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+E1 : 10¸%#O $#%gO 
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7 -0/�"$g 7 -�¸%¹�#%&('�g%#O�� !)G��-�¸ 9
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: 10¸O1'L�gO�� $¸%¹�#E- Ï 1���)Gg%NE-0�� $¸%¹�#E- Ò,��� 10¸O1'L�g 7
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9 ¼5+E 
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∆+
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� � 10¼5+.-
∆n
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Ce
 !"!��¹±1��BA3 ,+Og%#O $#%gO _/�10#O $Ñ%#O10¼�1

Ñ%gO"$¸E- : 1 : -0)G#O1�#O :  !)% !"! !/G-����g���",½ag%#O�� !)G��-�¸O10� 9 ��1��
e
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∆
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∥∥PeT0rn,1

∥∥
p
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2

p

∥∥Peχn,1

∥∥
p
>

>
∥∥χn,1

∥∥− 1

2

p

∥∥P∆n,1χn,1

∥∥
p
=
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2
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→ ∞.

�C· "!��¹
Ce
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��"! ��j+O��10g%Ñ%#%&��jg%#O�� !)G��-�¸O10� 9 #O 

"!1!+E !),L�-��g���",½j� ⋃M
j=1 σj

� � 1�/G-�L� 7(9 ÑO��1*gOP {∆n,2}
7 1'L�#O1T��&�+E $¸%gO��¹ : 1!+ 6

: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {∆nm} ��-0/ 9 ÑO��1��0& nm → ∞ : )Gg
m → ∞ g<+O¸O½T��"! ��

m = 1, 2, . . .

µ(Ce ∩∆nm ) = µ

(( ∞⋃

j=M+1

σj

)
∩∆nm

)
6 µ(e ∩∆nm ).

Ï¢	�� 	�� 	�Ò

� )% ,+ : 10¸O1'L�g 7�: )%1���g%��#O1� � � 10¼5+.-j+O¸O½�+O��10g%Ñ%#%&���g%#O�� !)G��-�¸O10�
∆n,2
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/G¸���ÑO $#%gO 7 /�10#O $Ñ%#O10¼�1�Ñ%gO"$¸E-�+O��10g%Ñ%#%&��>g%#O�� !)G��-�¸O10� 9 ��& : 10¸%#O½G !��",½ : )%1���g%��1 6
: 10¸O1'L�#O1� �#O !)O-��� $#O"!����1

µ(Ce ∩∆n,2) = µ

(( ∞⋃

j=M+1

σj

)
∩∆n,2

)
> µ(e ∩∆n,2).

Ï¢	�� 	�� ��Ò
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∆i
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2k
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i = 1, 2, . . . , 2k

9
#E-0P$&(��-�����",½>g%#O�� !)G��-�¸E- 7 g
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km
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� 10¼5+.-T+O¸O½±��"! ���g%#O�� !)G��-�¸O10�
∆i

ν

9
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σ̃ =
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"!����- Ï¢	�� 	�� ��Ò

1

2
µ e > µσ >

∑
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′
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σ ∩∆i
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′
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e ∩∆i
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>
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��& 6
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m = 1, 2, . . .

∥∥χnm
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2
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=

∫

∆nm

|hm|p dt =
∫

e∩∆nm

|hm|p dt +
∫

Ce∩∆nm

|hm|p dt 6 2

∫

e∩∆nm

|hm|p dt.
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e∩∆nm
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∥∥p
2
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∥∥PeT0rnm

∥∥p
p
=
∥∥∥Peχnm
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∥∥∥
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=

∫

e∩∆nm

|hm|p dt > 1
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#E- 6
P$&(��-0 !��",½ SVZVUWIJH L<DGFVY[ZVk-\ 9  !"$¸%gr" · � !"!��� ·  !��1 : )% ,+E $¸O $#%#E-0½>#E- X ×Y (µ× ν)

6
gOP 7  !)Gg 7 -0½

(µ × ν)
6�: 10ÑO��gr��"
��+ · /�10#O $Ñ%#E-0½ 4�· #O/GN%gO½

K(s, t)
��-0/G-0½ 9 ÑO��1�+O¸O½

��"! ��
f ∈ Lp(Y, ν)

Tf(s) =

∫

Y

K(s, t) f(t) dν(t)
Ï¢	�� 	�� ��Ò

+O¸O½
µ
6�: 10ÑO��g���"! ��

s ∈ X
����· #O/GN%gO½

K(s, t)
#E-0P$&(��-0 !��",½ � �ML)NQ\�SVZVUWIJH L<DGFVY[Z8N`HgNN P IEL<DaU2NML<D ����· +E 7 ¼�10��1�)GgO��¹ 9 ÑO��1(½�+E)%1 K(s, t)
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∫
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|K(s, t)| f(t) dν(t)
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Lp(X,µ)
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Lp(Y, ν)�

L0(X,µ)
�

 1�«E¬51/(+, ' ² ' ² �.² ���������
1 < p 6 ∞ - T : Lp(Y, ν) → L0(X,µ) � �4$��

� ( >0*)# /4�5$�%'& ���)(+*)# � �,*"; <=��>?1	# T ! �,@ $ � ��*.(21 ��� #�3 �)��� 3�3 � 1"( T = AB - >?1"(
B : Lp(Y, ν) → Lp(X,µ) � *.( > ��/4: * $�%'&  ��!"��#  ��$�%'& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# �� �,*.- A � ���)(+*)# � �,* � ! $ �,@B( $4��: $ #�� �4$  	� ��
 a(s) > 1 � Ah(s) = a(s)h(s),
h ∈ Lp(X,µ) -

a(s) =

∞∑

n=1

λnχXn
(s), λn > 1, n = 1, 2, . . . ,

{Xn} � *)#��6 � ( $4� ( X $ # ������#,* $ � $ ()�)(+*.( � (  # 
�� � ( �9:��  !'(+* � ! % (	! $ �,@B( ��� 3�#�  � $ (�� $�% ! � !'(+*)#�! � ;
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 ���´ ¸O½

1 < p 6 ∞�� !1�)% 7 - 	�� 	�� � +E1�/G-0P�-�#E-@-�����1�)%1 7 � 	��G9�	�� ���K ¸O½
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µ>�OÂ -�'O"!1 7 � ��� ���
� =!1�����G¯89-1 ' ² ' ² �.²"� * � 1 < p 6 ∞  #�@A1 %'& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,*

T : Lp(Y, ν) → L0(X,µ) ����� ���  ��!"��#  � ( $ ;� =!1�����G¯89-1 ' ² ' ² �K²"� * � 1 < p < ∞  #�@A1 %'& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,*
T : Lp(Y, ν) → L0(X,µ) � � �76,*)#�@ # ( � �0/ #767� �+8 �91 :	� � ( �9: 3 Lp(Y, ν) ��� �0/ (21	� �
3�# � ( /4�5$ � ����� 3 ��� �0/ (21	��3�# � ( /4�5$ � ����� - �+8 �91 :	� � ( �9: ����!'(+*.( $ # / 
 67��!�! $ �,@B( ���� 3C(  � $ (�� $ � & !'(+* % ;

� =!1�����G¯89-1 ' ² ' ² �.²"� * � 1 < p < ∞  #�@A1 %'& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,*
T : Lp(Y, ν) → L0(X,µ)

 ��!"��#  � ( $ ��� !'(+*.(�;
� =!1�����G¯89-1 ' ² ' ² �.²"���������

1 < p < ∞ - T : Lp(Y, ν) → L1(X,µ) � �4$)� ( �
>0*)# /4�5$�%'& ���)(+*)# � �,*";.<=��>?1	# T  ��!"��#  � ( $ ;
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"!����gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� ���

� -0/Gg 7 1���)O-0P!1 7(9^: )Gg
1 < p 6 ∞ ¸�����10'�g%#O�� $¼�)O-�¸%¹�#%&(' 1 :  !)O-0��1�)

T : Lp(Y, ν) → L0(X,µ)
: 10ÑO��g</�1 7V: -0/%�� $# �KÃ ¸O ,+ · ���g%' : )Gg 7  !) 	�� 	�� �r: 1�/G- 6

P$&(��-0 !� 9 ÑO��1n1���)O-0��#O1� · ���� !),L�+E $#%gO �#O $�� !)G#O1 �
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1 < p <∞ 1 :  !)O-0��1�)

T1f =

∞∑

n=1

µn(f, rn)rn, f ∈ Lp(0, 1),
Ï¢	�� 	�� � Ò

¼5+E ���"! 
µn
�� 
� !"!���� $#%#%& 9

µn → 0
9

∞∑

n=1

|µn|2 = ∞, (f, rn) =

1∫

0

frn dt,

/�1 7V: -0/%�� $#�/G-0/�1 :  !)O-0��1�) 9 +E $'O"!��� · ���g%'CgOP
Lp(0, 1)

�
Lp(0, 1)

9 #O1(+O¸O½�¸�����10¼�1
7 #O1'L� !"!����-

e ⊂ [0, 1]
: 10¸O1'L�gO�� $¸%¹�#O10'Æ¸O 
�� $¼�10��10' 7  !)G& 1 :  !)O-0��1�)

PeT1
#O 

½���¸O½G !��",½ag%#O�� $¼�)O-�¸%¹�#%& 7(��� +E !"$¹
Pef = χef

9
f ∈ Lp(0, 1)

�

C
�C· "!��¹

2 6 p <∞ � � -0/r/G-0/r+O¸O½a¸�����10' 4�· #O/GN%g%g f ∈ Lp(0, 1)

∞∑

n=1

∣∣(f, rn)
∣∣2 <∞,
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m = 1, 2, . . .

∥∥∥∥T1f−
m∑

n=1

µn(f, rn)rn

∥∥∥∥
p

=

∥∥∥∥
∞∑

n=m+1

µn(f, rn)rn

∥∥∥∥
p

6Cp

∥∥∥∥
∞∑

n=m+1

µn(f, rn)rn

∥∥∥∥
2

=

= Cp

( ∞∑

n=m+1

|µn|2 |(f, rn)|2
) 1

2

6 Cp sup
n>m

|µn| ‖f‖2 6 Cp sup
n>m

|µn| ‖f‖p.

����"
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)
fn
∥∥
q
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m→∞

∫

X

hQ∗gn,m dµ = lim
m→∞

∫

en

Qhgn,m dµ = 0.

Ã ¸O ,+E10��-0�� $¸%¹�#O1 9
limm→∞ ‖Q∗gn,m‖q = 0

�(Â & �� !)% 7 #O1 7  !)
mn

��-0/ 9 ÑO��1��0&
‖Q∗gn,mn‖q 6 εn

� � 10¼5+.- : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹
fn = gn,mn
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n = 1, 2, . . . ,

gO" 6
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: 10¸ · Ñ%g 7

|α| = ‖αfn‖q 6
∥∥(τ∗ − α1)fn

∥∥
q
+ ‖τ∗fn‖q 6

6
∥∥(a(s)− α

)
fn
∥∥
q
+ ‖Q∗fn‖q + ‖τ∗‖ 6 2εn + ‖τ∗‖.
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Tn = An+Qn
9 ¼5+E 

Anf = anf
9
f ∈ Lp(µ)
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an ∈ L∞(µ)
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Qn

Í /�1 7V: -0/%� 6
#%&(' : 1 7  !)% �1 :  !)O-0��1�)*�

Lp(µ)
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n = 1, 2, . . . ,

g :%· "!��¹
limn→∞ ‖Tn − T‖ = 0
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� 1�/G-�L� 7(9 ÑO��1

T ∈ Bp,3
�VÂ "$g%¸ ·ÿÏ¢	�� ��� ��Ò g 7  ! 7 ‖an − am‖∞ 6 ‖Tn − Tm‖ �� 1��!��1 7V· #E-�'G+E !��",½ 4�· #O/GN%gO½
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��-0/G-0½ 9 ÑO��1

limn→∞ ‖an − a‖∞ = 0
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Lp(µ)

��-0/�10' 9 ÑO��1
limn→∞ ‖Q−Qn‖ = 0

� � 10¼5+.-
T = A+Q

9 ¼5+E 
A
Í 1 :  !)O- 6

��1�) ·G7 #O1'L� $#%gO½*#E-
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Q ∈ Bp,1
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T ∈ Bp,3
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Bp,3
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 1�/G-�L� 7(9 ÑO��1
Bp,3
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B(Lp)
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µ
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ÑO��1

Lp = Lp(0, 1)
9
µ
Í�7  !)O- µ  
�� $¼!- �EM -0"!" 7 1���)Gg 7�: )Gg

p > 2
1 :  !)O-0��1�)

Pf =

∞∑

n=1

( 1∫

0

frn dt

)
rn, f ∈ Lp,

¼5+E {rn} Í 1�)%��10#O1�) 7 gO)%10��-�#%#E-0½@"$gO"!�� 7 - M -�+E 7 - �� !)O- �KÂ "$g%¸ · #O !)O-��� $#O"!����-
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P ∈ B(Lp)
�E� )%1 7  ���10¼�1 9

P = P 2 � � 1�/G-�L� 7(9 ÑO��1 P 6∈ Bp,3
� � )% ,+ 6

: 10¸O1'L�g 7�: )%1���g%��#O1� 9 ��10¼5+.-
P = A + C

9 ¼5+E 
Af = af

9
f ∈ Lp

9
a ∈ L∞

9
C ∈ Bp,1

�KÃ ¸O ,+E10��-0�� $¸%¹�#O1 9
Pf = P 2f = a2f + C1f

9
f ∈ Lp

9 ¼5+E 
C1 ∈ Bp,1

�
����"
��+.-

A + C = A2 + C1
9
A − A2 + C − C1 = 0

9 g±�<"$g%¸ ·RÏ¢	�� ��� ��Ò�: 10¸ ·�6
Ñ%g 7 ‖a2 − a‖∞ 6 ‖0‖ = 0

g
a(a − 1) = 0

�KÉ 1_��10¼5+.-
a = 0 · χe0 + χe1

9 ¼5+E 
e0
Í 7 #O1'L� !"!����1 9 #E-n/�1���1�)%1 7ÿ4�· #O/GN%gO½

a
1���)O-��-0 !��",½_�

0
9
e1
Í 7 #O1'L� !"!����1 9

#E-_/�1���1�)%1 7
a
)O-���#E-

1
� � 1T�� !1�)% 7  	�� 	�� � g 7  ! 7 ‖Crn‖1 → 0
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��+.-

χe0rn = χe0Prn = χe0arn + χe0Crn = χe0Crn → 0
: )Gg

n→ ∞ : 1�#O1�) 7  
L1
� � #E-!Ñ%gO� 9

µ e0 = ‖χe0rn‖1 = ‖χe0Crn‖1 → 0

: )Gg
n → ∞ 9 P,+E !"$¹ ‖ · ‖1

Í #O1�) 7 ->�
L1
� � -0/Gg 7 1���)O-0P!1 7(9

µ e0 = 0
� � 1��!��1 7V·

a(s) = 1
: 10ÑO��gr��"
��+ ·�9 g

P = 1 + C
���C· "!��¹ {vn} = {wn} \ {rn}

9 ¼5+E {wn}
Í

1�)%��10#O1�) 7 gO)%10��-�#%#E-0½n"$gO"!�� 7 - � 10¸�	�- � � 10¼5+.-
0 = Pvn = vn+Cvn

+O¸O½���"! ��
n
�

Ã ¸O ,+E10��-0�� $¸%¹�#O1 9
1 = ‖vn‖1 = ‖Cvn‖1 → 0

: )Gg
n → ∞ � � 10¸ · ÑO $#%#O1� : )%1���g 6��1�)% $Ñ%gO : 1�/G-0P$&(��-0 !� 9 ÑO��1

P 6∈ Bp,3
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p > 2
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Lp

�C· "!��¹��� :  !)G¹
1 < q < 2

�^M -0"!" 7 1���)Gg 7 1 :  !)O-0��1�)G&
P ∈ B(Lp)

g
P ∗ ∈ B(Lq)

9 1
p
+ 1

q
= 1

� � -0/^/G-0/
P = P 2 9 ��1 P ∗ = (P ∗)2

��� )% ,+ : 10¸O1'L�g%� 9 ÑO��1
P ∗ ∈ Bq,3

9 � · +E 7 g 7  !��¹ 9G: 1!+E1��0#O1 : )% ,+O&�+ · � 7V·�9
P ∗ = 1+D

9 ¼5+E 
D ∈ Bq,1

�
 ¸O½^¸�����10' 4�· #O/GN%g%g

h ∈ Lp
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1∫

0

hP ∗vn dt =
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0

Ph vn dt = 0,
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+O¸O½���"! ��
n
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1 = ‖vn‖1 = ‖Dvn‖1 → 0
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1 < q < 2
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α
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�
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�GÉ 1
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α = 0
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K = Pe
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�� # : � B(Lp(µ)) ;
C Cp,3 ⊂ Bp,3 6= B(Lp(µ))

�! 1�/G-�L� 7 P�- 7 /G# · ��1�"!��¹
Cp,3

���C· "!��¹
Tn ∈ Cp,3

9
T ∈ B(Lp(µ))

g ‖Tn − T‖ → 0
� È 7  ! 7

Tn = An + Qn
9 ¼5+E 

Qn ∈ Cp,1
9

Anf = anf
9
f ∈ Lp(µ)

� � -0/×/G-0/
Tn ∈ Bp,3

9 ��1 : 1_�� !1�)% 7  	�� ��� � #E-�'G+ · ��",½
an ∈ L∞(µ)

g
Q ∈ B(Lp(µ))

��-0/GgO 9 ÑO��1 ‖an − a‖∞ → 0
9 ‖Qn − Q‖ → 0

�
Â "$g%¸ · �� !1�)% 7 & 	�� ��� �

Q ∈ Cp,1
� � #E-!Ñ%gO� 9

T ∈ Cp,3
�
B

 1�«E¬51/(+, ' ² �.² �.²����������
1 < p < ∞ � !'(+*)# µ $ ( � !'(,( � # � ��! ��34;�<=��>?1	#

Cp,2 � 67# $ # 8 ��3�# # / >5( 6,*)# � (21 �4$4� � ( & - $ ( � ��35��#01	# 
�� # : $4� � Cp,1 - $4� � Cp,3 ;
C
È�Pa��/G¸���ÑO $#%gO½

Cp,2 ⊂ Cp,3
gj+E1�/G-0P�-0�� $¸%¹�"!����- : )% ,+O&�+ · � $'±�� !1�)% 7 &

��&¶�� !/G-0 !�×P�- 7 /G# · ��1�"!��¹
Cp,2

� � -0/�/G-0/
1 ∈ Cp,2

g : 1j�� !1�)% 7  	�� ��� � g 7  ! 7
1 6∈ Bp,1 ⊃ Cp,1

9 ��1
Cp,2 6= Cp,1

� � 1�/G-�L� 7(9 ÑO��1
Cp,2 6= Cp,3

� � :  !)O-0��1�)
PegOPa+E1�/G-0P�-0�� $¸%¹�"!����-@�� !1�)% 7 & 	�� ��� �@: )Gg%#E-�+O¸O �L�gO�

Cp,3
9 #O1@#O : )Gg%#E-�+O¸O �L�gO�

Bp,2 ⊃ Cp,2
�EÃ ¸O ,+E10��-0�� $¸%¹�#O1 9

Cp,2 6= Cp,3
�
B 1�«E¬51/(+, ' ² �.²�� � � � ��²=���������

1 < p <∞ ;�<=��>?1	# Ip,1 = Cp,1
Ï +1"( �0��� 1	# / (,(

��(+* � # �� $ #7�C# ( � �#�! %  # $4� (����B���)(+*)# � �,* $ � & $ �,*=!'( Ò ;



�`� � ¸E-���- 	�� ÈC#O�� $¼�)O-�¸%¹�#%&¶ �g_)%1!+E"!���� $#%#%&¶ �g 7 1 :  !)O-0��1�)G&Æ�
Lp

 1�«E¬51/(+, ' ² �.² �.²����������
1 < p < ∞ � !'(+*)# µ $ ( � !'(,( � # � ��! ��34;�<=��>?1	#

Ip,1 ∪ Ip,2 = Cp,2 - Ip,3 = Cp,3 ;
C
È 7  ! 7

Ip,3 ⊂ Cp,3
� � #E-!Ñ%gO� 9

Ip,3 ⊂ Cp,3 = Cp,3
���C· "!��¹

T ∈ Cp,3
� � 10¼5+.-

T = A +Q
9 ¼5+E 

Af = af
9
f ∈ Lp(µ)

9
a ∈ L∞(µ)

9
Q ∈ Cp,1

��� 1 : )% ,+O&�+ · � $'
�� !1�)% 7  _#E-�'G+ · ��",½

Qn ∈ Ip,1
��-0/GgO 9 ÑO��1 ‖Qn − Q‖ → 0

�(Ã ¸O ,+E10��-0�� $¸%¹�#O1 9
Tn = A + Qn ∈ Ip,3

g ‖Tn − T‖ → 0
� � 1��!��1 7V·

T ∈ Ip,3
g
Cp,3 ⊂ Ip,3

�
M -��� $#O"!����1

Ip,1 ∪ Ip,2 = Cp,2
+E1�/G-0P$&(��-0 !��",½_-�#E-�¸O10¼!g%Ñ%#O1 �

B

Â P�-0/G¸���ÑO $#%gO : -0)O-�¼�)O- 4 -r)O-0"!" 7 1���)Gg 7 #O !/�1���1�)G&¶ �"$��10'O"!����-^g%#O�� $¼�)O-�¸%¹ 6
#%&��r1 :  !)O-0��1�)%10� 	$6 ¼�1 9.��6 ¼�1ng ��6 ¼�1>)%1!+E10� �

	�Ò��C· "!��¹
1 < p < ∞ �
� 10¼5+.- Ip,1 ⊂ Ip,1 ∪ Ip,2 ⊂ Ip,3

9 g× !"$¸%g 7  !)O-
µ
#O 

g 7  ! !�a-0��1 7 10� 9 ��1
Ip,1 6= Ip,2

9
Ip,1 6= Ip,3 6= Ip,2

�
  $'O"!����gO�� $¸%¹�#O1 9

1 ∈ Ip,2 \Ip,1
g
Pe ∈ Ip,3 \ (Ip,1∪Ip,2)

9 ¼5+E 
Pe
Í 1 :  !)O-0��1�)

gOP�+E1�/G-0P�-0�� $¸%¹�"!����-n�� !1�)% 7 & 	�� ��� ���
��Ò Çr#O1'L� !"!����1

Ip,1
�©"$¸ · ÑE-0 T#O �-0��1 7 g%Ñ%#O1�"!��g 7  !)G&

µ
#O @½���¸O½G !��",½ÿ-�¸ 6

¼� 
��)%10'K2K� � ��� Ä ����9 �� !1�)% 7 - ï,� � � 	�� �¶Â��3^�´Ã �� : -�#O10�_+O¸O½@¸�����10¼�1
1 < p < ∞: 1�"!��)%10g%¸ng%#O�� $¼�)O-�¸%¹�#%&('>1 :  !)O-0��1�)>"$�� !)%��/Gg>�

Lp(−∞,∞)
9 /G��-�+E)O-0��/�1���1�)%10¼�1

#O >½���¸O½G !��",½_g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1�)%1 7(�[Â � 	�� Ä 	���9 �� !1�)% 7 - ï,� ��� � ��: 1�"!��)%1� 6
#%&©+O��-C/�1 7V: -0/%��#%&��ng%#O�� $¼�)O-�¸%¹�#%&��n1 :  !)O-0��1�)O-�gOP

B(L2(0, 1))
9�: )%10gOP$�� ,+E $#%gO 

/�1���1�)G&��_#O �½���¸O½G !��",½*g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1�)%1 7(�3Â �� !1�)% 7  ��� 	�� � ¼,¸E-���& �
: )Gg%�� ,+E $#R/�1 7V: -0/%��#%&('R1 :  !)O-0��1�)

S ∈ B(L2(0, 1))
"!1±"$��10'O"!����- 7 gK2 	�Ò

S
Í

g%#O�� $¼�)O-�¸%¹�#%&('ÿ1 :  !)O-0��1�)3Ä ��Ò
S2 Í #O $g%#O�� $¼�)O-�¸%¹�#%&('ÿ1 :  !)O-0��1�)3Ä ��Ò

S3 = 0
�

� )Gg%�� ,+E $#%#%&¶ �)% !P · ¸%¹0��-0��&©+.-�����1���)Gg%NE-0�� $¸%¹�#%&('r1����� !��#E-���1 : )%1�" 9 1���)O-0P · ���
¸%g�g%#O�� $¼�)O-�¸%¹�#%&¶ _1 :  !)O-0��1�)G& �

L2
-�¸%¼� 
��) ·�9�: 1�"!��-���¸O $#%#%&('�� 7 10#O10¼�)O- 4 g%g

�>� �C-�¸ 7 1�	�-_g Â��´Ã -�#G+E !)O- � � � ��� Çr#O1'L� !"!����-
Ip,1 ∪ Ip,2

9
Ip,3

93: 1 6 ��gG+Og 7 1 7V·�9
��-0/ L� *#O _½���¸O½�����",½�-�¸%¼� 
��)O- 7 g Ï +O¸O½

p = 2
�!��1T+E1�/G-0P�-�#O1j�×�� !1�)% 7  ��� 	�� �

¼,¸E-���& ��Ò,�
��Ò�� -�+.-!ÑE-a1�� · "$¸O10��gO½��*g%#O�� $¼�)O-�¸%¹�#O1�"!��g : )%10gOP$�� ,+E $#%g%'_+O� · �*g%#O�� $¼�)O-�¸%¹ 6

#%&��±1 :  !)O-0��1�)%10�<g���10¸O ! *1����-0½�P�-�+.-!ÑE-T1�� · "$¸O10��gO½��jg%#O�� $¼�)O-�¸%¹�#O1�"!��g�1 :  6
)O-0��1�)G#%&�� : )%10gOP$�� ,+E $#%g%' 9 �r/�1���1�)G&��_1!+Og%#Tg%¸%gT#O !"!/�10¸%¹�/�1^"!1 7 #O1'L�gO�� $¸O $' Í
g%#O�� $¼�)O-�¸%¹�#%&¶ C1 :  !)O-0��1�)G& 9 gOP · ÑE-�¸%gO"$¹n�a/G#%g%¼� � �0� ���

� Ò3É  !1�� ��1!+Og 7 &¶ �g�+E1�"!��-0��10Ñ%#%&¶ · "$¸O10��gO½ : )% ,+E"!��-���g 7 1�"!��g�¸%g%#O $'%#%&���1 :  6
)O-0��1�)G�©��g%#O�� $¼�)O-�¸%¹�#O10' 4 1�) 7  j#E-�'G+E $#%& � 	����0Î�6 �Æ¼�1!+.- � Ì���Â��C��· ����-�¸O1 6
��& 7 � � ��9�Ã�� È ��� +.-�#O10��& 7 � � ��9´µ>�´µ  !"!"$#O !)%1 7 � � � ��� �C-0)O-0/%�� !)GgO"!��gO/ · g%#O�� 6
¼�)O-�¸%¹�#%&��n1 :  !)O-0��1�)%10� ��6 ¼�1�)%1!+.-¶+.-0 !� : )Gg%�� ,+E $#%#E-0½�#%g L� (�� !1�)% 7 - 	�� ��� ����É - 7
: 10#E-�+E1���½G��",½r"$¸O ,+ · ���gO �1 : )% ,+E $¸O $#%gO �g*¸O 7´7 - �

�>FKoGD�Y[D�WVDGIKbKD��G= �.= �K=3� :  !)O-0��1�)
A ∈ B(Lp(µ))

#E-0P$&(��-0 !��",½ N P IEL<DaU2NML)NQ\
�a\cZ8NGR IgZVS � Z8D�� �[Z d�� S�� a ∈ L∞(µ)

9  !"$¸%g
(Af)(s) = a(s)f(s)

9
f ∈ Lp(µ)

�
	e1/(c(+, ' ² �.² ' ²'���������

1 6 p < ∞ �
µX < ∞ ;�
 �)(+*)# � �,* M ∈ B(Lp(µ)): 3 /4: ( �7�9: ���)(+*)# � �,*)��! � ! $ �,@B( $4��: $ #�� �4$  	� ��
 a ∈ L∞(µ)

� ��>?1	# � � � /4��� � � ��>?1	# -  ��>?1	# 1 /4: / 
 67��>�� �  !'(+* � ! ��>�� ! $ �,@B( ��� 3�# e ⊂ X 3 % ��� /�$�: ( �7�9:
*)#�3C( $���� 3�� PeMPX\e = 0 � +1"( �0� PEf = χEf - f ∈ Lp(µ) ;



" 	�� ����� 1 7V: -0/%��#%&¶ : 1 7  !)% 9G: 10ÑO��g*/�1 7V: -0/%��#%&¶ �g_g%#O�� $¼�)O-�¸%¹�#%&¶ 
1 :  !)O-0��1�)G& 	$6 ¼�1 9.��6 ¼�1ng ��6 ¼�1>)%1!+E10�>�

Lp

� c

C 
#IJN`K	�VN�GS<\iN`_JU Y 10ÑO $��gG+O#E- �� N`_JU2DaU2NGf<Z8N`_JU Y��  ¸O½_¸�����10¼�1 e ⊂ X
: 10¸ · Ñ%g 7

PeM(1 − Pe) = 0
�[Ã ¸O 6

+E10��-0�� $¸%¹�#O1 9
PeM = PeMPe

���C· "!��¹
ϕ0

Í 4�· #O/GN%gO½ 9 ��1'L�+E !"!���� $#%#O1�)O-�� 6
#E-0½

1
9 g :%· "!��¹

a = Mϕ0
� È 7  ! 7

χea = χeMχe
� �C· "!��¹

s ∈ e
9 ��10¼5+.-

(Mχe)(s) = χe(s)a(s)
� � -0/±/G-0/

PX\eMPe = 0
9 ��1

MPe = PeMPe
� �C· "!��¹

s ∈ X\e � ����"
��+.-���&¶�� !/G-0 !� 9 ÑO��1 (Mχe)(s) = 0
� � #E-!Ñ%gO� 9

(Mχe)(s) = a(s)χe(s)+O¸O½^��"! ��
s ∈ X

�
� 1�/G-�L� 7(9 ÑO��1

a ∈ L∞(µ)
� � "$¸%g

M = 0
9 ��1

a = 0
� �C· "!��¹

M 6= 0
� � )% ,+ 6

: 10¸O1'L�g 7Ð: )%1���g%��#O1� �2
a 6∈ L∞(µ)

� � 10¼5+.-_#E-�'G+E !��",½ 7 #O1'L� !"!����1
E
9
µE > 0

9
��-0/�1� 9 ÑO��1 |a(s)| > 2‖M‖ +O¸O½^��"! �� s ∈ E

��� 1��!��1 7V·

‖M‖ >

∥∥∥∥M
χE

(µE)
1

p

∥∥∥∥ > 2 ‖M‖
∥∥∥∥

χE

(µE)
1

p

∥∥∥∥ = 2 ‖M‖.

