
obpazmoit ¢opmbr. Ha pumc. 2, B3gToM m3 pabOTBHI
[24], npexcraBiieHbl U300paXKEHUs PACHIUPSIONIEIOCST
depmu-raza. B Havag bHBIT MOMEHT BPEMEHH ra30BOe
06/1aK0 nMesIo (POPMY CHUJIBHO BBITSHYTOTO SJIIUIICOU-
na B Buze curapbl (Bpemsa ¢ = 100 Mkc), 3arem npu
t = 600 MKC — mouTH CEPUYECKYI0O U HA KOHEYHOIT
crajuu obtako nMesio dhopmy nucka. Obiree BpeMs Ha-
6onenns 661710 2000 MKC, KOTOPOE MOXKHO B3STh B Ka-
YeCTBe MOJIynepuoia (UM MEHbIIE) YIVIOBBIX OCIUJLIs-
it bOpMBI Ta30BOro 0bsaka, t < tys./2, B COOTBET-
CTBHH C Pe3yJbTaTaMU MPEeJIbIIYINero pasjiesia. Taxkum
006pas3oM, BCce 9TU CTAJINN KAYECTBEHHO OTBEYAIOT aBTO-
MOJIEJTEHOMY PEIEHHUIO.

Ha puc. 3 mpezncraBiieHbl pe3yabTaThbl U3MepEHMit
cpenHero pasmepa obiraka Kak (OYyHKIINA BPEMEHU JIJTs
tpex sHauennit (krpas)~! [25]. Bee Tpu saBucmMocTn
72(t) ¢ xopolieii TOYHOCTBIO IPEJICTABISIOT cObOil TIa-
pabosimyeckue 3aBUCUMOCTH B ITOJITHOM COOTBETCTBUM C
coorHorerneM (7), CIEAYIOMUM W3 TeOPeMbl BUDUA-
aa (6).

Crporo B pesonance, (kpas)~! = 0, cpeaumii pas-
Mep obsaka (r?) MoKeT ObITh BBIPAXKeH Yepe3 Haualb-
HBI noTeHImal gosymkn U(r) B Buge [25]

2
(0% = (B)o+ = e VU)o (37)
m

Boruncsenust, mpejicTaBieHHbE B paboTe [44], moka3bI-
BAIOT, YTO 3aKOH paciupenus (37) coBHaIaeT ¢ KBa-
3UKJIACCHYECKOl 3aBUCUMOCTBIO (r?) (27) B yHUTapHOM
npegene. Cremyer OTMETUTD, YTO, COIVIACHO BBIPAZKe-
mmo (27), Bemmauna (r?) neficTBUTEILHO 3aBUCHT JTH-
HEITHO OT YHEPIHH, UTO GBLIO MTPOBEPEHO B IKCIIEPUMEH-
Tax [25].

ITojuepkHeM, UTO 9TH 3aBUCUMOCTH OLUPAIOTCA Ha
KBa3HKJIACCUIECKYIO TEOPUIO, KOTOPAs HUIeM He OTJIH-
gaeTcsi OT M'MIPOJMHAMUKHI UJIeaJIbHOTO ra3a, ¢ IoKa3a-
TesteM aauabarsl ¥ = 5/3. Kax Mbl IoKa3auIm, oTmdne
KBAHTOBOIO ra3a OT KJIACCHYECKOro B 33/iade O PaCIIH-
PEHMH B BaKyyM COCTOUT B ydeTe KBAHTOBOIO JIABJIe-
HUsl, YTO OPUBOJUT K IOSIBJICHUIO OCIMJUISIIAN I1JI0T-
HOCTH Ha I'paHune pacmmpsionerocs obaaxa. Cy/s 1o
BCEMy, B 9KCIieprMeHTax [24, 25| Habiogaercs: paciim-
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Puc. 2. (B ugete oHnaiin) Vsobpaxenus pacmpsiolerocs
cunbHoB3anMogaelicTeytolero dhepmn-rasa Bo Bpemenun. Ha-
YanbHas cdopMa B BuAE curapsl

peHne cKopee HOPMAJIBLHOTO (hepMu-ra3a, IeM CBepXTe-
Ky4ero.

Yo kacaercs pasyera 0603e-aTOMOB, TO B 3IKCITe-
puMmeHnTe [23]| HaOMIOIATACH NIPUMEPHO Ta Ke caMasl
[TOCJIeI0BATEIbHOCTh M3MeHeHusi pOpMbI 00JIaKa, ITO

3
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]
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t, MC

Puc. 3. 3asucumocts 72(t): no sepTukanbHOW ocu oTnO-
XKEHbl 3KCMepUMeHTanbHble 3HadeHus 72(t) = m[(r?) —
— (r?)4=0]/(r - VU )10, N3MepeHHLIE NPy paclUMpeHnn Cub-
HOB3aMMOZEICTBYoLWEero hepMn-rasa B 3aBUCMMOCTYN OT Bpe-
metn t (U(r) — HavanbHOe 3Ha4eHMe noTeHuMana Jio-
BywWKM). YepHble CUMBONbI COOTBETCTBYIOT rasy B PE3OHaH-
ce, (kras)™' = 0, KkpacHble W CUHME — COOTBETCTBEHHO
(kpas)_1 =0.59 n (kpas)_l = —0.61, cnnowHble KpuBble —
pesynbTaThl pacyeta [25]

U B TpexMepHoil 3ajade Anucumosa — JIbicukoBa. DTo
CBUJIETEILCTBYET O TOM, UYTO HOPMAJIbHAST KOMIIOHEHTA
WrpaeT B ITOM SKCIEPUMEHTEe 00Jiee CYIIECTBEHHYIO
pOJIb, YeM CBepXTeKydasi KOMIoHeHTa. HamoMumm, 910
OIHMM W3 KJIFOUYEBBIX SKCIIEPUMEHTOB II0 OTKPBITUIO
603e-5MHITTEHOBCKUX KOHIEHCATOB T'a30B IEJIOTHBIX
siementos ' Li, 2*Na, 8"Rb [45-47| 6bw10 onpeesnenne
GbyHKIMH pacipejesreHnss 603e-aTOMOB [P PACIIADE-
HAU Ta3a B BaKyyM IOCJ€ BBIKJIIOUYEHUS ONTUIECKON
soBymiku. QyHKIINS paclpejiesieHusT uMesta OMMOIaTb-
Hyio (opmy, KOTOpasl COOTBETCTBOBAJIA HOPMAJBHOM
U CBepxTeKydeil KommoHeHTaM. Jljisi HOpMAaJbHOM
KOMITOHEHTBI PACIPEJIEIEHHEe 110 CKOPOCTIM  OBLIO
IMUPOKUM — TEIJIOBBIM — MAaKCBEJJIOBCKOI'O BHJA, &
CBepXTeKyvasl KOMIIOHEHTa 00J1a1a1a 60Jiee y3KUM pac-
IpeJieJieHreM C IMAPUHOM, OpeesseMoil TapaMeTpoOM
B3aumoyeiicreus (B cmbicae ['I1). Tlpu masnbix, HO KO-
HEUYHBIX TEMIIEpaTypaxX W3-38 YMEHbIIEHUsI ILJIOTHOCTU
[py pasjiere TeMieparypa 003e-KOHIEHCAIUN MaJAeT,
9TO HEMHWHYEMO JIOJI2KHO IPUBOJUTL K POCTY UHCIIA
aTOMOB HOpPMAaJILHO#N KoMmoHeHTHI. [lo 3Toit mpuunne
dopma obaka JIOJXKHA OIMPEIeIAThCS HOPMAaJIbHOMN
KOMITOHEHTO, KOTOPYIO MOYKHO CUATATEH OJHOATOMHBIM
ra3oM. XOJIOJHAs CBEPXTEKydas KOMIIOHEHTa Oyzer
COCpEJIOTOYEeHa BHYTPH PACIIUPSIONIErocs: obJiaka.
st pepMu-ra3oB 9Ta CUTYaIWsl, I0-BUIUMOMY, TaK¥Ke
nmeer Mecto. B otsimane ot 603e-1a30B, IEpexo1 K HOp-
MaJIbHOII KOMIIOHEHTE IIpu pasJiere (pepMmu-rasa Oymaer

15%
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COTIPOBOXKIATHCS TAKXKE U PA3PYIIEHNEM KYyTIEePOBCKUAX
map. Takum 06pa3oM, pasjier KBAHTOBOTO ra3a, JOJKEH
IIPUBOJUTH K IOSABJIEHUIO KoJiell HpioToHa, 4TO B 9KC-
nepuMeHTax Kak [23|, Tak u [24,25] He HAOIIOIATOCH.
Habronenne Takux ocruisdmnmii, mo KpaitHeit Mmepe Ha
HaYaJIBLHON CTaAUM pasjeTa, ObLI0 Obl CBUIETETHLCTBOM
TOr0, YTO a3 HAXOJUTCH B KBAHTOBOM COCTOSIHUU.

Baaronapuoctu. Asrops 6tarogapust A. B. Typ-
jianioBy u A. M. KaM4yaTHOBY 3a psiJl II0JIE3HBIX 00CY K-
JIeHUId.
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nayusaoro ¢donga (rpamr Nel19-72-30028). dpyroii aB-
rop (M. IO. K.) 6naromapur 3a nojuepxkky IIporpam-
My dYHIAMEHTAIBHBIX uccieaoBanuit HarponaabHoro
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Abstract. This brief review recalls some chapters
in theory of density waves in quasi-1D electronic sys-
tems which may have appeared after inspirations from
studies of I. E. Dzyaloshinskii and collaborations with
him. First we address the spin density waves which
rich order parameter allows for an unusual object of a
complex topological nature: a half-integer dislocation
combined with a semi-vortex of the staggered magneti-
zation. It becomes energetically preferable with respect
to an ordinary dislocation due to the high Coulomb
energy at low concentration of carriers. Generation of
these objects should form a sequence of w-phase slips in
accordance with experimental doubling of phase-slips
rate. Next, we revise the commonly employed time-de-
pendent Ginzburg-Landau (TDGL) approach which is
shown to suffer from a violation of the charge conser-
vation law resulting in nonphysical generation of parti-
cles which is particularly pronounced for electronic vor-
tices in the course of their nucleation or motion. The
suggested consistent theory exploits the chiral transfor-
mations taking into account the principle contribution
of the fermionic chiral anomaly to the effective action.
The derived equations clarify partitions of charges, cur-
rents and rigidity among subsystems of the condensate
and normal carriers and the gluing electric field. Be-
ing non-analitical with respect to the order parameter,

* . . . . . .
E-mail: serguei.brazovski@universite-paris-saclay.fr
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contrarily the conventional TDGL type, the resulting
equations still allow for a numerical modeling of tran-
sient processes related to space- and spatiotemporal
vorticity in density waves (DWs).

1. Introduction.

1.1. Inspirations from I. E. Dzyaloshinskii.
The authors had a chance to publish together with
I. E. Dzyaloshinskii (I. E. D. in the following) the article
[1] on doubly-quasi-periodic solitonic lattices emerging
in a 1D electronic system under simultaneous effects of
the charge doping away from the half band filling and
of the spin polarization. This publication was in the
course of our studies in theory of charge DWs (CDWs)
which had been started in 1976 by one of us (S. B., a
thankful disciple of I. E. D.) under the inspiration and
initially with participation [2,3] of I. E. D. The trick of
the chiral transformations having been emploied in [2]
(see below), actually suggested by I. E. D., provided a
handy frame to study adiabatic models of CDWs which
later would lead S. B. to notice an instability of nor-
mal electrons or holes, excited or injected to a CDW,
towards formation of solitons with the electron buried
at the solitons’ midgap state, see [4] for a review. The
resulting physics of microscopic solitons and their ar-
rays [5] can be traced back to I. E. D. invention of the
commensurability locking (published neglectfully only
in conference proceedings [6]) and forth to his work
on exact solutions of many-body lattice models [7-10].
Much later, an indirect inspiration came to us [11,12]
from the article [13], where I. E. D. had noticed that
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Phase slips, dislocations, half-integer vortices. . .

a presence of a dislocation in a crystal possessing the
antiferromagnetic spin order enforces a curious half-in-
teger vortex of spins’ rotations.

In this short review, we shall firstly describe com-
bined topological defects — half-integer vortices of dis-
placements and spin rotations in incommensurate spin
DWs (SDWs) which might necessarily appear under ap-
plications of the driving electric field. These consider-
ations are related to I. E. D. study [13] and are co-
herent with a persistent interest in fractional vortices:
from helium A ([14, 15] about the same time as [13])
and triplet superconductors (reviews [16,17]) to FFLO
phase [18,19] and Bose condensate of polaritons [20]
(see also Ref. [21] for a more recent review). This di-
rection in general is in line with long standing interests
of I. E. D. in topological defects, recall [22] and partic-
ularly [23].

Next, we shall quote and augment for modelling
quite a recent development [24] on construction of the
chirally invariant (recall [2]) description of transient
processes in a CDW or SDW in presence of normal
carriers. This formulation is free from a drawback of
the non-conservation of condensed particles which we
show to be inherent to the traditional TDGL approach.

1.2. Significance of static and transient topo-
logical configurations in incommensurate sliding
density waves. The DWs, see reviews [25-28], are
seen as superstructures, usually weak (with an ampli-
tude A < 1) and hence harmonic (A cos[qo-r+¢(r)], g0
and ¢ are the superstructure wave vector and phase).
The DWs are produced by modulations of electronic
charges and atomic displacements or of electronic spins
for CDWs or SDWs, correspondingly. The spectacular
phenomena is the collective Frohlich conductivity due
to the overall sliding with the collective current pro-
portional to the phase velocity, j. « dip. The DW
sliding is ultimately related to the current conversion
process which necessarily involves topological defects
[29] like solitons, dislocation lines/loops, and the tran-
sient processes of phase slips which develop as the edge
dislocation line (D-line) proliferating/expanding across
the sample [30,31] or as the plane of the DW amplitude
vanishing across a narrow sample [32-35].

The DW deformations generate a local charge den-
sity m. o Oy which brings about a high cost of the
Coulomb energy. The Coulomb enhancement of the
dislocation energy plays an intriguing role in SDWs
bringing to life a kind of a mixed topological object:
a half-integer dislocation combined with a semi-vortex
of a staggered magnetization vector. The phase slips,
necessary for the current conversion or the depinning,
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should proceed via propulsion of these combined ob-
jects which provides a natural interpretation for a con-
fusing 2-fold enhancement of a frequency generated by
moving SDWs in comparison with CDWs.

Beyond transient dislocations contributing to phase
slips, static arrays of dislocations can appear in lat-
eral geometries when the electric field is applied trans-
versely to the direction x of the CDW sliding. Indeed,
the interaction energy e®d, /7 of the deformed CDW
with the electric potential ® resembles the one for a su-
perconductor under a magnetic field described by the
vector potential with the component A, = ®. Then
the transverse to the chains electric field £y = —0,®
acts upon the CDW phase analogously to the action
of the transverse magnetic field in a superconducting
film. Hence, an array of static dislocations should ap-
pear above the electric field threshold as the vortex
lattice above the critical field H.; in a superconductor.

Figures 1 and 2 illustrate the sequences of phase
slips and the static dislocations. The plots were ob-
tained from numerical modelling of a TDGL type equa-
tions as it has been described elsewere [24,36,37].

2. Combined half-integer dislocation and the
magnetization vortex in a spin density wave.

CDW and SDW are characterized by scalar and vec-
tor order parameters: 7.4, (R) = Aexp(ip) and Nsg =
= Amexp(ip), where m is the unit vector of the stag-
gered magnetization and R = (z,r) ) with z being the
chain direction.

The energy density of spin rotations m(R) in SDWs
is not affected by Coulomb forces:

1 ~
Wopin {m} = 55— [ € (9m)” +

+C ((Bym)Q + (8Zm)2) + Wsa:| . (1)

Here Np = 2/whvp and vp are the density of states
and the Fermi velocity of the parent metal, C'” and
C | are the elastic moduli related to the rotation of
the staggered magnetization unit vector m, and Wy,
is the spin anisotropy energy. Elastic moduli éll and
C. are similar to bare moduli of phase displacements
taken without Coulomb interactions, i.e., Cﬁ and C'|
in Eq. (2) below.

The energy for deformations related to phase dis-
placements in both CDW and SDW takes a form

1 2 1 2
(— 3180) +C <— VM)
i ™

+ WC + Wstrv (2)

1

Wchrg {4,0} = m i

j

+
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Fig. 1. A time-periodic sequence of phase-slip events seen as
a set of nodes of the DW amplitude A(z,t)

Fig. 2. A static array of dislocations appearing in the electric
field applied transversely to the direction z of DW displace-
ments

where dimensionless parameters C? and C| are the
normalized compression and share moduli; C;
x (AT.Nray)? is a measure of the interchain cou-
pling related to the transition temperature T, (ay is
the interchain distance); Wy, is the stress energy from
an applied electric potential and/or from disbalance of
normal carriers which promote deformation and/or the
motion of the DW.

The Coulomb part of the energy, W, comes from
the local charge density related to the DW displace-
ments: n. = ep.Oyp/ma?, where p. and p, = 1 — p,.
are the normalized densities of the condensate and of
the normal carriers. The Coulomb interactions dras-
tically affect the charged phase deformations of dislo-
cations greatly increasing their energy and stretching
the shape in the chains’ x-direction, as we shall remind
below. Vaguely, the combined effect of Coulomb inter-

808

actions and the screening results in hardening of the
effective compessibility [38] which vanishes at T, and
diverges at low T with freezing out of normal carriers.
The effective compressibility C| hardens with growing
r1 (starting from OI(I) at shortest interchain distances)
as C) ~ 72 /rg beyond the screening length of the par-
ent metal, r, > ro ~ 1A, until it saturates beyond
the screening length 750 = ro/ V/Pn at the value which
grows activationally with lowering T'. At r > rge,

O|(|) = Oll = pe/Pns

C| x pe x A2 o (T, —T) at T — T.

and
C x p, ' < exp(A/T) at T — 0.

The resulting big energy of dislocations at small
pn does not prevent their creation which just requires
for bigger applied potentials, but the Coulomb energy
changes drastically the energy dependence of the dis-
location on its position Y (with respect to a coun-
terpart or a surface). While the spin-vortex energy
per its unit length is a standard Wy ~ T, In(Y/ay),
for the dislocation as the charged phase vortex, this
form of the energy is reached only when the Coulomb
interaction is screened at Y > rg.., where Wp ~
~ Te(rser/r0) In(Y/rge) with the energy scale being
greatly enhanced as rg../ro.

Coulomb interactions become even more important
in an intermediate (wide at low T') region ro < r; <
< Tger governed by the nonlocal, due to unscreened
Coulomb interactions, elasticity with C}j ~ 73 /r§. For
dislocations with rs,. > Y > rg, a curious confine-
ment law is established with Wp ~ T.Y/ro meaning a
constant force acting upon the D-line.

The energies Wy (Y) and Wp(Y) are similar only
near T, at small A (hence, at the vanishing gap A)
when the abundant free carriers screen Coulomb in-
teractions already at shortest distances. Otherwise, at
the developed gap A > T, the energy of dislocations is
greatly enhanced with respect to that of vortices which
brings about the option of their splitting into combined
half-integer vortices. In SDWs, the Coulomb enhance-
ment of the dislocation energy plays a principal role
bringing to life a special combined topological object:
the half-integer dislocation ¢ — ¢ 4+ 7 accompanied
by the 180° rotation O, of the staggered magnetiza-
tion m — —m. Indeed, the SDW order parameter
n = mcos(Qx + ) allows for the following three types
of self-mapping 7 — m associated with vorticities v,
and v,,.

(i) Normal dislocation Day: ¢ — ¢ + 27 = ¢ and
m — m; v, =1 and v, =0.
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Fig. 3. Vector-field m for the half-integer dislocation combined

with the semi-vortex of the magnetization. Solid lines indicate

constant DW phases. Due to the presence of the half-integer

dislocation, the number of sites changes between the upper

and the lower rows from 2.5 periods (6 + 6 + 3) to 2 periods
(7+5)

(ii) Normal m-vortex Var: m — Oz,m = m and
¢ = @; v, =0 and vy, = 1.

(iii) Combined object D V;: ¢ — ¢ + 7 and
m— O,m=—m, v, =+1/2 and v, = £1/2.

In the last case, both the orientational factor m and
the translational one cos(Qx + ¢) change the sign, but
their product in 7 stays invariant, as it is demonstrated
schematically in Fig. 3. Remind that at a given posi-
tion, the energies of vortices depend on their winding
numbers proportional to I/g’m

We must compare the energies of objects (i) and (iii)
under the requirement of the charge conservation, i.e.,
preserving the total phase vorticity ) v,. For magnetic
vortices the total vorticity > vy, does not need to be
conserved but in the bulk it must be kept zero; other-
wise, the energy of noncompensated vortices diverges
logarithmically at large distances. For phase disloca-
tions, the energy divergence is not a limitation since it
is compensated by driving potentials. Hence, the only
decomposition path for the conventional dislocation of
the case (i) to the two pairs of half-vortices of the case
(iii) is Dog = {Dx, Va} 4+ {Dx, V_r}. If the energy pa-
rameters for both D and V were the same, then the dis-
sociation cost is zero: v3, =1 = 4v2 = 1, and the re-
sult will depend on a tiny balance of similar coefficients.
But with dominating Coulomb energy of dislocations,
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Fig. 4. Results of the modeling of the evolution from a sin-

gle integer dislocation to the split pair of half-integer com-

bined vortices: (upper panel) the order parameter amplitude

A(z,y); (lowere panel) vector fields of the CDW phase and of

the spin rotation on the background of the density plot for the
amplitude

as expected at low T', the magnetic vortex energy can
be neglected, then the decomposition gains nearly half
of the energy, (var = 1)? = 2(v, = 1/2)? = 1/2, which
makes it inevitable.

Figure 4 demonstrates results of our modeling of the
evolution from a single phase-only integer vortex (the
dislocation) to the split pair of half-integer combined
vortices.
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The known SDW crystals possess low symmetries
which originates the spin anisotropy in all three direc-
tions. Being small, the anisotropy will not affect the
arrangement in a vicinity of the D-line, but at large
distances from the D-line, the w-rotation of spins will
be concentrated in space within the Neél domain wall,
as it has been outlined already in [13]. The wall will
form a string (a plane in 3D) which tempts to confine
the two combined objects.

Unusually, there will be no confinement within a
quite wide region 7, < rge, where the linear law,
rather than conventional logarithmic one, for the D-line
energy takes place as we have sketched above. Here,
the total energy gain with respect to the normal D-li-
ne is —EcN/2, where Ec ~ Teay /ro and N = Y/a,
is the number of chains separating combined vortices.
This repulsive anti-confinement energy directly over-
runs the energy lost due to domain wall formation
Ws‘?n-n = w? N, both having the similar N-dependence.
Usually w? ~ 1 K/chain < Ec ~ 10! K, so the net
interaction between the two semivortices is strongly re-
pulsive.

Beyond the screening length r; > 7rg, the
Coulomb energy slows down while the W;;‘,m keeps

growing linearly, then the total energy gain of two ob-
jects with respect to one D-line is

scr TC
o~ T, — Zc

To \/p_
Hence there is an equilibrium distance between the
semi-vortices, Neg ~ Eo/w? o 1/,/pn, which di-
verges with freezing out of the screening when p,, — 0.
Already at accessibly low temperatures, the string
length may reach the sample width which is typically
about 1 pm.