� #E-!Ñ%gO� 9 ‖M‖ = 0
9 ÑO��1�#O $��1�P 7 1'L�#O1 �

�C· "!��¹
ω
Í "!� ·�:  $#%ÑE-0��-0½ 4�· #O/GN%gO½.2

ω(t) =
∑

n

αnχen(t).

� -0/r/G-0/
Mχe = aχe

9 ��1
Mω = aω

�� ¸O½ : )%10gOP$��10¸%¹�#O10' 4�· #O/GN%g%g
ϕ
gOP

Lp(µ)#E-�'G+E !��",½ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹�"!� ·�:  $#%ÑE-0��&�� 4�· #O/GN%g%' {ωm} 9 "���1!+E½��-0½G",½�/ ϕ: 1n#O1�) 7  
Lp(µ)

� È 7  ! 7�: )Gg
m→ ∞

‖Mϕ − aϕ‖ 6 ‖M‖ ‖ϕ− ωm‖ + ‖a‖∞‖ωm − ϕ‖ → 0.

Ã ¸O ,+E10��-0�� $¸%¹�#O1 9
Mϕ = aϕ

�
BÈ�" : 10¸%¹�P ·  7 1� T� 4 1�) 7V· ¸%gO)%10��/� @"$¸O ,+ · ��� $'Æ�� !1�)% 7 & : 10#O½G��gO 7 1!+ · ¸O½

1 :  !)O-0��1�)O-n" 7(� � � � 9%ê�� � 
 ���
 1�«E¬51/(+, ' ² �.² �.² ��������� !'(+*)# µ  � $ (�� $ # � $ ( � !'(,( � # � ��! ��3C- 1 < p < ∞ ;


 �)(+*)# � �,* T ∈ B(Lp(µ)) ��* �4$ #01 / ( @ �)� Ip,3 � ��>?1	# � � � /4�  � � ��>?1	# -  ��>?1	# $ # &��
1"( �7�9: �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,* Z � Lp(µ) → L0(µ)

� $ ( � � * � � # � ( /4�5$�% ! : 1=*)��!
Z(s, t)

� #  � & -)� � � 1 /4: / 
 67��>�� ! $ �,@B( ��� 3�# e - µ e > 0 -����)(+*)# � �,* PeTPX\e *.(
�

> ��/4: *.( $  #  ���)(+*)# � �,* �  Lp(µ) 3 L0(µ)
� |PeTPX\e| 6 Z ;

C 
#IJN`K	�VN�GS<\iN`_JU Y�� �C· "!��¹ Tf = Af + Kf
9
f ∈ Lp(µ)

9 ¼5+E 
Af = af

9
a ∈ L∞(µ)

9
K : Lp(µ) → L0(µ)

Í g%#O�� $¼�)O-�¸%¹�#%&('T1 :  !)O-0��1�)_"�½�+E)%1 7
K(s, t)

�
Â /G-!ÑO !"!���� 

Z
7 1'L�#O1>��& ��)O-0��¹ag%#O�� $¼�)O-�¸%¹�#%&('*1 :  !)O-0��1�)_"C½�+E)%1 7 |K(s, t)| �� N`_JU2DaU2NGf<Z8N`_JU Y�� M -0"!" 7 1���)Gg 7 /G��-�+E)O-0� X×X ��M -0P
�0g%�n $¼�1�1�"$#O10��-�#%gO X#E-<+O��-×#O :  !)% !"! !/G-����g���",½ 7 #O1'L� !"!����-

∆
g
δ
"@)O-���#%& 7 g 7  !)O- 7 g 9�: 10¸ ·�6

Ñ%g 7 +O��-<+OgE-�¼�10#E-�¸%¹�#%&��ÿ/G��-�+E)O-0��-
∆ × ∆

g
δ × δ

gÿ+O��-j#O ,+OgE-�¼�10#E-�¸%¹�#%&��
/G��-�+E)O-0��-

∆× δ
g
δ×∆

�GM -0P
�0g%��-0½*-�#E-�¸O10¼!g%Ñ%#O1�1�"$#O10��-�#%gO½
∆
g
δ
+OgE-�¼�10#E-�¸%¹ 6

#%&��±/G��-�+E)O-0��10�
∆ × ∆

g
δ × δ

9[: 10¸ · Ñ%g 7 ÑO !��&¶)% a+OgE-�¼�10#E-�¸%¹�#%&��±/G��-�+E)O-0��-



� { � ¸E-���- 	�� ÈC#O�� $¼�)O-�¸%¹�#%&¶ �g_)%1!+E"!���� $#%#%&¶ �g 7 1 :  !)O-0��1�)G&Æ�
Lp

gTÑO !��&¶)% �#O ,+OgE-�¼�10#E-�¸%¹�#%&��T/G��-�+E)O-0��- � � )%1!+E10¸ L�-0½*#O !10¼�)O-�#%g%ÑO $#%#O1 : )%10NO ,+ ·�6
) · )O-0P
�0gO $#%gO½r1�"$#O10��-�#%g%'*��"! ��^+OgE-�¼�10#E-�¸%¹�#%&��r/G��-�+E)O-0��10� 9G: 10¸ · Ñ%g 7×: 1�"$¸O ,+E1 6
��-0�� $¸%¹�#O1�"!��¹ : 1 : -0)G#O1¶#O :  !)% !"! !/G-����g���",½�#O ,+OgE-�¼�10#E-�¸%¹�#%&���/G��-�+E)O-0��10�

ei×gi
9

i = 1, 2, . . . ,
"!1>"$��10'O"!����- 7 g

(µ× µ)

{
X ×X \

∞⋃

i=1

(ei × gi)

}
= 0, ei ∩ gi = ∅, i = 1, 2, . . . ;

P,+E !"$¹
∅
Íº:%· "!��1� 7 #O1'L� !"!����1 �

�C· "!��¹
τi : Lp(µ) → L0(µ)

9
i = 1, 2, . . .

9.Í ¸%g%#O $'%#%&¶ n1 :  !)O-0��1�)G& �K��· +E 7
¼�10��1�)GgO��¹ 9 ÑO��1()�½�+ ∑∞

i=1 τi σ
6 "$¸E-���1("���1!+OgO��",½�/�1 :  !)O-0��1�) ·

τ0 : Lp(µ) → L0(µ)
9

 !"$¸%gT#E-�'G+E !��",½*)O-0P
�0gO $#%gO 7 #O1'L� !"!����-
X
#E- : 1 : -0)G#O1>#O :  !)% !"! !/G-����gO !",½*gOP 6

7  !)Gg 7 &¶ 7 #O1'L� !"!����-
Gj
9
j = 1, 2, . . .

9 ��-0/�1� 9 ÑO��1<+O¸O½���"! ��
i, j = 1, 2, . . .1���1���)O-�L� $#%gO½

PGj τ0 : Lp(µ) → Lp(µ)
9
PGj τi : Lp(µ) → Lp(µ)

" · ��¹�¸%g%#O $'%#%&¶ 
#O : )% !)G&(��#%&¶ �1 :  !)O-0��1�)G&©g>+O¸O½n��"! ��

j = 1, 2, . . .
g^��"! ��

f ∈ Lp(µ)
9
g ∈ Lq(µ)(

1
p
+ 1

q
= 1
)

lim
m→∞

(
PGj

m∑

i=1

τif, g

)
= (PGj τ0f, g),

P,+E !"$¹

(u, v) =

∫

X

u(t) v(t) dµ(t), u ∈ Lp(µ), v ∈ Lq(µ).

� -0/©/G-0/
Z : Lp(µ) → L0(µ)

Í g%#O�� $¼�)O-�¸%¹�#%&('©1 :  !)O-0��1�) 9 ��1@�×"$g%¸ · "$¸O ,+ 6
"!����gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� � #E-�'G+E !��",½f)O-0P
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7 -�#O10��"!/Gg��ag%#O�� $¼�)O-�¸%¹�#%&��a1 :  !)O-0��1�)%10�ngOP

B(Lp)
9
p 6= 2

9 �>�� !) 7 g%#E- �>" :  !/%��)O-
g_ $¼�1a/�1 7V: 10#O $#O���

Ã ¸O ,+ · ���gO a�� !1�)% 7 & 	�� ��� 	�9(	�� ��� � g×g��<"$¸O ,+E"!����gO½T+.-����_1���)Gg%NE-0�� $¸%¹�#%&¶ 
1����� !��&Æ#E- �!��g*gr+E) · ¼!gO ���1 : )%1�"$& �

É - : 1 7 #%g 7(9 ÑO��1T1 :  !)O-0��1�)
K ∈ B(Lp)

#E-0P$&(��-0 !��",½ : 10ÑO��g±/�1 7V: -0/%��#%& 7(9
 !"$¸%gR" · � !"!��� ·  !�±)O-0P
�0gO $#%gO 7 #O1'L� !"!����-

X
#E- : 1 : -0)G#O1×#O :  !)% !"! !/G-����gO 6

",½�gOP 7  !)Gg 7 &¶ 7 #O1'L� !"!����-
Xn
9
n = 1, 2, . . . ,

��-0/�1� 9 ÑO��1
PnK : Lp → Lp,

n = 1, 2, . . . ,
Í /�1 7V: -0/%��#%&¶ �1 :  !)O-0��1�)G&�ÄEP,+E !"$¹

Pnf = χXn
f
9
f ∈ Lp, χE

Í
��-0)O-0/%�� !)GgO"!��g%ÑO !"!/G-0½ 4�· #O/GN%gO½ 7 #O1'L� !"!����-

E.
 1�«E¬51/(+, ' ² �.² ' ² ���������

1 < p < ∞ - p 6= 2 - ! $ �,@B( ��� 3�� e ⊂ X -
0 < µe <∞ - $ ( � �91"(+*4@ �)� # � ��! ��3A!'(+* % µ � 3 X\e ( ����� ���91)! $ �,@B( ��� 3������ / � �
@ �)� ( /4�5$ � & !'(+* % 6 ( �# � ��! ��3�!'(+* % µ ; ��������� Af = χef - f ∈ Lp - Z ∈ B(Lp) �
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Lp

��*)� �  3�� /4�5$�%'&  ��!"��#  ��$�%'& ���)(+*)# � �,*";"<=��>?1	# ���)(+*)# � �,* τ = A+ Z
$ ( ���91	� �

6 ( $B$4�  #  ��! � ���)(+*)# � �,* � 3 � 1	# α1+K - >?1"( K ∈ B(Lp) � ����� ���  ��!"��#  ��$�%'&
���)(+*)# � �,*.- α � � ���0/ �C;

C
� )% ,+ : 10¸O1'L�g 7f: )%1���g%��#O1� �23#E-�'G+E !��",½@gOP!1 7 1�) 4 gOP 7

V ∈ B(Lp)
��-0/�10' 9

ÑO��1
V τV −1 = α1 + K

�CM -0"!" 7 1���)Gg 7 ��"! $��1�P 7 1'L�#%&¶ �"$¸ · ÑE-�gK2 Ï¢	�Ò
α = 0

Ä
Ï8��Ò

α = 1
Ä Ï���Ò

α 6= 0
9
α 6= 1

�
Ï¢	�Ò �C· "!��¹

α = 0
� � 10¼5+.-

V A = KV −V Z ��� 10¸O1'L�g 7 B = KV −V Z � È 7  ! 7
BLp(e) = V ALp(e) = V Lp(e)

� � -0/@/G-0/
V ∈ B(Lp)

Í gOP 7 1�) 4 gOP 7(9 ��1
H :=

V Lp(e) = BLp(e)
Í P�- 7 /G# · ��1� : 1!+ : )%1�"!��)O-�#O"!����1

Lp
9 gOP!1 7 1�) 4 #O1� 

Lp(e)
� � 1 6

"!/�10¸%¹�/ ·
B
Í�: 10ÑO��g^/�1 7V: -0/%��#%&('^1 :  !)O-0��1�) 9 #E-�'G+E !��",½>)O-0P
�0gO $#%gO 7 #O1'L� !"!����-

X
#E- : 1 : -0)G#O1�#O :  !)% !"! !/G-����gO !",½^gOP 7  !)Gg 7 &¶ 7 #O1'L� !"!����-

Xn
9
n = 1, 2, . . . ,��-0/�1� 9 ÑO��1

PnB : Lp → Lp
Í /�1 7V: -0/%��#%&('×1 :  !)O-0��1�)<+O¸O½@¸�����10¼�1

n
Ä[P,+E !"$¹

Pnf = χXn
f
9
f ∈ Lp

� È�P�P�- 7 /G# · ��1�"!��g
Lp(Xn) = PnLp

g : )Gg%#%N%g : -�1���/%)G& 6
��1�"!��g�1���1���)O-�L� $#%gO½ � ��9 �� !1�)% 7 - ïhï,� ��� 		� "$¸O ,+ ·  !� 9 ÑO��1

Hn := PnH
Í P�- 7 /G# · ��&¶ 

: 1!+ : )%1�"!��)O-�#O"!����-
Lp
�O -�¸O ! 9

Hn = PnBLp(e)
9 ��-0/TÑO��1r/�1 7V: -0/%��#%&¶ n1 :  !)O- 6

��1�)G&
PnB

1���1���)O-�L�-����±P�- 7 /G# · ��1� : 1!+ : )%1�"!��)O-�#O"!����1
Lp(e)

#E-<P�- 7 /G# · ��&¶ 
: 1!+ : )%1�"!��)O-�#O"!����-

Hn
��� - 4 gO/�"$gO) ·  7

n
���C· "!��¹

Se
Í 1���/%)G&¶��&('#	�-0)*�

Lp(e)
�

Â "$g%¸ ·�: )Gg%#%N%g : -�1���/%)G&¶��1�"!��ga1���1���)O-�L� $#%gO½
PnBSe

"!1!+E !),L�gO� 	�-0) � � -0/>/G-0/
�!��1�� 	�-0)a1���#O1�"$gO�� $¸%¹�#O1C/�1 7V: -0/%�� $# 9�: 1C�� !1�)% 7  �^��M gO"!"�-

Hn
/�10#O $Ñ%#O1 7  !)G#O1 �

È 7  ! 7
H = lp(Hn)

9 ¼5+E 
lp(Hn)

Í : 1!+ : )%1�"!��)O-�#O"!����1
Lp
9 "!1�"!��1�½�� ! ngOP���"! ��

f ∈ Lp
9G: )% ,+E"!��-���g 7 &��a�>��gG+E 

f =

∞∑

n=1

fn, fn ∈ Hn, n = 1, 2, . . .

È���-0/ 9
V Lp(e) = H = lp(Hn)

9
dimHn < ∞ 9 n = 1, 2, . . . ,

#O1�"$gO�� $¸%gT��"! ��
4�· #O/GN%g%'@gOP

Hn
"!1!+E !),L�-0��",½@�

Xn
9
n = 1, 2, . . .

� 10¸ · Ñ%g 7 1���"
��+.- : )%1���g%��1 6
)% $Ñ%gO �

M -0"!" 7 1���)Gg 7 "$#E-!ÑE-�¸E->"$¸ · ÑE-�'
p > 2

��� 10¸%¹�P · ½G"$¹^�� 7(9 ÑO��1n�
e
#O !�^-0��1 7 10�

7  !)G&
µ
9 ��& �� !)% 7 )O-���#O1 7  !)G#O1�10¼�)O-�#%g%ÑO $#%# · ��1�)%��10#O1�) 7 gO)%10��-�#%# · � : 1�"$¸O ,+E1 6

��-0�� $¸%¹�#O1�"!��¹ 4�· #O/GN%g%' {ym} "�#O1�"$gO�� $¸O½ 7 g�� e Ï ��/G-!ÑO !"!���� {ym} 7 1'L�#O1���P!½G��¹"$gO"!�� 7V· 1���1���� $#%#%&�� 4�· #O/GN%g%' M -�+E 7 - �� !)O- {rm,e}
"�#O1�"$gO�� $¸O½ 7 g^�

e
Ï 1 : )% 6

+E $¸O $#%gO {rm,e}
" 7(� �C#E-!ÑE-�¸O �" 	�� 	�ÒhÒ,��� 1��� !1�)% 7  M g 7 -�#E- ÍÐµ  
�� $¼!- {ym} → 0"$¸E-���1*�

Lp
� � 10¸O1'L�g 7

xm = V ym
9
m = 1, 2, . . .

 ¸O½@¸�����10' : 1!+ : 1�"$¸O ,+E10��- 6
�� $¸%¹�#O1�"!��g {yik}

g_��"! ��
n
g 7  ! 7

n
1

2 =

∥∥∥∥∥

n∑

k=1

yik

∥∥∥∥∥
2

6 (µ e)γ
∥∥V −1

∥∥
∥∥∥∥∥

n∑

k=1

xik

∥∥∥∥∥,
Ï¢	�� ��� 	�Ò

¼5+E 
γ = p−2

2p

9 ‖ · ‖2
Í #O1�) 7 -^�

L2
�
� -0/</G-0/@+O¸O½T¸�����10¼�1

n
1 :  !)O-0��1�)

PnV :
Lp(e) → Hn

/�10#O $Ñ%#O1 7  !)G#%&(' 9 ��1n10# : )% ,+E"!��-���g 7 �>��gG+E 

PnV f =

mn∑

j=1

(f, vj,n)wj,n, mn <∞,
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Lp
g%#O�� $¼�)O-�¸%¹�#%& 7

1 :  !)O-0��1�)O- 7Æ	$6 ¼�1ng%¸%g ��6 ¼�1a)%1!+.- � �

¼5+E 
vj,n ∈ Lq,

1
p
+ 1

q
= 1

9
wj,n ∈ Lp(Xn)

9
j = 1, . . . ,mn

��� 1�/G-�L� 7(9 ÑO��1 {xm}"���1!+OgO��",½@/
0
: 10ÑO��gj��"
��+ ·�� È�Pa"$¸E-���10'�"���1!+Og 7 1�"!��g {ym} / 0

: 10¸ · Ñ%g 7 +O¸O½
¸�����10¼�1

n = 1, 2, . . .

Pnxm(s) = PnV ym(s) =

mn∑

j=1

(ym, vj,n)wj,n(s) −→ 0

+O¸O½ : 10ÑO��gr��"! ��
s ∈ Xn

�
 1�/G-�L� 7(9 ÑO��1ngOP {xm} 7 1'L�#O1a��&�+E $¸%gO��¹ : 1!+ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {xik}��-0/ 9 ÑO��1��0&

∥∥∥∥∥

n∑

k=1

xik

∥∥∥∥∥ 6 C
1

pn
1

p , n = 1, 2, . . .
Ï¢	�� ��� ��Ò

� 1�"!/�10¸%¹�/ · {xm} → 0
: 10ÑO��g<��"
��+ ·�9E: 1*�� !1�)% 7  � ¼�1�)%10��-r#E-�'G+E !��",½T��1�P!)O-0" 6

��-����-0½@/
X
: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ 7 #O1'L� !"!���

Fj
9
j = 1, 2, . . . ,

"n/�10#O $Ñ%#%& 7 g
: 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 g*��-0/G-0½ 9 ÑO��1 {xm} → 0

)O-���#O1 7  !)G#O1�#E-�/G-�L�+E1 7
Fj .� 1�"!��)%10g 7_: 1!+ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {xik}

9�· +E10��¸O !����1�)�½��� · � Ï¢	�� ��� ��Ò$9�: 1C-�#E- 6
¸O10¼!g%gT" : 1�"!��)%1� $#%gO½ 7 g*�>+E1�/G-0P�-0�� $¸%¹0���� ��� !1�)% 7 & � ¼,¸E-���&�� ïhï � � � ��9 " �.�0Î�		���
� 10¸O1'L�g 7

xi1 = x1, s1 = xi1

���C· "!��¹n#O1 7  !)
j1
��-0/�10' 9 ÑO��1

∫

X\Fj1

|s1|pdµ 6 1.

� 10¸%¹�P · ½G"$¹@)O-���#O1 7  !)G#O10'�"���1!+Og 7 1�"!��¹�� {xm} / 0
#E-

Fj1

9 ��& �� !)% 7
xi2

��-0/ 9
ÑO��1��0&

∫

Fj1

|s1 + xi2 |pdµ 6

∫

Fj1

|s1|pdµ + 1.

�C· "!��¹
xi1 , . . . , xin−1

9
Fj1 , . . . , Fjn−1

#E-�'G+E $#%&Æ��-0/ 9 ÑO��1

∫

X\Fjm−1

|sm−1|pdµ 6 1, m = 2, . . . , n,
Ï¢	�� ��� ��Ò

∫

Fjm−2

|sm−2 + xim−1
|pdµ 6

∫

Fjm−2

|sm−2|pdµ+ 1, m = 3, . . . , n,

¼5+E 
sm =

∑m
k=1 xik

�EÃ #O10��- 9O: 10¸%¹�P · ½G"$¹a)O-���#O1 7  !)G#O10'T"���1!+Og 7 1�"!��¹�� {xm} / 0#E-
Fjn−1

9 ��& �� !)% 7
xin

��-0/ 9 ÑO��1��0&

∫

Fjn−1

|sn−1 + xin |pdµ 6

∫

Fjn−1

|sn−1|pdµ + 1.
Ï¢	�� ��� � Ò
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Â "$g%¸ ·jÏ¢	�� ��� � Ò$9 #O !)O-��� $#O"!����- ��� $¸%¹0+E !)O-�g Ï¢	�� ��� ��Ò

‖sn‖p = ‖sn−1 + xin‖p =

∫

Fjn−1

|sn−1 + xin |pdµ+

∫

X\Fjn−1

|sn−1 + xin |pdµ 6

6

∫

Fjn−1

|sn−1|pdµ+ 1 +



( ∫

X\Fjn−1

|sn−1|pdµ
) 1

p

+

( ∫

X\Fjn−1

|xin |pdµ
) 1

p




p

6

6 ‖sn−1‖p + 1 + [1 +M ]p,

¼5+E 
M = supm=1,2,... ‖xm‖ � �C· "!��¹ C = 1 + [1 + M ]p

9 ��10¼5+.-
‖sn‖p 6 ‖sn−1‖p + C

� ����"
��+.- ‖sn‖p 6 Cn
9
n = 1, 2, . . . ,

g�#O !)O-��� $#O"!� 6
��1 Ï¢	�� ��� ��Ò +E1�/G-0P�-�#O1 � � -0/�/G-0/©#O !)O-��� $#O"!����- Ï¢	�� ��� 	�Ò g Ï¢	�� ��� ��Ò #O !"!10� 7  !"!��g 7 &
: )Gg

p > 2
9G: 10¸ · ÑE-0 7±: )%1���g%��1�)% $Ñ%gO �

�C· "!��¹
1 < p < 2

�n� -0/ : 1�/G-0P�-�#O1f��& 	� 9
Lp(e)

gOP!1 7 1�) 4 #O1
lp(Hn)

9
dimHn < ∞ 9 n = 1, 2, . . . ,

g©#O1�"$gO�� $¸%g���"! �� 4�· #O/GN%g%'�gOP
Hn

"!1!+E !),L�-0��",½
�
Xn
9
n = 1, 2, . . .

Â "$g%¸ ·±: )% ,+O¸O1'L� $#%gO½ ý�� � � � gOP � ����9�ê�����Î �
(lp(Hn))

∗ =
lq(H

∗
n)
9 1

p
+ 1

q
= 1

9V: )Gg �!��1 7
dimH∗

n = dimHn < ∞ 9 n = 1, 2, . . . ,
g�#O1 6

"$gO�� $¸%g©��"! �� 4�· #O/GN%g%'�gOP
H∗

n

"!1!+E !),L�-0��",½©�
Xn
9
n = 1, 2, . . .

Ï P,+E !"$¹±P$�� !P 6
+E10ÑO/G-T1�P$#E-!ÑE-0 !� :  !)% ���1!+�/�"!1 : )�½!L� $#%#O1 7V·×: )%1�"!��)O-�#O"!��� ·OÒ,�VÃ ¸O ,+E10��-0�� $¸%¹�#O1 9
Lq(e)=(Lp(e))

∗ gOP!1 7 1�) 4 #O1 lq(H∗
n)
9
q > 2

9 ÑO��1 : 1[+E1�/G-0P�-�#%#O1 7V· #O $��1�P 7 1'L�#O1 �
Ï8��Ò �C· "!��¹

α = 1
� È 7  ! 7

V A = V + B
g
V (1 − A) = −B � � 1 6¸O1'L�g%�

A1f = (1 − A)f = χX \ ef
9
f ∈ Lp

9n: 10¸ · Ñ%g 7
V A1 = −B ��C· "!��¹

g ⊂ X \ e 9 0 < µg <∞ 9 gj� g #O !�T-0��1 7 10� 7  !)G& µ
� � 10¼5+.-

V Lp(g) =
V A1Lp(g) = −BLp(g)

9 g>+E1�/G-0P�-0�� $¸%¹�"!����1�P�-��� !)�	�-0 !��",½ : 10����1�)% $#%gO 7 +E1�/G-0P�- 6
�� $¸%¹�"!����-��a"$¸ · ÑE-0 Ï¢	�� ��� 	�Ò$�

Ï���Ò È 7  ! 7
V τ = αV +KV

� ����"
��+.-
V A+V Z = αV +KV

g
V (A−α1) =

KV − V Z = B
�OÃ�:  !/%��)

A = {0; 1} g α 6= 0
9
α 6= 1

9G: 1��!��1 7V·
A− α1

gOP!1 7 1�) 6
4 gOP 7(9 "$¸O ,+E10��-0�� $¸%¹�#O1

V (A−α1) Í gOP!1 7 1�) 4 gOP 7(� � #E-!Ñ%gO� 9 B Í gOP!1 7 1�) 4 gOP 7(�� 1�"!/�10¸%¹�/ ·
B
Íf: 10ÑO��g�/�1 7V: -0/%��#%&('�1 :  !)O-0��1�) 9 ��"! �1 :  !)O-0��1�)G&

PnB
/�1 7V: -0/%� 6

#%& �KÂ & �� !)% 7 #O1 7  !)
j
g 7 #O1'L� !"!����1

E ⊂ Xj
��-0/ 9 ÑO��1��0&

0 < µE < ∞ g
E#O �"!1!+E !),L�-�¸O1r-0��1 7 10� 7  !)G&

µ
�3M -0"!" 7 1���)Gg 7 )O-���#O1 7  !)G#O1^10¼�)O-�#%g%ÑO $#%# · �Ð1�) 6

��10#O1�) 7 gO)%10��-�#%# · ��"$gO"!�� 7V· 1���1���� $#%#%&�� 4�· #O/GN%g%' M -�+E 7 - �� !)O- {rm,E}
9 #O1 6

"$gO�� $¸%g*/�1���1�)G&��r"!10� : -�+.-����>"
E
��� 1>�� !1�)% 7  M g 7 -�#E- Í�µ  
�� $¼!- {rm,E} → 0"$¸E-���1>�

Lq
� � -0/*/G-0/

PjB : Lp → Lp
Í /�1 7V: -0/%��#%&('*1 :  !)O-0��1�) 9 ��1

‖B∗rm,E‖q = ‖B∗Pjrm,E‖q −→ 0

: )Gg
m→ ∞ Ä0P,+E !"$¹ ‖·‖q Í #O1�) 7 -(� Lq

�0É 1 ‖rm,E‖q = (µE)
1

q
− 1

2
9
m = 1, 2, . . . ,: 1��!��1 7V·

B∗ g B #O �½���¸O½�����",½^gOP!1 7 1�) 4 gOP 7 - 7 g � � 10¸ · ÑO $#%#O1� : )%1���g%��1�)% $Ñ%gO 
P�-��� !)�	�-0 !�>+E1�/G-0P�-0�� $¸%¹�"!����1>�� !1�)% 7 & �

B
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 1�«E¬51/(+, ' ² �.² �.²'���������
1 < p < ∞ - p 6= 2 -)! $ �,@B( ��� 3�� e � 1	��3 / ( � 3��,* : ( ����0/ ��3 ��: ! � ( �,*.( ! %�	�� ��� 	 - Af = χef - f ∈ Lp - Y ∈ B(Lp) � ��*)� �  3�� /4�5$�%'&

����� ���  ��!"��#  ��$�%'& ���)(+*)# � �,*.- τ̃ = A + Y ;"<=��>?1	#A1 /4: / 
 67��>�� � ���! �,* � �  ! #
W ∈ B(Lp) ���)(+*)# � �,* τ̃ W $ (�! �,@B( � 6 %���� ��*.(21 ��� #�3 / ( $ 3 3 � 1"( α1 +K -�>?1"(
K � ����� ���  ��!"��#  ��$�%'& ���)(+*)# � �,*";

C
 1 :%· "!��g 7(9 ÑO��1f" · � !"!��� ·  !��gOP!1 7 1�) 4 gOP 7

W ∈ B(Lp)
��-0/�10' 9 ÑO��1

τ̃W = α1 + K
� � 10¼5+.-

AW = α1 + K − YW
� � 10¸O1'L�g 7

V = W−1 � È 7  6
 7

A = αV + KV − Y
���C· "!��¹

B̃ = KV − Y
� � :  !)O-0��1�)

B̃
: 10ÑO��gÆ/�1 7V6

: -0/%�� $# 9 "$¸O ,+E10��-0�� $¸%¹�#O1 9 #E-�'G+E !��",½r)O-0P
�0gO $#%gO {Xn}
7 #O1'L� !"!����-

X
#E- : 1 : -0) 6

#O1±#O :  !)% !"! !/G-����gO !",½�gOP 7  !)Gg 7 &¶ 7 #O1'L� !"!����-���-0/�1� 9 ÑO��1×��"! <1 :  !)O-0��1�)G&
PnB̃ : Lp → Lp

/�1 7V: -0/%��#%&�Ä(P,+E !"$¹
Pnf = χXn

f
9
f ∈ Lp

��M -0"!" 7 1���)Gg 7
"$¸ · ÑE-�g

α = 0
g
α 6= 0

�´Â�:  !)G��1 7 "$¸ · ÑE-0 
Lp(e) = ALp(e) = B̃Lp(e)

�VÂ & 6
�� !)% 7 #O1 7  !)

j
��-0/ 9 ÑO��1��0&

µ(e ∩ Xj) > 0
� � 10¸O1'L�g 7

E = e ∩ Xj
gR)O-0" 6

" 7 1���)Gg 7 "$gO"!�� 7V· 1���1���� $#%#%&�� 4�· #O/GN%g%' M -�+E 7 - �� !)O- {rm,E}
9 #O1�"$gO�� $¸%gT/�1 6

��1�)G&��j"!10� : -�+.-����T"
E
� È 7  ! 7 ‖rm,E‖ = (µE)

1

p
− 1

2
9
m = 1, 2, . . .

Ã +E) · ¼�10'
"!��1�)%10#%& 9

rm,E = Pjrm,E = PjArm,E = PjB̃rm,E → 0
: 1j#O1�) 7  

Lp
: )Gg

m → ∞ 9 ��-0/j/G-0/ PjB̃ : Lp → Lp
Í /�1 7V: -0/%��#%&('×1 :  !)O-0��1�)jg {rm,E} → 0"$¸E-���1f�

Lp
: 1��� !1�)% 7  M g 7 -�#E- Í µ  
�� $¼!- � �  !)% $'G+E 7 /�1Æ����1�)%1 7V· "$¸ ·�6

ÑE-�� ���C· "!��¹
g ⊂ X \ e 9 0 < µg < ∞ gR�

g
#O !��-0��1 7 10� 7  !)G&

µ
� � 10¼5+.-

V Lp(g) =
1
α
(A− B̃)Lp(g) = − 1

α
B̃Lp(g)

9 ÑO��1���-0/ L� ¶#O $��1�P 7 1'L�#O1 Ï �!��1�"$¸O ,+ ·�6
 !�ngOP�+E1�/G-0P�-0�� $¸%¹�"!����- : )% ,+O&�+ · � $'_�� !1�)% 7 & 9 "$¸ · ÑE-�' Ï8��ÒhÒ,�

� =!1�����G¯89-1 ' ² �.² ' ²"���������
1 < p <∞ - p 6= 2 ;	<=��>?1	#�1 /4: / 
 67��>�� � ���! �,* �

� �  ! # W ∈ B(Lp) ���)(+*)# � �,* WτW−1 $ ( ��*.(21 ��� #�3 � ! 3 3 � 1"( α1 + R - >?1"(
R � �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,*";

Ã ¸O ,+E"!����gO 	�� ��� 	 #O : 1�"!)% ,+E"!���� $#%#O1_��&¶�� !/G-0 !�@gOPr�� !1�)% 7 & 	�� ��� 	�9 ��-0/�/G-0/
¸�����10'@g%#O�� $¼�)O-�¸%¹�#%&('<1 :  !)O-0��1�)TgOP

B(Lp)
: 10ÑO��g</�1 7V: -0/%�� $#T�*"$g%¸ · "$¸O ,+E"!� 6

��gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� ���
� =!1�����G¯89-1 ' ² �.² �.²"���������

1 < p <∞ - p 6= 2 ;	<=��>?1	#�1 /4: / 
 67��>�� � ���! �,* �
� �  ! # W ∈ B(Lp) ���)(+*)# � �,* τ̃ W $ ( ��*.(21 ��� #�3 � ! 3 3 � 1"( α1 + R -.>?1"( R ��4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,*";

C
Ã ¸O ,+ ·  !�ngOPC�� !1�)% 7 & 	�� ��� ���

B

� =!1�����G¯89-1 ' ² �.² �.²"���������
1 < p < ∞ - p 6= 2

�
τ̃ = A + Q - >?1"(

Q ∈ B(Lp) � �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,*";	<=��>?1	# �4$)� ( >0*)# /4�5$ � ( � *)#�3 $ ( $4� ( 3 � >��
*)�91	# (A+Q)x = f ∈ Lp

$ (�! �,@B( � 6 %���� � 3C(21"( $ � �#�!'( $ � & y = Wx -�>?1"(
W ∈ B(Lp) � � ���! �,* � �  !'-  ��  3 � 3�# / ( $)��$ ��! ��/��4$ ( &4$ ��! � �4$)� ( >0*)# /4�5$ ��! �� *)#�3 $ ( $4��
 3 Lp 1

� >�� ��/�� 2
� >�� *)�91	#C; � �0/�� Q �  ��!"��#  ��$�%'& �4$)� ( >0*)# /4�5$�%'&

���)(+*)# � �,*.-�# $ # / ��> � � $ � ( �)� 3C(+*4@A1"( $4� ( � ��*)#�3C(21 /�� 3�� 1 /4: �#�!'( $�% y = Wx -
h =Wf ;

C
Â &¶�� !/G-0 !�>gOPC"$¸O ,+E"!����g%' 	�� ��� 	 g 	�� ��� ���

B



c � � ¸E-���- 	�� ÈC#O�� $¼�)O-�¸%¹�#%&¶ �g_)%1!+E"!���� $#%#%&¶ �g 7 1 :  !)O-0��1�)G&Æ�
Lp

� =!1�����G¯89-1 ' ² �.² �K²"� * � p 6= 2
$ ( 3��� ! �,@ $ # 8 #,*)#  � (+* � �# � ��: �4$)� ( >0*)# /4���$�%'8 �  #,* / ( ! # $ ��3 �  �48 �4$)� ( >0*)# /4�5$�%'8 ���)(+*)# � �,*)��3 �  B(Lp) 3 � (+*=! �4$ # 8� �)(  � *)# � ( >��  ��!"��� $ ( $)� ;

Â "�- 7 1 7 +E $¸O 93: 10¸O1'L�g%�T�@�� !1�)% 7  	�� ��� 	
Z = 0

9K: 10¸ · Ñ%g 7 �T"$g%¸ · "$¸O ,+ 6
"!����gO½ 	�� ��� 	�9 ÑO��1

A
#O : 1!+E1��� $#_#%gO/G-0/�1 7V· g%#O�� $¼�)O-�¸%¹�#O1 7V· 1 :  !)O-0��1�) ·�9 ��1��0½

KerA = Lp(X \ e, µ), KerA∗ = Lq(X \ e, µ).
�VH3Z¶D��3H3IKbKD �G= �3=��G= � "$¸O10��gO �#O �-0��1 7 g%Ñ%#O1�"!��g 7  !)G&

µ
" · � !"!���� $#%#O1G2�� : )%1 6

��g%��#O1 7 "$¸ · ÑE-0 r/G-�L�+O&('�1 :  !)O-0��1�)±gOP
B(Lp(µ))

½���¸O½G !��",½j/G-0)G¸O 7 -�#O10��"!/Gg 7
g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1�)%1 7(�

�VH3Z¶D��3H3IKbKD �G= �3= �.= � "$¸%g
X
#O �g 7  ! !�C-0��1 7 10� 7  !)G&

µ
Ï #E- : )Gg 7  !) 9

X
Í gOP 6

7  !)Gg 7 1� : 1 µ  
�� $¼ ·>7 #O1'L� !"!����1� $��/G¸%gG+E10��- : )%1�"!��)O-�#O"!����- 9
µ
ÍÐ7  !)O- µ  
�� $¼!- Ò,9

��/G-!ÑO !"!���� 
e
���� !1�)% 7 - � 	�� ��� 	�9%	�� ��� � g>"$¸O ,+E"!����gO½�� 	�� ��� 	 � 	�� ��� � 7 1'L�#O1���& ��)O-0��¹¸�����1� 7 #O1'L� !"!����1>#O $# · ¸O $��10' 7  !)G&f"�+E1 : 10¸%#O $#%gO 7 #O $# · ¸O $��10' 7  !)G& �



��� &�}F&��i- � ~1( 0���2 & � *F~ 5/0 4 .1032 &�(�4 215 }%$
p

& �.² ' ²��W=!;B1��E¬5,V9-7-1���®59-1)6 �B*-1G®K%¬5,/=!>8.-021 9 �),O¬5,O®K/1G¬59 ��/9-7-1���®59-1
��¯O«�� ��G¯8, 9-.[/1<;�¬5,/=!>8.-0���«8*-1G¬5,%G«E¬K«O¯×¯�?

p

Â /G#%g%¼� [��-�L�# · ��)%10¸%¹(g%¼�)O-����´/G-0)G¸O 7 -�#O10��"!/GgO Eg%#O�� $¼�)O-�¸%¹�#%&¶ .1 :  !)O-0��1�)G& �
�>FKoGD�Y[D�WVDGIKbKD �.=��G=��G=�ÈC#O�� $¼�)O-�¸%¹�#%&('�1 :  !)O-0��1�)

T : DT ⊂ L2(Y, ν) →
L2(X,µ)

#E-0P$&(��-0 !��",½3d DgL F)IX\iDaZ8Naba_ d S<\ 9  !"$¸%gr $¼�1�½�+E)%1 K(s, t)
· +E10��¸O !����1�)�½G !�

· "$¸O10��g�� � -0)G¸O 7 -�#E-�� � 
 �
∫

Y

|K(s, t)|2dν(t) <∞

+O¸O½ : 10ÑO��gr��"! ��
s ∈ X.

È 7  ! !� 7  !"!��1>"$¸O ,+ · ���g%'_/%)GgO�� !)Gg%' �
 1�«E¬51/(+, �.² ' ² ' � 	��G9<	�� ��² � /4: � ��>���� � �76 % ���)(+*)# � �,* K : DK ⊂

L2(Y, ν) → L2(X,µ) 6 % /  #,* / ( ! # $ ��3 �  � ! �4$)� ( >0*)# /4�5$�% ! ���)(+*)# � �,*)��!'- $ ( �76 �8 �91 � ! � � 1	� ��� # � ��� $ � - � � �76 % �+��� ( ��� 3���3�# / # � �4$  	� ��: Λ ∈ L0(X,µ)
� #  # : -

� � � 1 /4: 3 � ( 8 f ∈ DK

|Kf(s)| 6 Λ(s)‖f‖
1 /4: ����� ��� 3 � ( 8 s ∈ X.	e1/(c(+, �.² ' ² ' Ï 1 : )O-���1 7�·G7 #O1'L� $#%g%g � � � � Ò,² ���������

T : DT ⊂ L2(ν) := L2(Y, ν) → L2(X,µ)

�  #,* / ( ! # $ ��3 �  �4& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,* �
A ∈ B

(
L2(ν)

) ; <=��>?1	# TA � #,* / ( ! # $ ��3 �  �4& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,*";
C
 ¸O½^¸�����10¼�1

f ∈ DTA
g 7  ! 7�: )Gg : 10ÑO��g*��"! ��

s ∈ X

|TAf(s)| 6 Λ(s)‖Af‖ 6 Λ(s)‖A‖ ‖f‖. B
� ��-r¸O 7´7 -*� :  !)G��&¶ �0&(¸E-T" 4 1�) 7V· ¸%gO)%10��-�#E-*gj+E1�/G-0P�-�#E- Ï +E) · ¼!g 7Æ7  !��1 6

+E1 7�Ò � � � � ���
�>FKoGD�Y[D�WVDGIKbKD �.=��G= �.=�����1�P$#E-!Ñ%g 7 ÑO !)% !P

K1
"!10��1�/ ·�: #O1�"!��¹<��"! ���/G-0)G¸O 6

7 -�#O10��"!/Gg��ÿg%#O�� $¼�)O-�¸%¹�#%&���1 :  !)O-0��1�)%10��gOP
B(L2(µ))

� �  !)% !P
K2

1���1�P$#E-!Ñ%g 7
7 #O1'L� !"!����1>1 :  !)O-0��1�)%10�ngOP

B(L2(µ))
9�: )% ,+E"!��-���g 7 &��>�n��gG+E 

α1+L
9 ¼5+E 

L
Í

: )%10gOP$��10¸%¹�#%&('�1 :  !)O-0��1�)±gOP
K1
9
α
Í : )%10gOP$��10¸%¹�#O1� rÑ%gO"$¸O1 � �  !)% !P

K3
1���1 6

P$#E-!Ñ%g 7 "!10��1�/ ·�: #O1�"!��¹r��"! ��T1 :  !)O-0��1�)%10�rgOP
B(L2(µ))

��gG+.-
a(s)f(s) + Lf(s)

9



c�{ � ¸E-���- ��� ÈC#O�� $¼�)O-�¸%¹�#%&¶ C1 :  !)O-0��1�)G&Æ�
L2

f ∈ L2(µ)
9 ¼5+E 

a
Í : )%10gOP$��10¸%¹�#E-0½ 4�· #O/GN%gO½_gOP

L∞(µ)
9
L
Í : )%10gOP$��10¸%¹�#%&('

1 :  !)O-0��1�)rgOP
K1
�

 1�«E¬51/(+, �.² ' ² �.²�� $ �,@B( ��� 3�# K1 - K2 - K3
: 3 /4:	
��7�9: # / >5( 6,*)#�! � ;

Ã�: )O-��� ,+O¸%g%��1�"!��¹ · ���� !),L�+E $#%gO½º�� !1�)% 7 & #O : 1�"!)% ,+E"!���� $#%#O1�"$¸O ,+ ·  !��gOP
¸O 7´7 &f1 : )O-���1 7�·G7 #O1'L� $#%g%g �

Â 1���¸%g%Ñ%gO �1���-�¸%¼� 
��)
K1
9
K2
9
K3

7 #O1'L� !"!����-
I2,1

9
I2,2

9
I2,3

g%#O�� $¼�)O-�¸%¹�#%&��
1 :  !)O-0��1�)%10� 	$6 ¼�1 9.��6 ¼�1ng ��6 ¼�1a)%1!+E10�>�

L2(µ)
9 ���� ,+E $#%#%&¶ C�a1 : )% ,+E $¸O $#%g%g 	�� ��� 	

gOP " 	�� ��9 #O �½���¸O½�����",½C-�¸%¼� 
��)O- 7 g � � ��1��0& : 1�/G-0P�-0��¹ �!��1 9 +E1�/G-�L� 7 "$¸O ,+ · �� · �
�� !1�)% 7V·��

 1�«E¬51/(+, �.² ' ² �.² ��������� !'(+*)# µ $ ( : 3 /4: ( �7�9: � ����� � # � ��! � ��( �  � & ; <=��>?1	#
3 L2(µ)

$ # & 1"( �7�9:  ��!"��#  ��$�%'& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,* S � #  � & -C� � � S3 = 0 -
���)(+*)# � �,* % S2 - Fλ = S(S − λ1)−1 - F 2

λ

$ ( �4$)� ( >0*)# /4�5$�% ( 1 /4: / 
 67��>�� λ 6= 0 ;
C
�C· "!��¹

E (µE > 0)
ÍR: 1!+ 7 #O1'L� !"!����1

X
9 #O �"!1!+E !),L�-�� ! (-0��1 7 10� 7  !)G&

µ
�

M -0P!1��BA3 7
E
#E- : 1 : -0)G#O1�#O :  !)% !"! !/G-����gO !",½ 7 #O1'L� !"!����-

e
9
e1
9
e2
" : 10¸O1'L�g 6

�� $¸%¹�#%& 7 g 7  !)O- 7 g �
É - : 1 7 #%g 7(9 ÑO��1�1�)%��10#O1�) 7 gO)%10��-�#%#E-0½�"$gO"!�� 7 - {ψn}

#E-0P$&(��-0 !��",½�"$gO"!�� 7 10'
-���"!10¸�����#O10'_"���1!+Og 7 1�"!��g^+O¸O½

l2
� ��� ��9  !"$¸%gT)�½�+

∞∑

n=1

|anψn(s)|

"���1!+OgO��",½ : 10ÑO��gj��"
��+ · +O¸O½<¸�����10' : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g {an} ∈ l2
9K: )Gg%ÑO 7

7 #O1'L� !"!����1a"���1!+Og 7 1�"!��g*)�½�+.-�P�-���gO"$gO�>1�� {an}
�

�C· "!��¹���"! 4�· #O/GN%g%gn1�)%��10#O1�) 7 gO)%10��-�#%#O10' : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g {ϕn}
g 7  6

����#O1�"$gO�� $¸%g*�
e2
9 "�- 7 - : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {ϕn}

½���¸O½G !��",½a"$gO"!�� 7 10'@-���"!1 6
¸�����#O10'*"���1!+Og 7 1�"!��g^+O¸O½

l2
g · +E10��¸O !����1�)�½G !� · "$¸O10��g��

∞∑

n=1

|ϕn(s)|2 = ∞

+O¸O½©��"! ��
s ∈ E0 ⊂ e2

9
µE0 > 0

� � 10¼5+.-j#E-�'G+ · ��",½ 7 #O1'L� !"!����1
E1 ⊂ E0

9
µE1 > 0

9 g�"!��)% 7 ½��-0½G",½Ð/
0
: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 10¸O1'L�gO�� $¸%¹�#%&��ÐÑ%g 6

"! $¸ {λn}
��-0/GgO 9 ÑO��1

∞∑

n=1

|λnϕn(s)|2 = ∞ Ï8��� 	�� 	�Ò

+O¸O½^��"! ��
s ∈ E1.M -0"!" 7 1���)Gg 7 /�1 7V: -0/%��#%&('�1 :  !)O-0��1�)

S
�
L2(µ)

9 1 : )% ,+E $¸O½G 7 &('�)O-��� $# 6
"!����1 7

Sf =
∞∑

n=1

λ
1

2
n (f, rn,e)

χgn√
µgn

+
∞∑

n=1

λ
1

2
n

(
f,

χgn√
µgn

)
ϕn;



" ��� 	���Ì ¸%¼� 
��)O-�g%ÑO !"!/GgO 9 " :  !/%��)O-�¸%¹�#%&¶ �g#��-0)O-0/%�� !)GgO"!��g%ÑO !"!/GgO �"$��10'O"!����-
g%#O�� $¼�)O-�¸%¹�#%&��r1 :  !)O-0��1�)%10�>�

L2

cA�

P,+E !"$¹ {rn,e}
Í 1�)%��10#O1�) 7 gO)%10��-�#%#E-0½©"$gO"!�� 7 -@1���1���� $#%#%&�� 4�· #O/GN%g%' M -�+E 6

7 - �� !)O-^"n#O1�"$gO�� $¸O½ 7 gT�
e
Ï 1 : )% ,+E $¸O $#%gO �!��g�� 4�· #O/GN%g%'<" 7(� � " 	�� 	�Ò,9 {gn} Í: )%10gOP$��10¸%¹�#E-0½ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 1 : -0)G#O1r#O :  !)% !"! !/G-����g���",½ 7 #O1'L� !"!���

gn ⊂ e1 (n = 1, 2, . . .
Ò " : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 g �
� -0/</G-0/ 7 #O1'L� !"!����-

gn: 1 : -0)G#O1�#O :  !)% !"! !/G-�����",½Cg {ϕn}
Í "$gO"!�� 7 -�-���"!10¸�����#O10'>"���1!+Og 7 1�"!��g�+O¸O½

l2
9

��1�+O¸O½^¸�����10' 4�· #O/GN%g%g
f ∈ L2(µ)

+O¸O½ : 10ÑO��g*��"! ��
s ∈ X

∫

X

∣∣∣∣∣

∞∑

n=1

λ
1

2
n
χgn (s)√
µgn

rn,e(t) +

∞∑

n=1

λ
1

2
nϕn(s)

χgn(t)√
µgn

∣∣∣∣∣ |f(t)| dµ(t) 6

6

∞∑

n=1

λ
1

2
n
χgn(s)√
µgn

1√
µe

∫

e

|f(t)| dµ(t)+

+
∞∑

n=1

λ
1

2
n |ϕn(s)|

∫

X

|f(t)| χgn(t)√
µgn

dµ(t) <∞.
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s
g
L = K ∈ C

�� ¸O½�¸�����10¼�1 · #%gO��-0)G#O10¼�1�1 :  !)O-0��1 6
)O-

U ∈ B(L2)
g 7  ! 7

UTU−1 = α1 + ULU−1 � � -0/R/G-0/ UTU−1 ∈ I2,3
9

��1
UTU−1f = bf + Mf

9
f ∈ L2

9 ¼5+E 
b ∈ L∞

9
M ∈ I2,1

� ����"
��+.- 9 gOP
ULU−1 ∈ C ⊂ B2,1

g�"$¸O ,+E"!����gO½ 	�� ��� � �� !1�)% 7 & 	�� ��� �@: 10¸ · ÑE-0 7
b(s) = α+O¸O½ : 10ÑO��gr��"! ��

s
g
ULU−1 =M ∈ I2,1

� � -0/Gg 7 1���)O-0P!1 7(9
L ∈ Is2,1

��� 1��� !1�)% 6
7  ��� 	�� 	��

L ∈ C2
�EÃ ¸O ,+E10��-0�� $¸%¹�#O1 9

T = α1+ L ∈ C̃2
�
B

M -0"!" 7 1���)Gg 7  
� ���)Ggr��-�L�#%&��_/G¸E-0"!"�-n1 :  !)O-0��1�)%10� �
�>FKoGD�Y[D�WVDGIKbKD �.=��G= �.=EÈC#O�� $¼�)O-�¸%¹�#%&('T1 :  !)O-0��1�)*�

L2(µ)
"�½�+E)%1 7

K(s, t)#E-0P!10�� 7 D�/S)I �BIEL)Naba_ d S<\ 9  !"$¸%g ½�+E)%1
K(s, t)

· +E10��¸O !����1�)�½G !� · "$¸O10��g��
É>� È ��Ì ��gO !P! !)O- � 	 � 2�" · � !"!��� ·  !� : 10¸O1'L�gO�� $¸%¹�#E-0½ 4�· #O/GN%gO½

Λ ∈ L0(µ)
��- 6

/G-0½ 9 ÑO��1 |K(s, t)| 6 Λ(s)Λ(t)
+O¸O½

(µ × µ)
6�: 10ÑO��gT��"! ��

(s, t) ∈ X ×X
�KÃ 10��1 6

/ ·�: #O1�"!��¹r��"! ��×- ��gO !P! !)%10��"!/Gg��@g%#O�� $¼�)O-�¸%¹�#%&��@1 :  !)O-0��1�)%10�_gOP
B(L2(µ))

1���1 6
P$#E-!Ñ%g 7 ÑO !)% !P

A1
� �  !)% !P

A2
1���1�P$#E-!Ñ%g 7�7 #O1'L� !"!����1j��"! ��©1 :  !)O-0��1�)%10�<��gG+.-

α1+M
9 ¼5+E 

α
Í�: )%10gOP$��10¸%¹�#O1� ¶Ñ%gO"$¸O1 9

M
Í�: )%10gOP$��10¸%¹�#%&('r1 :  !)O-0��1�)agOP

A1
�

�  !)% !P
A3
1���1�P$#E-!Ñ%g 7 "!10��1�/ ·�: #O1�"!��¹>��"! ��_1 :  !)O-0��1�)%10� 9O: )% ,+E"!��-���g 7 &��r�a��gG+E 

a(s)f(s) + Gf(s)
9
f ∈ L2(µ)

9 ¼5+E 
a
Í»: )%10gOP$��10¸%¹�#E-0½ 4�· #O/GN%gO½±gOP

L∞(µ)
9

1 :  !)O-0��1�)G&
G
: )%1��� $¼!-����r��"! 