W = —EoIn N4+w” N,

3. Two-fluid hydrodynamics for collective
and normal variables in density waves.

Related cases of vortices in superconductors and
dislocations in DWs [32-34] are described usually
within GL-like models and their time-dependent
(TDGL) generalizations. While being consistent for

N

where ® and A, are the scalar and the vector poten-
tials. The chiral transformation ¢y — 1rexp(+ip/2)
[2] brings the wave function ¥ to the local frame of a
distorted CDW phase. It eliminates the phase factors
in non-diagonal elements in £, but in expense of addi-
tional parts in ® and A,:

Ae™ %

—1h0; — thvp0, + ® —vp A,

the explicitly gauge-invariant theory of superconduc-
tors [39,40], this approach fails for DWs and other
electronic crystals. Working at all steps explicitly with
interfering order parameter and normal electrons, em-
ploying the chiral invariance, and taking the account
for the related quantum anomaly have allowed us [24]
to construct the treatable theory without descending
to the burdens of microscopic calculations.

The equations of motion for the CDW phase cer-
tify the local equilibrium of forces (elastic, Coulomb,
frictional) with no relation to the charge conservation.
Instead, the last is usually preserved automatically by
construction of the charge and the current densities:

Ne = %Pcaz% Je = _% pcatsp (3)
(to be compared with js. x ps.0,0 for the current de-
pendence on the phase ¢ in superconductors).

The normalized (to T' = 0) condensate density or
the phase rigidity p.(A4) has a property that p.(0) = 1
and p.(A) ~ A2 — 0 at A — 0. The expressions
(3) can ensure the charge conservation automatically
indeed, but only if the CDW amplitude is invariable:
A(t, ) = const, otherwise

dn,
dt

= atnc+azjc = % (6wpcat(p_atpcam(p) 7é 0. (4)
The charge conservation dn./dt = 0 is violated in the
current-carrying state (9yp # 0) if p. is not space ho-
mogeneous (dyp. # 0) and in the strained (charged)
state 0, # 0 if p. varies in time, O;p. # 0. It is ulti-
mately necessary to take into account the normal car-
riers explicitly, without integrating them out prema-
turely. At first sight, that would require for descend-
ing to the fully microscopic theory with its notorious
complications even in linear or gapless regimes [33,41].
Still, there is a way [24] to keep the phenomenology
which is based on the knowledge of chiral invariance
and transformation, importantly taking into account
the chiral anomaly.

The Lagrangian H — ih0; for electrons in 1D CDW

has a form

Aet®

5
—zh@t + ihvpaz +® + 'UFAz ( )
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E, — E* = -0,V + 9, A* =
ﬁvF

:Ew—
2

(#-et)e @

Up
The additions to ® and A, from z- and ¢-derivatives
of the phase are naturally interpreted as the Fermi en-
ergy shift 0EFr = vpdPp following the Fermi momen-
tum shift § Pr = h0,¢/2 under the CDW phase defor-
mations. Under the CDW phase deformation and the
applied electric field F,, the electrons experience the
chiral invariant potentials V and A} and the longitudi-
nal force EJ.

At first sight, we have arrived at the transparent
picture of a 1D Dirac semiconductor with the gap 2A =
= 2AA, under the effective electric field (7), and it
looks straightforward to exclude the fermions to arrive
at an effective action S{®, p, A} = [ Wdz dt. And here
we arrive at puzzling contradictions.

(i) In view of Eq. (7), the free energy W should
contain the potential and the phase only in the in-
variant combination V. Having choosen the phase as
(hvp/2)0,p = —®, the effective potential V' disappears
from the action, then no density and no polarization are
perturbed with respect to ®. This contradicts to ba-
sic properties of the CDW in both the semiconductor
with respect to electrons and the metal in the collective
behavior.

(ii) We definitely expect W to contain the term pro-
portional to p.(0.¢)?, where p. is a collective density
responsible for the phase rigidity. But treating the La-
grangian (5) perturbatively with respect to the effective
electric field (7), we evidently should get

- E(k,W) 2
5Wﬂ - 87T€2 (Ez) -
_e(kw) [ hop 8%0 ?
T <‘7w B}, (®)

where € is the dielectric susceptibility as a function of
the wave number k and the frequency w (the last will
be neglected here for shortness). At small k,

1 dn

WP St

L _pn

A

Nt
7o

€e=¢en+ (9)
Here n is the concentration of free electrons related to
their chemical potential ( and p,, is the normalized den-
sity of states which also will be found to be the normal
density. The dielectric constant e o (ro€y) ™2 collects
the polarization of electrons gapped by the CDW while
prn, comes from conducting carriers thermally excited or
injected [42] above the gap providing the finite screen-
ing length | = ro/ \/p,,- Both contributions to W,
bring drastic contradictions.
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a) The term with ea in Eq. (9) yields to (8) the
forth order gradients of the phase (8596(,0)2 instead of
the expected second order (9,¢)°.

b) The singularity in & in the term with p,, seems
at first to serve fortunately by canceling excess gradi-
ents leading to the contribution proportional to (9,¢)*:
Wpon = —pp(lwp/4r) (0xp + TNp®)®. This expres-
sion brings two confusions with respect to the expected
Wye = pe(hvp/4r) (82¢)°. The signs in expressions
for W,, and W,. are opposite, and also temperature
dependencies are conflicting among coefficients p,, (ex-
pected to rise from zero at T =0 up to 1 at T,.) and
pe (expected to fall to zero at T, starting from 1 at
T =0).

These contradictions can be traced back to the no-
tion of the chiral anomaly, and they can be cured by
properly taking this anomaly into account. The chiral
anomaly is ubiquitous in the premature linearization of
electronic spectra. First, in the course of the lineariza-
tion, the control is lost of the position of the bottom
of the electronic band, hence of the difference between
actions of the external potential ® and of the Fermi
energy shifting d Er which wrongly appear to be ad-
ditive. Moreover, the whole energy cost of the chiral
transformation §Wer is lost. This energy can be cap-
tured from the non-linearized spectrum of the normal
metal if we consider the chiral transformation pertur-
bation dncr = d,¢p/7 as a redistribution of the total
particle density accompanying this transformation:

h’UF

5WCT - E

o
(920)” + —Org, (10)

where the first term is the density perturbation cost
(dncr)?/2NF and the second term is its potential en-
ergy on.®. Beyond these physical arguments [43,44],
the derivation of the chiral anomaly in the spirit of
the field-theory procedure of regularization of fermionic
determinants was demonstrated for CDWs [45] and
for SDWs [45, 46], recall also the special field-induced
SDWs [47].

Bringing together the nonperturbative contribution
(10) and the perturbative one (8), we get

Wiot = 5an + 5WCT =
d d
= Pc am ? _6w — Pn )
p( (Gap)” + — w) o
where p. = 1 — p,,. The above equation correctly mani-

fests the expected dependencies in T and A yielding
also the important relation p. + p, = 1.

h’UF 2

47

(11)
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The total charge density becomes

aI/Vtioif
0P

1

= _pcamsp - an)NF =
™

Ntot =
1
== o — pnVNE. (12)

The above illustrative discussion was valid in lowest
bilinear approximation in gradients and potentials for
the constant amplitude A. Below, we shall suggest a
general nonlinear scheme necessary for modeling con-
figurations with vortices.

The above relations written for the limit A = const
and for small deviations of n. and nj, can be generalized
by extending the energy functional as [ W dz with

hv F
47

I 1 h
+ {E(awcp)z + —@(%cp} + (@—i—ﬂawcp) n+
47 s 2

w

[Kom((%A)z—l—m_(VJ_A)Q—FHJ_AQ(VJ_‘P)Q] +

2
+ F(A, e, np) — %Og%(vqn?, (13)

where €p05 is the dielectric permittivity of the host
crystal.

Here the parameter x, is the CDW share modu-
lus coming from the interchain coupling of CDWs, and
the on-chain rigidity k; ~ 1 (to be put k; = 1);
F(A,ne,np) is a free energy as a function of the nor-
malized gap value A = A/A( and of the concentra-
tion of normal carriers: electrons n. and holes nj; with
n =ne —ny. The equilibrium value A, is connected
with n. and ny, via the minimum of F(A, ne,ny) in such
a way that Acq(ne,ns) vanishes when nej or, better
say, their chemical potentials £( surpass critical val-
ues, hence the metallic phase with A = 0 is restored.
The terms in brackets {...} are originated by the chiral
anomaly of Eq. (10) coming from background deforma-
tions of the CDW phase, the next term (proportional
to n) comes from the energy of intrinsic electrons in the
combined potential V.

Assuming the dissipative regime for both ¢ and A,
functional derivatives of (13) yield equations for the
time evolution and the Poisson equation for ®:

F
- FYAatAa

2A+ K VEA+ kI AV L) — 71

(14)

020 + TNp0,® + w0 +
+k1V1 (A’V1p) = 7,0, (15)

1
—Ozp+n = —NFT?)VQ(I). (16)
T
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Here v, = yA?, v = const and 74 = const are the
damping coefficients; v, is related to the sliding CDW
conductivity ccpw as y,0cpw = Npe? /a3 = 1/4nrd.

In spite of a superficial similarity, Egs. (14)—(16)
show striking differences with respect to commonly
use TDGL ones. Thus, in Eq. (14) the conventional
term k1 A(V1p)? does not find its partner with the
z-derivative of ¢ as if the longitudinal gradient of ¢
does not suppress the amplitude — the phase-slip nodes
would not appear then. In Egs. (15) and (16), the terms
containing 0@, Oz, and (chp)2 are not multiplied
by A%, so the attempt to present them as derivatives
of ¥ will bring singularities proportional to 1/A and
1/A2%. Contrary to conventional GL-type equations,
now Eqs. (14)—(16) are nonanalytic in the order pa-
rameter n = Aexp(ip) or, in other words are singular
in its amplitude. Nevertheless, there are hidden cancel-
lations allowing to compensate for singularities, even if
implicitly, which is vitally important for allowance of
space- and spaciotemporal vortices.

There are some technical challenges in numerical
implementations of the quoted above equations which
one commonly does not meet working within conven-
tional GL approaches, see, e. g., Refs. [35,48]. The first
is the control of compensations at A — 0 in expres-
sions for total charges, currents, and the condensate
energy bringing to action the hidden function of the
condensate density p.. The second is the entanglement
in dependencies of thermodynamic functions and their
derivatives on A and on n or (: approaching of n or ¢
to critical values should eliminate the energy minimum
over A at A # 0 opening the metallic state, e. g., in the
vortex core.

The best, and may be the only analytically trans-
parent, advancing is possible with the simplest Landau
type expression for F':

>2

b
x (AAo)*Np + ZA4A31\7F, (17)

nC’I‘

where a,b ~ 1. In Eq. (17), the first term is the con-
tribution of the normal metal, while two other terms
give the Landau type expansion in the order parame-
ter with the proximity 7 o< (1 —7T/T.) to the transition
temperature being shifted by presence of the normal
carriers which critical concentration is n,.

We have performed the numerical modeling employ-
ing the following combination of equations: Eq. (13)
for A with F given by Eq. (17), Eq. (14) for ¢, and
the dissipative equation for m generated by the func-
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tional (1). The vortices can be spontaneously generated
only if equations are written in invariarian variables,
rather than in the economical form for non-unique
phase ¢ and the angle 6. The order parameter nspw =
= Amexp(ip) is written as nspw = (u + w){p, ¢}
For the CDW or for frozen alligned spins in SDW,
the invariant variables are just u and v. For a SDW
with a spin vorticity, the allowed varibles were taken
as a set of four bilinear combinations {a,8,7,0} =
= {up,uq,vp,vq} imposing the apparent constraint
ad = Br. Examples of resulting calculations are shown
in Figs. 1, 2, and 4.

4. Conclusions.

A necessity of semi-vortices in conventional antifer-
romagnets in presence of frozen-in host lattice dislo-
cations was understood already by I. E. D. [13]. In
the SDW, the semi-vortices become the objects of the
lowest energy created in the course of phase slip pro-
cess; the normal dislocation must split into two objects
of the combined topology with the repulsion between
them. The combined topological objects, where the
spin rotations are coupled to DW displacements, are
stabilized by lowering the Coulomb energy of disloca-
tions. This combination effectively reduces the SDW
period.

Exploiting the chiral transformation and under-
standing the role of the chiral anomaly allows formu-
lating a phenomenological theory in terms of equations
for the DW complex order parameter, the electric po-
tential, and the concentration of normal carriers. This
approach resolves the problem of violation of the con-
servation law for condensed carriers rising dangerously
for nonstationary inhomogeneous regimes; that allows
to model consistently such strongly nonlinear effects as
phase slips and nucleation and propagation of phase
vortices.

The full text of this paper is published in the English
version of JETP.
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It is not excluded that the Standard Model of parti-
cle physics together with general relativity are effective
theories which emerge at low energy for the collective
modes of the extreme ultraviolet [1]. Sakharov grav-
ity [2], which emerges in the fermionic vacuum, pro-
vides the characteristic example. The scenario, where
all the known symmetries in our Universe emerge on
the macroscopic scale, but disappear in the highly
trans-Planckian microscopic regime, takes place in dif-
ferent many-body condensed matter systems. For ex-
ample, the analogs of Lorentz invariance and the curved
spacetime are developed for some low energy fermionic
and bosonic modes [3], but these phenomena disap-
pear at large energy, where the microscopic degrees of
freedom intervene (the analog of the trans-Planckian
degrees of freedom). The condensed matter systems
with topologically stable Weyl points in the fermionic
spectrum, such as Weyl semimetals and the chiral su-
perfluid phase of liquid 3He, demonstrate simultaneous
emergence of chiral fermions, gauge bosons, and tetrad
gravity [4-8], which do not survive on the high-energy
atomic level.

We do not know the structure of the trans-Planc-
kian world, but we can try different possible scenarios
of emergent physics and search for the common prop-
erties in the low energy corner. Here we consider two
scenarios of emergent gravity, which are very different,
but have the important common property.

* E-mail: volovik@boojum.hut.fi
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The first one is the tetrad gravity, where the tetrad
fields emerge as bilinear combinations of the fermionic
fields by symmetry breaking. This scenario has been in-
vestigated by Diakonov [9], Vladimirov and Diakonov
[10, 11], and Obukhov and Hehl [12]. The analog
of Diakonov—Vladimirov (DV) scenario takes place in
topological superfluid *He-B [13].

The other one is the analog of gravity in the elastici-
ty theory of crystals [14-20], where the elastic deforma-
tions are described in terms of the tetrads of elasticity
[16]. In principle, this analogy can be extended to the
real gravity, if the quantum vacuum is considered as
a plastic (malleable) fermionic crystalline medium and
the elasticity tetrads become the gravitational tetrads
[21,22]. The condensed matter analog of such vacuum
is the quantum crystal with fermionic quasiparticles,
such as vacancies [23-25].

The common property of these two approaches to
quantum gravity is that the tetrad fields in both theo-
ries have dimension of inverse length. As a result, most
of the physical quantities which obey diffeomorphism
invariance become dimensionless [11,26-28]. Since the
two very different scenarios lead to the same phe-
nomenon, it is natural to suggest that the gravity in
our universe also follows this common rule. Here we
consider some consequences which come from this rule.

Let us consider the theory of the crystal elastic-
ity using approach of Ref. [16]. The deformed crystal
structure can be described as a system of three crystal-
lographic surfaces of a constant phase, X*(x) = 27n®,
n® € Z with a = 1, 2, 3. The intersection of the sur-
faces
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X(r,t) =2mnt, X2(r,t) =2mn?,

X3(r,t) = 2mn? (1)

are the nodes of the deformed crystal lattice. For the
undeformed crystal, X%(r,t) = K% - r, where K are
the (primitive) reciprocal lattice vectors. The defor-
mations of the crystal can be described in terms of the
elasticity tetrads, the gradients of the phase functions:

(2)

In the absence of dislocations, E,%(x) is an exact dif-
ferential:

E.@

K2

(z) = 8; X(z).

OLE,(z) — OB (z) = 0. (3)

In the presence of the topological defects — dislocations,
the density of dislocations plays the role of torsion:

T = (O E,* — O E) . (4)

Such construction can be extended to the 3+1 quan-
tum vacuum with a = 0, 1,2, 3, assuming that the vac-
uum looks like the plastic crystalline medium. In this
model the elasticity tetrads E," become the gravita-
tional tetrads [21,22]. The deformed vacuum crystal
with dislocations describes the curved geometry of the
teleparallel Weitzenbdck gravity with vanishing curva-
ture and nonzero torsion. On the macroscopic coarse
grained level, where the separate dislocations are not
resolved, the torsion field 7}, can be considered as a
continuous function of coordinates. The metric g,
originates from the elasticity tetrads:

(5)

g#l/ = nabEuaEVb7

where nq, = (—, 4+, +, +).
The important property of the elasticity tetrads is
that being the derivatives, they have the canonical di-

mensions of inverse length, [E,*] = [I]~". Correspond-
ingly, the metric has dimension [g,,,,] = 1/[l]?, while the
interval is dimensionless: ds? = —g,,, dztdz”, [As] = 1.

The distance between the two nodes of the deformed
crystal is determined by the integer number of crys-
tal surfaces between the points of the grid and thus
does not depend on the length scale. In such quantum
vacua, the size of the unit cell is not fixed and can be
arbitrary.

Let us introduce notation d for conventional dimen-
sion of the physical quantities and the notation dpy for
the shifted dimension of the same quantities. The shift
of dimensions means that [[]=¢ — [[]792V in the DV
approach. For the interval ds, the conventional dimen-
sion d = —1 and the shifted dimension dpy = 0, see
Table 1. For the torsion field d = 1, and dpy = 2.
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The shift of the dimensions of the physical quanti-
ties leads to the new properties of the quantum vacua
and also topological insulators, which allows extending
the application of the topological anomalies. For exam-
ple, the Chern—Simons term describing the 341 intrin-
sic quantum Hall effect becomes dimensionless. As a
result, the prefactor of this term is given by the integer
momentum-space topological invariants as in the case
of 2+ 1 dimension [26-28]. The shift is also important
for the Nieh—Yan anomaly [28].

In the DV theory [9-12], the tetrads are composite
fields emerging as bilinear combinations of fermionic
fields. Tetrads appear as the order parameter of the
symmetry breaking transition (see also Ref. [29]):

e =i (YT*V,p — V,up T) (6)

The corresponding symmetry breaking scheme is Ly, x
x Lg — Lpyg, where Ly and Lg are two separate
symmetries under Lorentz rotations of the coordinate
and spin space, respectively. These two symmetries are
broken to the diagonal subgroup — the Lorentz group
of the combined rotations in two spaces, Lz +gs. In addi-
tion, this order parameter breaks the PT symmetry, see
also Ref. [30]. The similar scheme of symmetry brea-
king of three-dimensional rotations in the orbital and
spin spaces takes place in the superfluid *He-B [13,31]:

SO(3)L, x SO(3)s — SO(3)s+1.

According to Eq. (6), the frame field e, transforms
as a derivative in the same manner as the elasticity
tetrads. That is why it has the dimension of inverse
length, [ef] = 1/[], i.e., its dimension is shifted from
d = 0 to dpy = 1, see Table 2. In such vacua, it is
natural to assume that the fermionic field v as well as
the bosonic fields ® are scalars under diffeomorphisms
[9,10], i.e., their dimensions are shifted from d = 3/2
and d = 1 to dpy = 0, see Tables 2 and 3, respec-
tively. For Weyl or massless Dirac fermions one has
the conventional action:

S = /d4x|e|e“” (YIT*V, 0 + He) .

This action expressed in terms of the DV tetrads re-
mains dimensionless, since [e] = [I]7*, [e®] = [I], and
[t)] = 1, see Table 2. This suggests that the DV dimen-
sion of tetrads is natural, which is also supported by
the elasticity tetrads.

The nontrivial dimension of the metric suggests that
metric is not the quantity, which describes the space-
time, but the quantity, which determines the dynamics
of effective low energy fields in the background of mic-
roscopic quantum vacuum.
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Dimensionless physics

The shifts of dimensions are shown in Tables 1, 2,
and 3 correspondingly for gravity, fermions, and scalar
fields. Many quantities, which obey diffeomorphism
invariance, become dimensionless. The action is di-
mensionless and remains dimensionless in the DV di-
mensions, since the action is a diffeomorphism invari-
ant. Another example of the diffeomorphism invariant
quantity is the rest mass M of particles. In the case of
mass, the dimension is shifted from d = 1 to dpy = 0.
That the DV dimension of mass is [M] = 1 can be
seen from the classical equation for the particle spec-
trum: ¢g"’p,p, = M?. According to Table 1, M? has
dimension dpy = =2+ 1+ 1 =0, i.e., [M] =1, and
the action and the mass terms in fermionic and bosonic
actions are dimensionless:

S:M/@, (7)
5= [dtalentuty, ®)
S = /d4x\/—_g ("' V, @V, @ + M?®%) ,  (9)

1
=1 / dizy/=g (Fu F"™ + M?g"™ A,A,) . (10)

This follows from the DV dimensions

el =lv=gl=l"" [@=Wk=1 ["1=[0"?

lds] = [M] =1, [AJ=[""

Since the scalar curvature in general relativity is
diffeomorphism invariant, it is dimensionless in the DV
approach, [R] = 1. Its dimension is shifted from d = 2
to dpy = 0. Other examples of the diffeomorphism in-
variant quantities are the Newton constant G and the
cosmological constant A in the Einstein—Hilbert action:

1
Ser=—+

d4x\/—gR+/d4x\/—gA. (11)
167G

The dimensions of G and A are shifted from corre-
spondingly d = —2 and d = 4 to dpy =0, i.e., [A] =
= [G] = 1. These dimensionless quantitites are deter-
mined by the ratio of the mass scales [32] or by the
functions of scalar fields [33]. In principle, only the ra-
tio between the mass parameters makes sense [10]. In
a given case, only the combination AG? matters. Ac-
cording to Zeldovich [32], this combination is expressed
in terms of QCD mass scale: AG? ~ AZ)CDG3 (see also
Refs. [34-37]). In the other approaches, the electroweak

16 2KIT®, o 4

energy scale [38,39] and the neutrino mass scale [40] en-
ter, AG? ~ M§,G* and AG? ~ M2G?, respectively.

The spacetime volume V = [ d*z\/—¢ is dimen-
sionless, [V] = 1, and may have quantized values. Then
A as the corresponding Lagrange multiplier may have
universal quantized values with A = 0 in the equilib-
rium Minkowski vacuum.

The dimensionless Lagrange multiplier appears also
in the g-theory of the quantum vacuum [41], if the
g-theory is based on the 4-form gauge field introduced
by Hawking for phenomenological description of the
quantum vacuum [42],

q2 _ FuyaﬁF#yaﬁ-

In the DV units the vacuum variable ¢ and the La-
grange multiplier p, (the corresponding chemical po-
tential of the conserved quantity) are dimensionless,
see Table 3. If p14 is fundamental, it becomes the gen-
eral characteristics of the quantum vacuum. While
the variable ¢ determines the variable vacuum energy
A(qg) = €(q) — pqq, the universal chemical potential pro-
vides the nullification of A in the Minkowski vacuum.
At this value of g, all the initial states (even those
with the Planck scale A) finally relax to Minkowski
vacuum with A = 0 [41], thus providing the solution of
the cosmological constant problems.

In the DV approach, mass and energy have differ-
ent dimensions. While mass is dimensionless, [M] =1,
the energy has dimension of frequency, [E] = [w] =
= [/900] = 1/[l]. Correspondingly, the temperature is
dimensionless, [T] = 1, while the constant temperature,
which enters the Tolman law [43], T(r)y/—goo(r) =
= Troiman, has dimension of frequency, [Troiman] =
= [w] = [{/g00] = 1/[l], see Table 1. Tolman tempe-
rature is the integration constant in equilibrium in a
stationary spacetime [44].

The Unruh temperature of the accelerated body is
Ty = a/2m [45], where a is covariant acceleration,

5 Pt dPav

@ T I g

Since a is diffeomorphism-invariant, it is dimensionless
together with the Unruh temperature, [a] = [Ty] = 1.
The same is with the Hawking temperature of a black
hole. For the Schwartzschild black hole with rest energy
Mpp, Bekenstein entropy Spg, Hawking temperature
Ty, and horizon area Agy:

1
Teg=————
BH 87TG']\4BH7
(12)
A
Spu = ATGM%, = %.
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Table 1. Dimension shifts for gravity

General relativity Dimension d dpv
gt 0 -2
Juv 0 2
V=g 0 4
diz\/—g —4 0
ds? = guvdztdx” -2 0
dA = \/dS*dS,, -2 0
M 1 0
S=M [ds 0 0
Ou 1 1
Pu 1 1
R=g¢"R,, 2 0
G Newton -2 0
R/G Newton 4 0
Acosmological 4 0
THawking 1 0
Trotman 1 1
Trotman/ /900 1 0
Table 3. Dimension shifts for scalar fields
Scalar/Vector Dimension d dpv
) 1 0
g 0,20, ® 4 0
M2¢? 4 0
A, 1 1
E,. 2 2
E, Fr 4 0
(., Frv)k 4k 0
E,, Frm 4 4
Fivas 4 4
Frvap 4 —4
? = F"E, 05 8 0
g 0 0

All the quantities, that enter Eq. (12), are dimension-
less in the DV approach, [Trr]| = [Spu]| = [MpH] =
= [Apy] = [G] = 1. The area of the black hole is
dimensionless, because the covariant form of the scalar
area element is

dA = \/dSHdS,,.
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Table 2. Dimension shifts for fermions

Fermions Dimensiond | dpy
ez 0 1
el 0 -1
e=+—g 0 4
0 3/2 0
M) 4 0
iyl D) 4 0
Ta 1 2
T T 2 4
/\?Vieh*Yan 2 0
el A, Fr 3 4
ietel (DT~ ) F, 5 0
QQQL 6 0

Since
[s*]=[* and [Su] = [5"][g]? = 1/[I]%,

one obtains [A] = 1, which supports the idea that the
area of the black hole horizon is quantized [46-48].

Similar quantization may occur for the de Sit-
ter spacetime, which is the submanifold of Minkowski
spacetime in the 4 + 1 dimension:

4

g 2

+1I\41nk$,u v — a2,

B} x
Since [g,,] = [I]72, the parameter « is dimensionless
as well as the scalar curvature R = 12/a?, i.e., in the
DV dimensions [R] = [@] = 1. The dimensionless pa-
rameter « of the de Sitter spacetime emphasizes the
unique symmetry of this spacetime and supports quan-
tization of this parameter (see, e.g., [49]), which could
be similar to the Bekenstein quantization of the black
hole area [46]. However, in case of the superplastic
vacuum, the quantization of area can be very different
from the quantization in terms of the Planck area, be-
cause the elementary cell of the underlying lattice may
have nothing to do with the Planck scale.

Table 2 contains the operators with the mass dimen-
sions 3, 5, and 6. The non-renormalisable dimension 5
operator gives a contribution to the electron magnetic
moment [1]:

Gs = ieleyp(T°T? — TP T)yY F,

Qs

and the non-renormalisable dimension 6 four-fermion
operator describes the baryon number violation:

Ge = QQQL,
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Dimensionless physics

where L and @) are the lepton and quark doublets.
Since in the DV approach the mass is dimensionless,
these operators become dimensionless: their dpy = 0.
The prefactors in these terms are determined either
by the ratio of the mass scales (“ultraviolet” and “in-
frared”) or by the functions of scalar fields. The same
is with the 4k mass operator for £ > 1 in Table 3:
Ga, = (B, FH)*.

In terms of the DV dimensionalities, the operators
with dpy = 4 are topological. The operators of the
type G4 = FWF H¥ are topological in both classes of
dimensions, since for them d = dpy = 4. They are
accompanied by the fundamental integer or fractional
prefactors. There are also operators, which have orig-
inal dimension d # 4 but acquire dimension dpy = 4
in the DV approach. This means that they are not
topological in conventional approach, but may become
topological in the DV dimensions.

The former dimension d = 2 operator 7,7 and the
dimension d = 3 operator efLA,,F MY acquire dimension
dpy = 4 in the DV dimensionalities. As a result, they
become topological and their prefactors become the
topological quantum numbers. The operator eZAVI:"‘“’
determines the quantum Hall response in 3 + 1 topo-
logical insulators [26,27,50] described by the following
Chern—Simons topological term [27]:

Sap[Au] =

3
1
=13 ZNa / d'z E e P A,0,A5. (13)
a=1

It explicitly contains the elasticity tetrads E,*. The
integer coefficients N, are three topological invariants
in terms of the Green’s functions:

1 T ,
Na:8_26ijk / dw/delx
i
BZ

X Tr[(GoG 1) (Gr G 1) (G, G (14)

Invariants N, describe the quantized response of Hall
conductivity to crystal deformations:

d/UZ" 62
dEju‘ = ﬂeijkNa' (15)
k

In terms of the conventional tetrads, the gravita-
tional Nieh—Yan anomaly related to torsion [51-61],

Oujt = N (T*ANTo —e* A" ARw) . (16)

contains the nonuniversal prefactor — the ultraviolet
cut-off parameter A with dimension of inverse length,
[A] =1/[l]. Since A may depend on coordinates, which
explicitly violates the topology, the Nie—Yan contribu-
tion to the anomaly is still rather subtle (see recent
literature [27,61-65]). In the DV tetrads, the torsion
in Eq. (4) has dimension [T}%] = 1/[l]2, and the prefac-
tor A\? becomes dimensionless, [\] = 1, which suggests
that the prefactor is universal and is quantized.

The Chern—Simons term describing the 3+1 quan-
tum Hall effect can be extended to the 3+1+1
Wess—Zumino actions:

aa 1 ra a a
Saab — ] dzdr et 5767 WF(EB. (17)
X5
S4Pe o /d4xd76“”aﬁ"ew‘lT£V E (18)
X5

Spb, o / d*zdr e e T Fop.  (19)
X5

In terms of DV tetrads, these dimensionless terms are
universal and do not depend on the cut-off parameters.
In two scenarios of emergent gravity, the superplas-
tic vacuum and the DV theory with bilinear tetrad
field, the invariance under diffeomorphisms leads to the
dimensionless physics. In the DV theory, this invari-
ance is assumed as fundamental. In the superplastic
vacuum, the diffeomorphism invariance corresponds to
the proposed invariance under arbitrary deformations
of the 4D vacuum crystal. In words of 't Hooft (ap-
plied originally to the local conformal symmetry) “this
could be a way to make distance and time scales rel-
ative, so that what was dubbed as “small distances”
ceases to have an absolute meaning” [66]. This suggests
that the dimensionless physics can be the natural con-
sequence of the diffeomorphism invariance, and can be
the general property of any gravity emerging in quan-
tum vacuum. The dimensionless physics leads to new
topological terms in action with the universal integer
valued topological quantum numbers of the quantum

vacuum.

The universality takes place only for the topologi-
cal numbers and the symmetry parameters. The other
dimensionless quantitites are not universal, being de-
scribed by the functions of the ratios of different mass
scales. In this respect, the answer to the question of
how many fundamental constants are there in physics
[67—70] can be trivial: there are no fundamental con-
stants, and the ratios of parameters and the ratio of the
length scales are the only meaningful quantities [10].

16*
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pabore.
Cmamoa dasa cneyuanvrozo svwnycka XKITDP, noceauennozo 90-aemuro U. E. J[3arowuncrozo
DOI: 10.31857,/S0044451021040258 (O1(z1) ... Op(zr))t =
1 _ S4(®)
= [DO®le™ "7 O1(z1)...0s(zs). (1.2)
1. BBEJEHUE Zn(t)

].'

s u3ydeHus aHAJIUTUYECKUX CBOMCTB ITUX BeJIH-
YUH IPU U3MEHEHUH I1apaMeTPOB ¢ MOJIEJI OKa3bIBaeT-
Csl TIOJIE3HBIM J1e(hOPMHUPOBATH 00JIACTH MHTEIPUPOBaA-

B xBanToBOil Teopuu craructTudeckas cymma ¢pop-
MaJIbHO OIpee/IsaeTcsi (DYHKITMOHAIBHBIM HHTEIPAJIOM

S¢(®) HUS Tak, ITOOBI OHA MPEJICTABJISIIA COOOM TUKJI Cpel-

Zn(t) = /[DCIJ] e (1.1)

F

Hell pa3sMepHOCTH B KOMILIEKCH(DUIMPOBAHHOM IIPO-
crauctse noseit FC. [Ipu 3TOM BO3MOXKHO, YTO HMEETCsI
MHOKECTBO IUKJIOB, JIsl KOTOpbIX nHTerpat (1.1) cxo-
jgurcst. JI7s KOHETHOMEPHBIX HHTErPAJIOB TaKhe IHK-
JIbI KJIacCu(DUIUPYIOTCS TPYIIIOH OTHOCUTETHHBIX TO-
vostormit Hyiaae(FC, FC;Z), tae FC — Takme moms
* E-mail: krichev@math.columbia.edu (S ]:(Ca At xotopwix Re(S¢(®)/h) > 0. dna o6-
** E-mail: nnekrasov@scgp.stonybrook.edu mUX 3HAYEHUI HapaMeTposB ¢ cyliecTByer 6a3uc (Va) B

0 HEKOTOPOMY IMPOCTPAHCTBY J moJjeil. Koppenau-
OHHbIe (DYHKITNHU JTAIOTCS MHTEPAJIOM TaKOI'O K€ THIIA:
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Hpiadle(FC, FC; Z) Tak nazpsaemerx naneperkos Jled-
mera. HamepeTok 7v,, COOTBETCTBYIOMNI KPUTHIECKOM
rouke a dbyaknonana S¢(P), sBisiercst 00beMHEHTEM
rpajueHTHBIX Tpaektopuit Re (S:(®)/h), BhIXOMSIIIX
u3 a. Vcexomuplil pyHKIMOHAIBHBI HHTErpaj paBeH
cyMMe

Zh(t) = Znajg(t)v (1'3)

e

_ S5¢(®)
e h

10 = [Ipo (1.4)

Ya

— WHTerpaJl 1o HamepcTky Jledimera, cooTBeTCTBYIO-
MEMy KoMnaekchol Kpumuyeckotd moyke a. KpartHo-
CTH Ny ABJISIOTCS MEJbIMA qnciiamu. [Ipu maabix Bapu-
anusx t OHU OCTAIOTCs IOCTOSTHHBIME, HO IIPH IIepecete-
HUU ¢ HEKOTOPBIX TUIEPHOBEPXHOCTEH (CTEHOK Mapru-
HAJBHON CTaOMJILHOCTH) KPATHOCTH Ny MOI'YT CKAYKO-
06pa3HO MEHATHCS. DTO Ha3bIBaeTcs spjieHneM CToKca.

Hacrosamas pabota mocBsiieHa U3yvIeHuI0 KPUTHU-
9eCKUX TOYEK B HEKOTOPBIX IOJIEBBIX TEOPHUSIX.

1.1. TTonss u cumMeTpun

IIpoctpancTBo TIOJTElH F B KaxK0# U3 MoJjiesieil siB-
JISIETCSl TIPOCTPAHCTBOM OTOOPAYKEHU HEKOTOPOIrO UC-
XOJIHOTO MHOTO00Opa3usi > B PUMAHOBO MHOTOOOpa3ue
X. Mbr He OyzieMm 3aTparuBaTh JIEJIUKATHBIA BOIIPOC O
[VIaIKOCTH OTOOParKEeHU, MMEIONINI OTHOIIEHNE K IIPO-
6J1eMe TOTHOTO OIPeIeIeHIsT MePBI B (OYHKITMOHAJILHOM
uHTerpaJse. be3ycnoBHo, /11 6oJiee CTPOrOro Mmoaxoa
HEOOXOIMMO PacCMOTPETh OOPE3aHHYI0 BEPCHUI0 MEpHI,
a B ompejiejieHnn (OyHKIMOHAJIHHOIO HHTETPAJIa, 3aMe-
HUTH MUKpOCcKomm4ieckoe zeiicrue Si(P) ma neiicrsue
Si(n)(PA), B KOTOPOM XapaKTEPUCTIHICCKHE HMITYIbChI
mosieit P, He MPEBOCXOIAT mapaMerpa A, a KOHCTaH-
Tl t(A) 3aBuCAT TaKuM 00pa3oM OT A, 4TOOBI B IIepe-
zesie A — 00 Koppessanuonnbie dyukimn (1.2) umesnn
KOHEYHOE 3HAYEHUE TTPU MAKPOCKOMUIECKOM PA3TUINH
TOYEK Z7,...,Ts. MbI HaJleeMcs, 9TO JIJIsT 331891 KJIac-
cud UK BO3MOXKHBIX WHTETPAJIHHBIX KOHTYPOB JIJIs
ACUMITOTUIECKU CBODOHBIX TEOPUIl, TAKUX KAK CUTMa-
MoJtenn, 6ojee CTpOruit TOIX0/T TACT TAKOM Ke pe3yiib-
TaT.

Jlng ydera CUMMETPHil TEOPUH YaCTO OKA3bIBA-
ercsl TOJIE3HBIM PACCMATPUBATH HWHTErPAJbl 10 IPO-
crpancrBam Maps, (2, X') TBucroBanHbix noseit. 3mech
h:m(X) — H obozuauaer romomopdusm QyHIaMeH-
TaJILHON MPYIITLI Y. B TPYIILY CUMMETPHIA TIPOCTPAHCTBA
X (u [mOmOSHUTENbHBIX CTPYKTYP X ). h-TBHCTOBaH-
Hble 0TOOpaXKeHUsl ABJSIOTCA 1 (X)-9KBUBAPUAHTHBIMA
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orobpaxkernusimu f : ¥ — X yHHBEpPCAJHLHOTO HAKPHI-
TUA Y, TAKUMH 9TO

(1.5)

Hpyrumu ciosamu, ecyit 3aUKCUPOBATH TOUKY & € X
u upencrasurens f(£) € X, o rBucToBanHOEe 0TOOPA-
xxenwne f B okpectaoct U Toukn £ OyeT XOPOIIOo oIpe-
neseHHbIM oToOpaxkenuneM U — X . Tem He meHee, ero
POJIOJIZKEHUE HA BCe MHOTr000Opasue Y sIBJISIETCA MHO-
FO3HAYHBIM € TOYHOCTBIO 110 geiicrusa h(m (X)) C G
Ha X.

Eme onno sIBIEHNE, CBA3AHHOE C HAJTMYUEM CHMMET-
puit X, 310 omepaTophl JedeKTa, CBA3aHHbIE CO BCEMA
romoronudeckumu rpynnamu 7 (H ). Hanpuwmep, sie-
MEHTBI TPYII Tgim(s)—1 (H ) Kaccudurmpyior ToKab-
HbI€ TBHCTOBAHHBIE ONEPATOPBI, KOTOPBIE JAIOT BO3-
MOKHOCTb OTIPEETUTE (DYHKIMOHAIbHBIH HHTErPAJI 10
npoctpanctBy I'(X, X X g H) ceuennit paccioenust, ac-
COIMUPOBAHHOTO ¢ TyIaBHBIM H-paccimoernem H nmas X,

3a,/1aBaeMbIM
HYI™E (5 7y (H)) (1.6)
cE ( » Tdim(2)—1 .
1.2. KBanToBasg MexaHUKa
Cayuait ¥ = S!, coorBercTByIONmil KOHEIHOMED-

HBIM KBAHTOBBIM MOJIENISIM (B KOTOPBIX Y. OJTHOMEPHO ),
6611 paccmorper B pabore [1]. B stom cayuae (X, w)
ABJIAETCSA CUMILIEKTHIECKAM MHOTOO0PA3UEM, Ibs KOM-
maexcucdnramma (XC, w®) apngerca anreGpamdeckoit
HHTErPUPYEMOH cucTeMOit

7:X¢ s U%~C,

JTarpaHzKeBBl CJIoM KoTopoit J, = w1 (u) maj obmumm
u € UC gaBIsioTcs HOMapI30BaHHBIME a0€IeBLIME MHO-
roo6pasusimu. Jleiicreue mozeneit Sy (®) maercst Bbipa-
JKeHUeM

Se(®) = ?{d—lwc - Ztkj{uk (s) ds, (1.7)
» k=1

B KOTOPOM s ~ § + 1 — mapamerp Ha X, up — LJIO-
GasbHbIe KOOpAUHATHI Ha U, SBJSIONUECS] TaMUJIBTO-
HUAHAME WHTEIPUPYEMOil cucreMbl, t — HAOOP 6pemen,
nau 0000IEeHHBIX OOpaTHBIX TeMreparyp. PyHKIIHMO-
HaabHbIH uaTerpas (1.1) upegcraBisgeT e KOMILIEK-
cuUIMPOBAHHOTO OTIEPATOPA IBOJIIOIIHN:

1 ~
Zh(t) =Try eXp—ﬁZtka. (1.8)
k
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Ob6oznaunm vepes = C U AUCKPUMUHAHT CUCTEMBI,
T. €. MHOXKECTBO CHHTYJISPHBIX CJI0€B J,. 3adurcupy-
€M HEeKOTOPYIO HAaYaJIbHYIO TOUKY U, € U\E u 0bo3Ha-
qum 1depe3 [ rpymny mMoHogpomun, T.e. obpa3 dyH1a-
MEHTAJILHON TPYIIbI, OTBeYaoneil BbIOOpy OTMedeH-
Hoit Toukn 71 (US\E, w.) B rpynmy Sp(2r,Z) x Z ad-
dunHBIX npeobpazosanuii ciost Hq(J,,,Z), coxpaHsio-
[UX CUMILIEKTUIECKYIO CTPYKTYPY, 33JaHHYI0 (DOPMOii
nepecedenus (OUpeAEIAeMOil NOAAPU3AIEit).

B srom ciydae kKpuTmdeckne TOUKU a Kaaccuu-
mupyorca opburamu [¢] rpymibl MonozpoMun I Kiiac-
cos romoytoruit ¢ € Hy (77 (u.), Z). Obosnarmm 1epes
[y C T crabumsatop ¢, a gepes ﬁ[c] = U/F[c] — €COOT-
BETCTBYIONMN#H (paKTOp yHUBEPCATHLHON HAKPBIBAIOIIEH.
OueBUIHO, YTO JJIst JIFOOOTO 1esioro 1 # 0 uMeeT MecTo
ﬁn[c] = U[C]. O6ozuauum yepe3 P := PHi(J,,,Z) muo-
JKECTBO [PUMUTUBHBIX KJIACCOB FOMOJIOTHE (T. €. KJiac-
COB TOMOJIOTHIT, KOTOPBIE HE SIBJISIIOTCS MEJIBIMI KPaT-
HBIMH JPYTHUX Kiaccos). Ilycrs U, = J 0, p € P. Torna
st n € Z, t € C" onpenenum cynepnomenyuan, siBJisi-
foruiica rojgoMopdHo# dynknuei Ha U,, ¢ IOMOMIBIO
bopMyIBI

Wit = n?{d_lwc — Ztkuk . (1.9)
) k=1
MuozkecTBO
c=1]c¢., ccu, (1.10)

peEP

namepcTkoB Jledera KkBaHTOBAHHOM aaredbpandeckoit
WHTETPUPYEMOil CHCTEMBI MOXKHO TPEICTABIATH cebe
KaK JINCKPETHOE MTOJIMHOYKECTBO B

u=|| u,.

peP

(1.11)

st p # 0 MuoxecTso C, sIBJISIETCS MHOXKECTBOM KPH-
THYECKUX TOUeK cynepnomenyuana (1.9) ma U,. dns
P 0, xorma Uy ~ U, umeercss TOHKOCTH. B sTom
cllydae CylnepIroTeHIIna I SIBISeTCs JuHeHoi KoMOnHa-
nueit KOOPAUHATHBIX (PYHKIUN Ug, & 3HAYUT, HE UMe-
eT KPUTHYECKUX TO4YeK. 1eM He MeHee, u3 dusnde-

CKUX COOOpaKeH!it MBI JIOJKHBI BKJIIOYUTH B C MHO-
KECTBO Zpax C 2 MAKCUMAaJIbHO BBIPOXKJIEHHBIX CJIO-
€B, KOTOPbIE COOTBETCTBYIOT BBIPDOXKJIEHHBIM OpOUTAM
raMHJIBTOHOBA BEKTOPHOI'O II0JIsI, OTBEYAIOIIEr0 CyMMe
>k tkUr, KOTOpasi paccMaTpuBaeTcs Kak (byHKIUS Ha
BceM $ha3oBoM mpocTpaHcTBe X C.

Nmeercss mpocras moauduKaius 3a/1a9u B CIydae
CHCTEM C CUMMETPHUSIMU, COXPAHSIIONINMI FaMUJILTOHM-
anbl hy. Bmecro mpocrpancra nerens F = LX u ero
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kommexcuburarmun FC = LXC nano, Tak xe, Kak u
B (1.5), paccMOTpETh POCTPAHCTBO TBUCTOBAHHBIX I1€-
TeIb

Fin={z(s)[0<s <1, (1) =h-2(0)}

1 er0 KOMILIEKCUPUKAIIIO JF, [‘%C]. 3aech [h] — knacc co-
[IPSIP)KEHHOCTU B rpytie H CHMINUIEKTHYECKAX CHMMET-
puit X, [he] — KJ1acc COMpPsIZKEHHOCTH B KOMILIEKCHO
rpymme HC cuMmmiekTudeckux rosoMOpghHBIX CHMMeT-
puit XC. TTockosbKy meficTBHEE TPYINILI COXPAHIET Ta-
MWWJILTOHUAHBI, IPYIIIIa JIeficTByeT Ha cjoax J,. B ciy-
qae, Korja H asasgerca rpynnoit JIu, mopoxaennoit ra-
MIWIBTOHUAHAME, TBUCTOBAHHBIH CIIydail 9KBUBAJICHTEH
HETBUCTOBAHHOMY C TOYHOCTBIO JIO II€PEOIIPEIEIEHUS
BpemeH t. Ciryuail quckperHoii rpynnbl H oyeHb UHTe-
PECEH U He IMOJHOCTBIO OIHUCAH B CYIIECTBYIONUX ITy0-
sukaruax. O Moxer 6biThb cBegen K (1.9) ¢ P, as-
JIAIONUMCS [IPOCTPAHCTBOM KJIACCOB SKBUBAJIEHTHOCHU
h-TIOAKPYYeHHBIX LeTeNb Ha Jy.