A1
� �  !)% !P

As
1

9
As

2

9
As

3

�*"!1�1����� !��"!����g%gj"n1 : )% 6
+E $¸O $#%gO 7���� 	�� 
 1���1�P$#E-!Ñ%g 7 /G¸E-0"!"$&f"$g%¸%¹�#%&��

A1
659
A2
6 g

A3
6 1 :  !)O-0��1�)%10� �

�>FKoGD�Y[D�WVDGIKbKD �.=��G= �3=G� :  !)O-0��1�)ngOP
B(L2(µ))

#E-0P$&(��-0 !��",½ � �aIEL8ZVk-\ 9  !"$¸%g10#±½���¸O½G !��",½ : )%10gOP$�� ,+E $#%gO 7 +O� · �@g%#O�� $¼�)O-�¸%¹�#%&��<1 :  !)O-0��1�)%10� � g%¸%¹��� !)%��- Í
��7 gG+E��-(gOP

B(L2(µ))
�0� ¸E-0"!"���"! ���½�+E !)G#%&���1 :  !)O-0��1�)%10�C1���1�P$#E-!Ñ%g 7 ÑO !)% !P

C1
�

�  !)% !P
C̃1
1���1�P$#E-!Ñ%g 7f7 #O1'L� !"!����1*��"! ��<1 :  !)O-0��1�)%10�

α1 + D
9 ¼5+E 

α
Í : )%10gOP 6

��10¸%¹�#O1� �Ñ%gO"$¸O1 9
D
Í�: )%10gOP$��10¸%¹�#%&('_1 :  !)O-0��1�)rgOP

C1
�



{ � � ¸E-���- ��� ÈC#O�� $¼�)O-�¸%¹�#%&¶ C1 :  !)O-0��1�)G&Æ�
L2

È�PC1 : )% ,+E $¸O $#%gO½^"$¸O ,+ ·  !� 9 ÑO��1
C1 ⊂ C2

9 � �  � /G-�L�+O&('T½�+E !)G#%&('_1 :  !)O-0��1�)
½���¸O½G !��",½ag%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1�)%1 7 � g%¸%¹��� !)%��- Í ��7 gG+E��- �

 1�«E¬51/(+, �.² ' ² ' �.² ��������� !'(+*)# µ � (9��#,*)#76 ( /4�5$ # - σ �  � $ (�� $ # � $ ( � !'(,( �
# � ��! ��34;"<=��>?1	# As

1 = C1 ;
� ��-��� !1�)% 7 -�+E1�/G-0P�-�#E-�� � 	���9 �� !1�)% 7 - � ���
 1�«E¬51/(+, �.² ' ² ' �.²	��������� !'(+*)# µ  � $ (�� $ # - � (9��#,*)#76 ( /4�5$ # � $ ( � !'(,( � # � � �

! ��34;"<=��>?1	# As
3 = As

2 = C̃1 ;
�  !1�)% 7 - ��� 	�� 	�
 +E1�/G-0P$&(��-0 !��",½©" : 1 7 1��¹�� �� !1�)% 7 & ��� 	�� 	�� ��-0/0L� 9 /G-0/

�� !1�)% 7 - ��� 	�� 	 �^" : 1 7 1��¹����� !1�)% 7 & ��� 	�� 	����
�VH3Z¶D��3H3IKbKD �.=��G=��G= � "$¸O10��gO ×#O �-0��1 7 g%Ñ%#O1�"!��g 7  !)G&

µ,
4 g%¼ · )GgO) · ��� ! 

����10¸%¹�	�g%#O"!���� ��� !1�)% 7 �!��10¼�1 : -0)O-�¼�)O- 4 - 9 " · � !"!���� $#%#O1G2�#O !��) · +O#O1 : )%10�� !)GgO��¹ 9
ÑO��1C !"$¸%g 7  !)O-

µ
Ñ%gO"!��1�-0��1 7 g%ÑO !"!/G-0½�ga"! : -0)O-��� $¸%¹�#E-0½ 9 ��1C/G¸E-0"!"

As
1

Í "�- 7 &('
· P!/Gg%'RgOPT��"! ��R)O-0"!" 7 1���)% $#%#%&��ÿ���!��1 7�: -0)O-�¼�)O- 4  j/G¸E-0"!"!10�©g%#O�� $¼�)O-�¸%¹�#%&��
g_)%1!+E"!���� $#%#%&��^g 7 1 :  !)O-0��1�)%10� Í "!10� : -�+.-0 !�a"

B(L2(µ))
�

& �.² �.²�� 1�«��	�E« ��9!(+021e9 �´«��� ,%G«87-.-021�� �a=V«O¯89��
� .-9[ ,O¬5.[«�����®K¯89[¯8,/=!1<.[/.[«���/9�=!9-.-1��-.-0���«8*-1G¬5,%G«E¬K«O¯9-.[/1<;�¬5,/=!>8.-0W(º«8*-1G¬5,%G«E¬5,8(

Â " ��� � +E1�/G-0P$&(��-�����",½R�� !1�)% 7 & 1 : )Gg%�� ,+E $#%g%gÆ/Rg%#O�� $¼�)O-�¸%¹�#O1 7V· ��gG+ ·
1 :  !)O-0��1�)%10��gOP�/G¸E-0"!"�-

B0
9 ���� ,+E $#%#O10¼�1�� : )% ,+OgO"$¸O10��g%g � � ��g*�� !1�)% 7 &ÿg%¼�)O-����

/G¸���ÑO $� · � )%10¸%¹×� : 1�"!��)%1� $#%gO½��×ÑE-0"!��g ïhï,9´: 1�"$��½�� $#%#O10' 7  !��1!+.- 7 )% 
	� $#%gO½
¸%g%#O $'%#%&�� 4�· #O/GN%gO10#E-�¸%¹�#%&��×g©g%#O�� $¼�)O-�¸%¹�#%&�� · )O-���#O $#%g%' 	$6 ¼�1 9���6 ¼�1@g ��6 ¼�1
)%1!+E10�>�

L2
�

�>FKoGD�Y[D�WVDGIKbKD �.= �.=��G= �C· "!��¹
Hi
9
i = 0, 1

9OÍ ¼!g%¸%¹��� !)%��10��& : )%1�"!��)O-�#O"!����-
"¶#O1�) 7 - 7 g ‖ · ‖i

9 g^"!/G-�¸O½G)G#%& 7 g : )%10gOP$�� ,+E $#%gO½ 7 g
(·, ·)i

��µ g%#O $'%#%&('a1 :  !)O-0��1�)
N : H0 → H1

#E-0P$&(��-0 !��",½ � �aIEL8ZVk-\ 9  !"$¸%g<" · � !"!��� · ��� : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g
{gn} ⊂ H0, {hn} ⊂ H1

��-0/GgO 9 ÑO��1

∞∑

n=1

‖gn‖0 ‖hn‖1 <∞ Ï8��� ��� 	�Ò

gr+O¸O½^��"! ��
g ∈ H0

Ng =

∞∑

n=1

(g, gn)0 hn.
Ï8��� ��� ��Ò

� +E !)G#O10'*#O1�) 7 10' ‖N‖1
#E-0P$&(��-0 !��",½

inf
∑∞

n=1 ‖gn‖0 ‖hn‖1
9 ¼5+E Cg%# 4 g 7V·G7 �� 6

)% !��",½ : 1���"! $��1�P 7 1'L�#%& 7 {gn}
9 {hn}

9�· +E10��¸O !����1�)�½����g 7©Ï8��� ��� 	�Ò g 4 g%¼ · )GgO) ·�6
���g 7 � : )% ,+E"!��-���¸O $#%g%g Ï8��� ��� ��Ò!�



" ��� ����É  !1�� ��1!+Og 7 &¶ Cgr+E1�"!��-0��10Ñ%#%&¶ · "$¸O10��gO½ · #%gO��-0)G#O10'
�!/G��g%��-�¸O $#O��#O1�"!��g*¸%g%#O $'%#%&��^1 :  !)O-0��1�)%10� {Ac

È�P�1 : )% ,+E $¸O $#%gO½*"$¸O ,+ ·  !� 9 ÑO��1^ !"$¸%g
N : L2(Y, ν) → L2(X,µ)

Í ½�+E !)G#%&('
1 :  !)O-0��1�) 9 ��1

N
½���¸O½G !��",½�g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1�)%1 7(9 ½�+E)%1

N(s, t)
/�1���1�)%10¼�1

· +E10��¸O !����1�)�½G !� · "$¸O10��g�� � g%¸%¹��� !)%��- Í ��7 gG+E��-
∫

X

∫

Y

|N(s, t)|2dν(t) dµ(s) <∞

g 9 "$¸O ,+E10��-0�� $¸%¹�#O1 9G· "$¸O10��g�� � -0)G¸O 7 -�#E-
∫

Y

|N(s, t)|2dν(t) <∞

+O¸O½
µ
6�: 10ÑO��gr��"! ��

s ∈ X
�

�>FKoGD�Y[D�WVDGIKbKD �.= �.= �.= �C· "!��¹
Hi
Í ¼!g%¸%¹��� !)%��10��& : )%1�"!��)O-�#O"!����-�"!1¶"!/G-�¸O½G) 6

#%& 7 g : )%10gOP$�� ,+E $#%gO½ 7 g
(·, ·)i (i = 0, 1)

� � :  !)O-0��1�)
U : H0 → H1

#E-0P$&(��-0 !��",½
�[ZVSVU2DgL8ZVk-\ 9  !"$¸%g UH0 = H1

g
(Uf, Ug)1 = (f, g)0

+O¸O½a¸����0&��
f, g ∈ H0

�
�>FKoGD�Y[D�WVDGIKbKD �.= �.= �3= �C· "!��¹

H
Í ¼!g%¸%¹��� !)%��10��1 : )%1�"!��)O-�#O"!����1ÿ"×#O1�) 6

7 10' ‖ · ‖H
�G��· +E 7 ¼�10��1�)GgO��¹ 9 ÑO��1�Ñ%gO"$¸O1

λ
P L8SVZ8D �JF)IgRTSVU P L I �aIXFVY[Z8NQ\ � _ P I d CU+L�� σc(L) N P IEL<DaU2NML<D L : DL ⊂ H → H

9  !"$¸%g*�
DL

" · � !"!��� ·  !�a1�)%��10#O1�) 7 g 6
)%10��-�#%#E-0½ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {hn}

��-0/G-0½ 9 ÑO��1

lim
n→∞

∥∥(L− λ1)hn

∥∥
H

= 0.

�>FKoGD�Y[D�WVDGIKbKD �.= �.= �K=K� :  !)O-0��1�)
F : DF ⊂ H0 → H1

#E-0P$&(��-0 !��",½
�aDG\ d CZ �[U k-\ 9  !"$¸%g@gOP ‖xn − x‖H0

→ 0
9 {xn} ⊂ DF

g ‖Fxn − y‖H1
→ 0

"$¸O ,+ ·  !�
x ∈ DF

g
y = Fx

� � :  !)O-0��1�)
G : DG ⊂ H0 → H1

#E-0P$&(��-0 !��",½
�aDG\ck d D[IX\ck-\ 9 !"$¸%gr" · � !"!��� ·  !��P�- 7 /G# · ��&('^1 :  !)O-0��1�)

F : DF ⊂ H0 → H1
��-0/�10' 9 ÑO��1

DG ⊂
DF

g±+O¸O½j��"! ��
h ∈ DG

g 7  ! !� 7  !"!��1@)O-��� $#O"!����1
Gh = Fh

� È�P$�� !"!��#O1 9 ÑO��1
1 :  !)O-0��1�) 9 "!1 : )�½!L� $#%#%&('>/ : ¸O1���#O1�1 : )% ,+E $¸O $#%#O1 7V· P�- 7 &¶/G-0 7 1 7V· ¸%g%#O $'%#O1 7V·
1 :  !)O-0��1�) ·�9 P�- 7 /G# · ��g : ¸O1���#O1n1 : )% ,+E $¸O $# �

 1�«E¬51/(+, �.² �.² ' ² ���������
H � � (9��#,*)#76 ( /4�5$ � ( > ��/4� 6 (+* � ��3�� ��*)� ��� *)# $���� 3��� � �  # /4: * $�% ! ��*)� �  3C(21"( $4� ( ! (·, ·)H -)��*)� ��� *)# $���� 3�� L2(µ) : = L2(X,µ)

� ( �
��#,*)#76 ( /4�5$ � � !'(+*)# µ $ ( : 3 /4: ( �7�9: � ����� � # � ��! � ��( �  � & - {Tδ : DTδ

⊂ H →
H, δ ∈ ∆} � � ( !'( &���� 3��B� / � ��$ � ����*.(21"( / ( $4$�%'8 3 H �#�! %  # ( ! %'8 /��4$ ( &4$�%'8
���)(+*)# � �,*)��34; ���������ÏÖã Ò 3 H �+��� ( ��� 3 � ( � �,* � � $ �,*=! � *)��3�# $4$�%'& 67#� ��� {un}

� #  � & -)� � �

{un} ⊂
⋂

δ∈∆

DT∗

δ
,

Ï8��� ��� ��Ò

>?1"( DT∗

δ
� �76 / # ����� ����*.(21"( / ( $4��: � ����* : @B( $4$ ��>��  Tδ ���)(+*)# � �,*)# T ∗

δ �ÏÖã ã Ò �+��� ( ��� 3 � ( � ���91���� �0/ (21	��3�# � ( /4�5$ � ����� {vn} ⊂ {un} - � 1	��3 / ( � 3��,* :	
�� # :���0/ ��3 ��

lim

n→∞
sup
δ∈∆

∥∥T ∗
δ vn

∥∥
H

= 0.
Ï8��� ��� � Ò



{"{ � ¸E-���- ��� ÈC#O�� $¼�)O-�¸%¹�#%&¶ C1 :  !)O-0��1�)G&Æ�
L2

<=��>?1	# 1 /4: / 
 67��>�� ε > 0 ! �,@ $ � ��� ��� *)� �)��� �4$4�)� #,* $�%'& ���)(+*)# � �,*
U : H → L2(µ)

� #  � & - � � �B1 /4: / 
 67��>�� δ ∈ ∆ ���)(+*)# � �,* UTδU
−1 ��*.(21 ��� # �

3 � ! 3�3 � 1"( Nδ +Kδ -�>?1"( Nδ � : 1"(+* $�%'& ���)(+*)# � �,* 3 L2(µ)
�': 1"(+* $ � &B$ �,*=! � &

!'( $���� ( & -)��( ! ε -4# ���)(+*)# � �,* Kδ
: 3 /4: ( �7�9: �4$)� ( >0*)# /4�5$�% ! ���)(+*)# � �,*)��! �  3�# �

 � 3 % *)�,@A1"( $4$�% !  #,* / ( ! # $ ��3 �  � ! : 1=*)��!

Kδ(s, t) =
∞∑

n=1

χen(s)√
µen

Pn,δ(t),

+1"( �0� {en} ����*)� �  3�� /4�5$ # : ��� �0/ (21	��3�# � ( /4�5$ � ����� ������#,* $ � $ (.�)(+*.( � (  # 
�� �48 ��9: ! $ �,@B( ��� 3 �  X �  � $ (�� $�% ! � ��� / �,@ �)� ( /4�5$�% ! � !'(+*)#�! � - {Pn,δ} ⊂ L2(µ) ;� *)��!'( � ��>�� -�1 /4: / 
 67��>�� δ ∈ ∆ UTδU
−1 = AδBδ -�>?1"( Bδ � : 1"(+* $�%'& ���)(+*)# �� �,* 3 L2(µ) -����)(+*)# � �,* Aδ

: 3 /4: ( �7�9: ���)(+*)# � �,*)��! � ! $ �,@B( $4��: $ # � ��( ��$ �� $ #7� �$C��
 �  !'(+* � ! ��
 � �4$  	� ��
 aδ(s) > 1 ;
C
� 10¸%¹�P · ½G"$¹ Ï8��� ��� � Ò!9 ��& �� !)% 7j: 1!+ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {wn} ⊂ {vn}

��-0/ 9
ÑO��1��0&

∞∑

n=1

sup
δ∈∆

∥∥T ∗
δ wn

∥∥
H
< ε.

Ï8��� ��� ��Ò

����1�P$#E-!Ñ%g 7 ÑO !)% !P
[wn]

P�- 7 /G# · � · � ¸%g%#O $'%# · � 1���10¸O10ÑO/ ·©: 1�"$¸O ,+E10��-0�� $¸%¹�#O1 6
"!��g {wn}

g�ÑO !)% !P
[wn]

⊥ 1���1�P$#E-!Ñ%g 7 1�)%��10¼�10#E-�¸%¹�#O1� �+E1 : 10¸%#O $#%gO �/ [wn]
����· +E 7

"$Ñ%gO��-0��¹!�� !P�10¼�)O-�#%g%ÑO $#%gO½r1����#O1�"!��g 9 ÑO��1
dim[wn]

⊥ = ∞ Ï � : )%1���g%��#O1 7 "$¸ ·�6
ÑE-0 (+E1�"!��-0��10Ñ%#O1 :  !)% $'O��ga1�� {wn}

/ {w2n}
Ò,� ����1�P$#E-!Ñ%g 7j: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹

{un} \ {wn}
ÑO !)% !P {zn} � Çr&fg 7  ! 7 +O¸O½a¸�����10¼�1 δ ∈ ∆

g_¸����0&��
f ∈ DTδ

Tδf =

∞∑

n=1

(Tδf, un)H un =

∞∑

n=1

(f, T ∗
δ un)H un =

=

∞∑

n=1

(f, T ∗
δ zn)Hzn +

∞∑

n=1

(f, T ∗
δ wn)H wn.

Ï8��� ��� 
�Ò

�C· "!��¹ {en}
Í /G-0/G-0½ 6 #%g�� · +O¹ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 1 : -0)G#O1©#O :  !)% !"! 6

/G-����g���",½ 7 #O1'L� !"!���×gOP
X
"T/�10#O $Ñ%#%& 7 g : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 g 9

E
Í

P�- 7 /G# · ��-0½º¸%g%#O $'%#E-0½º1���10¸O10ÑO/G-�1�)%��10#O1�) 7 gO)%10��-�#%#O10' : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g
{χen/

√
µen } g E⊥ Í 1�)%��10¼�10#E-�¸%¹�#O1� C+E1 : 10¸%#O $#%gO �/ E � È 7  ! 7

dimE = dimE⊥ = dim[wn] = dim[wn]
⊥ = ∞.

Ï8��� ��� ��Ò

� 10¸O1'L�g 7
χn = χen/

√
µen, n = 1, 2, . . . ,

g@1���1�P$#E-!Ñ%g 7 ÑO !)% !P {χ⊥
n } 1�)%��10#O1�) 67 gO)%10��-�#%#%&('#��-0P$gO"

E⊥ ��� 10¸%¹�P · ½G"$¹ Ï8��� ��� ��Ò$9 1 : )% ,+E $¸%g 7j· #%gO��-0)G#%&('^1 :  !)O-0��1�)
U : H → L2(µ)

)O-��� $#O"!����- 7 g

Uzn = χn, Uwn = χ⊥
n , n = 1, 2, . . .

Ï8��� ��� ��Ò



" ��� ����É  !1�� ��1!+Og 7 &¶ Cgr+E1�"!��-0��10Ñ%#%&¶ · "$¸O10��gO½ · #%gO��-0)G#O10'
�!/G��g%��-�¸O $#O��#O1�"!��g*¸%g%#O $'%#%&��^1 :  !)O-0��1�)%10� {B�

� 10¼5+.-��a"$g%¸ ·jÏ8��� ��� 
�Ò g Ï8��� ��� ��Ò +O¸O½^¸�����10¼�1
δ ∈ ∆

g*¸�����10¼�1
g ∈ UDTδ

UTδU
−1g =

∞∑

n=1

(g,UT ∗
δ zn)χn +

∞∑

n=1

(g, UT ∗
δ wn)χ

⊥
n ,

P,+E !"$¹
(·, ·) Í "!/G-�¸O½G)G#O1� : )%10gOP$�� ,+E $#%gO (� L2(µ)

��Â �� ,+E 7 1 :  !)O-0��1�)G&
Kδ

g
Nδ
2

Kδg =
∞∑

n=1

(g,UT ∗
δ zn)χn, g ∈ UDTδ

,

Nδh =
∞∑

n=1

(h, UT ∗
δ wn)χ

⊥
n , h ∈ L2(µ).

� 10¼5+.-
UTδU

−1 = Kδ + Nδ
� � -0/</G-0/<#O1�"$gO�� $¸%g

en
4�· #O/GN%g%'

χn
: 1 : -0)G#O1r#O 

:  !)% !"! !/G-�����",½ 9 ��1
Kδ

Í g%#O�� $¼�)O-�¸%¹�#%&('a1 :  !)O-0��1�)a"¶/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 /G-0) 6
¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7

Kδ(s, t) =
∞∑

n=1

χen(s)√
µen

UT ∗
δ zn(t).

Â "$g%¸ ·±Ï8��� ��� ��Ò 1 :  !)O-0��1�)
Nδ

½�+E !)G#%&('Tg@ $¼�1r½�+E !)G#E-0½*#O1�) 7 - 7  $#%¹�	� 9 ÑO 7
ε
�

M -0"!" 7 1���)Gg 7 +O¸O½^/G-�L�+E10¼�1
δ ∈ ∆

1 :  !)O-0��1�) ·G7 #O1'L� $#%gO½
Aδ
#E- 4�· #O/GN%g��

aδ = χe0 +
∞∑

n=1

2n
(
‖T ∗

δ zn‖H + 1
)
χen > 1,

¼5+E 
e0 = X \ ⋃∞

n=1 en
� � 10¼5+.-

UTδU
−1 = AδA

−1
δ UTδU

−1 = AδBδ
9 ¼5+E 

Bδ = A−1
δ (Nδ +Kδ)

Í ½�+E !)G#%&('*1 :  !)O-0��1�) �
B� =!1�����G¯89-1 �.² �.² ' ²"��������� 3 � ( �,*.( !'( ��� ��� 	 1 /4: / 
 67��>�� δ ∈ ∆ ���)(+*)# � �,*

Tδ : H → H
/��4$ (,( $ � $ (9��*.(+* % 3C( $ ;	<=��>?1	# �)� 3C(+*4@A1"( $4� ( � ( �,*.( ! %���� ��� 	 � ��� # �$ ( �7�9: � ��*)#�3C(21 /�� 3 % !'-�( �0/�� 3 � � � & � ( �,*.( !'( �#�!'( $4�)��� ���0/ ��3 ��:�ÏÖã Ò,9�ÏÖã ã Ò 67� �/ (,( �0/ #76 % ! ���0/ ��3 � ( ! ÏÖã ã ã Ò 2 �+��� ( ��� 3 � ( � �,* � � $ �,*=! � *)��3�# $4$ # : ��� �0/ (21	��3�# � ( /4���$ � ����� {vn}
� #  # : -)� � �

lim
n→∞

sup
δ∈∆

∥∥T ∗
δ vn

∥∥
H

= 0.
Ï8��� ��� ��Ò

C
 1�"!��)%10g 7 1�)%��10#O1�) 7 gO)%10��-�#%# · � : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {vn} +E1�1�)%��10#O1�) 67 gO)%10��-�#%#O10¼�1 ��-0P$gO"�- {un}

�
H
� � ��1��!��-0P$gO" · +E10��¸O !����1�)�½G !� · "$¸O10��g�� Ï8��� ��� ��Ò$9

��-0/*/G-0/ ⋂
δ∈∆DT∗

δ
= H

�%� "$¸O10��gO Ï8��� ��� � Ò ��& : 10¸%#O½G !��",½a�a"$g%¸ ·jÏ8��� ��� ��Ò!�
BM -0"!" 7 1���)Gg 7 ¼!g%¸%¹��� !)%��10��1 : )%1�"!��)O-�#O"!����1

L2,m(µ) := L2,m(X,µ)
�� !/%��1�) 6

4�· #O/GN%g%'
h = {h1, . . . , hm} "C/�10#O $Ñ%#O10'*#O1�) 7 10'

‖h‖m,µ =

(∫

X

m∑

i=1

|hi|2dµ
) 1

2



{ m � ¸E-���- ��� ÈC#O�� $¼�)O-�¸%¹�#%&¶ C1 :  !)O-0��1�)G&Æ�
L2

g_"!/G-�¸O½G)G#%& 7±: )%10gOP$�� ,+E $#%gO 7

〈h, g〉 =
m∑

i=1

∫

X

hi gi dµ.

�C· "!��¹
Tij : L2(µ) → L2(µ)

9
i, j = 1, . . .m

9.Í ¸%g%#O $'%#%&¶ �#O : )% !)G&(��#%&¶ a1 :  6
)O-0��1�)G& � � : )% ,+E $¸%g 7 �

L2,m(µ)
¸%g%#O $'%#%&('*#O : )% !)G&(��#%&(' 7 -0��)Gg%Ñ%#%&('T1 :  !)O- 6

��1�)
T̃
)O-��� $#O"!����- 7 g

(
(T̃ h)(s)

)
i
=

m∑

j=1

Tijhj(s), i = 1, . . .m,

P,+E !"$¹
((T̃ h)(s))i

Í
i
6 ½r/�1 7V: 10#O $#O��-��� !/%��1�) 6�4�· #O/GN%g%g

T̃ h
�

� =!1�����G¯89-1 �.² �.² �.²"���������
0 ∈ σc(T̃

∗) ; <=��>?1	# 1 /4:�/ 
 67��>�� ε > 0 ! �,@ $ �
��� ��� *)� �)��� �4$4�)� #,* $�%'& ! # � * � � $�%'& ���)(+*)# � �,* Ũ : L2,m(µ) → L2,m(µ)

� #  � & -
� � � Ũ T̃ Ũ−1 = Ñ + K̃ - >?1"( Ñ � : 1"(+* $�%'& ���)(+*)# � �,* 3 L2,m(µ)

� : 1"(+* $ � &$ �,*=! � & !'( $���� ( & - ��( ! ε - K̃ � �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,* 3 L2,m(µ)
�  3�#� ���

3 % *)�,@A1"( $4$�% !  #,* / ( ! # $ ��3 �  � !�! # � * � � $�% ! : 1=*)��!

K(s, t) =
∞∑

n=1

χen(s)√
µen

Kn(t),

>?1"(�1 /4: / 
 67��>�� n �)(+*=3�# : ��� *)�  # (m ×m)
� ! # � * � � % Kn(t) ��* � ����� ��� 3 � ( 8

t ∈ X ( �����
{
(Ũ T̃ ∗z̃n(t))1, . . . , (Ũ T̃ ∗z̃n(t))m

}
-�#A� ��� # /4�5$�% ('(,( ��� *)�  � *)#�3 $�% 0

1 /4: 3 � ( 8 t ∈ X - {z̃n} � �,* � � $ �,*=! � *)��3�# $4$ # : � ����� ( ! # 3 L2,m(µ) ;
C
Â "$g%¸ ·

0 ∈ σc(T̃
∗)

" · � !"!��� ·  !� 1�)%��10#O1�) 7 gO)%10��-�#%#E-0½¾"$gO"!�� 7 -
{f̃n} ⊂ L2,m(µ)

��-0/G-0½ 9 ÑO��1
T̃ ∗f̃n → 0

: )Gg
n → ∞ ��Â & �� !)% 7Ð: 1!+ : 1�"$¸O ,+E1 6��-0�� $¸%¹�#O1�"!��¹ {ω̃n} ⊂ {f̃n}

��-0/ 9 ÑO��1��0&

∞∑

n=1

∥∥T̃ ∗ω̃n

∥∥
m,µ

< ε.