1.3. CtpyKTypa crarbu

Mpb1 paccmaTpuBaeM JIBYMEDHBIE IMOJIEBBIE TEOPUH
CO 3HAUEHWSIMH B HEYeTHOMEPHBIX cepax S2m1
Wi uX HaKTOP-IPOCTPAHCTBAX IO JEHCTBUIO IPYIIIBI
U(1), gaBagomuxcs KOMIUIEKCHBIMU IIPOEKTHBHBIMA
npocrpancTeamu  CP" ™', Kowmmiekcudukamms 9Tmux
IIPOCTPAHCTB COJEPXKUT, B KAadeCTBE BeENIECTBEHHBIX
CeYeHUil, Ipyrue WHTEPECHbIE CHUMMETPUYECKHE IIPO-
CTPAHCTBa TaKWe, KaK MPOCTpaHCTBa JlobadeBckoro,
aaTu-1e Currepa u jne Currepa.

B paza. 2 MBI BBOAUM JIarpaHKHAHBI JIBYMEPHBIX
cUrMa-moJieseil 1 uxX peajmsalnuio B TepMUHAX (JH/IHeﬁ—
HOI) CUI'Ma-MOJIEJIM CO CBA3SME M KAJMOPOBOYHBIMUK
rpymmamu. 3aTeM Mbl 00CY2K/1aeM TBHCTOBAHHBIE I'Da-
HUYHBIE YCJIOBUS U X KoMiLtekcudukamnuio. [locte aTo-
IO MBI IIPEJICTABIIsIEM IIEPBLIE CBUIETEIHBCTBA BO3MOXK-
HOCTH CYIIECTBOBAHUS B JIBYMEPHBIX CHUI'Ma-MOJIEJIAX
anasiora (1.9): B cnenuajbHOM Kjacce HEUMAHOGCKUL
CMPYHHBLT PeWweHuli TPEbIBISIOTCT aaredpandecKn
WHTErpupyeMble MOJE/IN, a HUMEHHO, MOjesib lojena,
T.e. cucreMa XUTYMHA B POJE HYJIb C IPOKOJIAMHI, KaK
B pabore [2], HO ¢ UPPErYJISPHBIMU CHHIYJISIPHOCTSIMH.

B pazza. 3 BBomuTCS OCHOBHO# MHCTPYMEHT HAIIIETO
aHajn3a: KOMILIEKCHbIe depMu-Kpusble. BHadase Mol
[IPOAHAJIM3UPYEM TOCTPOeHNEe (HPepMU-KPUBOU JIJIsT Ma-
JIOTO BO3MYIIEHUS IOCTOSHHOIO IIOTEHIINAJIA YypPaBHe-
uns [{Ipegunrepa u mokakeMm, Kak PE30HAHCHBIE JIBOM-
HBIE TOYKH pa3perraTcs KodddurmenraMu Qypbe mo-
reHImaa u(z, z).

B pasn. 4 pemaercs obparHas 3a71ada BOCCTAHOB-
Jienus norennuada u(z, z) oneparopa Ilpenunrepa mo
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depmu-kpuBoit KoHewHoro poga. [locieqaune xapakre-
pU3YIOTCS KaK KPUBBIE C JOMOJTHUTEIBHON CTPYKTY PO
rosoMopdHOIT UHBOJTIONNEH, TMEIONTEel TT0 Kpalinei Me-
pe€ JIBe HEO/IBIUKHbIE TOYKH, 1 HAOOPOM MEPOMOP@MHBIX
muddepenrmanos Q, QF ¢ 3a1aHELIME CBOHCTBAMIL.

B paszxa. 5 omeparop Illpemmnrepa —A + u cBs-
3bIBAETCSI CO CBOMMM pelreHusiMu 0, Ay = u), Tax,
KaK IIPEJNUCHIBACTCS YPABHEHUSIMUA JIBUYKEHUS CHT-
Ma-Mojiein. MBI TOKa3bIBAEM, 9TO HAJUYINE TAKON CBs-
31 00ecrevInBaeTCs JOTOJTHUTEIHHON CTPYKTYpOil Ha
depMu-KpuBoii: HaJIUIUEM HEKOTOPOU MepoMOpQHO
byurmyu E. Bojiee TOro, Mbl HAXOIUM CYNEPNOTMEHYU-
an VW, KpUTHYECKHE TOYKUA KOTOPOI'O COOTBETCTBYIOT
JBAXKIbI-IIEPUOUIECKIM DENIeHUSIM YDPaBHEHUN BU-
JKEHUsI CUT'Ma-MOJIEJIH, U SIBHO IIPOCJIEXKUBAEM aHa-
JIOTHIO 9TOTO CYHEPIOTEHINAIA C CYHIEPIOTEHIHAIOM
(1.9) B KBAHTOBO-MEXAHMYECKUAX MOJIEJISAX.

Paznen 6 comep:KuT 3akj0UYeHre U ONUCAHUE Ha-
IpaBJjeHust OYIYIIX UCCIeI0Banni. B YacTHOCTH, MBI
006CyK1aeM BO3MOXKHOCTH KOHETHOMEPHBIX TTPUOJIIIKE-
HUY KOH(MUIYPAIMOHHOTO [IPOCTPAHCTBA TIOJIEBBIX TEO-
puii, MOTHBUPOBAHHBIX TeOPHeil ajarebpo-reoMerpuyec-
KUX (UJIH, 9TO TO YK€ CaMOe, KOHEYHO30HHbBIX ) PEIIeHMiA.

2. CUTMA-MOJEJIN

[Ipeamosnoxxum, aro muOroobpasme X, B KOTOPOM
MIPUHUMAIOT 3HAYEHUS IOJIS MOJIENIH, SIBJISIETCS PUMa-
HOBBIM MHOI000pPa3ueM ¢ METPUKOM

g = gmn(X)dX™dX".

Torna neitcrue Si(P) curma-mMoaenn 3a7a€TCst KaK

Sy(®) = / V. grn@a Xm0 X, (2.1)
2

rue (X™(z,2)) KOODJIMHATHAS [IaPAMETPU3AIIUS
orobpaxkenus ¢ : ¥ — X, a t obo3HATAET ApaMeT-
PBI, KOTODBIE OIUCBIBAIOTCS HIZKE. Jlarpamknan Moje-
JIM 32BUCHUT JIAIIH OT KOH(MOPMHOIO KJIacca METPUKI

ds? = hapd€2de®,  hay ~ €Y hgp.

IIycts ¥ — mBymepmsii Top S! x St. O6ozmarmmM we-
pe3 &, Yy BEIeCTBEHHbIE KOOPAUHATHI HA Y C IEPUOIAMEI
1, re.z~x+m,y~y+nupum,n € Z. Koabopm-
HBIE CTPYKTYPBI HA Y. TAPAMETPU3YIOTCS KOMILIEKCHBIM
YUCIOM T = T| + 9T2 ¢ T2 > () ¢ TOMOIIBIO PABEHCTBA

ds% o (dx + Tdy)(dx + Ty) = dzdz, (2.2)

B KOTOPOM z = & + TY, Z = « + Ty 0003HAYAIOT, COOT-
BETCTBEHHO, TOJIOMOP(MHYIO U aHTUTOJOMOPMHYIO KO-
OpUIMHATHI Ha .
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Hwuzxe Mbr Oy/ieM 9acTO UCHOJIB30BATH 0O03HATEHUS
wy = 1, wy = 7 g TEPUONOB U Wy = 1,0y = T 114
COIPSIZKEHHBIX BEJIUINH.

ITapameTpsnl ¢ Mosies I — 3TO MTapaMeTPhbl KOHMDOPM-
HOit cTpyKTyphl v/ hh*P Ha ¥, mapaMeTpsl METPUKHI § 1
rapaMerpsl TBUCTOB. [locie/iHre BOSHUKAIOT B TEX CIIy-
4gasix, KorJa MeTpUKa g Jlolyckaer ndomerpuu. Obo3Ha-
qnM 1vepe3 H rpynny cummerpuit g. [Iponedopmupyem
TEOPHIO C TOMOIIBIO TI0CKO H-cBsisHOCTH A:

5:@54) = [ d2d2 g (07 + A2V x
b

x (0 X" + A2V, (2.3)

rne A2dz + A2dz — dopma H-cssmoct: ¢ a
1,...,dimH, a V, € Vect(X) — obpasyiomue H,
JaefictBytomue nzoMerpusmu X. V3 mHBapraHTHOCTH

MephI (DYHKIIMOHATHLHOTO HHTErPAJIa, OTHOCUTEIHHO JIO-
KaJIbHBIX TIpeobpas3oBannii orobpaxkenust ¢ : ¥ — X
3aJIaHHBIX W30MeTpusiMu H, clieiyeT, 9To KOppeJIsiu-
ounble (DYHKIUH 3aBUCAT TOJIHKO OT KJIACCOB SKBHBAa-
JIEHTHOCTH

A~ h7YAh + hldh.

B koopaunarax x,y Ha 3 neiicreue (2.3) umeer By

S,g(<I>;A)=l dxdy L,
T2
R/ (2.4)
L= gmn(X) (TVzX™ =V, X™) x
X (TVz X" =V, X"),
rie
VaoX™ =0, X™ + A2AVMX), a=z,y. (2.5)
st tockux H-cBsisHOCTEl A,
dA® + %fl‘;‘cAb NA®S=0, (2.6)

crarcymma (1.1) MokeT OBITH [IPEJCTAB/ICHA B MAMUIIb-
TOHOBOM dopme:

Z(A; T, f) = Tngl-ftwisted (Qy QHJr qu) ’ (2'7)
rie
q= 627'”7',
q — 6—2771'7’"
1 /.0 .
Hy = — (H + P) :
47
1
= Pexp/da:Am,
g / (2.8)

1
gy = Pexp/dyAy
0
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— TaMUJIbTOHUAHBI U H-TBUCTBI, COOTBETCTBEHHO, a
Hg, —twisted 0003HAUAET IIPOCTPAHCTBO COCTOSHUI CH-
CTEMBI, MOJIyUYeHHOE KBAHTOBAHUEM TPOCTPAHCTBA (-
TBUCTOBAHHBIX IIE€TEJIH B IPOCTPAHCTBE X .

WHTepecHbIM aceKTOM T€OpUil ¢ TPYIIOi cuMMeT-
puit H, nMmeromieit HeTpUBUAIbHYIO DYHIAMEHTAILHYIO
rpyuy 7 (H), sBisiercs BO3MOXKHOCTH HAJIMYUST TO-
[OJIOTUYECKH HETPUBUAJBHBIX (DOHOB IIPU COXPAHEHUH
yCaI0BUs TIOCKOCTH (boHOBO# cBsizHocTH A. OHE HAXO-
JISITCST BO B3aUMHO-OJHO3HATHOM COOTBETCTBHH C JJIe-
MmeHTaMu ¢ € Hy(3, 71 (H)) (cp. (1.6)), u3BecTHBIME
Jutst KoeuHblx 71 (H) Kak obobimennble Kaaces! [Ttu-
dens— Yurau. Jns npocroit rpynmer JIuw H dyrma-
MeHTanbHas Tpymma m1(H) OTOXKIECTBIsAETCa ¢ MOJ-
rpynmnoit nentpa Z(H) ee ogaocssizHoro maxpbirus H.
Tormosrornveckn HETPUBUAJILHBIN (DOH BO3HUKAET IpU
UCCIIEIOBAHUY (DYHKIITMOHAJBHOIO MHTETPAJIa 10 IIPO-
CTpaHcTBY J. cedenmit X-paccioenuii Ha [ Y, acCOIHU-
UPOBAHHBIX ¢ IVIaBHBIM H-paccimoernem P aas Y. Tlo-
cJIejTHEee MOXKET ObITh TPUBUAJIM30BAHO HAJT JIOTIOJTHEHU-
em X\U, mamoit okpectaocru U, Touku p € ¥ u Haf
camoit okpectaocTbio Up. Kitace romoronuu ¢ € i (H)
3asaercs nerseil 8 H, T.e. orobpakennem OU, — H,
OTIPEJIEIITEMBIM TIEPEXOJIOM MEXKJTY JIBYMsI TPUBUAJIUA3A~
USTMU

PlE\Up x H x E\Up

Ply, ~ H x U,,.

Takum 06pa3oM, ¢ OJTHON CTOPOHDI, (DYHKITNOHAb-
HBIIl UHTerpaJj 1no J. MoXKeT OBbITh MHTEPIPETUPOBAH
Kak l-TouedHasi (DYHKIUsI HA TOPE JIsl JIOKAJHLHOTO
oneparopa 6ecropsiika O.:

ZC(A; T, 77—) = Tr'ng—twistcd (OC g’l/ qHJr qu ) : (29)

C spyroii croponbl P, mogHUMAaeTCst 10 TPUBUAJIBLHOTO
paccaoenns X X H juist HeKTOpoit m3orennn 3 — 3.
ILmockast H-CBSI3HOCTDH Ha X MOYKET PAaCCMATPUBATHCS
KAK IUI0CKasi H-CBS3HOCTD Ha Y, SKBUBAPUAHTHAS OT-
HocuTebHO neiicrust mq (H).

Kiraccuyeckn, B KagecTBe MPyIIbl CAMMETPHIT TIPO-
SIBJISIETCST TOJIBKO Ipymna H , MOCKOJIbKY OHA, SIBJISETCS
TPYIION CHMMETPHiT TPoCTpaHCcTBa X , B KOTOPOM IIPU-
HUMAIOT 3HAYEHUs MoJisi. TeM He MeHee, KBAHTOBO-M6-
XaHUYIeCKH, Tpymnmna H MoxkeT aeficTBOBATH Ha THILOED-
TOBOM IIPOCTPAHCTBE TEOPUU IIPOEKTUBHO, T. €. F sIBJIs-
eTCs HA CAMOM JIeJIe IIpecTaBIeHneM rpyms H. Ypas-
Herve (2.9) sIBJIsIeTCS] BAYKHBIM WHCTPYMEHTOM JIJIsI MC-
CJIEJIOBAHUSI ITOI'O PACIIUPEHUS] CHMMETPHH.

Hanpumep, Takum 06pa3oM MOXKHO IBHO ITPOJIEMOH-
cTpupoBaTh cylecTsoBanue BPS cosmronos 8 N = 2
cynepeavmerpuanoii. CPY ! -curma-momemn (ea. [3]),
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KOTOpBIE MPeodpa3yioTcs B (YHIAMEHTAJBHOM IMPEI-
crapiennn A'CN rpymmnst H = SU(N), a 3sa4uT, ruis-
6epTOBO MPOCTPAHCTBO TEOPUM COJEPXKUT BO3OY K-
HUsI, CHAMMETPHSI KOTOPBIX PACITHPEHA.

2.1. Kommiekcudukamnmst

Craructrueckast cymma (2.7) JOMyCKaeT aHAJINTH-
YecKoe TTPOIOJIZKEHTE TI0 TTAPaMeTPaM ¢, G, Gy DTO IIPo-
JIOJ2KEHUE COOTBETCTBYET B3SITHIO TOTO Ke (DYyHKITHO-
HAJIBHOTO MHTErpaJia 1o (TBUCTOBAHHBIM ) OTOOPAYKEeH Y-
am ¢ : ¥ — X, HO pu cooTBercTByMOIIER Aedopma-
1y Jeficrsus (2.4), Ipu KOTOPO#i IapaMeTpsl T U T He
SIBJISIIOTCS KOMILJIEKCHO COTIPSIZKEHHBIMU JIPYT JIPYTY, &
KOMIIOHEHTa, cBg3HOCTH A, (POHOBOIO OIS CTAHOBUTCS
KOMITLJIEKCHOH. [Tpu aTOM MOy IsIpHAsT HHBAPUAHTHOCTD
TpebyeT, YTOOBI KOMIIOHEHTa A, Tak»Ke paccMaTpuBa-
Jlach KaK KOMILIEKCHOe KJIubpoBouHoe moJe. Koopmau-
HaTel X™ mosieil B (2.4), eCTeCTBEHHO, Tak:Ke CTAHO-
BSTCsI KOMILJIEKCHBIMU.

MpbI IPOJTOJIKUAM HA3BIBATDH MEPHUOJIBI Wo U W JJIS
« = x,y compsiKeHHbIMU Tepuojgamu. ConpsiKeHue,
KOTOPO€ HMEETCsI B BHUJY, COOTBETCTBYET CUMMETPHH
(x,y) — (z,—y) dusmaeckoro Topa, a He (KCKyCCTBEH-
HOMY B JIAHHOM KOHTEKCTE) KOMILIEKCHOMY COIIPSZKE-
HUIO.

Huzke MBI 06Cy 1M TEOMETPUIECKHE aCTIEKTHI KOMII-
stekcucukanun nosieir . OHU SBJIAIOTCS OTOOPaYKEHU-
AMH Y B KOMILTEKCUPUKAINIO X ¢ UCXOTHOTO MHOT000-
pasusi. B nasbHeiieM Mbl 0OCY MM TaKKe aHAJATHYIE-
CKOE TPOJIOJIZKEHNE JIATDAHXKUAHOB L CUTMa-MOJieseil,
[OJIKPYYEHHbIE TPAHUYHBIE YCIOBUSI U YPABHEHUS JIBU-
JKeHusl. B 3akiriovuenne, Mbl IPOAHAJIN3UPYEM HHTEPEC-
HyI0 peyKimio ypasrenuii qpixenns O(N)- u CPYN 1
MOJIesiell, TaK Ha3bIBaeMblil an3ay, Hetmana. 3Haqn-
MOCTB 3TOT'0O aHa3aIa 3aKJII0YEHA B €r0 aredpandeckoit
UHTErpUpPyeMOCTH. MBI TIOKayKeM, ITO TaKhe PEIeHust
a5t O(N)- u CPY ~'-mogereit omucpiBarorcst B TepMiL-
HAX <«UPPErYJISIPHON BEpCHU» MOJEJU XUTIHHA POJIa
HyJIb U gly-Mosien ['oleHa ¢ HYJIEBBIM CIITHOM.

2.1.1. Komnuekcudukamnus cdep u IIPOEKTUBHBIX
IIPOCTPaHCTB

Xopomo wu3BecTHass Tpoiika upocrpancts RP™,
CP™, HP™ ¢ cummerpusimu O(m), U(m), Sp(m) nmeer
MHTEPECHBIE KOMILICKCU(DUKAII.

st BekTOpHOTO TIpocTpancTBa L Hat mojeM k 060-
3HAYUM JIBONCTBEHHOE BEKTOPHOE MIPOCTPAHCTBO Y€pe3
LY. Ona |l € L, p € LY 0603Ha4uM 3HaYeHHE D HA [
qepes p-l € k.

IIycrs V ~ C™t! — KoMILIEKCHOE eBKJIHIOBO IIPO-
CTPAHCTBO, T. €. KOMILJIEKCHOE BEKTOPHOE MPOCTPAHCTBO
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C HEBBIPOXKJEHHON cumMeTpudeckoit dopmoii ¢ (-, ).
Ilycts W =~ C"t! — xoMmiekcHOe BEKTOpPHOE HpPOCT-
pancTBO U, Hakomer, mycts U ~ C2"*tD — gomm-
JIEKCHOE CHUMILJIEKTHIECKOEe ITPOCTPAHCTBO, T.€. KOMII-
JIEKCHOE BEKTOPHOE IPOCTPAHCTBO C HEBBIPOXKICHHOM
aHTH-CUMMeTpudeckoii dbopmoit w(-, -).

Nmetor MecTo (HEKAHOHWUECKHE) M30MOPhU3MBIL
U=W@W" aja moboro JarpaHzkepa MOJIPOCTPAH-
creaW CcUunV = WEWY nia mo6oro MakCUMaJILHO
n30TPONHOro nojanpocrpancrsa W C V B ciaydae uer-
Horo n + 1.

IIpoctparcreo S(V) BekTopo = € V, Takmx
aro g(x,x) = 1, aBuserca komiuiekcudurameii che-
per S™.

Kommekcuduranueit PR(V) npocrpancrsa RP™
sABJIseTCA (HPaKTOP-IIPOCTPAHCTBO BEKTOPOB = € V| Ta-
kux uro g(x,z) = 1, mo pgeiicrBuio Zs CHUMMETPUM
Trr— —T.

Kommekcuduranueit  PC(W)  upocrpancrsa
CP™ saBnsiercst dakTop-nipoctpancTso map (¥, 1),
Y e W,y € WY, Takux 4ro

G =1, (2.10)

no neiicrsuto C*

(¥, 97) = (1, t7197), teC*. (2.11)

Hpyruvu cioamu, PC(W) sBigercst roioMOpdHBIM
cumitekTHdeckuM (akropom T*W//C*, coorser-
CTBYIOIIUM 0TOOpakeHnio MoMeHTOB (2.10).

Kommekcunduranueit PH(U) npocrpancrsa HP™
sBJIsieTCsl (PAKTOP-IIPOCTPAHCTBO Hap (U1, Usz) B U2 €
€ U, Takux 9To

w(ug,uz) =1, (2.12)
o geiicrsuio rpynust SL(2,C)
u, uz) — (aug + bug, cuy + dug),
(u1,u2) = (auy 2, CU1 2) (2.13)

ad —bc=1.

2.1.2. Kommuiekcudukanus: JIarpaH>KuaHbl

CooTBeTCTByOIINE JIATPAHKUAHDBI, 3alNCAHHBIE B
TepMUHAX IIPUBECHHBIX BBIIIE T€OMeTPUIECKUX CTPYK-
Typ, UMEIOT BHUJT

827

1
LR[PM 5 / \/E (ho‘ﬁg((?a;v, (931') +
T2

+ (9(z,2) = U),

LcEmn

=5 [ VA2 Dos - Dy (751U
T2
Dawd = aawg - Aawg ) (214)

Daw = 8041/} + Aoﬂ/} )

EAB

Lypm = e \/E (haﬁw (CDauA,CDBuB) +
’H‘Z

+ (w(ua,up) —eap)U) ,

@au1 - 8@/“1 + Aaul + Bau2 3

gau& = 60/“/2 + Caul - Aau2 )

rie

Jlarpamxuan

Lgpr =

_ / Vi (5 5(0,2, i)+ () - DU ) (215)

S(V')-Moenm, KOTOPYIO MBI B JajbHeleM Oy1eM Ha-
spBaTh O(n + 1)-MOJENbIO, WJIEHTHYEH JIarpaHKua-
ny RP™-momemm. Paznmuame mogeneit B KaguGpoBKe.
B RP"-monenu permenus (x(z,2)) u (—x(z,Z)) orox-
JecTBistiorcst. HeobxommMo Takske BKIIIOYUTH B MOJIEJTb
TBUCTOBAHHBIE CEKTOPHI [4], B KOTOPBIX

(2 + Wa, Z + @) = uax(z, 2),

e uq = 1, a = 1,2.

Tnst knacemdeckoit CP™ ™ -momenn Tpebyercst pe-
muTh ypasHeHnus Oiutepa—Jlarpamxka mist Lepm-1.
Tpebyercs ompenesieHHas AKKYPATHOCTD it (DOPMY-
JINPOBKU YCJIOBU! IIEPUOTMIHOCTH.