È�"!/�1 7 &(' · #%gO��-0)G#%&('×1 :  !)O-0��1�)
Ũ
1 : )% ,+E $¸O½G !��",½ : 1<-�#E-�¸O10¼!g%g�" Ï8��� ��� ��Ò )O- 6

�� $#O"!����- 7 g
Ũ z̃n =

χen√
µen

h0, Ũ ω̃n = χ̃⊥
n , n = 1, 2, . . . ,

¼5+E {z̃n} Í 1�)%��10#O1�) 7 gO)%10��-�#%#%&(' ��-0P$gO"¶��1�)%��10¼�10#E-�¸%¹�#O1 7 +E1 : 10¸%#O $#%g%ga/aP�- 7V6/G# · ��10'*¸%g%#O $'%#O10'*1���10¸O10ÑO/� : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g {ω̃n}
9 {χ̃⊥

n } Í 1�)%��10#O1�) 7 g 6)%10��-�#%#%&(' ��-0P$gO"��^1�)%��10¼�10#E-�¸%¹�#O1 7 +E1 : 10¸%#O $#%g%gT/_P�- 7 /G# · ��10'_¸%g%#O $'%#O10'T1���1 6
¸O10ÑO/� ´1�)%��10#O1�) 7 gO)%10��-�#%#O10' : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g

χ̃n =
χen (s)√

µen
h0, n = 1, 2, . . . ,



" ��� ����É  !1�� ��1!+Og 7 &¶ Cgr+E1�"!��-0��10Ñ%#%&¶ · "$¸O10��gO½ · #%gO��-0)G#O10'
�!/G��g%��-�¸O $#O��#O1�"!��g*¸%g%#O $'%#%&��^1 :  !)O-0��1�)%10� {��

P,+E !"$¹
h0
Í �� !/%��1�) 6 "!��10¸��� $N 90:  !)G��-0½>/�1 7V: 10#O $#O��-�/�1���1�)%10¼�1�)O-���#E-

1
9 -�1�"!��-�¸%¹ 6

#%&¶ �/�1 7V: 10#O $#O��&×)O-���#%&×# · ¸�� �, 1�/G-0P�-0�� $¸%¹�"!����1�"$¸O ,+E"!����gO½ ��� ��� � P�-��� !)�	�-0 !��",½
: 10����1�)% $#%gO 7 +E1�/G-0P�-0�� $¸%¹�"!����-��� !1�)% 7 & ��� ��� 	 �C"$gO� · -�N%g%g 9 /�10¼5+.-

H = L2,m(µ)
9

-n1 :  !)O-0��1�)G#O1� C"! 7  $'O"!����1a"!1�"!��10gO�ngOPC1!+O#O10¼�1>1 :  !)O-0��1�)O-
T̃
�
B

 1�«E¬51/(+, �.² �.² �.²����������
H - L2(X,µ)

�
µ
� 1	��3 / ( � 3��,* :	
�� ���0/ ��3 ��: ! � ( �,*.( �

! %©��� ��� 	�9 T : DT ⊂ H → H � � / � ��$ ������*.(21"( / ( $4$�%'& �#�! %  # ( ! %'& /��4$ ( &4$�%'&
���)(+*)# � �,* � 0 ∈ σc(T

∗) ;"<=��>?1	#�1 /4: / 
 67��>�� ε > 0 ! �,@ $ �B��� ��� *)� �)�����4$4�)� #,* �$�%'& ���)(+*)# � �,* U : H → L2(µ)
� #  � & -�� � � UTU−1 = N+K -7>?1"( N � : 1"(+* $�%'&

���)(+*)# � �,* 3 L2(µ)
� : 1"(+* $ � & $ �,*=! � & !'( $���� ( & -'��( ! ε - K � �4$)� ( >0*)# /4�5$�%'&

���)(+*)# � �,* �  3�#� � 3 % *)�,@A1"( $4$�% !  #,* / ( ! # $ ��3 �  � ! : 1=*)��!�;
C

� -0/ /G-0/
0 ∈ σc(T

∗)
9 ��1�#E-�'G+E !��",½�1�)%��10#O1�) 7 gO)%10��-�#%#E-0½�"$gO"!�� 7 -

{hn} ⊂ DT∗

��-0/G-0½ 9 ÑO��1 ‖T ∗hn‖H → 0
: )Gg

n → ∞ �¶Â & �� !)% 7�: 1!+ : 1�"$¸O 6+E10��-0�� $¸%¹�#O1�"!��¹ {vn} ⊂ {hn}
��-0/ 9 ÑO��1��0& ∑∞

n=1 ‖T ∗vn‖H < ε
9 g<)O-0"!" 7 1���)Gg 7

10¼�)O-�#%g%ÑO $#%#%&('_1 :  !)O-0��1�)

Γh =
∞∑

n=1

(h, vn)HT
∗vn, h ∈ H,

g^P�- 7 /G# · ��&('>1 :  !)O-0��1�)
Q = T ∗−Γ

"¶1��0¸E-0"!��¹��R1 : )% ,+E $¸O $#%gO½
DQ = DT∗

� � 1 6
¼5+.-

Qvn = 0, n = 1, 2, . . .
�C· "!��¹

V ⊥ Í 1�)%��10¼�10#E-�¸%¹�#O1� �+E1 : 10¸%#O $#%gO �/nP�- 7 /G# ·�6
��10'r¸%g%#O $'%#O10'*1���10¸O10ÑO/� 

V
: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g {vn}

g
P⊥ Í 1�)%��1 : )%1� !/%��1�)

#E-
V ⊥ ��Â "$g%¸ · P�- 7 /G# · ��1�"!��g Q g 7  ! 7

V ⊂ DQ
9�: 1��!��1 7V·

P⊥DQ ⊂ DQ
�

����1�P$#E-!Ñ%g%�ÿÑO !)% !P
F
P�- 7 &¶/G-�#%gO 7 #O1'L� !"!����-

F ⊂ H
: 1�#O1�) 7  9�: 10¸ · Ñ%g 7

V ⊥ ⊇ V ⊥ ∩DQ ⊇ P⊥DQ = P⊥DT∗ = V ⊥ 9 ��-0/_/G-0/ DT∗ = H
� � -0/Gg 7 1���)O- 6

P!1 7(9
V ⊥ ∩DQ = V ⊥ 9 � �  � V ⊥∩DQ

: ¸O1���#O1¶�
V ⊥ ���C· "!��¹ {v⊥n } Í ¸�����10'>1�)%��1 6#O1�) 7 gO)%10��-�#%#%&(' ��-0P$gO" : 1!+ : )%1�"!��)O-�#O"!����-

V ⊥ 9 "!1�"!��1�½��g%'TgOP �$¸O 7  $#O��10� DQ
�

M -0"!" 7 1���)Gg 7 1�)%��10#O1�) 7 gO)%10��-�#%#%&(' ��-0P$gO" {un}
: )%1�"!��)O-�#O"!����-

H
9 ½���¸O½����g%'O",½

1��BA3 ,+Og%#O $#%gO 7 {vn}
g {v⊥n } � È 7  ! 7 {un} ⊂ DQ = DT∗

g ‖T ∗vn‖H → 0
: )Gg

n → ∞ � � -0/Gg 7 1���)O-0P!1 7(9 +O¸O½�"! 7  $'O"!����- 9 "!1�"!��1�½�� $¼�1CgOP�1!+O#O10¼�1�1 :  !)O-0��1�)O- T 9��& : 10¸%#O $#%&Æ��"! · "$¸O10��gO½r�� !1�)% 7 & ��� ��� 	��
B� =!1�����G¯89-1 �.² �.² �.²"���������

H - L2(X,µ)
� !'(+*)# µ � 1	��3 / ( � 3��,* :	
�� ���0/ ��3 ���: ! � ( �,*.( ! %Ð��� ��� 	�9 T : DT ⊂ H → L2(µ) � � / � ��$ �B����*.(21"( / ( $4$�%'& �#�! %  # ( �

! %'& /��4$ ( &4$�%'& ���)(+*)# � �,* � �+��� ( ��� 3 � ( � �,* � � $ �,*=! � *)��3�# $4$ # : ��� �0/ (21	��3�# � ( /4���$ � ����� {ϕn} ⊂ DT∗

� #  # : -)� � �

lim
n→∞

∥∥T ∗ϕn

∥∥
H

= 0.

<=��>?1	# $ # & 1"( �7�9: �4$4�)� #,* $�%'& ���)(+*)# � �,* W : L2(µ) → L2(µ)
� #  � & - � � �

WT = AB -)>?1"( B : H → L2(µ) � : 1"(+* $�%'& ���)(+*)# � �,*.- A � ���)(+*)# � �,* � ! $ � �
@B( $4��: $ # � ��( ��$ �� $ #7� $C��
 �  !'(+* � ! ��
 � �4$  	� ��
 a(s) > 1 ;

C
�C· "!��¹

Z : L2(µ) → H
Í : )%10gOP$��10¸%¹�#%&(' · #%gO��-0)G#%&('�1 :  !)O-0��1�) 9

T1 := TZ
� È 7  ! 7 ‖T ∗

1 ϕn‖ = ‖Z∗T ∗ϕn‖ = ‖T ∗ϕn‖H → 0
: )Gg

n → ∞ �



{ � � ¸E-���- ��� ÈC#O�� $¼�)O-�¸%¹�#%&¶ C1 :  !)O-0��1�)G&Æ�
L2

Ã ¸O ,+E10��-0�� $¸%¹�#O1 9
0 ∈ σc(T

∗
1 )
� ����"
��+.-��Æ"$g%¸ · �� !1�)% 7 & ��� ��� � g�P�-0/G¸���Ñ%g 6

�� $¸%¹�#O10'rÑE-0"!��ga+E1�/G-0P�-0�� $¸%¹�"!����-��� !1�)% 7 & ��� ��� 	 "$¸O ,+ ·  !� 9 ÑO��1�" · � !"!��� ·  !� · #%g 6
��-0)G#%&('ÿ1 :  !)O-0��1�)

W : L2(µ) → L2(µ)
��-0/�10' 9 ÑO��1

WT1W
−1 = AB1

9 ¼5+E 
B1 : L2(µ) → L2(µ)

Í ½�+E !)G#%&('�1 :  !)O-0��1�) 9
A
Í 1 :  !)O-0��1�) ·G7 #O1'L� $#%gO½×#E-

"$ÑO !��#O1�P$#E-!Ñ%# · � 4�· #O/GN%g��
a(s) > 1

� � 10¼5+.-
AB1 = WT1W

−1 = WTZW−1 �
����"
��+.-

WT = AB1WZ−1 = AB
9 ¼5+E 

B = B1WZ−1 Í ½�+E !)G#%&('�1 :  !)O-0��1�) �
B

È�P(�� !1�)% 7 & ��� ��� � "$¸O ,+ ·  !� 9 ÑO��1C��¸���ÑO $#%gO 
0 ∈ σc(T

∗)
: )% ,+E"!��-���¸O½G !��"!1���10'

+E1�"!��-0��10Ñ%#O1� · "$¸O10��gO · #%gO��-0)G#O10' �!/G��g%��-�¸O $#O��#O1�"!��gÆ1 :  !)O-0��1�)O-
T
/G-0)G¸O 7 - 6

#O10��"!/�1 7V· g%#O�� $¼�)O-�¸%¹�#O1 7V· 1 :  !)O-0��1�) ·�� � 1�/G-�L� 7(9 ÑO��1 �!��1 · "$¸O10��gO a½���¸O½G !��",½
g*#O !1�� ��1!+Og 7 & 7(�

 1�«E¬51/(+, �.² �.² �.² ���������
T : DT ⊂ L2(µ) → L2(µ) � � / � ��$ � ����*.(21"( / ( $��$�%'& �#�! %  # ( ! %'& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,* ��: 1=*)��! K(s, t) ;	�Ò'��������� 3B! $ �,@B( ��� 3C( E - 0 < µE <∞ - $ ( � # � ��! ��3 !'(+* % µ ; � �0/��

∫

X

(∫

E

|K(s, t)| dµ(s)
)2

dµ(t) <∞,
Ï8��� ��� 	�Î�Ò

� � 0 ∈ σc(T
∗) ;��Ò � �0/�� : 1=*)� K � 1	��3 / ( � 3��,* : ( � ���0/ ��3 ��
 � #,* / ( ! # $ #

Λ(s) :=

∫

X

|K(s, t)|2 dµ(t) <∞ Ï8��� ��� 	�	�Ò

1 /4: ����� ��� 3 � ( 8 s ∈ X - � � 0 ∈ σc(T
∗) ;

C
	�Ò � 1�/G-�L� 7(9 ÑO��1_g%#O�� $¼�)O-�¸%¹�#%&('�1 :  !)O-0��1�)

TE
"*½�+E)%1 7

χE(s)K(s, t)1 : )% ,+E $¸O $#*#E-���"! 7
L2(X,µ)

��  $'O"!����gO�� $¸%¹�#O1 9 +O¸O½^¸�����10¼�1
f ∈ L2(µ)

∫

X

∫

X

χE(s) |K(s, t)| |f(t)| dµ(t) dµ(s) =
∫

X

|f(t)|
∫

E

|K(s, t)| dµ(s) dµ(t) 6

6 ‖f‖
(∫

X

(∫

E

|K(s, t)| dµ(s)
)2

dµ(t)

) 1

2

<∞.

Ã ¸O ,+E10��-0�� $¸%¹�#O1 9 +O¸O½ : 10ÑO��gr��"! ��
s ∈ X

∫

X

χE(s) |K(s, t)| |f(t)| dµ(t) <∞.

� -0/Gg 7 1���)O-0P!1 7(9
TE : L2(X,µ) → L0(X,µ)

Í g%#O�� $¼�)O-�¸%¹�#%&(' 1 :  !)O- 6
��1�) ��Â "$g%¸ · "$¸O ,+E"!����gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� � 1 :  !)O-0��1�)

TE
: 10ÑO��gf/�1 7V: -0/ 6

�� $# � � #E-!Ñ%gO� 9 �
E
#E-�'G+E !��",½ 7 #O1'L� !"!����1

e
9
µe > 0

9 ��-0/�1� 9 ÑO��1ÿ1 :  !)O-0��1�)



" ��� ����É  !1�� ��1!+Og 7 &¶ Cgr+E1�"!��-0��10Ñ%#%&¶ · "$¸O10��gO½ · #%gO��-0)G#O10'
�!/G��g%��-�¸O $#O��#O1�"!��g*¸%g%#O $'%#%&��^1 :  !)O-0��1�)%10� {A�

Te = PeTE : L2(µ) → L2(µ)
/�1 7V: -0/%�� $#KÄ%P,+E !"$¹

Pef = χef
9
f ∈ L2(µ)

�.��· +E 7
¼�10��1�)GgO��¹ 9 ÑO��1_1 :  !)O-0��1�)

T2 : DT2
⊂ L2(µ) → L2(µ)

½���¸O½G !��",½<)O-0"
	�gO)% $#%g 6
 7 1 :  !)O-0��1�)O-

T1 : DT1
⊂ L2(µ) → L2(µ)

9  !"$¸%g
D1 ⊆ DT2

g
T1h = T2h+O¸O½^¸�����10¼�1

h ∈ DT1

�%� "$¸O10��g 7 ",½ : gO"�-0��¹n� �!��1 7 "$¸ · ÑE-0 
T1 ⊆ T2

� Çr&fg 7  ! 7
PeT ⊆ Te

� ����"
��+.-
T ∗
e ⊆ (PeT )

∗ = T ∗Pe
��É 1

T ∗
e : L2(µ) → L2(µ)

Í /�1 7V: -0/%� 6
#%&('>1 :  !)O-0��1�) ��Ã ¸O ,+E10��-0�� $¸%¹�#O1 9

T ∗Pe = T ∗
e

g
T ∗Pe

1 : )% ,+E $¸O $#n#E-¶��"! 7
L2(µ)

9
+E $'O"!��� ·  !�r�

L2(µ)
g×/�1 7V: -0/%�� $# ��� 1��!��1 7V· +O¸O½T¸�����10'±1�)%��10#O1�) 7 gO)%10��-�#%#O10'

: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g 4�· #O/GN%g%'
fn
9
n = 1, 2, . . . ,

"n#O1�"$gO�� $¸O½ 7 g@�
e
: 10¸ · Ñ%g 7

‖T ∗fn‖ = ‖T ∗Pefn‖ → 0
: )Gg

n → ∞ ��� #E-!Ñ%gO� 9 0 ∈ σc(T
∗)
�

��Ò È�P Ï8��� ��� 	�	�Ò "$¸O ,+ ·  !� 9 ÑO��1�" · � !"!��� · ��� : 1�"!��1�½�#%#E-0½
C
g 7 #O1'L� !"!����1

e ⊂ E
9
µe > 0

9 ��-0/GgO 9 ÑO��1
Λ(s) 6 C

+O¸O½a��"! ��
s ∈ e

� � 10¼5+.-
∫

e

∫

X

|K(s, t)|2 dµ(t) dµ(s) =
∫

e

Λ(s) dµ(s) 6 Cµe.

����"
��+.-
∫

X

(∫

e

|K(s, t)| dµ(s)
)2

dµ(t) 6

∫

X

µe

∫

e

|K(s, t)|2 dµ(s) dµ(t) =

= µe

∫

e

∫

X

|K(s, t)|2 dµ(t) dµ(s) 6 µeCµe = C(µe)2 <∞.

� -0/Gg 7 1���)O-0P!1 7(9 ½�+E)%1
K
· +E10��¸O !����1�)�½G !� · "$¸O10��g�� ��g : - Ï8��� ��� 	�Î�Ò g : 1 · L� 

+E1�/G-0P�-�#%#O1 7V·
0 ∈ σc(T

∗)
�
B� =!1�����G¯89-1 �.² �.² �K²"���������

T : DT ⊂ L2(µ) → L2(µ) � � / � ��$ � ����*.(21"( �/ ( $4$�%'& �#�! %  # ( ! %'& /��4$ ( &4$�%'& ���)(+*)# � �,*";�� �0/�� �+��� ( ��� 3 � ( ��$ ( � �91"(+*4@ # � (,(
# � ��! ��3 !'(+* % µ ! $ �,@B( ��� 3�� E - 0 < µE < ∞ - � #  � (,-	� � � ���)(+*)# � �,* PET ��*)� �
1	� / @ # ( �7�9: 1	� ����*.(21"( / ( $4$ ��>�� $ # 3 � ( ! L2(µ)

� 1"( &���� 3 ��
�� ( >��A3 L0(µ) ����� ��� ��!"��#  ��$ ��>�� ���)(+*)# � �,*)# - � � 0 ∈ σc(T
∗) ; � 1"( �0� PEf = χEf - f ∈ L2(µ) ;Ã�: )O-��� ,+O¸%g%��1�"!��¹�"$¸O ,+E"!����gO½n��&¶�� !/G-0 !��gOP(+E1�/G-0P�-0�� $¸%¹�"!����- :  !)G��10¼�1 · ���� !) 6

L�+E $#%gO½r�� !1�)% 7 & ��� ��� ���
 ¸O½C#O : )% !)G&(��#%&���1 :  !)O-0��1�)%10��g 7  ! !� 7  !"!��1���10¸O ! �"$g%¸%¹�#O1� · ���� !),L�+E $#%gO �
 1�«E¬51/(+, �.² �.² �K² ��������� !'(+*)# µ $ ( : 3 /4: ( �7�9: � ����� � # � ��! � ��( �  � & - T :

L2(µ) → L2(µ) � /��4$ ( &4$�%'& $ (9��*.(+* % 3 $�%'& ���)(+*)# � �,*"; � �0/�� 1 /4: ! $ �,@B( ���� 3�# E - 0 < µE < ∞ - $ ( � �91"(+*4@ # � ( >�� # � ��! ��3�!'(+* % µ -����)(+*)# � �,* PET ��!"��#  � ( $ ����!'(+*.(,- � � 0 ∈ σc(T
∗) ;

C
� 1±�� !1�)% 7  	�� 	�� �

PET : L2(µ) → L1(µ)
/�1 7V: -0/%�� $# �(Ã ¸O ,+E10��-0�� $¸%¹ 6

#O1 9
T ∗PE : L∞(µ) → L2(µ)

Í /�1 7V: -0/%��#%&('j1 :  !)O-0��1�) �[Â 1�P$¹ 7  7 )O-���#O1 7  !) 6
#O1r10¼�)O-�#%g%ÑO $#%# · �Ð1�)%��10#O1�) 7 gO)%10��-�#%# · ��"$gO"!�� 7V·T4�· #O/GN%g%'

ϕn
9
n = 1, 2, . . . ,"C#O1�"$gO�� $¸O½ 7 gr�

E
��� 1>�� !1�)% 7  M g 7 -�#E- Í�µ  
�� $¼!-

∫

E

ϕnfdµ→ 0
: )Gg

n → ∞



� � � ¸E-���- ��� ÈC#O�� $¼�)O-�¸%¹�#%&¶ C1 :  !)O-0��1�)G&Æ�
L2

+O¸O½�¸�����10' 4�· #O/GN%g%g
f ∈ L1(µ)

� ����"
��+.-Æg gOPR/�1 7V: -0/%��#O1�"!��g
T ∗PE :

L∞(µ) → L2(µ)
"$¸O ,+ ·  !� ‖T ∗ϕn‖ = ‖T ∗PEϕn‖ → 0

: )Gg
n → ∞ � � -0/Gg 71���)O-0P!1 7(9

0 ∈ σc(T
∗)
�
B

�  !1�)% 7 & ��� ��� 	�9���� ��� �¶: 1�/G-0P$&(��-���� 9 ÑO��1�1 :  !)O-0��1�)G&±gOP����� ,+E $#%#O10¼�1�� : )% ,+Og 6
"$¸O10��g%gn/G¸E-0"!"�-

B0
: )Gg%��1!+E½G��",½ · #%gO��-0)G#%& 7 g : )% !1���)O-0P!10��-�#%gO½ 7 gn/�g%#O�� $¼�)O-�¸%¹ 6

#O1 7V· ��gG+ · "�/G-0)G¸O 7 -�#O10��"!/Gg 7 g�½�+E)O- 7 g : )%1�"!��10'�"!��) · /%� · )G& � È�P´�� !1�)% 7@��� ��� ��9
��� ��� �>"$¸O ,+ ·  !� 9 ÑO��1�/G¸E-0"!"

B0
10ÑO $#%¹ 	�gO)%1�/ �%Â ÑE-0"!��#O1�"!��g 9 10#r��/G¸���ÑE-0 !���n"! 
��½

��"! _/�1 7V: -0/%��#%&¶ : 1 7  !)% 9V: 10ÑO��g©/�1 7V: -0/%��#%&¶ rg©g%#O�� $¼�)O-�¸%¹�#%&¶ r1 :  !)O-0��1�)G&
�
L2
�%� 10¸O ! C��10¼�1 9 /G¸E-0"!" ·

B0
: )Gg%#E-�+O¸O �L�-0����"! C1 :  !)O-0��1�)G& 9 1���+E $¸%¹�#%&¶ �¸O $��1 6

"!��1�)%10#%#%gO C"!)% !P!/Gg_/�1���1�)G&��r½���¸O½�����",½ :  !)% $Ñ%gO"$¸O $#%#%& 7 g*1 :  !)O-0��1�)O- 7 g �
Â +E1 : 10¸%#O $#%gO ¶/^�� !1�)% 7 - 7©��� ��� 	�9O��� ��� � gag��a"$¸O ,+E"!����gO½ 7 1�� 7  !��g 7(9 ÑO��1� !" 6

¸%g 7  !)O-
µ
"! : -0)O-��� $¸%¹�#E- 9

σ
6 /�10#O $Ñ%#E-�grÑ%gO"!��1�-0��1 7 g%ÑO !"!/G-0½ 9 ��1�¸�����10'^¸%g%#O $' 6

#%&('@#O : )% !)G&(��#%&('@1 :  !)O-0��1�)
T : L2(µ) → L2(µ)

½���¸O½G !��",½*/G-0)G¸O 7 -�#O10��"!/Gg 7
g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1�)%1 7 "�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7(�
  $'O"!����gO�� $¸%¹�#O1 9 � �!��1 7 "$¸ · ÑE-0 

X =
⋃∞

n=1Xn
9 ¼5+E 

Xn
9
n = 1, 2, . . . ,

Íf: 1 : -0) 6
#O1�#O :  !)% !"! !/G-����gO !",½ 7 #O1'L� !"!����->"C/�10#O $Ñ%#%& 7 g : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 g �
� 10¸O1'L�g 7

δn = χXn
/
√
µXn

9
n = 1, 2, . . .

� 10¼5+.- {δn} Í 1�)%��10#O1�) 7 gO)%10��-�#%#%&('��-0P$gO" : )%1�"!��)O-�#O"!����-
L2(µ)

�EÃ ¸O ,+E10��-0�� $¸%¹�#O1 9 +O¸O½^¸�����10¼�1
f ∈ L2(µ)

Tf =
∞∑

n=1

(Tf, δn)δn =
∞∑

n=1

(f, T ∗δn)δn.

� -0/�/G-0/
Xn
9
n = 1, 2, . . . ,

: 1 : -0)G#O1(#O :  !)% !"! !/G-�����",½ 9 ��1
T
Í /G-0)G¸O 7 -�#O10��"!/Gg%'

g%#O�� $¼�)O-�¸%¹�#%&('*1 :  !)O-0��1�)_"C/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7

∞∑

n=1

δn(s)T ∗δn(t).

M -0"!" 7 1���)Gg 7 �� :  !)G¹�P�-�+.-!Ñ · 1�� · "$¸O10��gO½�� · #%gO��-0)G#O10' �!/G��g%��-�¸O $#O��#O1�"!��g�¸%g 6
#O $'%#%&��r1 :  !)O-0��1�)%10�>g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1�)O- 7 �>#O !"! : -0)O-��� $¸%¹�#O1 7 "$¸ · ÑE-0 �

 1�«E¬51/(+, �.² �.² �.² ���������
L2(µ) � $ ( � (9��#,*)#76 ( /4�5$ � ( ��*)� ��� *)# $���� 3�� - T :

L2(µ) → L2(µ) � /��4$ ( &4$�%'& $ (9��*.(+* % 3 $�%'& ���)(+*)# � �,*";	<=��>?1	#	�Ò ( �0/�� T �4$4�)� #,* $ � �  3 � 3�# / ( $)� ( $��4$)� ( >0*)# /4�5$ ��! � ���)(+*)# � �,* � T̃ - � � �76 �
*)#� T � (9��#,*)#76 ( / ( $ ���Ò ( �0/�� �76,*)#� ���)(+*)# � �,*)# T � (9��#,*)#76 ( / ( $ - � � T �4$4�)� #,* $ � �  3 � 3�# / ( $)� ( $ #,* / ( ! # $ ��3 �  ��! ���4$)� ( >0*)# /4�5$ ��! � ���)(+*)# � �,* � �  3�#� � 3 % *)�,@A1"( $4$�% !  #,* / ( �
! # $ ��3 �  � ! : 1=*)��!�;

C
	�Ò�Â "$g%¸ · "$¸O ,+E"!����gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� � g%#O�� $¼�)O-�¸%¹�#%&('j1 :  !)O-0��1�)

T̃: 10ÑO��g*/�1 7V: -0/%�� $# �OÃ ¸O ,+E10��-0�� $¸%¹�#O1 9  $¼�1>1���)O-0P�"! : -0)O-��� $¸O $# � � #E-!Ñ%gO� 9 1���)O-0P
T"! : -0)O-��� $¸O $# �

��Ò��C· "!��¹ {fn}
Í 1�)%��10#O1�) 7 gO)%10��-�#%#%&(' ��-0P$gO"��Æ1���)O-0P! �1 :  !)O-0��1�)O-

T
9

{en}
Í : )%10gOP$��10¸%¹�#E-0½ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 1 : -0)G#O1 #O :  !)% !"! !/G-����g�� 6

",½ 7 #O1'L� !"!��� gOP
X

"�/�10#O $Ñ%#%& 7 g : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 g �<Â 1�P$¹ 7  7



" ��� ����É  !1�� ��1!+Og 7 &¶ Cgr+E1�"!��-0��10Ñ%#%&¶ · "$¸O10��gO½ · #%gO��-0)G#O10'
�!/G��g%��-�¸O $#O��#O1�"!��g*¸%g%#O $'%#%&��^1 :  !)O-0��1�)%10� ��^

¸�����10' · #%gO��-0)G#%&('�1 :  !)O-0��1�)
W : L2(µ) → L2(µ)

9 1���1���)O-�L�-����g%'
fn�

χn = χen/
√
µen

9
n = 1, 2, . . .