IIpocTpancTBo MOSEI B CP™ -mogemn — 30 Ipo-
CTPAHCTBO OTOOpaKeHUH

F = Maps(3,CP" 1) =
= Maps (X,8*"71/U(1)), (2.16)

KoTOpoe siBssiercs (pakTop-ipoctpancTeoM U (1) sxBu-
BapHAHTHLIX OTOOPaYKeHHit

F = Maps (P, 1" /g, (2.17)

U(1)-paccioennit P nag ¥ B chepy S>™~ ! mo neficr-

BUIO KaanbpoBouHoii rpymusl Gp = Maps(3, U(1)).
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MHuoxkecTBO
moMaps(X, CP™ 1)
JIOTHYIECKUAX KJIACCOB pacciioennit P, KoTopoe mpH
n > 2 mzomopduo Z. B nacrosmieit pabore Mbl pac-
CMaTpUBaeM TOJIBKO CIIydail HyJIeBOro Kjacca B Z, a
umenno, P =¥ x U(1).

CoorBeTcTBYyIOIIEe KOMIIEKCUMDUITUPOBAHHOE IIPO-

CBA3SHBIX KOMIIOHEHT

ABJIAETCA  MHOXKECTBOM  TOIIO-

CTPAHCTBO — ITO IIPOCTPAHCTBO OTOOPAKEHUN
YN =W, 78— WY,

YAOBJIETBOPAIONINX IIO/IKPYYEHHBIM I'DAHUYHBIM YCJIO-
BUAM

V(2 + Wa, 2+ 0a) = ua(z, 2)0(z, 2),

V(24 Wa, Z + @a) = Ua(2,2) 17 (2, 2)

g o = 1,2, tie ug (2, 2) € C*, npodaxropuzoBannoe
110 COOTHOIIEHUIO

(1, 07) ~ (t, ™17

JUISE  JTIOOBIX IBYMEPHBIX MEPUOIUIECKUX (DYHKITUH
t: Y — C*. Kamubposounsle moys A, ITOJIKHBI YI0B-
JIETBOPSITH MTOIKPYYE€HHBIM YCIOBUSM IIEPUOITIHOCTH

Ag(z +wg, 2+ wg) =

= Ao(2,2) +up(z,2) L0qup(2,2) . (2.18)
Onpenenenne kommtekcudukanun HP"-momemn  Mb
OCTaBJIFIEM B KAYeCTBE YIPAKHEHHUSI.

2.1.3. Mopgeau ryiaBHOrO KHMPAaJIbHOIO ITOJISA

C o0rmieit TOYKM 3peHusI MIPeJICTABIISIET HHTEPEC CIIy-
qaii, korga MHOroobpasme X = G gBJsieTcs KOMITAKT-
Hoit rpynnoit JIn. B aTom ciryuae Tak Ha3bIBaeMOU MO-
JIeJIA TJIABHOT'O KMPAJBHOI'O IOJIS B KAaYeCTBE PUMAaHO-
Boii MmeTpuku Ha X Gepercs G X G WHBapuaHTHAas MET-
puKa

G

tr(g~dg)?* . (2.19)

I'pymmoii cuMMeTpHUN MOJENN IJIABHOIO KUPAJIbHOTO
nosd asiasgerca H =G x G.

2.1.4. TBucToBaHHBbIE 'PAHUYHBIE yCJIOBUA U
KOMILJIEKCU(PUKATINST

Kak ormegasocs Bo Beenennu (cMm. Takxke (2.3)),
IPOCTENAINNIA TBUCT PAHNYHBIX YCJIOBUI COOTBETCTBYET
BBIOOPY IIJTOCKOMW CBSI3HOCTHU B TyiaBHOM H-paccioenun
P, man ¥. Ina cayuag ¥ ~ S! x S! aro coorsercTByeT
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BBIOOPY JBYX KOMMYTHPYIONTUX 3JIEMEHTOB Ay, hy € H,
hehy = hyhg, ¢

(has o)

TOYHOCTBIO IO ODINEro COMPSI?KEHUST

h e H.

(™ hgh, h ™ hyh),

JLy1st TITaBHOTO KMPAJIbHOrO 1oJisi X = § TBUCTOBAH-
Hble TPAHUYIHDBIE YCJIOBUS UMEIOT BUJT

g(z+ 1,2+ 1) =arg(z, 2)ay",

g(z+ 7,2+ 7) =brg(z, 2)bg",

(2.20)

rie ar, g, br,r € G MOr'yT OBITH OJJHOBPEMEHHBIM COIIPSI-
JKEHUEM TIePEBEJICHBI B MaKCUMAJIbHBINA Top T C G.

Ona X = S?™~! xommyTupylomas mapa OOIIIX
TBUCTOB hy, by € O(V) 3amaer pasioxenue

VeC=WaeWY,

IpH KOTOPOM Mg, hy, NPEICTaBIAIOTCA yHHTAPHBIMH
KOMMYTHDYIOIIUME oneparopamu a,b € GL(W),
[a,b] = 0:
he (WO YT) =a Y@ PTa~,
hy @@ Y7) =b-y &y, (2.21)
YeW, v eWwY, '
g(th1 ® YT by PF) =47 - by + U7 - s

B ciygae X = S?™ kommyTupyiomas mapa TBHCTOB
obrmero nosoxkenust hy, hy € O(2n + 1), hyhy = hyhs,
3a/1aeT Pas3JIoKeHue

VeC=WaeWYaeC,

Takoe 4T0 hy, h, MOryT OBITH IIPEJCTABJICHBI YHUTAP-
ubiMu oneparopamu a,b € U(W), kak B (2.21), u neii-
crBytor Ha C ymuoxenunem na £1. B sTom ciryuae met-
puka Ha V umeer B

[ ® v @ xIl2 =207 - ¥+ x*°.

IIpu xommtekcuduKanmum Mbl mmojaraeM, 9to Y, ¥° u
X SABJISIOTCS HE3ABUCHMBIMU IIOJIIMU CO 3HAYEHUSIMHU B
W, WV u C, coorercTsenno. IIpu 3ToM a, b cranoBsaT-
st 00ImUMH KOMMY TUpYomuMu ssteMentamu GL(W). B
HaCTOSIIEH paboTe MBI PACCMATPUBAEM TOJIHLKO CJTyJaif,
KOI/Ia

(2.22)

aa’n«)v
7bn) )

XOTsl CJIy4ail JKOPJIAHOBBIX KJIETOK TaK:Ke IIPE/ICTABIIS-
€T MHTEepeC.

st X = CP™ ! rpanmunsie yeiaosus kiaaccudu-
[UPYIOTCS dJIEMEHTaMU

a = diag(aq, . ..

. (2.23)
b = diag(by,. ..
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BropbiM kjiaccoM lrudens— Yurau SU(m)/Z,, pac-
CJIOEHHs U Tapoit hy, hy Marpur u3 SU(m), Takux 910

hahy = chyhy (2.24)

C TOYHOCTBIO JIO OOIIEro COMPSI?KEHUST

ho ~h ‘hoh, a=uz,y, heSU(m).

FpaHI/I‘IHbIG yCI0BUA UMEIOT BUJT

1/’(3 =+ Wa, z =+ {'DQ) = hﬂteiwa(zj)w(za 2) 9
U7 (2 4 Wa, 2+ @a) = e 22y (2, )bt (2.25)
Au(z +Wa, 2+ @a) = Aa(z, 2) +10.90(2, 2),

B KOTOpOM €7 (#2) gpsercs U (1)-3naunoii byHxieit.
O6osnaunm | = ged(p,m) m k = m/l. Torna hihs =
= h5hy, a sHauuT, HA k-JMCTHOM HAKDLITHH ) TOpa
3 MBI MOJIyYUM OOBIYHBIE TBHCTOBAHHBIE IMPAHUIHBIE
yerosus. Ilpn xommaexcndukamyunm hy, hy, craHOBATCA
o6braubMu ssteMerTamu G L(W), KoMMyTUDYOIIME ¢
TOYHOCTBIO JIO SJIEMEHTa ¢ IIeHTpa, Kak B (2.24).

2.2. YpaBHeHUS OBUKEHUSA TMPU
KOMILJIEKCU(PUKATIAN

Hns O(N)-monenu ¢ getHbiM N umeeM

0.0:¢ = Uy,

0,097 = Uy? ,

U= _% (8Z1/)‘7 : 821/} + 821/)0 : 8Z¢) ’
¢U ' 1/) =1 ’

(2.26)

a JuIs HedeTHoro N

0.0z =Uv, 0.0:47 =Uy?,
0.0:x = Ux,
1
U= 3 (0407 - 09 + 047 - 0.9) — 0.x0z X ,

v+ xP=1.

(2.27)

N—1
B ciaygyae CP -MOJIESIN KOMILJIEKCH(PUTTITPOBAHHBIE
YPABHEHUS JBUYKEHUS] UMEIOT BUJT

1
_E(DZDZ—"DZD,‘Z)w—"Uw:O;

1
2

(2.28)
(DEDZ + DzDE) U)U + UWT = 07

rae

Dz,iw - 82,2¢ + Az,idja

(2.29)
Dz wa = 82,21/)0 - Az,iwa .

v
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Kamubposounnie monst A, u morenrman U Bbipazka-
IOTCA B TEPMUHAX PEINeHUit 1), 17, YIOBIETBOPSIOMIIX
YCJIOBHUSIM CBA3U

(AN (2.30)

C TTOMOTIIHI0 (POPMYJT

Az,i = —WT . az,iwu

1 (2.31)
U= =5 (D47 Dzt + D=y - D.1)) .

Vpasuenuss (2.31) kaauOpPOBOYHO HMHBAPUAHTHDL.
Huxe Mbr wacTo GyjieM UCHOIB30BaTh KaJIUOPOBKY, B
KoTopoii A = 0.

2.3. IlepBble mpu3sHaku ajredpamdeckoii
UHTErpUPYyEeMOCTHI

ITycrs (x,y) — BelecTBEHHBIE KOOPAMHATHL Ha, 2.
Beenem mius O(N)-momenu anzamy, Hetimana

w(,y) = f(y),
V(2 y) = f7(y)e ™,
rae f(y) € W, f7(y) € WY st wernbix N, a gjs

HedeTHbX N jgonosuuTesnsHo X(z,y) = x(y) € C. Hua
cpy _l—MO,ILeJ'II/I MbI Oy/IeM UCITOJBb30BATEH TOT Ke aH3all

(2.32)

(2.32). TBucr a umeer BUJ,

a=e (2.33)
B caygae O(N)-mozmenu ¢ derHbiM N U B ciydae
CPN-monemn mons f(y) u f7(y) cBa3aHBI COOTHO-
IIeHIeM

foof=1 (2.34)

Hast O(N)-moznenu ¢ HedeTHbIM N CBsI3b UMeET BUL

X))+ £7(y) - fly) = 1. (2.35)

IMoncraHoBKa aH3aIa B YPABHEHUS JIBUYKEHUsS (HUXKe
IpOU3BOIHEIE Jy= [0 Y 0003HAYAIOTCA Yepe3 Z) s
O(N)-monenu ¢ yerHbiM N Jraer

f= (?76‘2 — u(y)) [+ 2im0f,

: . 2.36
Fo = 17 (7107 — u(y)) — 2im1 £°0, (2.36)
rie
u(y) = —472U = in (f“@f - f'Uof) T
+T7f7 P4+ f0-f . (2.37)
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VYpagaenus (2.36), (2.37) sBisitorcsi 0600IIEHIEM CHC-
rembl Hefimana [5], KoTopas JiuHeapusyercsd Ha KO-
Guane crnekTpasbHOll kKpuboil [6]. Cucrema (2.36) mo-
[yCKaeT IpejcTaBieHue Jlakca co CIeKTPAJIbHBIM IIa-
pPaMeTpOM, SIBJISIIONIUMCS BApUAHTOM gly-cucreMbl Xut-
YMHA B POJIE HYJIb C PEryJISPHBIMA 2| 1 UpperyJIsipHbI-
mu ocobennocTsamu. [Toxoxkuit anzar CymecTByeT u Jis
CPY ~!-Momenn, KOTOPOMY TaK:Ke MOXKHO COLOCTABUTE
cucreMy XWUTUMHA JJIs POJIA HyJIh.

MoxkHo ciresiaTh JaBa 3aKI0UeHnsA. Bo-TIepBhIX, Cy-
IIIECTBYIOT PeIeHnsl CUIMa-MOJIeNIell, KOTOPBIE OMUCHI-
BAIOTCs JIMHEHHBIM JIBUZKEHUEM Ha HEKOTOPBIX abesie-
BBIX MHOTOOODAa3UAX U KOTOPHIE AHAJOTUIHBI PEIIEHH-
sIM, BOSHUKAOIIUM B KBAHTOBO-MEXaHUIECKOM CJIydae.
Bo-BTopsix, coorBercTByOMIIE ab€e/1I€BBI MHOTOOOpA3Ust
SIBJISTFOTCSI IKOOMAHAMU WJIA TPUMMUAHAMEA HEKOTOPBIX
CIIEKTPAJLHBIX KPUBBIX. K COXKAJIEHUIO, HE BUJIHO HU-
KaKoro IIpocToro obodbienus an3ara Heitmana st mo-
Jydenus OoJtee 001X penieHnii curma-mozesieii. Heoo-
XO/IUM JIPYTOil IIOAXO0.

Hug N = 4 umeer mecro cosnajenne O(N)-mo-
JIeJIM U MOJIEIM TJIABHOTO KHUPAJLHOIO II0JisI C TPYII-
noit SU (2). Iloceamss, Kak n j1iobast MOJIENb TIIABHOTO
KUPAJBHOTO TOJIs, JOMYCKAET IPEJICTABIEHNe HYJIE€BOM
KPUBU3HBI, KOTOpoe OyeT paccMoTpeHo B pabore [7].
Toaxom, KOTOPBIl Mbl UCIOJIb3yeM B HACTOAIIEH pabo-
re qyist pemtenust O(N)-Mofesn, He UCHOJIB3YeT HPE-
craBjenus Hys1eBoil kpuBusnol. OH IIPEJCTABIIAET CO-
6ot pasBUTHE MOJIX0/A, IPEJIOZKEHHOIO B padore [8] u
pa3BUTOrO B padore [9]. DTOT MOAXOJ €CTECTBEHHO Ha-
3BATh MOCTPOECHUEM UHMEZPUPYEMBLT NMUHETHDLT ONEPa-
MOPO8 € CAMOCOZAGCOBAHHBLMY TLOMEHUUGALMU.

3. KOMIIVIEKCHA A PEPMU-KPUBA £

[MocTpoenue cocrout u3 aByx mraros. CHadaja Mbl
napaMeTrpusyeM IepUOAUYECKUN JIUHEHHBbIA olepaTop
—A+u B TEpMUHAX CNEXMPAsbHol Kpusot u AUHETHO-
20 paccaoenua (Queusopa) wa Hed. CrieKTpaabHast Kpy-
Basi C,,, KOTOpas HA3bIBAETCS KOMNAEKCHOT PEPMU-KPU-
601, TTapamMeTpu3yeT OJIOXOBCKHUE PEIeHUsi JTMHEHHOTrO
ypaBHeHUs. BTopoil mar cocTouT m3 xapakKTepu3alluu
CIIEKTPaJIbHBIX KPUBBIX, Ha KOTOPBIX CYyIIeCTByeT Ha-
60p TakKuX TOYEK, UTO COOTBETCTBYIOIIMII UM HAOOD
OJIOXOBCKUX DEIIEeHUil y/IOBJIETBOPSET OIPE/IeIEHHBIM
KBa/IpATUYHBIM COOTHOIIEHUAM.

3.1. Ilepuoaueckue JUHEHHbIE OIIEPATOPDI

B sTom pazmesie MbI mpejcTaBUM MEPBBIN mIar mo-
crpoenust. J[jist 1ByMepHO#l 1iepuogndeckoit yHKIN

830

u : 2 — C paccmoTpum 6JI0XOBCKME PelleHus ypaBHe-
nug [IIpeaunrepa, T.e. pereHns ypaBHEHU

A0y = u(z, ), (3.1)
TaKue 4To
PEELTED = avd, o
V(iz+71,24+7) = bi(z,2).

Jia samansoro u = u(z, zZ) 0603HaUUM Yepes
CyCM=C*xC*

MHOKECTBO BesinauH (@, D), 1Jist KOTOPBIX UMEIOTCs pe-
menus ypasHenust (3.1), (3.2).

B paGore [10] 6buto mOKa3aHO, UTO JIsl OOIIETO
[JIAIKOTO MEPUOMYECKOTO MOTEHIINAIA MHOXKECTBO Coy
SIBJISIETCH TJIAJKOW PHUMAHOBOI TOBEPXHOCTBIO OECKO-
HEYHOTO pojia. BoJsee Toro, 66110 10KA3aHO, ITO aA2€0-
PO-2e0MEMPUNECKUE NOMEHUUAADL TUTOTHBI B TPOCTPAH-
CTBE BCEX MEPUOJIMIECKUX TTOTEHINAIO0B. Arebpo-reo-
METPUYIECKUMU HA3BIBAIOTCS MOTEHIIHAJIBI, JIJIsT KOTO-
pbix HopMasm3anust C,, aHaJInTHIeCKO# Kpusoit C,,, Ha-
3bIBAEMA PEPMU-KPUGOT, UMEET KOHEUHBINA poj. Jlns
TaKUX NOTEHIUAJIOB C, KOMIAKTUPUIUPYETCS JBYMSI
b6eckoneunbiMu Toukamu Py. Ypasuenue IlIpeaumre-
pa ¢ JI00bIM KOMILJIEKCHBIM TOTEHIUAJIOM SIBJISETCS
Popmarvro camoconpasicerrvim. Tlosromy st 060~
ro GJIOXOBCKOTO peleHus ¢ MHOXKuTesasaMu (a,b) € C,,
CyIIECTBYET JBOWCTBEHHOE pereHne Y ¢ MHOXKHUTEIsI-
vu (a=1,b71) € C,. dpyrumu ciopamu, mobast bepmu-
KpUBasl HHBAPUAHTHA OTHOCUTEJIHHO TOJIOMOPGHO# NH-
Bosmtorun o : Cy — Cy:

o(a,b) = (a1, b7 1. (3.3)
OTrmMeTuM, 9TO HENMOJBUXKHBIE TOYKYM WHBOJIIOIWU, OT-
JINYHBIE OT GECKOHEYHBIX, CYIIECTBYIOT TOJLKO TOTJIA,
Korja yposenb E = 0 aBiisiercs coGCTBEHHBIM s (aH-
TH ) IIEPHO/IMYECKOil 3a/iaun JiJisd oneparopa H.

3.1.1. MogeabHbIll IpUMeEp

JlJ1si MOTHBHPOBKY JIaIbHEIIero HauHeM ¢ pa36o-
pa IPOCTEHINero NpuMepa, B KOTOPOM IOTEHIHAT TT0C~
rosHeH, u(z,Z) = up = const # 0. ObozHaunmM yepes
A, A C C pemeTku mepuojioB, KOTOPBIE B PAMKAX KOM-
IeKCHUIPOBAHHON TOCTAHOBKA HE IIPEJIIOJIAraioT-

CdA KOMILJIEKCHO-COIIPA2KEHHBIMM:
A={m+n7|mneZ},
A={m+n7|mneZ},

A = A\{0}.

(3.4)



MXKITPD, Tom 159, BrI. 4, 2021

K Bonpocy o HanepcTkax Jledweua B curma-mogensx, 1

s £ =m + nt € A onpenesmum

K=m+nT,

K1 =m-+nT7y, (35)
Ko = NTy,
n
A%F = A\[ 0,k 1. (3.6)

I TOCTOSTHHOTO MOoTeHIMaa obIee pelleHie ypas-
Henus (3.1) mmeer Buj

¥(2,7,¢) = Teup = exp (G2 +uoC 7).

fBHas napamerpusanus kpusoit Cy,, Jaercst popmya-

(3.7)

M

a(¢) = exp(¢ +uoC ™),

1 (3.8)
b(¢) = exp(¢T + uoC™ 7).
Kpusasi nHBapraHTHa OTHOCHTEIBHO MHBOJIIOIIH
0:(——C,
a(=¢) =a™'(¢), (3.9)
b(—) =b"1(¢)-

Orobpazkenne (3.8) depmu-rpusoit C,, = C* B Kpn-
By10 Cy, ABJIeTCA OTOOparKeHIEM HOPMAJIU3AIUA: OHO
B3aMMHO-0/THO3HAYHO BHE ODECKOHEYHOI'0 YUCJIa I1ap TO-
qeK (C; o (,j‘ uo) g k € AY, KoTopble 0TObparKaIoTCs
B JIBOMHBIE TOYKNA

(aﬁ,uoabﬁ,uo) = (CL( r:qt,uo)vb( ;:qt,uo))

kpusoit Cy,,. 3/1ech C:Eu , — DeImeHus ypaBHeHwuit

+ _— Tk
K,U0 K,U0
-
2 (3.10)
+ o= B
Kyu0 dSK,u0

B asrom Buge

TK1
= (—1)m exp ?Dmuo y

7T(/€7_')1

a’&uo

(3.11)

b = (=1)"exp D ug s

T2
rie

4
Dn,uo = 14 uou

Ug

+ TR
= — (Druo £ 1), 3.12
K,uo 27_2 ( » U0 ) ( )
m2KE

Ug = —
TT

K1:=m-+nTy,
(KkT)1 := m7m +n77, (3.13)

(kT)2 := —m7a.

3.1.2. Bo3myiiienue KpuBoi

O6o3HaumMM UYepes ey, k € A, Ga3uCHBIE TBAXKTBI TTe-
puomdeckue byHKIIN:

&0 = exp <T12 (m—m)> = exp(2mi(mz+ny)). (3.14)

Torma o6l TepUOINIECKU TOTEHITHA MOXKET ObITh
[IPEJICTABJIEH B BUJIE

U =1ug+ev= E u(A)eA,
AEA

(3.15)

e u) € C. Bygem cuutars, uto ev = cv(z, Z) — Ma-
JIeHBKOE TIepHojindecKoe Bo3myienue, T. e. ulN) = epM)
s A€ A% m u(® = g + ev©) s mocrosHEO# MO

O6osnavasg H,,, = —00 + ug, mosyIaeM
Hy, (eKTCquo) = EK(C? UO) (eKTCquo) ) (3'16)

rie

Eu(Cuo) = %’Z(c +GEC = G-

To, uro npasast yacTh ypasuenus (3.17) paBHa HysI0 B

(3.17)

TouKax ( = :FC,qu, OTpazKaeT PABEHCTBO
e"‘TC;,uo,uo = Tci,uo,uo' (3.18)

Bynem nckath pemenusi ypasuenus IIpeaunrepa
(Hyy +60) Ue e =0 (3.19)

B BHJIE

A
Uewo =T+ P (3 ¢ u) -
Y

(3.20)

VYpagHenue (3.19) 5KBUBaJIEHTHO CHCTEME KBaJpaTHY-
HBIX ypaBHEHUIl:

v(F) 4 (v(o) + 8_1EN(C,U(J)) o) 4

Ciuo
+ vl —
AGZA; ¢ uo (3.21)
v 3 v =0,
KEAO

Byuem pemars ypasaenus (3.21) o reopun Bo3mylie-
HUil Uit MaJbix €. VIMeeTcs: 1Ba TUlla peneHuit.

. +
1. Bme mpoitHbIX TOUEK, T. €. £ K [ — (i, | Ame Beex
k € A. B arom cayuae pemtenre (3.20) goMuHA-
pyeTcst eTMHCTBEHHOI 1I7I0CKO#t BOJIHO# Y ¢ 4y, TIO-
IPaBKH K KOTOPOi HMEIOT HOPSJIOK €:

ey

—— Ae A ,
EX(¢,u0)

Vo = .., (3.22)
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a mynesast Moga u(?) oTIrgaeTcst OT Uy HA UITEHbI
nopsaaxa £2:

(0) ,U(n —K)

= ug — & E . (3.23)
KEAO K

31ech 1 jadiee . .. 0603HaYaeT YIEeHBI 00JIee BhI-

CcOKOTO TopsiziKa Mo €. COOTBETCTBYIOMAS YaCTh
kpusoit C,,, gedopmupyercst B Kpusyio Cl,:

M)
a(C) = exp(C—l—T—i-— X

u(ﬁ)u(_ﬁ)
- K%\:o (< + C;uo)(c - Cﬁ_yuo) T ) ’

’U,(O) ToT

(3.24)
b(¢) = exp <T< ki

’U/(H)u(_ﬁ)
X Kgo - ) '

. B okpectHOCTH OnHOU M3 JBOMHBIX TOYEK, T.e€.
s Beiopanaoro £ € A° mw BEIGpamHOrO 3HAKA
“+7 mm “—7, ( = (4 wmm ¢ = (_, rae (4 HaXO-
JATCH U3 ypaBHEHUNR

K
<+ - C— = T—2,
u_ uy Tk (3.25)
- &
9KBUBAJIECHTHBIX
Tepuy = Lo u (3.26)

fBHBIM 0O6pa3oM, Tpu
+ =uzxey, uw=u0 — ez,

nMeeM

4e2y? 2
o= p2 42 2V ). 3a7)
279 ' ui Uy

Pemenne ypasuennss HU = 0 moxkeT ObITH Hali-

JIeHO B BH/JIE

lI] = w+TC+,u+ + Q/J_TCf,u, +

+e Y xXeTe u, (3.28)
AEAO:~

npudeM Ko3PPUIIEHTHI

Pt = YEtevt +.. .,
x = x(’\)+ax(’\) +.

832

OIIPENIEJIAIOTCS U3 OMINHENHBIX yPABHEHUIT, KOTO-
pble B nipesenie € — 0 cBOAATCS K

2% — y? = p(Wy(=m) (3.29)

Y=t = Tz +y),

w_ ( ) _Ev(_N) ’
X(”_t( ne N — (A= F»)():
&) (3.30)
~ U()\)U(_K) — (:Z: —+ y)v(A_K“)
= t 5
Ex(k)
e A",
rjae t uam {* IIPOMU3BOJIbHbIE HOPDMUDPYIOIIIXE MHO-
2KUTEJIN,
8)\(/%) (2/\/\ -

2/\/\
— kA (14D, 0 ) —=RA (1-D ,@)) . (3.31)

Yacre kpusoit C, B OKPECTHOCTH TOYKH
(@rougs Druo) B mapamerpax (x,y) HMeeT BHJ

(cp. (3.5), (3.13))

a(z,y) 14 2mie "
0! Tau, D

X (ngDﬁ)um)y—m‘r)—F...,

a r,u(®)

.32
b(z,y) —14 2mie (3:32)

) ToUk D, 40
X ((/ﬁf‘)gD,{_’u(o) Yy — (Kf')lx) +...

DT0 mapamMerpuuecKoe MpeJICTABJICHUE HECHHTY-
aspHoil KBaapuky, Koropas mpu vHu(—F) — 0
BBIPOXK/IAETCS B IMAPY IIPSIMBIX, TIEPECEKAIOIIIXCS
B JBOitHOI Touke (x,y) = (0,0). Jyst

p(F) y(=F) £ 0
JBOJHAadA TOYKA pa3pelIaeTcs.

OrmMernM, YTO pasperenne IBORHBIX TOYEK TPOUC-
XOIUT OJTHOBPEMEHHO JIsi K M —K, HMOCKOJIbKY Iapa-
Merp B npasoit actu (3.29) ueren 1o k. MoxHO mpo-
BEPUTH, 9TO cuMMeTpus ( — —( COXpaHSIETCsS BO BCEX
MOPsIJIKaX TEOPUU BO3MYIIEHUI.

3ameuanue 3.1. Teopus Bo3MyIIeHWil, pa3BUTas B
pabore [10], umeer ApyTyio UPUPOJY W NPUMEHUMA K
KOHEYHBIM BO3MYIIEHUAM. JljIi KOHEYHBIX BO3MYIIle-
Hust KpuBas C,, OKa3bIBaeTCsl «CKJIEEHHON» 13 obJiacreit
Tpex, a He JABYX, KaK BBIIIE, TUIOB. 1 peTuii Tui oTBe-
qaeT pe3oHaHcaM 00Jiee BBICOKOTO ITOPSIKA, KOTOPHIE
IIPUXOJIUTCS PACCMATPUBATH JJIsT KOHEYHBIX BO3MYIIE-
HUIA.
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4. AITEBPANYECKU-UHTETIPUPYEMDBIE
ITIOTEHIITAJIBI

HamomuuMm, 49TO anrebpamvecKu-mHTETPUPYEMbIE
MOTEHIMABI OBLITA ONPEJIEICHBl BBINIE KAaK MOTEHIHA-
JIbI, JIJIS KOTOPBIX COOTBETCTBYIOMAsi (hepMU-KpUBast
C,, ¥MeeT KOHEYHBIN POJI.

Teopusi JBYMEPHBIX ONEPATOPOB, MHTETPUPYEMBIX
HA 00HOM YpoBHE IHepeuu, BOCXoauT K pabore [11], B
KOTOpO# OblTa MpeIoKeHa aaredpo-reoMeTpudecKast
KOHCTPYKIIUsI KHTETPUPYEMBIX JIBYMEPHBIX OTIEPATOPOB
IIpemuarepa 6 MaeHUMHOM TOAE

1
H = —5 (DzDg + DgDz) + U(Z, 2)

(4.1)
Casur norernmana U — U — E npeobpa3yeT ypaBHeHHE
Hvy = Ey x Buny Hyp = 0. IlosTomy 6e3 orpanuntienus
OOIIHOCTU MBI OyJleM CYUTATH, UTO YPOBEHb SHEPIHH
HYAEGOU.

ITocrpoenusi paborsl [11] ocHOBBIBaJIHCH Ha IO-
HATAU 08YTmoveunol, 06yrnapamempuseckot OyHK-
muu Beiikepa— Axuesepa 1)(z, Z, p), KOTOpasg OJHO3HAY-
HO OIIPeJIeJIsljIaCh IJIaJIKOI ajirebpanmdeckoit KpuBoit ['
pora g ¢ AByMsi OTMedeHHbIMEA TodKaMu Py u 3ddek-
THBHBIM JUBH30poM D = ~y1 + ...+, crenenu g. Ja
dyukuu Beiikepa — Axuesepa u Jjis MOTEHIIHAJIA OITe-
paTopa H ObLin HaliIeHbI SBHBIE (POPMYIBI B TEPMUHAX
mTa~-pyukinun Pumana I

B pa6orax [12,13] Gbutn HafiieHbl docmamowmbie
YCJIOBHSI, BBIJIEJISIIONTHE CPeI OOIIUX aaredpo-reoMer-
puiecknx manabx{l, Py, D} naHHBIE, COOTBETCTBYIO-
e NOMmeHyUuaAbHbLM OTIEPATOPAM

H=-0,0:+U(z,2), (4.2)

T. €. OIIEPATOPAM C HYJIEBBIM MarHUTHBIM 1tojieM. CooT-
BETCTBYIOIINE KPUBBIE — ITO KPUBBIE C TOJOMOPQMHOMN
nasosonueii o : I' — T, umeronue B To94HOCTH d6€ TOY-
ku Py = o(Py). TpebGoBaHue Ha IUCIIO HEIIOBUKHBIX
TOYEK OBLIO KpaifHe CyNeCTBEeHHBIM U JIJIsi IPYTOro 3a-
MedaTeabHOro pesynbrara Hosukosa m Becemosa: co-
orBercBytoIue (yHkiun Beiikepa— Axuesepa jomyc-
KAIOT sIBHBbIE BBIPAXKEHUS B TEPMUHAX TITA-(PYHKIIUN
IIpnma.

B paGore [14] xorcTpykiust Hosukosa u Beceso-
Ba ObLTa 00600IIEHA Ha Ciydail, B KOTOPOM BBIJIEJIEH-
HBIIl yPOBEHD YHEPIUU SABJIAETCA COOCTBEHHBIM JIjIs (aH-
TH)IIepenoAndecKoil 3aaun mist oneparopa Ipemun-
repa.

[Iycre I' sBistercs rimagkoit ajarebpandeckoit Kpu-
BOW poJia g C MHBOJIOIMEH

o:I'+—T, coo=1Id, (4.3)

17 XKIT®, o 4

umeroreit n + 1 mapy
o ={P u{p?i=1,...,n}

HEITOJABU2KHBIX TOYEK

U(Pj;) = (4.4)

@y _ @

o(p) = px -
BadukcupyeMm B OKPECTHOCTH JIBYX U3 9THX HEIO BUK-
HBIX TOUeK Py JIOKaIbHbIE KOOpIuHATEH ki ' (p), Takume
uro kL' (P1) = 0, KOTOPBIE IIPEJITIOJIATAIOTCS HEUeTHbI-
MH OTHOCHUTEJIBHO O, T. €.

ki(o(p)) = —k+x(p). (4.5)

B nasbneitmem daxrop-kpusas ['/o 6Gyzer obosHa-
qarbcd depe3 ['g. I[Ipoekiims

7:T+—Tg=T/c (4.6)
npejcraBiser KpuByio [ Kak JBY/IMCTHOE HAKPBITHE
kpuBoit 'y, BeTBsImeecss B Toukax ['7. B Ttakom mpe-
CTaBJIEHUU WHBOJIIOIUSI 0 COOTBETCTBYET IIEPECTAHOB-
Ke JincToB HakpoiTusd. I3 dhopmyast Pumana—'ypsuria
clleiyeT, 9To poj Kpusoit I' paBen

g =2g0+mn, (4.7)

e go — poA Kpusoit I'y.

Paccmorpum abesieB mHTErpas TpeThero poja df2 Ha
T'p ¢ momrocamu TOJIBKO B HETIOABUKHBIX TOYKAX UHBO-
JIFOIIAY, BBIYETHI B KOTOPBIX Y/IOBJIETBOPSIIOT COOTHOIIIE-
HUAAM

Resp, d) = +1,

Res (4) dQ = — Res (i) dQ. (4'8)
Py p_

Yucio myseii quddepennuana df) pasho 2(go +n) =
= g + n. O6oznaanm mx wepes 77, s = 1,...,g9 +n,
T. €.

dQ(%) = 0. (4.9)

Bribepem 1151 KaxK10r0 § TOUKY Vs Ha ' Takyio, 9T0O

0
(vs) = ve, s=1,...,9+n (4.10)
(amcno  Takmx  BBRIOOpOB  paBHO  2917").  Hmke
My-o-sVg+n OYIET HA3BIBATHCA JOLYCTUMBIM (M-
BU30DOM.

JIemma 4.1. (cm. [14]) aa donycmumozo dususo-
pa obugezo noaoorcerus D cywecmeyem eduncmeennas
Pynrxyus Betrepa — Axzueszepa ¥(z,z,p),p € I', maxan
YmMo
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(i) ¥ mepomopgna na T'\ Py u umeem ne osee wem
nPoOCmvLe NOAICA 8 MOYKAT Vs (€CAU OHU PASAUNHDL);

(ii) 6 oxpecmmocmu mouru Py dynkyua 1 umeem
sud

¥ = exp (%ki(2+z:tz¥z)> X
X (1 + ng(zvz)k£5> ) ky = k:l:(p); (411)
s=1

(@)

Y ydos.aemeopaom

(iii) ee smauenua 6 Mmoukaxr p
YPABHEHUIO

b(z,2,p) = (2, 2,p0). (4.12)

Hamomumm crangapTabie pakTbl 00 MHOTOOOpa3un
IIpuma u TaTa-dyukiun [Ipuma.

CymectByer 6a3uc a- u b-nukiioB Ha [’ ¢ kKaHOHIYE-
CKOII MaTpuIeil IrepecevyeHuii:

ai-aj:bi-bjzo,
ai - bj = dij,

Ha KOTOPOM JIefiCTBUEe 0 UMeeT BU/]

)
o (bi) = bitgo, (4.13)
1= 17 <.+ 90,
u
o(a;) = —ay,
o(b;) = —bi, (4.14)

1=2g90+1,...,2g0+n=g.

Paccvorpum 6asuc rosiomMopdHBIX IuddepeHIuaios
dw; na ', HOpMUPOBAHHBIX TaK, ITO

j{dwizzs{, 1<4,5,<g, (4.15)

a;

u omnpeeauM 6a3uc HedeTHBIX TuddepeHInaion

dui :dwi—dwl-_,_go, 1= 1,...,90, (416)
dui=2dwi+g0, t=go+1,...,90+n, (417)
0*(duj) = —duj. OHEI HA3BIBAIOTC HOPMUPOSAHHBLMU

2onomopdprvimu duddeperyuanramu [puma. 3amernm,
qro upu n > 0 qucio gp + n 3tux auddepeHIaion
6oJibIlie, €M IOJIOBUHA pojia g Kpusoil I'. ObozHatunM
BEKTOP HOpMUpOBaHHBIX Juddepentuanos [Ipuma de-
pe3

go+n
Jj=1 -

du = (du;y) (4.18)

834

Marpuna IT € Mat(g,4n)x(go+n)(C) b-mepuomgon
muddepentuaios [Ipuma

ij:j{duj, 1<k j<go+n, (4.19)
by
CHUMMETPpUYIHa, HUMEEeT HOHO}KHTQHBHO—OHpeﬂeﬂeHHyIO

MHUMYIO 9aCTh U Onpejesser Tata-pyHknuo [Ipuma

0(z) = 0(z|II) :=
> exp(2ri(z,m) + 7i(IIm,m)), (4.20)

meZgotn

rue mig z € Co+n
(Z7 1’1’1) =miz1 + ...+ MgotnZgotn - (421)

Tara-byHKIMsS UMeeT CeIyIome CBORCTBA MOHOIPO-

MU
ISt
m,n € Z%" (4.22)
BBINOJTHSIETCS
0(z + m + IIn|II) =
= 0(z|II) exp (—2mi(z,n) — wi(n,In)) . (4.23)

JIemma 4.2. (cm. [14]) Pynxyusa Betixepa — Azuesepa
8 Jlemme 4.1 pasha

_ . 0(A(p)+2U, +2U_ +7Z)0(Z)
V(=2 p) = 0(zU4 + zUir +Z)0(A(p) + Z) %
x exp (2Q24(p) + 2Q2-(p)). (4.24)
31ecn
()
A(p) — /du c (C.(Jo-i-n/Zgo-i-n D HZ90+";

P_

(i)
P
Qx(p) = / dQdy,
Py
2de dQ)y — eduncmeennvili mepomopdruill Juddeper-
yuan Ha I, HOpMUPOSAHHOIT YCA0BUAMU

%dﬂizo, ji=1,...,90+n, (4.25)
aj

¢ eQuHCMBEHHbIM NoA0COM (6mopozo nopsadka) 6 Py

euda

dQy = (1+0(k3?) dks, p— Py ; (4.26)
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(iii) xoopdunamos eexmopos

Ui = (UL, e C

DPABHD
vl = = 4 a0, j=1,...,90+n;  (4.27)
4+ 27_” ) 9ty )
bj
(iv) sexmop
Z c C90+"/Z90+" @ TIZ90+™
napamempusyem Jonycmumvie JusuU3opoL,
g+tn
> A(y) +Zeze T @Izt (4.28)
s=1

(nanommum, wmo dQ(m(s)) = 0).

3ameuanune 4.3. Ompenesierne abeieBa WHTErPAJIA
Q)_ HyXKJaercss B YTOYHEHUH, IIOCKOJIbKY uddepeH-
nuaj df)_ umeer nosroc B Touke P_. ITox maTerpasiom
dS)_ mbI TopazyMeBaeM BHIOOD B OKpecTHOCTH P_ BeT-
Bu Q_ = k_+O(k~'), a zarem ee amammrutecKoe mpo-
JIOJKEHUe BIoJIb myTu. llpemosiaraercs, 4To myTH B
onpenesternn A(p) n Q4 (p) oHu u Te XKe.

Teopema 4.4. (cum. [14]) Oynxyus Betikepa — Azuesepa
U(z,Z,p), sadannasn popmyaroti (4.24), ydosaemeopsem
YPABHEHUIO

(0,07 — u(z,2))¥(z,2,p) =0 (4.29)
C nomexHuyuanom
u(z,2) = 0:¢) = 0,6, =
=20,0:n0(:UT + 20" +Z). (4.30)

Taxkum obpasom, nauusie (I', o, Py, ki, Q) omnpene-
Jgior norennuan u(z,z) omeparopa IlIpenunrepa. B
cydae, KOrjia 9TOT IIOTEHIMA IIEPUOJINIeH, ero dep-
Mu-KpuBas u KpuBas [’ coBnajator, C,, = I

5. YCJIOBUA CAMOCOI'JTACOBAHUA

5.1. CamocoryiacoBaHHbIE TOTEHIINAJIbL:
nosiBjienne pyHkiun E

IIpeamonoxxkum, aro Ha KpuBoit I'y cymecTByeT Me-
pomopduasd dyuruusa F(g) ¢ m IPOCTBIME HOJIOCAMH.
O6o3HaUYMM UX Yepe3

q(J)€F07 jzlu"'7m7
a nx mpoobpas3sl Ha I' — depes

{d.d” = oa?)} =71 (a").

IIpoobpas 7* E dyskuun E sBIsieTCs 9€THOW OTHOCH-
TebHO 0 MepoMopdHOitl dyHKIHel Ha ', KOTOPYIO MBI
OymeMm Tak:ke obozHadaTh Uyepe3 E: F oo = E. Beenem
«Bpemena» T'F, pazaras F B Touke Py 0 JOKATbHOM
koopmHare ki ':

E(p)=E++» Tiki(p)™, p—Pe. (5.1
n=1

Hycrs ¥(z,2z,p) — dyuxius Beiikepa— Axuesepa

(4.24) ma T. Oupemesum (N = n + 2m)-MepHBIi

BEKTOD

x(2,2) =x @Y ® Y7,

xeC yelC™ y°eCm,
CJIETYIOIIIM 00PAa30M:

n

x(22) = (nv )
) — N ONY
) = () L 62)
P N
¥(2.2) = (ry oz 24))
rae
Ep{) - EpY)
2 +
i = — o d§2
T E+—E_ Respyd ,
1 1=1,...,n, (5.3)
2= - — _Res, ;) EdQ
U 2E, — ) €840 )
j=1...,m.

3ameuanue 5.1. 3ameTuM, 4TO IIEPBOE U3 yPABHEHUIT
(5.3) MOKeT OBITH 3aIMCAHO B BUJIE

Res ) E dQ2 + Res ) E dS)
2 . Py p_

T, = E+ o )

(5.4)

oT9epKUBAoNieM poJib auddepentuara F df).

Teopema 5.2. Bexmop (z,2) € CN ydosaemeopaem
YPABHEHUAM

g(z,z) =

9 (0.x,0:x) = —u(z, z), (5.6)

20e U — NOMENYUAL COOMBEMCMBYIOWL20 ONEPATMOPG
HIpeduneepa. Kpome mozo, s wommonerm T, Tz
KAQCCUMECKO20 MEH30PA HANPANCENUT] UMEIOT MECTO
PABEHCMEA

g (0.x,0,z) =Ty,

B (5.7)
g (0zx,0zx) =Ty,

17*
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a 0AA MOKOB BBLICWUL CNUHOE — paserHcmea

g (0%, 0%2) = Tf +Tjv*, .
g (a;:c,a;:c) =T, +Ty7 v,
2de
OsvT =wu,, 0,v7 =us. (5.9)
HoxkazareabcTBo. Paccmorpum nuddepentmat
dOlOO .= Yy  E dSY, (5.10)
rie
¥7(2,2,p) = (2,2,0(p)) (5.11)

Tak Kak, Mo MPEIIIOIOKEHUIO, JJOKATHHBIE KOOPIUHATHI
k3! B oxpecTHOCTSIX TOWEK Py HEYETHBI OTHOCHTEThH-
HO 0, TO 9KCIIOHEHIIUAJIbHBIE OCOOEHHOCTH MEPBBIX JBYX
muoxkuresed B (5.10) cokpamaior apyr apyra. Bosee
TOTO, U3 ONPEJIEJIEHNUS] JIOIYCTUMBIX JHBU30POB CJIEJLY-
eT, uTo ToJioca P u P° = o*i) COKpaIaTcs HyIIMU
dQ). Crenosaressno, muddepenmman dQ00 gpnsercs
9eTHBIM OTHOCUTETHLHO 0 MepOMOPMHBIM JuddepeH -
ajioM Ha [’ ¢ mosirocaMu B TOYKax, rie dS) i QyHKIHs
FE nmeroT mostioca, T. €. B TOYKaX

rru{¢?j=1,...,m}. (5.12)
Cymma Boraeros dQ0% pasua mymo. SIBHO BBIIHCHI-
Bas Bepakenns st Beraeros dQC0) momyama (5.5).
VYpagHaenue (5.6) siBisercst npsiMbIM ciiesicrBueM (5.5)
u (4.29). Ero MOXKHO 1OJIyYUTh HEIIOCDPEJICTBEHHO, PAC-
CMaTpHuBas BBIUETHI AudhepeHImaia

(0:90:407 + 0:900.47) E dQ2.

Just nokasarenbersa (5.7) JOCTATOYHO BOCIOJIB30-
BaThCsI PABEHCTBOM HYJIIO BBIUETOB jnddepeHipaia

dOMY = 9,40,¢7 E dS).

VYpasuenue (5.8) cieqyer U3 paccMOTPEHHsI BBIUETOB
muddepennuasia

QP = (92)(02¢7) E dQ.

5.2. YcioBus mepuogNIHOCTHU

Anrebpo-reomerpudeckuii moreHnual u(z, zZ) mepu-
OJIUYEH 1O 00ENM MEPEMEHHBIM TOTJA W TOJBKO TOTJIA,

KOTJ[a JIOIIOJIHUTEIHHO BBIIOJHEHbL g + 1 = 2(go + 1)
YCJIOBHIA:

Ut4+ U~
Ut +70 =1+1I-1,

=m+ Il -m, m,rhEZ90+",

1,1€ z9otm (5:13)

Ecmu st yecnous Beimosaens:, To kpuBas ' oTobpa-
xkaeres B M = C* x C*, (cp. (3.2)):
p:I'—=Cy CM, p:p— (alp),b(p)),
a(p) = exp (24 (p) + Q- (p) — 2mi(A(p), m)),
b(p) = exp (74 (p) + 7Q_(p) — 2mi(A(p),1)).

Boipaxkernus: (5.14) xopomio omnpesesieHbl (0gHOZHAY-
HBI H& KPHUBOH), MOCKOJIBKY A-niepuojpl guddepenmm-
anoB dQy mysesble, a guddepennuanos (dA(p), m),
(dA(p),1) — nemounciennsr. B o xe Bpemsi B-nepuio-
bl muddepeHnmaioB

da := dQ4 (p) + dQ—(p) — 2mi(dA(p), m),

(5.14)

(5.15)

dB == 1dQ (p) +7dQ_(p) — 2mi(dA(p),1)  (5.16)

SIBJITIOTCS KOOPIAMHATAMHI BEKTOPOB 2mim u 27il, coor-
BETCTBEHHO.