 ¸O½^/G-�L�+E10¼�1
f ∈ L2(µ)

: 10¸ · Ñ%g 7

WTW−1f =

∞∑

n=1

(
WTW−1f, χn

)
χn =

=

∞∑

n=1

(
f,WT ∗W−1χn

)
χn =

∞∑

n=1

(
f,WT ∗fn

)
χn.

����"
��+.-*"$¸O ,+ ·  !� 9 ÑO��1
WTW−1 Í g%#O�� $¼�)O-�¸%¹�#%&('�1 :  !)O-0��1�)±"r/G��-0P$g%��&¶)%1'L 6

+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7

K(s, t) =

∞∑

n=1

χen(s)√
µen

WT ∗fn(t). B

 1�«E¬51/(+, �.² �.² �.².���������
L2(µ) � $ ( � (9��#,*)#76 ( /4�5$ � ('��*)� ��� *)# $���� 3�� -C!'(+*)# µ

σ
�  � $ (�� $ # - T : DL ⊂ L2(µ) → L2(µ) � �#�! %  # ( ! %'& � / � ��$ �B����*.(21"( / ( $4$�%'&/��4$ ( &4$�%'& ���)(+*)# � �,*";	�Ò � �0/�� T

�4$4�)� #,* $ � �  3 � 3�# / ( $)� ( $  #,* / ( ! # $ ��3 �  ��! � �4$)� ( >0*)# /4�5$ ��! �
���)(+*)# � �,* � L - � � �76,*)#� ���)(+*)# � �,*)# T � (9��#,*)#76 ( / ( $ ;��Ò � �0/�� �76,*)#� ���)(+*)# � �,*)# T � (9��#,*)#76 ( / ( $ - � � �#�! %  # $4� ( T ���)(+*)# � �,*)# T�4$4�)� #,* $ � �  3 � 3�# / ( $)��$ �  #,* / ( ! # $ ��3 �  ��! �B�4$)� ( >0*)# /4�5$ ��! � ���)(+*)# � �,* � �  3�# �
 � 3 % *)�,@A1"( $4$�% !  #,* / ( ! # $ ��3 �  � ! : 1=*)��!�;

C
	�Ò È 7  ! 7

Lf(s) =

∫

X

L(s, t)f(t) dµ(t), f ∈ DL,

¼5+E 

Λ(s) :=

(∫

X

|L(s, t)|2 dµ(t)
) 1

2

<∞ Ï8��� ��� 	���Ò

+O¸O½ : 10ÑO��g<��"! ��
s ∈ X

�[Â "$g%¸ ·©Ï8��� ��� 	���Ò #E-�'G+ · ��",½@)O-0P
�0gO $#%gO {Xn}
7 #O1'L� 6

"!����-
X
#E- : 1 : -0)G#O1@#O :  !)% !"! !/G-����gO !",½ 7 #O1'L� !"!����-<"*/�10#O $Ñ%#%& 7 g 7  !)O- 7 g

g : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 1�"!��1�½�#%#%&�� {Kn}
��-0/GgO 9 ÑO��1

Λ(s) 6 Kn
+O¸O½ : 10ÑO��g

��"! ��
s ∈ Xn

9
n = 1, 2, . . .

M -0"!" 7 1���)Gg 7 +O¸O½j/G-�L�+E10¼�1
n
1 :  !)O-0��1�)

PnL
9 ¼5+E 

Pnf = χXn
f
9
f ∈ L2(µ)

� �C· "!��¹ {zm} Í : )%10gOP$��10¸%¹�#E-0½×"$¸E-���1@"���1!+E½��-0½G",½
/
0
: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹>gOP

DL
� � 10¼5+.-�+O¸O½ : 10ÑO��gr��"! ��

s ∈ X
∣∣PnLzm(s)

∣∣ 6 KnχXn
(s) sup

m=1,2,...
‖zm‖.

� )%1 7  (��10¼�1 9 �C"$g%¸ ·*Ï8��� ��� 	���Ò[: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹
PnLzm(s)

"���1!+OgO��",½�/
0
: )Gg

m→ ∞ +O¸O½ : 10ÑO��gr��"! ��
s ∈ X

�EÃ ¸O ,+E10��-0�� $¸%¹�#O1 9 ‖PnLzm‖ → 0
: )Gg

m→ ∞ �



� � � ¸E-���- ��� ÈC#O�� $¼�)O-�¸%¹�#%&¶ C1 :  !)O-0��1�)G&Æ�
L2

����"
��+.-���&¶�� !/G-0 !� 9 ÑO��1
PnL

½���¸O½G !��",½a" · L� $#%gO 7 #E-
DL

/�1 7V: -0/%��#O10¼�1n1 :  !)O- 6
��1�)O- 9 +E $'O"!��� · ��� $¼�1>gOP

L2(X, µ)
�
L2(X,µ)

� � #E-!Ñ%gO� 9 +O¸O½_/G-�L�+E10¼�1
n
1���)O-0P

1 :  !)O-0��1�)O-
PnL

"! : -0)O-��� $¸O $# �0É 1���10¼5+.-(1���)O-0P�1 :  !)O-0��1�)O-
L
"! : -0)O-��� $¸O $# ��Ã ¸O 6

+E10��-0�� $¸%¹�#O1 9 1���)O-0P
T
"! : -0)O-��� $¸O $# �

��Ò�ÃR: 1 7 1��¹�� : 10¸O½G)G#O10¼�1a)O-0P$¸O1'L� $#%gO½ � 	�ÎG9Eê�� � ��		�[: )% ,+E"!��-���g 7 P�- 7 &¶/G- 6
#%gO 

T
1 :  !)O-0��1�)O-

T
�_��gG+E 

T = SP
9 ¼5+E 

S
Í "�- 7 1�"!1 : )�½!L� $#%#%&('±1 :  !)O-0��1�)

�
L2(µ)

9 1 :  !)O-0��1�)
P
ÑE-0"!��g%Ñ%#O1ngOP!1 7  !��)Gg%ÑO !"!/Gg%' � � 10¼5+.-

S = TP ∗ �3Ã ¸O ,+E10��- 6
�� $¸%¹�#O1 9 1���)O-0P

imS
1 :  !)O-0��1�)O-

S
"! : -0)O-��� $¸O $# �VÉ  ^10¼�)O-�#%g%Ñ%g%��-0½×1����#O1�"!��g 9

"$Ñ%gO��-0 7
dim imS = ∞ ��� 10¸%¹�P · ½G"$¹j"�- 7 1�"!1 : )�½!L� $#%#O1�"!��¹�� S

gÿ" :  !/%��)O-�¸%¹ 6
#O10'*�� !1�)% 7 10' 9 ��& �� !)% 7 �

imS
1�)%��10#O1�) 7 gO)%10��-�#%#%&('#��-0P$gO" {hn}

9 "!1�"!��1�½��g%'
gOP �$¸O 7  $#O��10�*1��0¸E-0"!��gj1 : )% ,+E $¸O $#%gO½

DS
1 :  !)O-0��1�)O-

S
�KM -0"!" 7 1���)Gg 7ÿ· #%gO��-0) 6

#%&('�1 :  !)O-0��1�)
V : L2(µ) → L2(µ)

9 1���1���)O-�L�-����g%'
hn
�
χn = χen/

√
µen

9
n = 1, 2, . . . ,

¼5+E {en}
Ík: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 1 : -0)G#O1@#O :  !)% !"! !/G-����g�� 6

",½ 7 #O1'L� !"!���©"@/�10#O $Ñ%#%& 7 g : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 g � � 10¼5+.-@+O¸O½©¸�����10¼�1
f ∈ V DS

V SV −1f =
∞∑

n=1

(
V SV −1f, χn

)
χn =

=
∞∑

n=1

(
SV −1f, hn

)
χn =

∞∑

n=1

(
f, V Shn

)
χn.

Ï8��� ��� 	���Ò

� 1�"!/�10¸%¹�/ ·
T = SP

9 ��1T+O¸O½±��"! ��
f ∈ V D T

�±"$g%¸ ·fÏ8��� ��� 	���Ò gÿ)O-��� $#O"!����-
T ∗ = T

∗
= P ∗S

: 10¸ · Ñ%g 7

V TV −1f = V SV −1V PV −1f =

∞∑

n=1

(
V PV −1f, V Shn

)
χn =

=

∞∑

n=1

(
PV −1f, Shn

)
χn =

∞∑

n=1

(
f, V P ∗Shn

)
χn =

∞∑

n=1

(
f, V T ∗hn

)
χn.

����"
��+.-*"$¸O ,+ ·  !� 9 ÑO��1
V TV −1 Í /G-0)G¸O 7 -�#O10��"!/Gg%'×g%#O�� $¼�)O-�¸%¹�#%&('�1 :  !)O-0��1�)

"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7

M(s, t) =
∞∑

n=1

χen(s)√
µen

V T ∗hn(t). B

Â P�-0/G¸���ÑO $#%gO _1�� 7  !��g 7(9 ÑO��1 · #%gO��-0)G#%&¶ _1 :  !)O-0��1�)G& ���� !1�)% 7 - � ��� ��� 	�9
��� ��� ��9V��� ��� ��9V��� ��� 
�9.: )Gg%��1!+E½��gO �1 :  !)O-0��1�)G&Ðg<"! 7  $'O"!����-r1 :  !)O-0��1�)%10�*/Tg%#O�� 6
¼�)O-�¸%¹�#O1 7V· ��gG+ ·�9 "!��)%1�½G��",½*½���#O1ag<½�+E)O- : 10¸ · ÑE-����g���",½rg%#O�� $¼�)O-�¸%¹�#%&��_1 :  6
)O-0��1�)%10�a��-0/ L� Cg 7  
���n½���#%&('_��gG+ �
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Â ÑE-0"!��g ïhï gOP · ÑE-�����",½T¸%g%#O $'%#%&¶ 4�· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½Tgj"$gO"!�� 6
7 & 	$6 ¼�1 9¶��6 ¼�1×g ��6 ¼�1×)%1!+E10� : )Gg 	�gO)%1�/Gg�� : )% ,+ : 10¸O1'L� $#%gO½���1���#O1�"$gO�� $¸%¹�#O1
1 :  !)O-0��1�)%10�×�×#%g�� � � ��g · )O-���#O $#%gO½±gÿ"$gO"!�� 7 &���"
��+ · +.-�¸O ! T)O-0"!" 7 -0��)Gg%��- 6
����",½×�×/�1 7V: ¸O !/�"$#%&�� : )%1�"!��)O-�#O"!����- � ��Ã ¸ · ÑE-�'©�� 
� !"!���� $#%#%&�� : )%1�"!��)O-�#O"!���
)O-0"!" 7 -0��)Gg%��-0 !��",½*-�#E-�¸O10¼!g%Ñ%#O1 �

��� &�}F&��i-���S~����1�14F~1& � *F~ 5/0 � 2 &�}F~ 0 ~1�j�
�I')��')( 0 " 5 ��� � 4 2 4! �&,}

L2

& �.² ' ²  1�«E¬51/(+,�� 9V® ,O¬5,3²��*«87[/9R®.«)(+*-,O®K/.-021T«8*-1G¬5,%G«E¬50*²
��1�G« �Æ®.«)(+*-,O®K/.[«���� ,O®KG«E¬59��[,��-9-9

�>FKoGD�Y[D�WVDGIKbKD �3=��G=��G= �C· "!��¹
H0, H1

Í ¼!g%¸%¹��� !)%��10��& : )%1�"!��)O-�#O"!����-×"!1
"!/G-�¸O½G)G#%& 7 g : )%10gOP$�� ,+E $#%gO½ 7 g

(·, ·)0
9
(·, ·)1

gT#O1�) 7 - 7 g ‖ · ‖0
9 ‖ · ‖1

9
F
Í /�1 6

#O $Ñ%#O1� �g%¸%g_"$ÑO !��#O1� 7 #O1'L� !"!����1ag%#G+E !/�"!10� 9 {gn}n∈F ⊂ H0
9 {hn}n∈F ⊂ H1

Í
1�)%��10#O1�) 7 gO)%10��-�#%#%&¶ 7 #O1'L� !"!����- 9 {λn}n∈F

Í 10¼�)O-�#%g%ÑO $#%#O1� 7 #O1'L� !"!����1¶#O $# ·�6
¸O $��&��rÑ%gO"! $¸ � � :  !)O-0��1�)

Tz =
∑

n∈F

λn(z, gn)0hn, z ∈ H0,
Ï���� 	�� 	�Ò

#E-0P$&(��-0 !��",½2d baD �`S �GS8DBHgNGZ8DGFVY[ZVk-\ ��Â "$¸ · ÑE-0 H0 = H1
9
gn = hn

+O¸O½���"! ��
n ∈ F1 :  !)O-0��1�)

T
#E-0P$&(��-0 !��",½ �GS8DBHgNGZ8DGFVY[ZVk-\ �

Â -�L�#%& 7k: )Gg 7  !)%1 7 /G��-0P$gG+OgE-�¼�10#E-�¸%¹�#O10¼�1�1 :  !)O-0��1�)O-f½���¸O½G !��",½ : )%10gOP 6
��10¸%¹�#%&('^/�1 7V: -0/%��#%&('a1 :  !)O-0��1�)

C : H0 → H1
� ��� ��� ��� 7  !��g 7(9 ÑO��1 {gn} 9 {hn}g {λn}

+O¸O½r¸�����10¼�1r/�1 7V: -0/%��#O10¼�1^1 :  !)O-0��1�)O- 7 10¼ · � �0&¶��¹r#E-�'G+E $#%& 7  !��1!+E1 7
È � Ç �%É 10��g%NO/�10¼�1 � ��
 ���

 1�«E¬51/(+, �.² ' ² ' Ï ����� gO/G-0) Ò,².���������
T : H0 → H1 �  3�#� � 1 � #�>�� $ # /4�5$�%'&

���)(+*)# � �,*.-�����*.(21"( /4: ( ! %'& *)#�3C( $���� 3���! Ï���� 	�� 	�Ò - T ∗ � � ����* : @B( $4$�%'& ���)(+*)# � �,*";



��{ � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & 	$6 ¼�1>)%1!+.-��
L2

� /4: � ��>�� � � �76 % � *)#�3 $ ( $4� ( 	 � >�� *)�91	# Tz = h ∈ H1
� !'( / � *.( � ( $4� (,- $ ( �76 8 � �

1 � ! � � 1	� ��� # � ��� $ � -)� � �76 %	�Ò
(h, u)1 = 0 1 /4: / 
 67��>�� u - � 1	��3 / ( � 3��,* :	
�� ( >�� ���0/ ��3 ��
 T ∗u = 0 �

��Ò ∑
n∈F

1
|λn|2 |(h, hn)1|2 <∞ ;

� * � 3 % ��� /�$ ( $4�4�B���0/ ��3 �4&@	�Ò,9%��Ò 3 � ( *.( � ( $4��: � *)#�3 $ ( $4��: Tz = h
� !'( 
�� 3 � 1

z = z0 +
∑

n∈F

1

λn
(h, hn)1gn,

>?1"( z0 � ��*)� �  3�� /4�5$ � ( *.( � ( $4� (A�91 $ �,*)�91 $ ��>�� � *)#�3 $ ( $4��: Tξ = 0 ;
C
Â "
��+ · � +E1�/G-0P�-0�� $¸%¹�"!���� �� !1�)% 7 & � 7  !"!��1 ∑

n∈F (·)
� · +E 7 : g 6

"�-0��¹ ∑
n(·)

�

#IJN`K	�VN�GS<\iN`_JU Y�� �C· "!��¹ Tx = h

�[ ¸O½j¸�����10¼�1
u
��-0/�10¼�1 9 ÑO��1

T ∗u = 0
9

g 7  ! 7
(h, u)1 = (Tx, u)1 = (x, T ∗u)0 = 0

�G 1�/G-�L� 7 #O !1�� ��1!+Og 7 1�"!��¹a����1�)%10¼�1
· "$¸O10��gO½r�� !1�)% 7 & � È�P

Tx = h
"$¸O ,+ ·  !�

∑

n

λn(x, gn)0hn = h.

� 10¼5+.-
(h, hk)1 = λk(x, gk)0

g*�a"$g%¸ · #O !)O-��� $#O"!����- �  !"!"! $¸O½

∑

n

1

|λn|2
|(h, hn)1|2 =

∑

n

|(x, gn)0|2 6 ‖x‖20 <∞.

� N`_JU2DaU2NGf<Z8N`_JU Y�� �C· "!��¹ h · +E10��¸O !����1�)�½G !� · "$¸O10��gO½ 7R	�Ò,9.��Ò,�OM -0"!" 7 1���)Gg 7�$¸O 7  $#O�
g =

∑

n

(h, hn)1hn.

� 10¸O1'L�g 7
f = h − g

g : 1�/G-�L� 7(9 ÑO��1
T ∗f = 0

� � -0/*/G-0/^+O¸O½a¸�����10¼�1
v ∈ H0

Tv =
∑

n

λn(v, gn)0hn,

��1 9�: 10¸%¹�P · ½G"$¹�1 : )% ,+E $¸O $#%gO 7 "!1 : )�½!L� $#%#O10¼�1�1 :  !)O-0��1�)O-Cg*1�)%��10¼�10#E-�¸%¹�#O1�"!��¹��
7 #O1'L� !"!��� {gn}n∈F

9 {hn}n∈F
9G: 10¸ · Ñ%g 7 +O¸O½a¸�����10¼�1

w ∈ H1

T ∗w =
∑

n

λn(w, hn)1gn.

� 10¼5+.-

T ∗f=
∑

n

λn

(
h−

∑

k

(h, hk)1hk, hn

)

1

gn=
∑

n

λn

[
(h, hn)1 − (h, hn)1

]
gn=0.



" ��� 	�� �  !1�)% 7 - � gO/G-0)O- � � 10ÑO��g*/�1 7V: -0/%��#%&¶ C1 :  !)O-0��1�)G& � Ç* !��1!+
/�1 7V: -0/%��#O10' 4 -0/%��1�)GgOP�-�N%g%g �"�

� 1��!��1 7V· gOP · "$¸O10��gO½ 	�Ò g 7  ! 7
(h, f)1 = 0

�EÃ ¸O ,+E10��-0�� $¸%¹�#O1 9

0 = (h, f)1 =

(∑

n

(h, hn)1hn + f, f

)

1

=

=
∑

n

(h, hn)1(hn, f)1 +
∥∥f
∥∥2
1
=
∑

n

(h, hn)1

(
1

λn
Tgn, f

)

1

+
∥∥f
∥∥2
1
=

=
∑

n

(h, hn)1

(
1

λn
gn, T

∗f

)

0

+
∥∥f
∥∥2
1
=
∥∥f
∥∥2
1
.

� -0/Gg 7 1���)O-0P!1 7(9
f = 0

g

h =
∑

n

(h, hn)1hn.

M -0"!" 7 1���)Gg 7 �$¸O 7  $#O�

z̃ =
∑

k

1

λk
(h, hk)1gk.

Â "$g%¸ · 1�)%��10#O1�) 7 gO)%10��-�#%#O1�"!��g 7 #O1'L� !"!����- {gn}n∈F

T z̃ =
∑

n

λn

(∑

k

1

λk
(h, hk)1 gk, gn

)

0

hn =
∑

n

λn
1

λn
(h, hn)1hn = h.

Ã ¸O ,+E10��-0�� $¸%¹�#O1 9
z̃
Í ÑE-0"!��#O1� �)% 
	� $#%gO · )O-���#O $#%gO½

Tz = h
� � 10¼5+.-���"! �)% 
	� $#%gO½

�!��10¼�1 · )O-���#O $#%gO½>+.-�����",½ 4 1�) 7V· ¸O10'

z = z0 +
∑

n

1

λn
(h, hn)1gn,

¼5+E 
z0
Í�: )%10gOP$��10¸%¹�#O1� �)% 
	� $#%gO �1!+O#O1�)%1!+O#O10¼�1 · )O-���#O $#%gO½

Tξ = 0
�
B

�>FKoGD�Y[D�WVDGIKbKD �3=��G= �.= µ g%#O $'%#%&('<1 :  !)O-0��1�)
T : H0 → L2(X,µ)

#E-0P$&(��- 6
 !��",½ P NGf<U S d NQ\ P D d U ZVk-\ 9  !"$¸%gT" · � !"!��� ·  !�^)O-0P
�0gO $#%gO {Xn}

7 #O1'L� !"!����-
X#E- : 1 : -0)G#O1<#O :  !)% !"! !/G-����gO !",½�gOP 7  !)Gg 7 &¶ 7 #O1'L� !"!����-×��-0/�1� 9 ÑO��1

PnT :
H0 → L2(X,µ)

Í /�1 7V: -0/%��#%&('_1 :  !)O-0��1�)r+O¸O½a¸�����10¼�1
n
ÄOP,+E !"$¹

Pnf = χXnf,
f ∈ L2(X,µ)

9
χe
Í ��-0)O-0/%�� !)GgO"!��g%ÑO !"!/G-0½ 4�· #O/GN%gO½ 7 #O1'L� !"!����-

e
�

 1�«E¬51/(+, �.² ' ² �.² ���������
T : H0 → L2(X,µ) � ����� ���  ��!"��#  ��$�%'& ���)( �

*)# � �,*";"<=��>?1	# � *)#�3 $ ( $4� ( Tx = f ∈ L2(X,µ) ! �,@B( � 6 %���� � 3C(21"( $ �  �  3 � 3�# �/ ( $)��$ ��! � � *)#�3 $ ( $4��
�	 � >���*)�91	# �  ��!"��#  ��$�% ! ���)(+*)# � �,*)��!�;
C
È�P : 10ÑO��gj/�1 7V: -0/%��#O1�"!��g<1 :  !)O-0��1�)O-

T
"$¸O ,+ ·  !� 9 ÑO��1r10#×P�- 7 /G# · �rg : 1

�� !1�)% 7  n1*P�- 7 /G# · ��1 7 ¼�)O- 4 gO/� n10¼�)O-�#%g%ÑO $# �.��7 #O1'L�g%�_1��� nÑE-0"!��g · )O-���#O $#%gO½
Tx = f

#E- 4�· #O/GN%g��
σ =

∑
n 2−nχXn

9E: 10¸ · Ñ%g 7 �!/G��g%��-�¸O $#O��#O1� · )O-���#O $#%gO 
Tσx = σf

"�/�1 7V: -0/%��#%& 7 1 :  !)O-0��1�)%1 7
Tσ =

∑
n 2−nPnT

9 ��-0/_ÑO��1>/ · )O-���#O 6
#%g��

Tσx = σf
: )Gg 7  $#%g 7 -��� !1�)% 7 - � gO/G-0)O- �

B
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L2

 1�«E¬51/(+, �.² ' ² �.².���������
T : L2(Y, ν) → L2(X,µ) � �4$)� ( >0*)# /4�5$�%'& ���)(+*)# �� �,*";�<=��>?1	# �+��� ( ��� 3 � ( � *)#��6 � ( $4� ( {Xn} ! $ �,@B( ��� 3�# X $ # ������#,* $ � $ (	�)(+*.( � ( � # 
�� � ( �9: �  !'(+* � ! % (A! $ �,@B( ��� 3�# � #  � (,-"� � � �4$)� ( >0*)# /4�5$ � ( � *)#�3 $ ( $4� ( 	 � >��

*)�91	# Tx = f
� ! $ �,@B( $4� ( ! �76 ( �48 ( >�� �C# ��� ( & $ # � �4$  	� ��
 σ =

∑
n 2−nχXn��* � 3��91 �)�7�9:  �  3 � 3�# / ( $)��$ ��! � �4$)� ( >0*)# /4�5$ ��! � � *)#�3 $ ( $4��
�	 � >��A*)�91	# �  ��! �

��#  ��$�% ! �4$)� ( >0*)# /4�5$�% ! ���)(+*)# � �,*)��!�;
C
Ã�: )O-��� ,+O¸%g%��1�"!��¹ · ���� !),L�+E $#%gO½��� !1�)% 7 &�#O : 1�"!)% ,+E"!���� $#%#O1¶��&¶�� !/G-0 !��gOP
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1 :  !)O-0��1�)�"

C1
6 ½�+E)%1 7

H(s, t)
����7 #O1'L�g%��1��� �ÑE-0"!��g · )O-���#O $#%gO½

WTx =Wf
#E-

4�· #O/GN%g�� 1
a(s)

9%: 10¸ · Ñ%g 7 �!/G��g%��-�¸O $#O��#O1� Cg%#O�� $¼�)O-�¸%¹�#O1� · )O-���#O $#%gO 	$6 ¼�1a)%1!+.-
"
C1
6 ½�+E)%1 7

H(s, t)
�
B� =!1�����G¯89-1 �.² �.² �.²�� � 3C(+*4@A1"( $4� ( � ( �,*.( ! %���� ��� � � ��*)#�3C(21 /�� 3�� -�( �0/��B$ # &��
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〈f, h〉m,µ =
m∑

i=1

∫

X

fi hi dµ,
Ï���� ��� ��Ò

L2,k(Y, ν)
Í -�#E-�¸O10¼!g%Ñ%#O1� : )%1�"!��)O-�#O"!����1�"�#O1�) 7 10' ‖ · ‖k,ν

g*"!/G-�¸O½G)G#%& 7j: )%1 6
gOP$�� ,+E $#%gO 7 〈·, ·〉k,ν

�
M -0"!" 7 1���)Gg 7 "$gO"!�� 7V·

Tix = fi ∈ L2(X,µ), i = 1, . . . ,m,
Ï���� ��� ��Ò



m`� � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & 	$6 ¼�1>)%1!+.-��
L2

¼5+E ´)% 
	� $#%gO 
x
g�� !��",½��(¼!g%¸%¹��� !)%��10��1 7*: )%1�"!��)O-�#O"!���� 

H0
9
Ti : H0 → L2(X,µ)

9
i = 1, . . . ,m

9�Í ¸%g%#O $'%#%&¶ �#O : )% !)G&(��#%&¶ �1 :  !)O-0��1�)G& �
 1�«E¬51/(+, �.² �.² ' ²��.����� ( ! # Ï���� ��� ��Ò � ����� ���  ��!"��#  ��$�% ! � ���)(+*)# � �,*)#�! �

Ti : H0 → L2(X,µ) - i = 1, . . . , m - �  3 � 3�# / ( $)��$ # � *)#�3 $ ( $4��
Ð	 � >���*)�91	# �  ��! �
��#  ��$�% ! ���)(+*)# � �,*)��!�;

C
� -0/_/G-0/

Ti
9
i = 1, . . . ,m

9%Í : 10ÑO��gT/�1 7V: -0/%��#%&¶ �1 :  !)O-0��1�)G& 9 #E-�'G+E !��",½
1���� ! �)O-0P
�0gO $#%gO 7 #O1'L� !"!����-

X
#E- : 1 : -0)G#O1�#O :  !)% !"! !/G-����gO !",½agOP 7  !)Gg 7 &¶ 

7 #O1'L� !"!����-
Xn
9
n = 1, 2, . . . ,

��-0/�1� 9 ÑO��1
PXnTi : H0 → L2(X,µ)

Í /�1 7V: -0/%� 6
#%&¶ >1 :  !)O-0��1�)G&Ð+O¸O½T��"! ��

i = 1, . . . ,m
g
n = 1, 2, . . .