OrMmeTnM, 9TO B TOM CiIydae, Koraa auddepeHimalt
u(z, Z) ABasK bl MEPUOAMIEH, COOTBETCTBYIOMAs (DYHK-
nust Beitkepa— Axuesepa sBjsieTcst OJIOXOBCKUM PeTlie-
nueM ypasHenus llIpenunrepa, T.e.

w(z + 172—’_ 17p) = a(p)w(zﬂ'é?p) )
Y(z+T7,2+7T,p) = b(p)Y(z, 2, p).
st moKa3aTeabcTBa STUX PABEHCTB JTOCTATOYHO ITPO-
BepI/ITb, 9gTOo Ux HpaBbIe 1 JIeBbl€ YaCTHU MMEIOT OJWHa-

KOBBIE€ aHAJIMTUYIECKHE cBOcTBa Ha [
JIokaspHO Ui jiKas ajredbpantiecKas KpuBas pojia g

(5.17)
(5.18)

C MHBOJTIOINEN, UMeIOIasi 21 + 2 HeIOIBUXKHBIX TOYEK,
OJTHO3HAYHO OIpeesisieTcs (paKTOP-KpUBOil 1 HAOOPOM
2n + 2 Touek Ha Heii. CjenoBaTesibHO, PA3MEPHOCTH
MPOCTPAHCTBA TAKNX KPUBBIX paBHa 3¢+ 2n — 1. Bek-
toper U, ompe/ielenHbIe BBIIIE, 3aBHCAT OT BBIOOPA
[IEPBOTrO POCTKA, JIOKAJIBHBIX KOODIMHAT k;l B OKDECT-
HOCTAX OTMedeHHBbIX ToueK Pr. Takum obpaszom, obiree
9HUCJIO TTapaMeTpoB paBHO 3¢gg + 2n + 1. Ilpu dukcu-
POBAHHBIX [eJIOUHCICHHBIX BekTopax 1, 1, m, m ypaBHe-
uus (5.13), uuciio Koropbix paBuo 2(go+n), oupeesis-
10T (JIOKAJIBHO) MOJIMHOT006pasne pasMepHoCcTH go + 1,
€CJII OHO HEITYCTO.

MmuozxkecTtBo S90"
YCJIOBUSIM IIE€PUOIMYHOCTH [IJII HEKOTOPBIX I[EJI0YUNC-
JIEHHBIX BEKTOPOB l,i,m,lfh7 ABJISIETCST 00'beINHEHNEM
CBSI3HBIX KOMIIOHEHT:

= sy

890-,71
I

KpUBLIX ', yJIOBJIETBOPSAIONIIX

(5.19)
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Jlokapable KOOpAUHATHI HA S MOryT OBITH OIpe-
JIeJIEHBI AHAJIOTUYIHO T€M, KOTOPBIE UCIIOIb3YIOTCS JIJIst
KpUBBIX 3aiibepra—Burrena, a mMeHHO

Ag = Resp, adp,

A; = f adf,

aitagy+i

(5.20)

izl,...,go.

Ormernm, 910, X0Tsl abesieB uHTErpas ap) MHOrO3HA-
4eH, Boipazkenus (5.20) xoporio oupezenens. lefictu-
TEJLHO, CJIBUI (v HA KOHCTAHTY He MeHsieT Ag, Tak Kak
BeIYeTHl df HyJIeBble. DTOT CIBUI HE MEHSET U BeJIU-
qnabl A;, Tak Kax guddepennual df HeYETEH OTHOCH-
TEJILHO 0, B TO BPEMSI KaK (; + Ggy+i ABIACTCS IETHBIM
IIAKJIOM.

U3 onpenenennst (4.16) muddepennnanos IIpuma
crenyer (cp. (5.14))

a(p?y,

b(py)) = b(p™).

IIpn BhmoHEHNN YCIOBUN NEPUOAMIHOCTH KOOPINHA-

(5.21)

TBI BEKTOPa & = X @ ¥ @ 7 UMeIoT CJeyIonue CBOii-
CTBa MOHOJPOMUM:
Xi(z+ 1,24+ 1) = aixi(z, 2),
a? =a*(py)) = 1,
Xi(z+ 7,2+ 7T) =bixi(z, 2),
02 =02(p)) =1,

(5.22)

3/1ech ¢ = 1,...,n, B TO BpeMs KaK

Y(iz+1,z241)=ayp(z2),

Vo (z+1,24+1)=9(z,2)a"?,
Y(z+T71,2+7T) bi(z,2),
V(2 4+T,Z2+7T) Y (z,2)b7 1,

(5.23)

rae

a:tl

diag (a(a), ... a(d™)) |

" (m) (5.24)
b*! = diag (b(Qi )5 b ))

5.3. Ilouemy yukmnusa FE cymecrByer?

CymecrBoBanue MepoMopdHoii pyHKIuu F ¢ onpe-
JEeJICHHBIMI aHAJUTUYCCKUMHU CBOMCTBAMHM Ha CIIEK-
TpajbHOl Kpusoil I omeparopa —A + w nmpuBoguMT K
TOMY, YTO IIOTEHIINAJ U OIIEPATOPa MOYKET OBITH KBa/I-
paTUYHBIM 00PA30M BBIPAXKEH B TEPMUHAX PEIICHUI.

837

I[Testb10 HACTOSTIETO pa3Iesa ABISETCS TOKA3ATE b
CTBO TOTO, 9UTO JIsl CJIydas TJIAJKAX CIIEKTPATLHBIX
KPUBBIX cyniecTsoBanue bynkiun F aBjisieTcs He TOJIb-
KO JIOCTATOYHBIM, HO U HEOOXOUMbIM. J[pyrumu ciiosa-
MM, JIOKa3aTeJILCTBO TOTO, UTO TPE/JIOKEHHOE TOCTPO-
€HHeE JIAeT BCE PEIIeHUsl PACCMATPUBAEMOIl IpobJIeMbl,
JUIst KOTOPBIX CIEKTpaJIbHAs KPUBas SABJISETCS TJIaJl-
KO¥A.

Hanomuum, uro swmueiinoe ypasuenue (3.1) moury-
yaeTcs IPU Bapuanuu Jarpanxuana (2.15) mo mepe-
MeHHOft . TBUCTOBAHHbIE TPAHUYHBIE YCJIOBUS HAKJIA-
JILIBAIOT OTPAaHWYEHUsI Ha MHOXKHTENb Jlarpanxka U =

u(z,z): coorBercrByiOmas (GepMu-KpuBas B [IPO-
crpancTBe M OJIOXOBCKHX MHOXKUTENEH (M3BECTHOrO
TaKxKe Kak IPOCTPAHCTBO Mojysiel miaockux C*-cBs3-

HOCTeIH) J0JIZKHA IPOXOJIUTE Yepe3 Habop Touek M f =

(aj[l, bjd), OTPENIE/IIEMBIX ITapaMeTPaAMU TBUCTOB.
B orcyrcrue TBHCTOB (0; = b; = 1) 970 SKBHBA-
JIEHTHO HETPUBUAJIBLHOMY HEJOKAJIHLHOMY YCJIOBUIO TO-
r0, ITO HYJb SIBJSETCS COOCTBEHHBIM 3HATEHUEM OIle-
patopa Illpenunrepa KpatHocTu He MeHee N.
Sadurcupyem nmapaMeTpbl TBUCTOB:

= (a;)r‘zi-mj
R (5.25)
= (bj)_jzl )
rie
af = bf =1,
. (5.26)
t=m+1,....,n+m,

u 0603HaIMM 1epe3 U, , u(z, Z) MHOKECTBO [TOTEHIHA~
JIOB, JUIsL KOTOPBIX CPOPMY/IMPOBAHHOE BBILIE yCIOBUE
BBILIOJIHEHO, T. €.

Uap = {ul| (alg)),blq;)) =
(@' 07 €Cu, j=1,....,n+m}. (5.27)

OHo crparuduIupoBaHO KOHEYHOMEPHBIMU MHOI'000-

pasusmu U, 7° | OTKpBITHIE 06/1aCTH KOTOPBIX 00pPa3yioT
,

NOTEHIUAIBL, TIOCTPOEHHBIE BBIINE, TIE go — PoJ hak-
rop-kpusoit L'y := ['/o, a #I'7 = 2(n + 1) — gucmo
HEIIO/[BHKHBIX TOYEK MHBOJIIOIIN.

»go

,  PaBHa

PasmeprocTs MHOTOOOpa3Mst L{:
;

(go +1—m)+ (go +n). (5.28)

: ;90
dim U, =
Iepsoe cnaraemoe B mpasoii actu (5.28) — pasmep-
HOCTb MHOI'00Opa3usl CIIEKTPAJIbHBIX KPHUBBIX S90°™
[IPOXO/ISAIUX Yepe3 21 HETPUBUAJBHBIX ITapaMerpa

NOAKPYTKHA ail,b;[,j = 1,...,m. Bropoe cmarae-

J
MO€ — 3TO Pa3MEPHOCTH COOTBETCTBYIOIIETN0 MHOI'000-

pasus IIpuma.
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XapakTepusalis KacaTeJIbHOTO IIPOCTPAHCTBA K
GeCKOHEYHOMEPHOMY ILIPOCTPAHCTBY Uy B IPOCTPAH-
CTBe BCexX MOTEeHIMAaJIOB U oneparopos [lIpeaunrepa Ha
Y. maeTcs CIIeayIonel TeMMOI.

Jlemma 5.3. Bapuayus du(z,Z) npunadaesrcum ka-
cameavromy npocmpancmey TylUap ® nomenyuanry
U € Ugp mozda u moavko mozda, 0206 6bINOAHEHDL
YPABHEHUS

/ Sulz,2) i (2, 205 (2, D)dzdz =0, (5.29)
b

20e ‘
b;(2,2) == (2, 2,47,

¥ (2,2) = (2 2,q7).

Hoxka3zaresibcTBo. Bapbupys ypasuenue (3.1), moy-
qUM

(00 — u)dp; = dur); . (5.30)
ITo npenmosoxkenuso, Bapuaryst 61); UMeeT Te 2Ke 6J10-
XOBCKHe MHOXKHUTeNH (aj,bj), 4ro m ;. YMHOXKAaL
obe wactu (5.30) ma jBoficrBenHoe pentenue 7 ypas-
HeHust (3.1), KoTOpoe mMMeeT OJIOXOBCKHE MHOXKHUTE-
s (ai_l,bi_l), U yCpeIHsis TOTOM MO Y, MBI IOJIy-
qum (5.29). O

Bapuanus narpan:kuaHna 1o u JaeT ypaBHeHHUe
[outzz) (1= wyug | dzaz=0. (530
) J

Yunreisas (5.29), MbI IPUXOJMM K BBIBOJLY, UTO DeIle-
HUSI CUTMa-MOJIEJI COOTBETCTBYIOT KPUTUIECKUM TOY-
KaM (pYHKITHOHAJIA,

() = / w(z,5) dzdz, (5.32)
3

OTPaHWIEHHOT'O Ha MHOXKECTBO U, p.

Teopema 5.4. I[lomenyuans u(z,zZ) € Uy ¢ 2aad-
Kot pepmu-xpusot C, € SS9 asasemcsa wpumuvec-
Kol moukol dynkyuonana (5.32), ozpanuvennozo Ha
U, p mozda u moavko mozda, Kozda na Paxmop-xpusoti
Cu0 = Cy/0o cywecmeyem mepomopdpran pyrwxyus E
¢ npocmoumu noatocamy 6 mowkar ¢; € Cypo, J
=1,....,m.

HokazaTesabcTBo. Haumem ¢ j10ka3aTebcTBa TOTO,
uro dyrxrmonan (5.32) coBnasaeT ¢ neppoil KOOpan-
uaroit Ag ma §9°°", onpenenennoii (5.20). Tounee,

(u) = Ag = Resp, adp. (5.33)

838

U3 (5.17) HEMOCPEACTBEHHO CJIEMYIOT BBIPAYKEHUSI JJIs
IEPBBIX KO3(MMUIMEHTOB pas3iioxkeHus auddepeHima-
goB da u df B Touke Py,

dOé = dk+ 1 + Zas k;S_l 9

s=1

dﬁ = dk+ T+ Z ﬂs k;s—l ,

s=1

(5.34)

B TEpPMHUHAX IIE€PBBIX KO3(PDUIMEHTOB Pa3/IoXKeHUd
(4.11) dynkuun Beiikepa — Axuezepa

aq 251(2,2)—61(2’4—1,24—1),
ﬁl :fl(z,z) —61(2""7’,54—7_').

Ilo ompenenenuto, koapbuUMeHTH (v1, [J1 HE 3aBUCIT
or (z,z). Torna u3 (5.35) ciemyer paBeHCTBO

(5.35)

A():TOél—ﬁl:%fleZ
0%

=/8g§1dz/\d2, (5.36)
>

u3 Kotoporo, B cuity (4.30), caenyer (5.33).

Pacemorpum tenepns  muddepennman dadf. Io-
CKOJIBKY TT€PUO/IBI d(x TIOCTOSTHHBI, 3TOT AuddepeHtmalt
SIBJISIETCST OJTHOZHAYTHBIM YeTHBIM MEePOMOPMHBIM -
depennnaaom Ha HEPMU-KPUBOIL ¢ He DoJIee TeM Mpoc-
THIMHE [IOJIIOCAMU B OTMeYeHHbIX Toukax Py. 13 (5.20)
CJIEJIYET, 9TO OH UMeeT BH]L

g0
Sadf = §Agm*(dQs)+ Y §A; 7 (dw;),

=1

(5.37)

rae dw; — HOPMUPOBAHHBIE TOJIOMOPQHBIE muddepeH-
MUAJBI Ha Cuo) = Cy, /0, )y — HOpMHUDOBaHHBII 1ud-
depeHIman TpeTbero poja ¢ MPOCTHIMEU IIOJTIOCAME W
BbryeTaMu +1 B OTMEYEHHBIX TOYKaX, a m : C, — C&O)
[IPOEKITHS.

Ipeamonoxum, 9To u(z, Z) SIBJISIETCS KPUTHIECKOH
roukoii dbyukimonaa (5.32). Torma uz (5.33) u (5.37)
caenyer, 9o dadf sBjsiercss rojoMopdHBIM audde-
penrasioM Ha C,,. OH paBeH HyJIIO B TOUKaX ¢; JIJIsI BCEX
BapHaIuil KacaTeJIbHBIX K MHOIO0OPA3UI0 CHEKTPaIb-
HBIX KPUBBIX Sgt’b"n norennuanos u € U%™, rak xKak
Opy Takux BapHanusax (aj,b;) OCTAIOTCH IOCTOSHHDI-
mu. OTciofia ciielyer, 9T0 pa3sMepHOCTD TPOCTPAHCTBA
rosioMmopdHbIX auddeperuaaon Ha C,, PABHBIX HYJIIO
B 7 TOUKAaX ¢j, PaBHa pasMepHOCTH Sj"", T.€. paBHa
go + 1 —m. Torna u3 reopemnr Pumana—Poxa cienyer,
YTO Pa3MEpPHOCTh MPOCTPAHCTBA (DYHKIMN, UMEOIIIX
He 6oJiee YeM IPOCTBIE MOJIOCHI B TOYKAX ¢;, PABHA

m+(go+1—m)—go+1=2.
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DT0 MPOCTPAHCTBO Beera comepkut kKoucrauTol. Cire-
JoBaTesbHo, Ha C, CyIIeCTBYyeT HEIOCTOsIHHAs (DYHK-
nus F ¢ nmosocamu B Toukax ¢7. [

5.4. CynepnoTeHIuaa U 4epThl FreOMeTPUn
3aiibepra — Burrena

Ilepedopmynupyem OKa3aHHOE BBIMIE YTBEPK-
nenue B popme, anagormanoii (1.9). Muoxecrsa S7°"
AHAJIOTMYIHBI KOMIIOHEHTaM U, B KBAHTOBO-MEXaHUYEC-
KOM citydae. OyHKIMOHAT

(u) = Ag = Resp, adf3

sABJISIETCA aHAJIOrOM cynepunorennuaaa Y. Bosee Toro,
JnedopMUpPYsT KOHTYDP BOKPYr P Takum o6pazoM, 9ro
OH 0OXOJUT Pa3pe3bl U CUHTYISPHOCTH (df3, €10 MOXKHO
cresarh emne 6osiee oxoxkuM Ha (1.9).

5.5. O6cyxaenme: ot O(3)-mMonenn K
[IPUBO/IMMBIM CIIEKTPAJIbHBIM KPUBBIM

[IpuBeneHHOE BBIIIE TOCTPOEHHE MAET PEIIeHHs
nogkpyuenaoit O(N)-curma-monenn ¢ N = n+2m, rjie
M — YUCJIO TIOJTIIOCOB MepoMmopdHoit dyukimn F ua [y.
Ilo npemmnonoxkenuio, F He sABJIsI€TCS MTOCTOSHHOM, T. €.
m > 1. Ilpu durcupoBanasix m > 1 u n pemreHus
WHJIEKCUPYIOTCA POJIOM ¢o (DAKTOP-KPUBOU W TOYKOM
I MHO)KeCcTBa CBA3HBIX KOMIIOHEHT COOTBETCTBYIOIIMX
creKTpasbHbiX KpuBbix (5.19). Ilpu 3T10M MBI HOTYYa-
€M BCE PeIeHus! JJIsi Cydasi 9eTHBIX [N U HEKOTOPbhIe
KJIACCHI PeIeHuil 1y HeYeTHBIX V.

Cnyuait N = 3 Bbiiesen. [lyist Hero nMeeTcst TOIb-
KO OJHA BO3MOXKHOCTL: 7 = 1 mw m = 1. PaBencrso
m = 1 o3Ha4vaeT 4YT0 (PaKTOP-KPUBAs SBJISIETCS PaIli-
oHasbHOM, T.e. [y = CP!, a 3HaunT, go B 9TOM CJIyvae
IIpUHAMAET TOJIBKO OfHO 3HadeHNe, go = 0. [lockombky
n = 1, kpuBas " sBIgeTCH NBYIUCTHBIM HAKpPbITHEM [
C 9eTBIPbMsI TOUKAMU BETBJICHUsI. 3HAYNT, || siBjIsteTcs
SJUIAIITHIECKO KpuBoit. Clie10BaTEIBHO, COOTBETCTBY-
IOIEe PEIIeHnsT OJHOMEDHBI: OHU 3aBUCIT TOJIBKO OT
smreitHol koMGunammu Uz + UZ, tne U, U — Koncran-
THI.

D70 HAbJIIONEHIE TPUBEJIO aBTOPOB K HEOOXOIMMOC-
T JaJbHEHTINX 0000IeHn#t KOHCTPYKInn HoBuKO-
Ba— BecesioBa Ha cirydail IPUBOAMMBIX CIIEKTPAJIbHBIX
kpusblX. Kak nokazano B pabore [7], rakoe 06001eHne
MI03BOJISIET TTOCTPOUTH s Jitoboro HedeTHoro N aHa-
JIOI'M MHCTaHTOHHBIX pentenuii O(3)-Moenu, miist KOTO-
pPbIX KOMIOHEHTHI T, Tsz TEH30pa SHEPrUU-UMITYJIbCA
pasubl Hys0. Tounee, B pabore [7] mokasbiBaercs, 9T0
IIOCTPOEHHBIE T10 IPUBOIUMBIM CIIEKTPAJIBHBIM KPUBBIM
noreHimabl oneparopa [lIpenuarepa yIoBIeTBOPSIOT
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yCa0BuAM caMocoriaacoBanus st O(2m + n)-momenu ¢
HEYETHBIM N U JIIOOBIM M. BoJjiee Toro, mokasaHo, 9To
JIJIsT COOTBETCTBYIOMIMX MMOTEHINAJIOB 3a/a4da BbIJeJIe-
HUS TEPUOTNTECKUX PereHnit 3 PEKTUBHO PEIIaeTCs B
TEePMUHAX CHEKTPAJTHHBIX KPUBBIX JJUIAIITHIECKON CHC-
Tembl Kastomxkepo—Moszepa.

5.6. Pepmu-kpusbie B C -MoO/1eJIn

IlonsiTre KOMILIEKCHOM (DEPMU-KPUBOIL JIJIsT TTEPUO-
JIYECKOro JiByMepHoro oneparopa Illpenunrepa B mar-
HUTHOM 110J1€ (CM. [11]) MOKeT GBITh BBEIEHO AHATIOTHY-
HO MTOTEHIMATBHOMY CJIIYYal0, €CIH NOMOK MAZHUMMHO-
20 NOAA HYAEB0U, T. €. B CIIyUae TPUBAJIBLHOTO IJIABHOTO
U(1)-paccnoenus P wiu C*-paccioenus Pe.

[Iycre I' — riragkas asrebpamdeckast KpuBas po-
Ja g ¢ (DUKCHPOBAHHBIMU JIOKAJHHBIME KOOD/IHATA-
M k3 1 JBYX oTMedeHHbIX ToueK Py. Torma mmas xKaxk-
JIOTO HECHEIuaJIbHOro 3pdeKTUBHOrO auBu3opa D =
= +...+ v Ha I' cymecTByeT equncTBennas GyHK-
us Beiikepa— Axuesepa ¥(z, Z, p), Takas 410:

(i) xax dyskuus p € I' ona mepomopdHa Ha ' BHE
OTMEYEHHBIX TOYeK P ¢ TUBU30POM MOJIIOCOB D;

(ii) B OKPECTHOCTAX OTMEYEHHBIX TOYEK OHA UMEEeT
suz (4.11), T.e.

zp:exp(%ki(z—i—zj:zﬂFz)) X

< [ Y &tz ak ),
s=0

ki =ki(p);

(iil) oHa HOpMUPOBaHA YCJIOBHEM

& (2,2) = 1. (5.38)

Teopema 5.5. (cm. [11]) Onpedesernasn sviwe @yrs-
yus Betixepa — Azueszepa ydoeaemeopaem ypasHEHUIO

(_8z82 + Az (Z, 2)82 + U(Za 2)) 1/’(2’7 zvp) = 07 (539>
20e
A, =0,In&;,
Iifo (5.40)
U - 8251 .

3ameuanue 5.6. Hopmuposka (5.38) dbyuxnun Beii-
Kepa— Axnesepa COOTBETCTBYET BBIOODPY KaJIMOPOBKH,
npu koropoii Az = 0.
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5.6.1. /IBoiicTBeHHast pyHKIIUS
Beiikepa — Axuesepa

st 3dEeKTUBHOTO HECHEeIUaJbHOro auBn3opa [
CTEIIEHU ¢ ONPEIE/INM JIBOUCTBEHHBIN quBu30p D ¢ mo-
MOIIBIO YPaBHEHUST

D+D=K+ P, + P, (5.41)

e K — kaHoHmveckuit Kiacc. JIpyrumu cioBaMu, st
HECIIEIUAJILHOTO JuBu30pa D cremeHu g CymecTByer
€JINHCTBEHHBI MepoMmopdubiil quddepernnman df) c
[IPOCTBIMU TOJIIOCAMU B TOYKaX Pi, BBIYETHI B KOTO-
pbix paBubl F1, Takoii uro dQ(ys) = 0. O6uee ducio
mysteit d§) pasuo 2g. Touku v — 910 HONOMHATEIBHBIE
Hysn dS2.