Ï P,+E !"$¹
PXng = χXn

g
9

g ∈ L2(X,µ)
Ò,�G��7 #O1'L�g%�a1��� CÑE-0"!��g · )O-���#O $#%g%'*"$gO"!�� 7 & Ï���� ��� ��Ò #E- 4�· #O/GN%g��

σ =
∑∞

n=1 2
−nχXn

g : 10¸O1'L�g%�
f = {f1, . . . , fm} 9´: 10¸ · Ñ%g 7 �!/G��g%��-�¸O $#O��#O1� "$gO"!�� 7  Ï���� ��� ��Ò�· )O-���#O $#%gO 	$6 ¼�1a)%1!+.-

(τx)(s) = σ(s)f(s) ∈ L2,m(X,µ)
"�/�1 7V6

: -0/%��#%& 7 1 :  !)O-0��1�)%1 7

(τh)(s) =
{
σ(s)(T1h)(s), . . . , σ(s)(Tmh)(s)

}
, h ∈ H0. B

 1�«E¬51/(+, �.² �.² �.²B���������
Ti : H0 → L2(X,µ) - i = 1, . . . ,m -�� /��4$ ( &��$�% ( $ (9��*.(+* % 3 $�% ( ���)(+*)# � �,* % ;�
 ��*.(21"( /�� ! ���)(+*)# � �,* Th = {T1h, . . . , Tmh} -

h ∈ H0 ; �.����� ( ! # Ï���� ��� ��Ò �  3 � 3�# / ( $)��$ # � *)#�3 $ ( $4��
»	 � >���*)�91	# � : 1"(+* $�% !
���)(+*)# � �,*)��!'- ( �0/�� ��*)� ��� *)# $���� 3�# H0 - L2(X,µ)

� (9��#,*)#76 ( /4�5$�% - !'(+*)# µ
$ (: 3 /4: ( �7�9: � ����� � # � ��! � ��( �  � & � �+��� ( ��� 3 � ( � �,* � � $ �,*=! � *)��3�# $4$ # : � ����� ( ! #

{ϕn} ⊂ L2,m(X,µ)
� #  # : -)� � �

lim
n→∞

∥∥T ∗ϕn

∥∥
H0

= 0,

+1"( �0� ‖ · ‖H0
� $ �,*=! # 3 H0 ;

C
� )%1�"!��)O-�#O"!����1 �� !/%��1�) 6�4�· #O/GN%g%'

L2,m(X,µ)
7 1'L�#O1 1���1'L�+E !"!����gO��¹

" : )%1�"!��)O-�#O"!����1 7 "!/G-�¸O½G)G#%&�� 4�· #O/GN%g%'
L2(X̃, µ̃ )

9 ¼5+E 
X̃ = X × {1, . . . ,m} 9

µ̃ = µ × µ0
9 ¼5+E r"$Ñ%gO��-����-0½ 7  !)O-

µ0
1 : )% ,+E $¸O $#E-_#E-_��"! �� : 1!+ 7 #O1'L� !"!����- �

7 #O1'L� !"!����- {1, . . . , m} g@#E-a/G-�L�+E1 7 #O :%· "!��1 7©: 1!+ 7 #O1'L� !"!���� E 7 #O1'L� !"!����-
{1, . . . ,m} )O-���#E-jÑ%gO"$¸ · �$¸O 7  $#O��10� E � � 10¼5+.- T : H0 → L2(X̃, µ̃)

� ����"
� 6
+.- 9�: 10¸%¹�P · ½G"$¹n"$¸O ,+E"!����gO 7 �� !1�)% 7 & ��� ��� � g : 10����1�)�½G½n+E1�/G-0P�-0�� $¸%¹�"!����1��� !1�)% 6
7 & ��� ��� �@Ï "�P�- 7  $#O10'

L2(Y, ν)
#E-

H0
Ò,9O: 10¸ · Ñ%g 7 " : )O-��� ,+O¸%g%��1�"!��¹a+E1�/G-0P$&(��-0 6

7 10'T�� !1�)% 7 & �
B

M -0"!" 7 1���)Gg 7 "$gO"!�� 7V· ¸%g%#O $'%#%&��ag%#O�� $¼�)O-�¸%¹�#%&�� · )O-���#O $#%g%'
∫

Y

H(s, t) y(t)dν(t) = f(s) ∈ L2,m(X,µ),
Ï���� ��� � Ò

¼5+E >#O $gOP$�� !"!��#E-0½@�� !/%��1�) 6�4�· #O/GN%gO½
y(t)

g�� !��",½<�
L2,k(Y, ν)

9 ½�+E)%1
H(s, t)

Í
(m× k)

687 -0��)Gg%NE-C"
(µ×ν) 6 gOP 7  !)Gg 7 & 7 g �$¸O 7  $#O��- 7 g hij(s, t)

9 1 : )% ,+E $¸O $#%#%& 6



" ��� ����Ã gO"!�� 7 & 4�· #O/GN%gO10#E-�¸%¹�#%&�� · )O-���#O $#%g%' 	$6 ¼�1>)%1!+.- m ^
7 g*#E-

X × Y
�O��· +E 7±: )% ,+ : 10¸E-�¼!-0��¹ 9 ÑO��1�g%#O�� $¼�)O-�¸%¹�#%&('_1 :  !)O-0��1�)

Hϕ(s) =

∫

Y

H(s, t)ϕ(t) dν(t), ϕ ∈ L2,k(Y, ν),
Ï���� ��� ��Ò

1 : )% ,+E $¸O $#*#E-���"! 7
L2,k(Y, ν)

9 +E $'O"!��� ·  !���
L2,m(X,µ)

g_10¼�)O-�#%g%ÑO $# �
 1�«E¬51/(+, �.² �.² �.² ����� ( ��� 3 � ( � � ��( ��$ �� $ #7� $ # : �  !'(+* � ! # : � �4$  	� ��:

0 < σ(s) 6 1
� #  # : -)� � � � ����� ( ! # Ï���� ��� � Ò �  3 � 3�# / ( $)��$ # � ����� ( !'(
∫

Y

σ(s)H(s, t) y(t) dν(t) = σ(s)f(s) ∈ L2,m(X,µ)

�  ��!"��#  ��$�% ! ���)(+*)# � �,*)��! Hσϕ(s) = σ(s)Hϕ(s) - ϕ ∈ L2,k(Y, ν) -�1"( &���� 3 ��
 �� � ! �  L2,k(Y, ν) 3 L2,m(X,µ) ;
C
� -0/</G-0/<g%#O�� $¼�)O-�¸%¹�#%&¶ >1 :  !)O-0��1�)G&

Hij
"a½�+E)O- 7 g

hij(s, t)
+E $'O"!��� · ���

gOP
L2(Y, ν)

�
L2(X,µ)

9 ��1>�*"$g%¸ · "$¸O ,+E"!����gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� � 10#%g : 10ÑO��g
/�1 7V: -0/%��#%& ��Ã ¸O ,+E10��-0�� $¸%¹�#O1 9 #E-�'G+E !��",½�1���� ! @)O-0P
�0gO $#%gO 7 #O1'L� !"!����-

X
#E-

: 1 : -0)G#O1T#O :  !)% !"! !/G-����gO !",½jgOP 7  !)Gg 7 &¶ 7 #O1'L� !"!����-
Xn
9
n = 1, 2, . . . ,

��- 6
/�1� 9 ÑO��1_��"! *1 :  !)O-0��1�)G&

PXnHij : L2(Y, ν) → L2(X,µ)
/�1 7V: -0/%��#%& � � 10¼5+.-

σ =
∑∞

n=1 2
−nχXn

Í gO"!/�1 7 -0½ 4�· #O/GN%gO½ �
B 1�«E¬51/(+, �.² �.² �K² ���������

L2(Y, ν) - L2(X,µ) � � (9��#,*)#76 ( /4�5$�% (���*)� ��� *)# $����� 3�# -.!'(+*)# µ $ ( : 3 /4: ( �7�9: � ����� � # � ��! � ��( �  � & ; <=��>?1	# � ����� ( ! # Ï���� ��� � Ò �  3 ���
3�# / ( $)��$ # � ����� ( !'( ∫

Y

Γ(s, t) y(t)dν(t) = g(s) ∈ L2,m(X,µ)
Ï���� ��� 
�Ò

�
(m×k) � ! # � * � � $�% ! : 1=*)��! Γ(s, t) -73 � ( � / ( !'( $)��% γij(s, t)  � � �,*)��>�� : 3 /4:	
�� ��9:
C1

� : 1=*)#�! � -C# �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,* � : 1=*)��! Γ(s, t)
: 3 /4: ( �7�9: : 1"(+* $�% !

���)(+*)# � �,*)��!'-�1"( &���� 3 ��
�� � ! �  L2,k(Y, ν) 3 L2,m(X,µ) ;
C
Â & �� !)% 7ÿ7 #O1'L� !"!����1

e
9
0 < µe < ∞ 9 #O �"!1!+E !),L�-�� ! >-0��1 7 10� 7  !)G& µ

�
�C· "!��¹ {ϕn} ⊂ L2(X,µ)

Í /G-0/G-0½ 6 #%g�� · +O¹T)O-���#O1 7  !)G#O1<10¼�)O-�#%g%ÑO $#%#E-0½×1�)%��1 6
#O1�) 7 gO)%10��-�#%#E-0½*"$gO"!�� 7 - 4�· #O/GN%g%'_"C#O1�"$gO�� $¸O½ 7 gr�

e
��� 10¸O1'L�g 7

ϕ̃n = h0ϕn
9

n = 1, 2, . . . ,
¼5+E r"!��10¸��� $N

h0 = {1, 0, . . . , 0} : )Gg%#E-�+O¸O �L�gO�T $��/G¸%gG+E10� ·j: )%1 6"!��)O-�#O"!��� ·
Em
�OM -0"!" 7 1���)Gg 7 10¼�)O-�#%g%ÑO $#%#%&¶ �g%#O�� $¼�)O-�¸%¹�#%&¶ C1 :  !)O-0��1�)G&

Hijh(s) =

∫

Y

hij(s, t)h(t) dν(t), h ∈ L2(Y, ν), i = 1, . . . ,m, j = 1, . . . , k,

+E $'O"!��� · ���gO �gOP
L2(Y, ν)

�
L2(X,µ)

��� 10¸%¹�P · ½G"$¹ Ï���� ��� 	�Ò!9KÏ���� ��� ��Ò$9G: 10¸ · Ñ%g 7
∥∥H∗ϕ̃n

∥∥
k,ν

= sup
‖f‖k,ν61

∣∣〈f,H∗ϕ̃n〉k,ν
∣∣ = sup

‖f‖k,ν61

∣∣〈Hf, ϕ̃n〉m,µ

∣∣ =

= sup
‖f‖k,ν61

∣∣∣∣∣

k∑

j=1

∫

X

∫

Y

h1j (s, t) fj(t) dν(t)ϕn(s) dµ(s)

∣∣∣∣∣ 6
k∑

j=1

∥∥H∗
1jϕn

∥∥
L2(ν)

.



m�� � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & 	$6 ¼�1>)%1!+.-��
L2

Â "$g%¸ · "$¸O ,+E"!����gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� � g%#O�� $¼�)O-�¸%¹�#%&¶ �1 :  !)O-0��1�)G&
H1j

9
j = 1, . . . , k,

/�1 7V: -0/%��#%& : 1 7  !)% � ����"
��+.-�g»gOP�+E1�/G-0P�-0�� $¸%¹�"!����- "$¸O ,+ 6
"!����gO½ ��� ��� 	 �� !1�)% 7 & ��� ��� �*: 10¸ · Ñ%g 7

H∗
1jϕn → 0

: )Gg
n → ∞ +O¸O½</G-�L�+E10¼�1

j = 1, . . . , k
� � -0/Gg 7 1���)O-0P!1 7(9

lim
n→∞

∥∥H∗ϕ̃n

∥∥
k,ν

= 0.
Ï���� ��� ��Ò

� )% ,+E"!��-���g 7
L2,m(X,µ)

����gG+E 
L2(X̃, µ̃ )

9 ¼5+E 
X̃ = X×{1, . . . , m} 9 µ̃ = µ×µ0

9
µ0
Í "$Ñ%gO��-����-0½ 7  !)O-a#E- {1, . . . , m} � �C· "!��¹ L2(Ỹ , ν̃ )

Í -�#E-�¸O10¼!g%Ñ%#O1� : )%1 6
"!��)O-�#O"!����1 � � 10¼5+.-©g%#O�� $¼�)O-�¸%¹�#%&('�1 :  !)O-0��1�)

H : L2,k(Y, ν) → L2,m(X,µ)" 7 -0��)Gg%Ñ%#%& 7 ½�+E)%1 7
H(s, t)

1�/G-0P$&(��-0 !��",½^1��0&(Ñ%#%& 7 g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1 6
)%1 7

H̃
9 +E $'O"!��� · ���g 7 gOP

L2(Ỹ , ν̃ )
�
L2(X̃, µ̃ )

��� )Gg��!��1 7 �^"$g%¸ ·×Ï���� ��� ��Ò
H̃∗

1���1���)O-�L�-0 !��1�)%��10#O1�) 7 gO)%10��-�#%# · �ÿ"$gO"!�� 7V· {ϕ̃n}
��"���1!+E½� · ��",½�/

0
: 1�#O1�) 7  

: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ � ����"
��+.- : 10¸ · Ñ%g 7*: 1C�� !1�)% 7  ��� ��� ��9 P�- 7  $#O½G½���#O $'
T
#E-

H̃
9
L2(Y, ν)

#E-
L2(Ỹ , ν̃ )

9
L2(X,µ)

#E-
L2(X̃, µ̃ )

9 ÑO��1n"$gO"!�� 7 - Ï���� ��� � Ò �!/G��g%��- 6
¸O $#O��#E-�"$gO"!�� 7  

Γy = g
"C½�+E !)G#%& 7 1 :  !)O-0��1�)%1 7

Γ : L2,k(Y, ν) → L2,m(X,µ)
�

� ��1��0& P�-��� !)�	�gO��¹R+E1�/G-0P�-0�� $¸%¹�"!����1R�� !1�)% 7 & 9 ���� ,+E 7 : )%1� !/%��1�)G&
Qi :

L2,m(X,µ) → L2,m(X,µ)
9
i = 1, . . . ,m,

g
Rj : L2,k(Y, ν) → L2,k(Y, ν)

9
j =

1, . . . , k
� � )%1� !/%��1�)

Qi
"!��-���gO�^�*"!1�1����� !��"!����gO �$¸O 7  $#O� · {v1(t), . . . , vm(t)} ∈

L2,m(X,µ)
�$¸O 7  $#O�©gOP

L2,m(X,µ)
9
i
6 ½R/�1 7V: 10#O $#O��-±/�1���1�)%10¼�1�)O-���#E-

vi(t)
9

-�1�"!��-�¸%¹�#%&¶ f/�1 7V: 10#O $#O��& )O-���#%&
0
� � )%1� !/%��1�)

Rj
1 : )% ,+E $¸O½G !��",½�-�#E-�¸O1 6

¼!g%Ñ%#O1 � ����1'L�+E !"!����g 7 ½�+E !)G#%&¶ �1 :  !)O-0��1�)G&
QiΓRj

"�+E $'O"!��� · ���g 7 g gOP
L2(Y, ν)

�
L2(X,µ)

½�+E !)G#%& 7 gT1 :  !)O-0��1�)O- 7 g � � ��g@1 :  !)O-0��1�)G&Ð½���¸O½�����",½rg%# 6
�� $¼�)O-�¸%¹�#%& 7 g@1 :  !)O-0��1�)O- 7 g@"

C1
6 ½�+E)O- 7 g

γij(s, t)
� � 10¼5+.->½�+E !)G#%&('T1 :  !)O-0��1�)

Γ =
∑m

i=1

∑k
j=1QiΓRj

: )% ,+E"!��-���g 7 �>��gG+E 

Γw =

∫

Y

Γ(s, t)w(t) dν(t), w ∈ L2,k(Y, ν),

¼5+E 
Γ(s, t)

Í
(m × k)

687 -0��)Gg%NE-�"��$¸O 7  $#O��- 7 g
γij(s, t)

9
i = 1, . . . ,m

9
j = 1, . . . , k

�
B

�k· )O-���#O $#%gO½ 7 gÆ"$gO"!�� 7 - 7 	$6 ¼�1�)%1!+.-×"</�1 7V: -0/%��#%& 7 gÿg%¸%gR½�+E !)G#%& 7 g
1 :  !)O-0��1�)O- 7 g 9 /^/�1���1�)G& 7 "$��1!+E½G��",½>)O-0"!" 7 1���)% $#%#%&¶ ���¼,¸E-��� ��4�· #O/GN%gO10#E-�¸%¹ 6
#%&¶ �g*g%#O�� $¼�)O-�¸%¹�#%&¶ · )O-���#O $#%gO½>g_"$gO"!�� 7 & 	$6 ¼�1>)%1!+.- 9�: )Gg 7  $#%g 7 &Æ/G-0/r��10Ñ 6
#%&¶ 7  !��1!+O&�)% 
	� $#%gO½ Ï #E- : )Gg 7  !) 9 �� !1�)% 7 - � gO/G-0)O- Ò,9 ��-0/*g@)O-0P$¸%g%Ñ%#%&¶ : )Gg 6
�0¸%g L� $#%#%&¶ >)% $¼ · ¸O½G)GgOP�-�N%gO10#%#%&¶ 7  !��1!+O&�)% 
	� $#%gO½ � ��� 7  !��g 7  
� 9 ÑO��1 : )% 6
1���)O-0P!10��-�#%gO½ 9�: )Gg%��1!+E½��gO ^gO"���1!+O#%&¶ · )O-���#O $#%gO½×g©"$gO"!�� 7 & / · )O-���#O $#%gO½ 7
gj"$gO"!�� 7 - 7 "n/�1 7V: -0/%��#%& 7 g Ï ½�+E !)G#%& 7 g Ò 1 :  !)O-0��1�)O- 7 g 9 "!��)%1�½G��",½*�*¼,¸E-��� �
�a½���#O1 7 ��gG+E �



��� &�}F& � -���S~����1�14F~1& � *F~ 5/0 � 2 &�}F~ 0 ~1�j�
� ')��')( 0 " 5 � � � 4 2 4! �&,} $

2

Â "
��+ · ���!��10'jg±"$¸O ,+ · ���g��@¼,¸E-���- �<ÑO !)% !P
B(L2(µ))

1���1�P$#E-!ÑE-0 !��",½ : )%1 6
"!��)O-�#O"!����1º��"! �� ¸%g%#O $'%#%&�� 10¼�)O-�#%g%ÑO $#%#%&�� 1 :  !)O-0��1�)%10� 9 +E $'O"!��� · ���g���gOP
L2(µ)

�
L2(µ),

¼5+E 
L2(µ) := L2(X,µ).

& �K² ' ² � ¯81���1<.-9-1��K¬5,%¯8.-1<.-9 � � � ;�«�¬K« ��,
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 1�«E¬51/(+, �K² ' ² ' ².��������� ��*)� ��� *)# $���� 3�� L2(µ)
$ ( � (9��#,*)#76 ( /4�5$ � -��76,*)#� ���)( �

*)# � �,*)# T ∈ B(L2(µ))
� (9��#,*)#76 ( / ( $ ;	<=��>?1	# � *)#�3 $ ( $4� ( � � >�� *)�91	#

αx− λTx = f ∈ L2(µ)
Ï � � 	�� 	�Ò

�  3 � 3�# / ( $)��$ � �4$)� ( >0*)# /4�5$ ��! � � *)#�3 $ ( $4��
�� � >�� *)�91	# �  3�#� � 3 % *)�,@A1"( $4$�% ! #,* / ( ! # $ ��3 �  � ! : 1=*)��!�;
C
� )Gg 7  $#%g%�n/*1��� $g 7 ÑE-0"!�0½ 7±· )O-���#O $#%gO½ Ï � � 	�� 	�Ò�· #%gO��-0)G#%&('*1 :  !)O-0��1�)

VgOP�+E1�/G-0P�-0�� $¸%¹�"!����-n�� !1�)% 7 & ��� ��� 	�9O: 10¸ · Ñ%g 7 �!/G��g%��-�¸O $#O��#O1� · )O-���#O $#%gO 

αV x(s)− λV Tx(s) = V f(s).

� -0/r�n+E1�/G-0P�-0�� $¸%¹�"!���� ��� !1�)% 7 & ��� ��� 	 �!��1 · )O-���#O $#%gO CP�- : gO"$&(��-0 !��",½r�>��gG+E 

αV x(s)− λ

∫

X

∞∑

n=1

χen(s)√
µ en

T ∗fn(t)x(t) dµ(t) = V f(s).

Ã +E $¸E-��>� : 1�"$¸O ,+O#O 7±· )O-���#O $#%g%g*P�- 7  $# ·
y = V x,

: )GgG+E 7 /#�!/G��g%��-�¸O $#O��#O1 7V·
g%#O�� $¼�)O-�¸%¹�#O1 7V·a· )O-���#O $#%g��

αy(s)− λ

∫

X

∞∑

n=1

χen(s)√
µ en

V T ∗fn(t) y(t)dµ(t) = V f(s)

"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7(�
B



m { � ¸E-���- � � ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

 1�«E¬51/(+, �K² ' ² �.².��������� ��*)� ��� *)# $���� 3�� L2(µ)
� (9��#,*)#76 ( /4�5$ � -�!'(+*)# µ σ �  � �$ (�� $ # � $ ( : 3 /4: ( �7�9: � ����� � # � ��! � ��( �  � & - T ∈ B(L2(µ))

�
0 ∈ σc(T

∗) ;.<=��>?1	#� *)#�3 $ ( $4� ( � � >�� *)�91	#
αx− λTx = f ∈ L2(µ)

Ï � � 	�� ��Ò
�  3 � 3�# / ( $)��$ � �4$)� ( >0*)# /4�5$ ��! � � *)#�3 $ ( $4��
�� � >�� *)�91	# �  3�#� � 3 % *)�,@A1"( $4$�% ! #,* / ( ! # $ ��3 �  � ! : 1=*)��!�;

C
� 1@�� !1�)% 7  ��� ��� � +O¸O½j¸�����10¼�1

ε > 0
#E-�'G+E !��",½ · #%gO��-0)G#%&('±1 :  !)O-0��1�)

U ∈ B(L2(µ))
��-0/�10' 9 ÑO��1

UTU−1 = N + K
9 ¼5+E 

N
Í ½�+E !)G#%&('�1 :  !)O-0��1�)

"a½�+E !)G#O10'j#O1�) 7 10' ‖N‖1
7  $#%¹�	� $' 9 ÑO 7

ε
9
K ∈ B(L2(µ))

Í g%#O�� $¼�)O-�¸%¹�#%&('
1 :  !)O-0��1�)*"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7

K(s, t) =
∞∑

n=1

χen(s)√
µ en

wn(t), {wn} ⊂ L2(µ).
Ï � � 	�� ��Ò

� )Gg 7  $#%g 7 / 1��� $g 7 ÑE-0"!�0½ 7 · )O-���#O $#%gO½ Ï � � 	�� ��Ò 1 :  !)O-0��1�)
U.

È 7  ! 7
αUx− λUTx = Uf

�¶Ã +E $¸E-��±� �!��1 7�· )O-���#O $#%g%gRP�- 7  $# ·
y = Ux,

: 10¸ · Ñ%g 7
�!/G��g%��-�¸O $#O��#O1� �g%#O�� $¼�)O-�¸%¹�#O1� · )O-���#O $#%gO 

αy(s)− λUTU−1y(s) = Uf(s).