Ilo ompenenenuro, aBoiicTBeHHas (DYHKIUS beii-
kepa— Axmesepa — 9TO eIMHCTBEHHAs (DYHKIUS
¥7(z,Z,p), Takas 9TO:

(i) xax dyskuus p € I' ona mepomopdna Ha I' BHe
OTMEYEHHBIX TOYeK Py ¢ JIUBU30pPOM HOJIOCOB D;

(ii) B OKPECTHOCTSIX OTMEYEHHBIX TOYEK OHA UMEET
BUJL

1
Y7 = exp (—Eki(z—i—z:tz¥z)) X

x (Zési(z,z)k;S) L ke =ka(p) (5.42)
s=0
(iii) ona HOpMUpPOBaHa YCJIOBHEM

&5 (2,2) = 1. (5.43)

ApryMeHTBI, aHAJOTHYHbIE UCIOIb30BAHHBIM B Pa-
Gore [11], nmokasbiBator, uTo JBOMicTBeHHAsT DYHKIUS
Beiikepa — Axuesepa yI0BIeTBOPSET YPABHEHUIO

(—0.0:+A.(2,2)0:4U(2,2)) V7 (2,2,p) =0, (5.44)
rie
A, =9, In&;,
: o (5.45)
W3 onpenenenus: aBoiicTBenHoi dyHKIMN Betike-

pa—Axwuesepa cienyer, uro guddepennma i) d)
mepomopden Ha ' ¢ TpoCTBHIMU TOJIOCAMU B TOYKAX
P, u ¢ BorueraMu

Resp, 11pdQ = —1,

Resp ¢YpdQ = &5 &5 . (5.46)

N3 Toro, aro cymma BbrdeToB MepomopdHOoro maudde-
peHIMaa paBHa HYJIIO, CJIe/lyeT

& = (&)™ (5.47)
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Anasiornano JOKa3bIBAIOTCA PaBEHCTBaA

(& + &) = —Resp, (0.9)97dQ2 =
= Resp_(0,9)0°dQ =
= (0:6)& - (5.48)
Cuencreuem ypasuenuit (5.44), (5.47) u (5.48) sasis-

ercs TO, 9To JBoificrBenHas (yukinus Beiikepa— Axue-
3epa dABJISETCH pelleHneM (QOPMAJIbHO CONPSKEHHOI'O
ypaBHEHUdA

(—0.05 — Ay (2,2)0: + Uz, 2)0, A, (2, 2)) x

x Y(z,z,p) =0. (5.49)
5.6.2. YcioBusI caMOCOIJIACOBAHUS JIsI
CPN ~l-monmemn

IMycrs E(p) — mepomopduas dyuxnus ua I' ¢ npo-
CTBIMU TIOJIIOCAMU B TOYKaxX ¢;, ¢+ = 1,...,N. Torma
Y7 E dS) sasisiercs mepoMopdHbIM trddepeHInaiom
na I' ¢ momocamu B Toukax Py u ¢;. Cymma ero BoIve-
TOB paBHa Hys0. OTCIO/Ia Clle/lyeT PABEHCTBO

N
= iy, (5.50)
=1
B KOTOpOM
1/}01: :7/152721%), (551)
dji = Q/J (Zuz7qi)
n
r? = ———Res,, EdQ,
Ey—E. " (5.52)
E. = E(Py).

JlomoTHUTETBHO  TIPEJIIIONIOKNM, 9TO jauddepeHina
dE paBeH HyJIO B TOUKax Pi, T. €. B OKPECTHOCTSX OT-
MEYEHHBIX TOYEK:

dE(P:)=0 = FE=FE.+0(K2).  (553)

Torna nuddepennuan (9,¢)Y? EdQ) romomopden B
Touke P, a ero BoIUeT B ToOUKe P_ paBeH

Resp (E — B, )(0.4))¢7dQ =

= (FE_- — E1)A.(2,2). (5.54)
CireroBaTesIbHoO,
Zr D p W7 = (5.55)
AHaJIornyHO, U3 PaBEHCTBA
Resp, (E — E_)¢0:¢TdQ) =0 (5.56)
CJIeIIyeT, uTo
0= Zr% (D7) = Zr i) e.  (5.57)
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5.6.3. Ycii0BUS BeIeCTBEHHOCTU

[Ipeamonoxkum, aro kpusas [' siBsieTCst BEIeCTBEH-
HOMi, T.e. HA Hell mMeeTCs aHTUTOJIOMOPGHAS UHBOJIIO-
nus 7 : I' — T'. IlpeamnomoxKum, 9T0 3Ta aHTUUHBOJIIO-
IUsl IePeCTaBisieT OTMetdennsle Touku, 7(Py) = Pr,
U UTO JIOKAJIbHBIE KOODJMHATHI B OKPECTHOCTSIX ITUX
TOYEK CONPSI?KEHBI OTHOCUTEJIBHO T, T. €.

Ecsn mususop D semecteenen, 7(D) = D, To u3 equn-
crBennoctu GyHKImy Belikepa — Axuesepa ciemyer pa-
BEHCTBO

Wp) = (&) D). (5.58)
U3 ypasrennii (5.58) u (5.47) caenyer
& =6 (5.59)
Huddepentmart d) yaoBIeTBOPsIeT yPaBHEHIIO
dQ(r(p)) = —d(7(p)) (5.60)

IIpeanoIoKuM, 9TO TOYKH ¢; WHBAPUAHTHBI OTHOCH-
TEJIBHO T, T. €. ¢; = 7(g;). Torma 6e3 orpanudenust 061
HOCTH MOKHO CUATATH, 9YTO BBIIOJHEHO PABEHCTBO

E(p) = —E(r(p))- (5.61)
Toryia KoHCTaHTHI 72 B (5.50) ABJIAIOTCS BENECTBEHHBI-
v, r? = 72, IIpu 3TOM JJaHHbIe MOKHO BBIODATH TaK,
ITOOBI BBIIOJIHSIOCH

2= (50_)2 > 0, rf

> 0.

ITocste aToro Ml nosryunM, 4To HyHKIUN

n; = C_l’l”ﬂ/)i (562)

Y/IOBJIETBODSIIOT yPABHEHHUIO
(—0.0; — (0zloge) D, + (0. loge) 0 + V) x
xn; =0 (5.63)

U YCJIOBUSAM CAMOCOTJIACOBAHUST

N

> nini =1, (5.64)

i=1

a takxe (cp. (2.31))

N

Az = — Z ﬁl(azm) = _8z IOgCa (565)
i=1
N

Ao =) = deloge, (360)
i=1

T. e. aasiorcs pemennem CPY ~l-vonenm, ecou BbIos-

HEHBI ycJsioBUsl epuouaHocTy. B ypasuenun (5.63) V
OTJIM9IAETCA OT TOTeHImaa U, OIpeJeIeHHOrO BhIIIe,
capuroMm Ha A, As.

3ameuyanue 5.7. dBHas TaTa-HyHKIMOHAIbHAST DOP-
MyJsa JUIst 1P ToKjaecTBeHHa (4.24) mocse 3aMeHbI TI-
ta~-dyukmuu [Ipuva za ToTa-byaxiuo Puvmana, orse-
qafortyio matpure T b-1iepro10B HOPMUPOBAHHBIX T'O-
soMopdHBIX muddepentnanos Ha [

Ycenous nepuognaHOCTH A [ maforcs Temu ke
ypasuenusmu (5.13).

6. BAKJIFOUYEHUE U HATIPABJIEHUE
BYIVIIIUX UCCJIEJOBAHUN

B macrosimeit pabore MBI MOCTPOUWJIM IITHPOKMIA
kiacc pemenuii O(N)-monesu jist getabix N u jist
CPV~!-Mozenn ¢ OBIIMME TBUCTOBAHHBIMU IPAHATHE-
MU YCJOBUSIMH Ha X C IPOU3BOJILHON MeTpukoii. Kaxk-
Jasi KPUTAIECKasi TOUKA MOPOXKIAET MOy OECKOHETHY O
KJIETKY B KOMILTEKCU(bHIIPOBAHHOM IPOCTPAHCTBE JF &
KOHMUI'YPAIMOHHBIX II0JIeH MOJEH, TaK HA3bIBAEMBIi
nanepcrok Jledrena. [Tocnennunit 3aBucuT or HEroI0-
MOPdHO# YacTH TaHHBIX, TAKUX KaK BHIOOD SPMUTOBOIT
Merpuku Ha FC.

OCHOBHBIM MHCTPYMEHTOM HAIIErO MOCTPOEHUS STB-
JISIETCsl AHAJIMTUYECKasT KOMILIEKCHasT (hepMU-KpuBas
C.,, KOTOpasi mapamMeTpu3yer OJI0XOBCKUE PEICHUS IBY-
MepHoro omneparopa [IIpeaunarepa —A + u. JIluneiiabie
[OJIsT CUT'MAa-MOJIE/IN TTPUHAJIEKAT sIIPY ITOTO Oepa-
TOpa, B TO BPEMsl KAK TBUCTHI MOJIEJIN OIPEIE/ISIIOT Ha-
6op Touek My,..., My B mpocrpaHcTBe MouyJeil M
mwrockux C*-cesizHocTelt Ha Y. /laHHBIE MOHOIPOMUU
(anasor orobpazkenusi Pumana—I'nibnbepra) orobpa-
KaloT pepMu-KpuBYIo B M Tak, 910 ee 06pa3 mpoxoiuT
4gepe3 ToUKu M.

MpbI TIOKa3aJI1, YTO JBAKIBI IEPUOJINIECKHE PEITIe-
HUSI YPABHEHMI CUTMa-MOJIETH COOTBETCTBYIOT JIMHEH-
HOMY OTOOpakeHUio Y B MHOrooOpasme Ilpuma dep-
MU-KpUBOil Cp. DTO SABJISIETCS MPSIMBIM aHAJOMOM pe-
3yJIbTaTa, MOJIyYeHHOro B pabore [1] jyisi KBaHTOBO-
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MEXaHUIeCKON MOJIen, KpaTKO ONMUCAHHOrO BO BBeje-
HUW.

Mpb1 Tak Ke HAIIM, 9TO CHMILIEKTUYIECKAsT TeOMeT-
pusi M 1r00OTIBITHBEIM 00pa30M OTPAXKAETCST B CTPYK-
Type mpocTpaHcTBa pemntenuit. Kax u B KBaHTOBO-Mexa-
HuueckoM ciaydae (1.9), pereHus: oTBeYAI0T KPUTUIEC
KUM TOYKAM CyIEePIOTEHINA A, KOTOPLIA B IBYMEPHOM
cIydae MOYKET ObITh BBIPAYKEH B TEPMUHAX IEPUOJIOB
nuddepentmaina a df tuna 3aitbepra— Burrena, nuumy-
[IUPOBAHHOI'O CUMILIEKTHIEeCKOi (popmoit Arbu —Borra

da N df ma M.

¢fBHAsT ¢Ba3b (DEPMU-KPUBBIX C KPUBBIME 3aiibep-
ra—Burrena ocraercss 3aragkoii. Crexyer moadepk-
HYTb, 9TO JIJI HEKOTOPBIX CUI'Ma-MOJIEJIeH PEIeHnst MO-
I'yT ObITH TOCTPOEHBI ¢ TIOMONIHIO AHAJIUTHIECKUX KPH-
BBIX PA3HBIMHU CIIOCOBAMU: C UCIIOIH30BAHUEM TBUCTOP-
HBIX KPHUBBIX, BOSHUKAIOIINX N3 NPEJCTABICHUI HyJIe-
BOIl KpUBU3HLL [15-17], ¢ HCIONIBL30BAHMEM CIIEKTPATIL-
HBIX KPUBBIX XwuruwmHa [18] m, HaKOHEIN, ¢ TOMOIIHIO
depMu-KpuBbIX. B3anMoCBsI31 3THX KPUBLIX IIPEJCTAB-
JIAIOT COOOM TAKYIO K€ 3araJIKy, KAK U B IIPUBBIYHON CH-
TYaIii MOHOIOJIEH: Py U3y denuy nocaeaunx B R? x St
BO3HUKAIOT JIBA THUIIA KPUBBIX: KPHUBas, KOJUPYIOIIAs
Januble paccegnud [19], u crekrpasibHas KpuBasi, KO-
TOpas B JefCTBUTEILHOCTH sBJISleTC KpuBoil 3aiibep-
ra—Burrena aya keusepa N = 2 KaaubpoBodHOIl de-
reipexmepHoit Teopun [20]. HecmoTpst Ha HEKOTODBIiH
MIPOIPECC B MOMBITKAX HANTHU CBAZW MEXKILy STUMH KPH-
BbIME [21], 061iast KapTUHA OCTAETCST HESICHOMA.

ILnarmpyemoe aBTOpaMu MPOIOIKEHHE PADOTHI
COJIEPKUT HECKOJIbKO €CTECTBEHHBIX —HAIIPABJICHHUIL.
Bo-miepBpix, 970 00001I€HNEe KOHCTPYKIIMKA Ha CJLydail
O(N)-mozenu ¢ nederabim N, B KOTOpoM dbepMu-Kpu-
Basi siBasercs (cuHryssipHoi) upusomumoit [7]. Kaxk
0Ka3aJI0Ch, B 9TOM CJIy4ae TPAHCIECHICHTHBIE yDABHE-
Hus nepuognaHocT (5.13) J0IycKaioT siBHOE pelleHne
B TepMHHAX CIEKTPAJIbHBIX KPUBBLIX 3JUIANTHYIECKOM
cucrembl Kajomkepo — Mosepa, KOTopast TECHO CBA3a-
Ha ¢ Teopumeit 3aiibepra—Burrena [20, 22|, ¢ Teopueit
comuToHOB |23, 24|, ¢ Teopmeit cmcrembr XuTuwmHA W
KaJIMOPOBOYHBIMU TeopusiMu [2, 25].

Kak oxwumaercs, mamepctku Jledimemna 10/KHBI
CTaTh UHCTPYMEHTOM [IJIsT BBIYUCICHUST PYHKITNOHATb-
HOrO mHTerpaJia. IlepBbIM mraroMm B 9TOM HAIIPABJICHUHN
JIOJIZKEH CTaTh aHAJU3 OIpPEeIeUTe sl OlepaTopa BTO-
poit Bapuanuu geiicrsus. s ciaygas O(N)-mozpesnn
9TO CBOJIMUTCS K WCCJIEIOBAHUIO JETEPMUHAHTA OIepa-
topa IIpemunrepa —A + U. KoMImekKCHO3HAYHOCTH
[TOTEHIUAJI O3HAYAET, YTO U CIEKTDP OIepaTropa KOM-
IJIEKCEH, UTO TPWBOIUT K CJIOXKHOCTSM aHan3a Ha-
[IpaBJIEHUl TPaUEHTHOTO [TOTOKA, TPAEKTOPUH KOTOPO-
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ro IOPOXKJAI0T HAIEPCTOK, BBIXOIAAIINNA U3 KPUTUYEC-
KOl TOYKH.

IIpencrasisiercss  ecTeCTBEHHON — MOAM(DUKAIAS
Kjaccuaeckoro  geficteus  (2.14),  yuurbIBaomast
BKJIQJIbl [I€TeJIb, T.€. OJHOIeTIeBoe 3(hdEKTUBHOE

neticrBue. Kpurtndeckue Touku 3HHEKTUBHOTO Jeii-
CTBUsI MOI'YT OBITH IPeJCTaBJIeHbl B (POpMe YCJIOBUil
CaMOCOTJIACOBaHUS moTeHnajga omneparopa Ilpe-
JIMHrepa, BKJIIOYAIOIne B cebsl pellleHus] He TOJIbKO
"3 sjIpa oneparopa, HO M Te, KOTODbIe CBA3aHBI CO
BCeM CIEKTpPOM omneparopa. [lpusbrunbiit 1/N-ananu3
O(N)- u CPN"'-momeneit B Geckomneqamom obnmeme
[26, 27] npenckaspiBaer Hapymienue KOHMOPMHOI
VHBApPUAHTHOCTH, BO3HUKHOBEHHE MACCOBOI e,
BOCCTAHOBJIEHUE TJI00AJBHON cuMMeTpuu. DBbiao O
WHTEPECHO MTPOBEPUTH ITHU IMPEJICKAZAHUS C TIOMOIIBIO
6oJiee TIATEILHOTO aHAIN3a (DYHKIINOHAJILHOTO UHTE-
rpasa. B wacTtHOCTH, OTBETUTH HA BOIPOC, SIBJISETCH
JI MAaccoBasi IMe/ib YHUBEPCAJBHOW WJIN 3aBUCUT OT
BhIOOpa HAIEPCTKA WU JIMHEHHON KOMOWHAIUU Ha-
nepctkoB? HerpuBmajibHOMTBH 9TOH HpPoOJIEMbBI BHJIHA
B aHaJn3e, IpOoJieJIaHHOM B paborax [28-30], xorsi u ¢
JPYTOi TeoMeTpueil MUPOBOTO JIUCTA 2.

Kak y»xke ObLI0 CKa3aHO BBIIIE, aJredpO-reoMeTpu-
Jeckue oTeHIAaJbl U, SBJIsisiCh HEeJIMHEHHBIM 0000I111e-
HUEM TPUTOHOMETPHIECKIX TOJTMHOMOB, TIOTHBI B TIPO-
CTPAHCTBE BCEX MEPUOINIECKHUX mMoTeHnaaoB. O Hako
UMEIOIUEeCs Y aBTOPOB apryMeHThI YKa3bIBAIOT Ha TO,
9TO MMOCTPOEHUsT HACTOAIIEH PabOThI U WX OOOOIIEHUS
B pabore [7| maior sce pemenus 3amaun. Mbr HageeMm-
Csl, 9TO UX MPEJICTABJIEHUE B BUJIE KPUTUIECKUX TOUEK
cyneproTeHuaia ¥y oTKpoeT BO3MOYKHOCTD BBIYHCIIE-
HUsl MHTErpaJIoB 110 HamepcTrkam Jledimena. B kBanTo-
BO-MEXaHIUYIECKOM CJIydae HaAMOTKHU BJOJIb 1-IIMKJIOB B
abejIeBOM MHOTOO0ODPa3UH, SIBJISTFONIEMCS KOMILIEKCHBIM
TopoM JIumyBuLisi, MOTYT OBITH KAYE€CTBEHHO IIPEICTAB-
JICHBI KAK T'a3 WHCTAHTOHOB U aHTUUHCTAHTOHOB (IIPEI-
CTaBJISIFOIIX HAMOTKHU BJOJb B), omerbix meprypba-
TUBHBIMU OCHWLIANMAME (HAMOTKAMU BAOJbL A 1HK-
JsioB). CpaBeyiuBOCTb TOr0 NPUBJIMZKEHs] KOHTPOJIU-
PyeTcsi MaJIOCTBIO apaMeTpa e~ P90, tie wy — dacrora
KJIACCHIECKUX OCIMJLISIIA BOJIN3H MUHUMYMa TOTEH-
nuaJia, a  — 0o — MHIMOe BpeMst. B cirydae curma-mMo-
eI UMeeTcsi OECKOHEYHOE YHCI0 9acTOT W), KOTO-
pble, B CuIy KOH(MOPMHON MHBAPUAHTHOCTH KJIACCHYE-
CKOI TEOPHUH, CTPEMSTCS K HYJII0. DTO U €CTh TpobsreMa
pOCTa UHCTAHTOHOB, pazpymiaormas (cM. [31,32]) upu-
OJIMKEeHNe MHCTAHTOHHOTO ra3a B CUTMa-MOJIEJISAX U Je-
THIPEXMEPHBIX KAJINOPOBOUHBIX Teopusix [33]. Cyrmect-
ByeT Jin (PEHOMEHOJIOTUIECKAs] KAPTUHA HAIIUX Perlre-
HA?



MXKITPD, Tom 159, BrI. 4, 2021

K Bonpocy o HanepcTkax Jledweua B curma-mogensx, 1

ITPMNJIO2KEHUE

O606menabie cucreMbl Helimana

Pemennst ypaprennii (2.36) ¢ wereim N MoOryT
OLITH ITOCTPOEHEL, €CJIN 3AMETHUTD, ITO (DYHKIHUS BCIO-
MoraTesbHOM nepeMennoii z (umerorueit empica U (1)-To-

xa)
f>+

0
+'L'Tlfo-mf (Al)

) =5

1 , 1
(f LAt oy

COXpaHdAeTCdA IJIdd BCeX 2t

J(z)=0.
Bsenem
A(U’) = f.aﬁf’
Bluw)=—f"— 1,
(A.2)
Ofw) = 531
D(w) = —J’mﬁf.,

rae w = z2. KoueBbIM ABJIsieTcs yTBEPKICHIE, 9TO
crleKTpaJjibHas KpuBas oneparopa Jlakca

rae
A = A + 7;7‘134_7

D = D+iT1§+,

C=C+2inJy+717,

B=B

)

~ 0
B+:famf7

Titw) = LEEIED,

TaK2>Ke ABJIAeTCA MHTETrPaJIOM JIBU2KEHUA:

)
gy Det (= L(w)) =0.
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1. B KOT® nybumKyloTcss CTAaTbh, COHEpPIKa-
17 U3JI02KEHNE OPUTUHAJIBHBIX HAYIHBIX PE3Y/IbTATOB,
HE OIyOJIMKOBAHHBIX U HE IPEIHA3ZHAYEHHBIX K Iy0Jin-
KaIliU B JIPYTOM MecTe. B OTJeIbHBIX CIydasix 10 3a-
Ka3y PEeIKOJUIEIWH IyOJUKYIOTCS aKTyaJbHBIE CTATHU
0030PHOIO XapakTepa.
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HOIl KPaTKOCTBIO, COBMECTUMOM C fACHOCTBIO M3JIOXKE-
HUsI, 1 OKOHYaTebHO oOpaboranbl. Cienyer uzberarsb
[MOBTOPEHUsI JIAHHBIX TaOJINI] Wi T'PaGUKOB B TEKCTE
CTATBHU, & TAKXKe IIPEJICTABJICHUS] YUCIEHHBIX Pe3yiIbTa~
TOB B Bujie Tabuil u rpadukoB ogHoBpeMento. He cie-
JIyeT 3JI0yIOTPeD/IATh BBEJIEHINEM HOBBIX abOpeBUATYD
B JIOIIOJTHEHUE K OOIENPUHATHIM, TakuM Kak AMP, YO
u T

3. K crarbe HEOOXOIMMO NpuUIaraTh KOPOTKYIO aH-
HOTAINIO, B KOTOPOH JOJIZKHBI OBITH YETKO CHOPMYJIU-
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HUTENBHO B popmare ps min pdf.
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JiicTa He yKe 4 ¢M; PyKOIHUCHBbIE BCTABKH HE JIOIYCKa-
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CYHKax) He JOJIKHO ObITh pycckux 6yks. Hampuwmep,
cremyer mucath FPopt, a He Foyp. Bee ckombko-HIOY B
rpomo3jkue (hOPMYJIbl JIOJKHBI BBIHOCUTHCS Ha OT-
JIeJIbHBbIE CTPOKU. BEKTOPHBIE BEJIMYMHBI JTOJ2KHBI OBITH
BBIJICJIEHBI TIPSIMBIM TOJIYKAPHBIM TTPUMTOM.
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