� 10¸%¹�P · ½G"$¹a)O-��� $#O"!����1 7
UTU−1 = N +K

g Ï � � 	�� ��Ò$9 P�- : g�	� 7 �!��1 · )O-���#O $#%gO 
�>��gG+E 

α

(
1− λ

α
N

)
y(s)− λ

∫

X

∞∑

n=1

χen(s)√
µ en

wn(t) y(t) dµ(t) = Uf(s).
Ï � � 	�� � Ò

Â & �� !)% 7
ε
��-0/ 9 ÑO��1��0& |λ|

|α| ‖N‖1 < 1
� � 10¼5+.-n1 :  !)O-0��1�)

Fλ := 1 − λ
α
N
g 7  ! !�

1���)O-0��#%&('
F−1
λ ∈ B(L2(µ))

��Ã +E $¸E-��<� · )O-���#O $#%g%g Ï � � 	�� � Ò P�- 7  $# ·
z = Fλy

9
: )GgG+E 7 /!�!/G��g%��-�¸O $#O��#O1 7V· g%#O�� $¼�)O-�¸%¹�#O1 7V·n· )O-���#O $#%g�� ��6 ¼�1�)%1!+.-�"�/G��-0P$g%��& 6
)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7

αz(s)− λ

∫

X

∞∑

n=1

χen(s)√
µ en

(F−1
λ )∗wn(t) z(t) dµ(t) = Uf(s). B

� =!1�����G¯89-1 �K² ' ² ' ²�� � 3C(+*4@A1"( $4��: � ( �,*.( ! � � 	�� 	 - � � 	�� � � ��*)#�3C(21 /�� 3 % -�( �0/��
T � ����� ���  ��!"��#  ��$�%'& ���)(+*)# � �,*";Â "�- 7 1 7 +E $¸O 9 1���)O-0P : 10ÑO��g±/�1 7V: -0/%��#O10¼�1T1 :  !)O-0��1�)O-_"! : -0)O-��� $¸O $#�g : 1
�� !1�)% 7  ��� ��� �

0 ∈ σc(T
∗)
�

� =!1�����G¯89-1 �K² ' ² �.²�� � 3C(+*4@A1"( $4��: � ( �,*.( ! � � 	�� 	�9 � � 	�� � � ��*)#�3C(21 /�� 3 % -�( �0/��
T � �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,*";

  $'O"!����gO�� $¸%¹�#O1 9 �©"$g%¸ · "$¸O ,+E"!����gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� � /G-�L�+O&('fg%#O�� 6
¼�)O-�¸%¹�#%&('T1 :  !)O-0��1�) : 10ÑO��g*/�1 7V: -0/%�� $# �



" � � ���(Ã �� ,+E $#%gO �"$gO"!�� 7���6 ¼�1>)%1!+.-n/#�!/G��g%��-�¸O $#O��#%& 7 g%#O�� $¼�)O-�¸%¹�#%& 7
· )O-���#O $#%gO½ 7���6 ¼�1>)%1!+.-�"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 g@/G-0)G¸O 7 -�#O10��"!/Gg 7 g
½�+E)O- 7 g ��M -0P!)% 
	�-����gO �½�+E)O-

m �

�  !1�)% 7 - � � 	�� � +E1 :%· "!/G-0 !�n"$¸O ,+ · ��� ! C1���1���� $#%gO �
 1�«E¬51/(+, �K² ' ² �.²"���������

H � � (9��#,*)#76 ( /4�5$ � ( > ��/4� 6 (+* � ��3�� ��*)� ��� *)# $���� 3�� -
L2(µ) � � (9��#,*)#76 ( /4�5$ � (���*)� ��� *)# $���� 3�� -�!'(+*)# µ σ �  � $ (�� $ # � $ ( : 3 /4: ( �7�9: � ������ � # � ��! � ��( �  � & - T : DT ⊂ H → H � � / � ��$ � ����*.(21"( / ( $4$�%'& �#�! %  # ( ! %'&/��4$ ( &4$�%'& ���)(+*)# � �,* � 0 ∈ σc(T

∗) ;
<=��>?1	# � *)#�3 $ ( $4� ( � � >�� *)�91	# 3 H αx − λTx = f ∈ H �  3 � 3�# / ( $)��$ � �4$��� ( >0*)# /4�5$ ��! � � *)#�3 $ ( $4��
�� � >�� *)�91	#�3 L2(µ)

�  3�#� � 3 % *)�,@A1"( $4$�% !  #,* / ( ! # �$ ��3 �  � ! : 1=*)��!�;
C
� 1ÿ�� !1�)% 7  ��� ��� � +O¸O½Æ¸�����10¼�1

ε > 0
#E-�'G+E !��",½ · #%gO��-0)G#%&('�1 :  !)O- 6

��1�)
U : H → L2(µ)

��-0/�10' 9 ÑO��1
UTU−1 = N + K

9 ¼5+E 
N
Í ½�+E !)G#%&('

1 :  !)O-0��1�)��
L2(µ)

"_½�+E !)G#O10'�#O1�) 7 10' 9�7  $#%¹�	� $' 9 ÑO 7
ε
9
K
Í /G-0)G¸O 7 -�#O10� 6

"!/Gg%'�g%#O�� $¼�)O-�¸%¹�#%&('�1 :  !)O-0��1�)©"*/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+ 6
)%1 7(�� -�¸%¹�#O $'�	� ! �+E1�/G-0P�-0�� $¸%¹�"!����1�+E1�"$¸O10��#O1 : 10����1�)�½G !��+E1�/G-0P�-0�� $¸%¹�"!����1��� !1 6
)% 7 & � � 	�� ���

B
Â "$��½GP$g�"<+E1�/G-0P�-�#%#%& 7 gf� �!��1 7 : -0)O-�¼�)O- 4  ±�� !1�)% 7 - 7 g�P�- 7  !��g 7(9 ÑO��1

� " 
�� �_: )% ,+O¸O1'L� $#%& : )Gg��0¸%g L� $#%#%&¶ 7  !��1!+O&º)% 
	� $#%gO½jg%#O�� $¼�)O-�¸%¹�#%&�� · )O-�� 6
#O $#%g%' ��6 ¼�1>)%1!+.-n"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 g@/G-0)G¸O 7 -�#O10��"!/Gg 7 g_½�+E)O- 7 g �

& �K² �.² � ¯81���1<.-9-1 �B9 ��/1/( � � ;�«±¬K« ��,×® ��®K¯89[¯8,/=!1<.[/.-0W(9-.[/1<;�¬5,/=!>8.-0W( �K¬5,%¯8.-1<.-9��-( � � ;�«�¬K« ��, �_®K¯8,��[9[¯80a¬K«�� ��1<.-.-0W(+9
® ,O¬ =!1/(+,V.[«O¯���®59!(+9�� ��¬5,8(+9�²�� ,���¬51�� ,���� 9-1�� ��¬5,

Â "
��+ · �#�!��1 7©: -0)O-�¼�)O- 4  : )% ,+ : 10¸E-�¼!-0 !��",½ 9 ÑO��1
L2(µ) := L2(X,µ)

Í "! 6
: -0)O-��� $¸%¹�#O1� : )%1�"!��)O-�#O"!����1 9(7  !)O-

µ σ
6 /�10#O $Ñ%#E-jgÆ#O <½���¸O½G !��",½�Ñ%gO"!��1©-0��1 6

7 g%ÑO !"!/�10' �_M -0"!" 7 1���)Gg 7¾: )%1�"!��)O-�#O"!����1
L2,m(µ)

�� !/%��1�) 6�4�· #O/GN%g%'
f(s) =

{f1(s), . . . , fm(s)} 9 fi ∈ L2(µ)
9
i = 1, . . . ,m

9 "!1>"!/G-�¸O½G)G#%& 7±: )%10gOP$�� ,+E $#%gO 7

〈f, g〉 =
∫

X

m∑

j=1

fj gj dµ

g*#O1�) 7 10'

‖f‖m,µ =

(∫

X

m∑

j=1

|fj |2 dµ
) 1

2

.

�C· "!��¹
Bij ∈ B(L2(µ))

9
i, j = 1, . . . ,m

� � : )% ,+E $¸%g 7 �
L2,m(µ)

1 :  !)O-0��1�)
B)O-��� $#O"!����- 7 g

(Bf(s))i =
m∑

j=1

Bijfj(s), i = 1, . . . , m,
Ï � � ��� 	�Ò

P,+E !"$¹
(Bf(s))i

Í
i
6 ½r/�1 7V: 10#O $#O��-��� !/%��1�) 6�4�· #O/GN%g%g

Bf ∈ L2,m(µ)
�



m"m � ¸E-���- � � ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

Â -�L�#%& 7Æ: )Gg 7  !)%1 7 1 :  !)O-0��1�)O-
B
7 1'L� !�_"$¸ · L�gO��¹*/G-0)G¸O 7 -�#O10��"!/Gg%'<g%# 6

�� $¼�)O-�¸%¹�#%&('_1 :  !)O-0��1�)
C : L2,m(µ) → L2,m(µ)

2

(Cf(s))i =

∫

X

m∑

j=1

cij(s, t)fj(t) dµ(t), i = 1, . . . ,m,
Ï � � ��� ��Ò

¼5+E C½�+E)O-
cij(s, t)

· +E10��¸O !����1�)�½���� · "$¸O10��g�� � -0)G¸O 7 -�#E-
∫

X

|cij (s, t)|2 dµ(t) < ∞ +O¸O½ : 10ÑO��gr��"! ��
s ∈ X.

 1�«E¬51/(+, �K² �.² ' ²����������
0 ∈ σc(B

∗) ; <=��>?1	# 1 /4: / 
 67��>�� ε > 0
$ # & 1"( �7�9:�4$4�)� #,* $�%'& ���)(+*)# � �,* Ũ 3 L2,m(µ)

� #  � & -.� � � � ����� ( ! # � � >�� *)�91	# 3 L2,m(µ)

αx− λBx = f
Ï � � ��� ��Ò

�#�!'( $ � & g = Ũf - y = Ũx ��* � 3��91 �)�7�9:  �  3 � 3�# / ( $)��$ � &�� ����� ( !'( �4$)� ( >0*)# /4���$�%'8B� *)#�3 $ ( $4�4&@� � >�� *)�91	#
αy − λ

(
Ñ + K̃

)
y = g,

Ï � � ��� � Ò

+1"( �0� Ñ � : 1"(+* $�%'& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,* 3 L2,m(µ)
� : 1"(+* $ � & $ �,*=! � &

!'( $���� ( & -.��( ! ε - K̃ �  #,* / ( ! # $ ��3 �  �4& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,* �  3�#� � 3 % �
*)�,@A1"( $4$�% !�! # � * � � $�% !  #,* / ( ! # $ ��3 �  � ! : 1=*)��!

∞∑

n=1

χen(s)√
µ en

Kn(t),
Ï � � ��� ��Ò

>?1"(A1 /4:  #�@A1	��>�� n �
t ∈ X �)(+*=3�# : ��� *)�  # (m × m)

� ! # � * � � % Kn(t) ( �����
{vn,1(t), . . . , vn,m(t)} := vn(t) ∈ L2,m(µ) -�#B� ��� # /4�5$�% ( ��� *)�  � *)#�3 $�% 0 ;

C
� - 7  $#E-

y = Ũx
9
g = Ũf

9 ¼5+E 
Ũ
Í · #%gO��-0)G#%&('�1 :  !)O-0��1�)ÿgOPT"$¸O ,+ 6

"!����gO½ ��� ��� � �� !1�)% 7 & ��� ��� 	�9>: )Gg%��1!+OgO��"$gO"!�� 7V· Ï � � ��� ��Ò /�gO"!/�1 7 10' "$gO"!�� 6
7  Ï � � ��� � Ò$�

B� =!1�����G¯89-1 �K² �.² ' ²�� � 3C(+*4@A1"( $4� ( � ( �,*.( ! % � � ��� 	 � ��*)#�3C(21 /�� 3�� - ( �0/�� 3 � (
���)(+*)# � �,* % Bij

 ��!"��#  ��$�% ��� !'(+*.(�;� =!1�����G¯89-1 �K² �.² �.²�� � 3C(+*4@A1"( $4� ( � ( �,*.( ! % � � ��� 	 � ��*)#�3C(21 /�� 3�� - ( �0/�� 3 � (
���)(+*)# � �,* % Bij ����� ���  ��!"��#  ��$�% ;� =!1�����G¯89-1 �K² �.² �.²�� � 3C(+*4@A1"( $4� ( � ( �,*.( ! % � � ��� 	 � ��*)#�3C(21 /�� 3�� - ( �0/�� 3 � (
���)(+*)# � �,* % Bij

�4$)� ( >0*)# /4�5$�% (�;
Ã ¸O ,+E"!����gO½ � � ��� 	 � � � ��� � ��&¶�� !/G-����<gOP*�� !1�)% 7 & ��� ��� � 9 ��-0/�/G-0/���"! : 10ÑO��g

/�1 7V: -0/%��#%&¶ �g*��"! �g%#O�� $¼�)O-�¸%¹�#%&¶ �1 :  !)O-0��1�)G&f/�1 7V: -0/%��#%& : 1 7  !)% �



" � � ���(Ã �� ,+E $#%gO �"$gO"!�� 7���6 ¼�1>)%1!+.-n/#�!/G��g%��-�¸O $#O��#%& 7 g%#O�� $¼�)O-�¸%¹�#%& 7
· )O-���#O $#%gO½ 7���6 ¼�1>)%1!+.-�"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 g@/G-0)G¸O 7 -�#O10��"!/Gg 7 g
½�+E)O- 7 g ��M -0P!)% 
	�-����gO �½�+E)O-

m �

 1�«E¬51/(+, �K² �.² �.² �.����� ( ! # Ï � � ��� � Ò �  3 � 3�# / ( $)��$ # /��4$ ( &4$ ��! � �4$)� ( >0*)# /4���$ ��! � � *)#�3 $ ( $4��
 3 L2(µ)
�  3�#� � 3 % *)�,@A1"( $4$�% !  #,* / ( ! # $ ��3 �  � ! : 1=*)��!

∞∑

n=1

χen (s)√
µ en

qn(t), {qn} ⊂ L2(µ).

C
� - : g�	� 7 "$gO"!�� 7V·<Ï � � ��� � Ò �>��gG+E 

α

(
1 − λ

α
Ñ

)
y − λK̃y = g

Ï � � ��� 
�Ò

gj��& �� !)% 7
ε > 0

��-0/ 9 ÑO��1��0& |λ|
|α| ‖Ñ‖1 < 1

� � 10¼5+.-^1 :  !)O-0��1�)
Fλ = 1 − λ

α
Ñ

g 7  ! !�¶1���)O-0��#%&('�1 :  !)O-0��1�) ��Ã +E $¸E-��¶� Ï � � ��� 
�Ò P�- 7  $# ·
z =

(
1− λ

α
Ñ
)
y
9!: 10¸ · Ñ%g 7

�!/G��g%��-�¸O $#O��# · �f"$gO"!�� 7V·
αz − λK̃F−1

λ z = g
"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7©7 -0��)Gg%Ñ%#%& 7 ½�+E)%1 7

∞∑

n=1

χen(s)√
µ en

Mn(t),

¼5+E n+O¸O½j/G-�L�+E10¼�1
n
g
t ∈ X

:  !)G��-0½j"!��)%1�/G-
(m × m)

687 -0��)Gg%N%&
Mn(t)

 !"!��¹
{wn,1(t), . . . , wn,m(t)} = wn(t);

P,+E !"$¹
wn(t) = (F−1

λ )∗vn(t)
9 �� !/%��1�) 6�4�· #O/ 6

N%g%g
vn(t)

����1!+E½G�<��1 : )% ,+E $¸O $#%gO _½�+E)O-
Kn(t)

� Ï � � ��� ��Ò!9 1�"!��-�¸%¹�#%&¶ @"!��)%1�/Gg
7 -0��)Gg%N%&

Mn(t)
)O-���#%&

0
� Çr&fg 7  ! 7

αz1(s)− λ

∫

X

∞∑

n=1

χen(s)√
µ en

m∑

j=1

zj(t)wn,j(t) dµ(t) = g1(s),

αz2 = g2, . . . , αzm = gm
9 ¼5+E 

gk
Í
k
6 ½_/�1 7V: 10#O $#O��-��� !/%��1�) 6�4�· #O/GN%g%g

g
9
zi
Í

i
6 ½r/�1 7V: 10#O $#O��-�)% 
	� $#%gO½

z
� ����"
��+.-

αz1(s)− λ

∫

X

∞∑

n=1

χen(s)√
µ en

(
z1(t)wn,1(t) +

1

α

m∑

j=2

gj(t)wn,j(t)

)
dµ(t) = g1(s).

� 10¸O1'L�g%�
qn = wn,1

9 � · +E 7 g 7  !��¹

αz1(s)− λ

∫

X

∞∑

n=1

χen(s)√
µ en

z1(t) qn(t) dµ(t) = g1(s) + g0(s),

¼5+E 

g0(s) =
λ

α

∞∑

n=1

χen(s)√
µ en

〈g̃, wn〉, g̃ = {0, g2, . . . , gm}.



m � � ¸E-���- � � ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

�C· "!��¹
βn := 〈g̃, wn〉

�
� 10¼5+.-
βn = 〈g̃, (F−1

λ )∗vn〉 = 〈F−1
λ g̃, vn〉

�KÂ "$g%¸ · "$¸O ,+ 6
"!����gO½ ��� ��� � �� !1�)% 7 & ��� ��� 	�9 gOP�/�1���1�)%10¼�1¶��&¶�� !/G-0 !���� !1�)% 7 - � � ��� 	�9

vn = ŨB∗z̃n
9

n = 1, 2, . . . ,
¼5+E {z̃n} Í 1�)%��10#O1�) 7 gO)%10��-�#%#E-0½a"$gO"!�� 7 - 9 Ũ Í�· #%gO��-0)G#%&('^1 :  6)O-0��1�) ��� #E-!Ñ%gO� 9

βn =
〈
F−1
λ g̃, vn

〉
=
〈
F−1
λ g̃, ŨB∗z̃n

〉
=
〈
BŨ−1F−1

λ g̃, z̃n
〉
.

Ã ¸O ,+E10��-0�� $¸%¹�#O1 9 ∑∞
n=1 |βn|2 <∞ ��� 1��!��1 7V· g0 ∈ L2(µ)

g
g1 + g0 ∈ L2(µ)

�
B

Â "$��½GP$g "f+E1�/G-0P�-�#%#O10' �� !1�)% 7 10' " 7(� ��-0/ L� Ð�� !1�)% 7V· ��� ��� 	 Ï "$¸ · ÑE-�'
a(s) ≡ I

9 ¼5+E 
I
Í  ,+Og%#%g%Ñ%#E-0½ 7 -0��)Gg%NE- Ò,�

� - 7  !��g 7  
� 9 ÑO��1(/�g%#O�� $¼�)O-�¸%¹�#O1 7V·�· )O-���#O $#%g�� ��6 ¼�1�)%1!+.-�+O¸O½
z1
"�/G��-0P$g 6

��&¶)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7<: )Gg 7  $#%g 7 & : )Gg��0¸%g L� $#%#%&¶ 7  !��1!+O&
)% 
	� $#%gO½^gOP " 
�� ���

È���-0/ 9 : 1 �� !1�)% 7  � � ��� 	 "$gO"!�� 7 - Ï � � ��� ��Ò �!/G��g%��-�¸O $#O��#E- "$gO"!�� 7  
αy − λCy = g

"�/G-0)G¸O 7 -�#O10��"!/Gg 7 g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1�)%1 7
C : L2,m(µ) →

L2,m(µ)
�� -�¸O ! 9 �� !Pj10¼�)O-�#%g%ÑO $#%gO½ÿ1����#O1�"!��g 9 � · +E 7 "$Ñ%gO��-0��¹ 9 ÑO��1

α = 1
�

��"!��-�¸%¹�#E-0½^ÑE-0"!��¹ �!��10¼�1 : -0)O-�¼�)O- 4 - : 1�"$��½�� $#E->"$gO"!�� 7  

y − λCy = g.
Ï � � ��� ��Ò

 1�«E¬51/(+, �K² �.² �.² � �0/�� 1/λ
$ ('��* �4$ #01 / ( @ �)� � �)(  � * � ����*.(21"( /4: ( ! ��>���*)# �

3C( $���� 3���! Ï � � ��� ��Ò  #,* / ( ! # $ ��3 �  ��>�� �4$)� ( >0*)# /4�5$ ��>������)(+*)# � �,*)# C : L2,m(µ) →
L2,m(µ) - � � 1 /4: / 
 67� & ��*)#�3�� & �C# ����� g ∈ L2,m(µ)

� ����� ( ! # Ï � � ��� ��Ò � !'(,( � -� ��* �)� ��! (21 �4$���� 3C( $4$ � (,-�*.( � ( $4� ( y ∈ L2,m(µ) ;�� � � *.( � ( $4� (�����*.(21"( /4: ( �7�9:
*)#�3C( $���� 3���!

y(s) = g(s) + λ

∫

X

Γ(s, t;λ) g(t)dµ(t),
Ï � � ��� ��Ò

>?1"( � / ( !'( $)��% Γij(s, t;λ) - i, j = 1, . . . ,m -.*)#� *.( � # 
�� ( >�� ! # � * � � $ ��>�� : 1=*)#
Γ(s, t;λ)

� 1	��3 / ( � 3��,* :	
������0/ ��3 ��
 � #,* / ( ! # $ #
∫

X

|Γij(s, t;λ)|2 dµ(t) <∞ 1 /4: ����� ��� 3 � ( 8 s ∈ X.

� �0/�� -  *)��!'( � ��>�� -�1 /4: 3 � ( 8 i, j = 1, . . . ,m -
∫

X

|cij(s, t)|2dµ(s) <∞ 1 /4: ����� ��� 3 � ( 8 t ∈ X,
Ï � � ��� ��Ò

� � *)#� *.( � # 
�� (,( : 1=*)� � 1	��3 / ( � 3��,* : ( � 1 /4: ����� ��� 3 � ( 8 (s, t) ∈ X ×X 1)3 � !
*)#�3C( $���� 3�#�!

Γ(s, t;λ)− λ

∫

X

C(s, τ ) Γ(τ, t;λ) dµ(τ ) = C(s, t),
Ï � � ��� 	�Î�Ò



" � � ���(Ã �� ,+E $#%gO �"$gO"!�� 7���6 ¼�1>)%1!+.-n/#�!/G��g%��-�¸O $#O��#%& 7 g%#O�� $¼�)O-�¸%¹�#%& 7
· )O-���#O $#%gO½ 7���6 ¼�1>)%1!+.-�"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 g@/G-0)G¸O 7 -�#O10��"!/Gg 7 g
½�+E)O- 7 g ��M -0P!)% 
	�-����gO �½�+E)O-

m �

Γ(s, t;λ)− λ

∫

X

Γ(s, σ;λ)C(σ, t) dµ(σ) = C(s, t).
Ï � � ��� 	�	�Ò

� 1"( �0� C(s, t) � ! # � * � � $ � ( : 1=*)�  #,* / ( ! # $ ��3 �  ��>�� ���)(+*)# � �,*)# C �
�
/ ( !'( $)� # �

! � cij(s, t) - i, j = 1, . . . ,m ;
C
Â 1�" : 10¸%¹�P ·  7 ",½©"$¸O ,+ · ���g 7 -�#E-�¸O10¼�1 7 ¸O 7´7 & 1 : )O-���1 7�·G7 #O1'L� $#%g%g

gOP " ��� 	��
	e1/(c(+, �K² �.² ' ²����������

C : L2,m(µ) → L2,m(µ) �  #,* / ( ! # $ ��3 �  �4&��4$��
� ( >0*)# /4�5$�%'& ���)(+*)# � �,*.- B : L2,m(µ) → L2,m(µ) � /��4$ ( &4$�%'& ��>0*)# $4� ��( $4$�%'&
���)(+*)# � �,*";	<=��>?1	# CB �  #,* / ( ! # $ ��3 �  �4& �4$)� ( >0*)# /4�5$�%'& ���)(+*)# � �,*";

����1�P$#E-!Ñ%g 7 ÑO !)% !P
ci(s, t) i

6 �f"!��)%1�/ ·r7 -0��)Gg%N%&R1 :  !)O-0��1�)O-
C
g_ÑO !)% !P

(a)i
i
6 ��/�1 7V: 10#O $#O� · "!��10¸��0NE-

a.
 ¸O½^¸�����10¼�1

i = 1, . . . ,m
g
h ∈ L2,m(µ)

g 7  ! 7

(CBh)i = 〈Bh, ci 〉 = 〈h,B∗ci 〉,
¼5+E �1 :  !)O-0��1�)

B∗ : )Gg 7  $#O½G !��",½n/ ci(s, t) /G-0/^/^�� !/%��1�) 6�4�· #O/GN%g%g ci(s, t) :  !)% 67  $#%#O10¼�1
t ∈ X

9�: )Gg%#E-�+O¸O �L�-�� $'
L2,m(µ)

: )Gg : 10ÑO��g���"! ��
s ∈ X

� È�P : 10¸ · ÑO $# 6
#O10¼�1*)O-��� $#O"!����-r"$¸O ,+ ·  !� 9 ÑO��1

CB
Í g%#O�� $¼�)O-�¸%¹�#%&('<1 :  !)O-0��1�)<" 7 -0��)Gg%Ñ%#%& 7

½�+E)%1 7(9
i
6 ½<"!��)%1�/G-^/�1���1�)%10¼�1*)O-���#E-

B∗ci
9 1���/ · +.-a��&¶�� !/G-0 !� 9 ÑO��1

CB
Í /G-0) 6

¸O 7 -�#O10��"!/Gg%'_g%#O�� $¼�)O-�¸%¹�#%&('*1 :  !)O-0��1�) �
� )%1!+E10¸ L�g 7 +E1�/G-0P�-0�� $¸%¹�"!����1±�� !1�)% 7 & � � ��� ��� �C· "!��¹

ξ
Í : )%10gOP$��10¸%¹�#E-0½

��10ÑO/G-�gOP¶)% !P!10¸%¹��� $#O��#O10¼�1 7 #O1'L� !"!����-
ρ(C)

1 :  !)O-0��1�)O-
C
9
Rξ := (C−ξ1)−1 Í

)% !P!10¸%¹��� $#O��-a1 :  !)O-0��1�)O-
C
9
Γξ : = −ξCRξ

Í )% !P!10¸%¹��� $#O��- � )% ,+O¼�10¸%¹ 7 -^1 :  6
)O-0��1�)O-

C.
� 1¶+E1�/G-0P�-�#%#O10'>¸O 7´7  

Γξ : L2,m(µ) → L2,m(µ)
Í /G-0)G¸O 7 -�#O10��"!/Gg%'

g%#O�� $¼�)O-�¸%¹�#%&('>1 :  !)O-0��1�) � � -0/n/G-0/ 1
λ
∈ ρ(C)

9 ��1�1���"
��+.-�"$¸O ,+ ·  !� 9 ÑO��1¶+O¸O½�¸�� 6
��10' 4�· #O/GN%g%g

e ∈ L2,m(µ)

Γ1/λe(s) =

∫

X

Γ(s, t;λ) e(t)dµ(t),
Ï � � ��� 	���Ò

¼5+E >��"! !�$¸O 7  $#O��&
Γij(s, t;λ)

7 -0��)Gg%Ñ%#O10¼�1_½�+E)O-
Γ(s, t;λ)

9 #E-0P$&(��-0 7 10¼�1<)O-0P 6
)% 
	�-����g 7(9%· +E10��¸O !����1�)�½���� · "$¸O10��g�� � -0)G¸O 7 -�#E-

∫

X

|Γij(s, t;λ)|2dµ(t) <∞ +O¸O½ : 10ÑO��gr��"! ��
s ∈ X.

� 1 · "$¸O10��g��
1/λ ∈ ρ(C)

9 "$¸O ,+E10��-0�� $¸%¹�#O1 9 1 :  !)O-0��1�)
(C− 1

λ
1)−1 1 : )% ,+E $¸O $#

#E-
L2,m(µ)

9 +E $'O"!��� ·  !���
L2,m(µ)

g*#O : )% !)G&(�� $# � � - : g�	� 7 "$gO"!�� 7V·jÏ � � ��� ��Ò �
��gG+E 

(1−λC)y = g
� � 10¼5+.-

y = − 1
λ
R1/λg

½���¸O½G !��",½ 9 g : )GgO��1 7  ,+Og%#O"!���� $#%#%& 7(9
)% 
	� $#%gO 7 "$gO"!�� 7 & Ï � � ��� ��Ò$�%É 1 − 1

λ
R1/λ = 1+ λΓ1/λ

��� #E-!Ñ%gO� 9

y(s) = (1+ λΓ1/λ)g(s) = g(s) + λ

∫

X

Γ(s, t;λ) g(t) dµ(t).



� � � ¸E-���- � � ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

 1�/G-�L� 7(9 ÑO��1�+O¸O½
Γ(s, t;λ)

��& : 10¸%#O $#O1 )O-��� $#O"!����1 Ï � � ��� 	�Î�Ò!� È 7  ! 7
(1− λC)Γ1/λ = C

��� 1��!��1 7V· +O¸O½a¸�����10' 4�· #O/GN%g%g
h ∈ L2,m(µ)

∫

X

Γ(s, t;λ)h(t) dµ(t)− λ

∫

X

C(s, τ )

∫

X

Γ(τ, t;λ)h(t) dµ(t) dµ(τ ) =

=

∫

X

C(s, t)h(t) dµ(t).

Ï � � ��� 	���Ò

È�P Ï � � ��� ��Ò "$¸O ,+ ·  !� 9 ÑO��1
C∗ Í /G-0)G¸O 7 -�#O10��"!/Gg%' g%#O�� $¼�)O-�¸%¹�#%&(' 1 :  !)O- 6

��1�) � ����"
��+.-ÿg�gOP
1/λ ∈ ρ(C∗)

g
R1/λ(C

∗) = (R1/λ)
∗ ��&¶�� !/G-0 !� 9 ÑO��1

Γ1/λ(C
∗) = (Γ1/λ(C))∗

� � 10¼5+.-�+O¸O½ : 10ÑO��g*��"! ��
(s, t) ∈ X ×X

γ
(
s, t;λ

)
= Γ′(t, s;λ),

Ï � � ��� 	 � Ò

¼5+E 
γ(s, t;λ )

Í )O-0P!)% 
	�-���� ! 7 -0��)Gg%Ñ%#O1� n½�+E)%1r1 :  !)O-0��1�)O-
C∗ g A′ Í 7 -0� 6

)Gg%NE- 9 ��)O-�#O" : 10#%gO)%10��-�#%#E-0½r/ 7 -0��)Gg%NO 
A
��� 1��!��1 7V· +O¸O½ : 10ÑO��gr��"! ��

t ∈ X

Γ(t, λ) :=

(
m∑

i,j=1

∫

X

∣∣Γij(s, t;λ)
∣∣2 dµ(s)

) 1

2

=

=

(
m∑

i,j=1

∫

X

∣∣γij
(
t, s;λ

)∣∣2 dµ(s)
) 1

2

<∞.

Â "$g%¸ ·
σ
6 /�10#O $Ñ%#O1�"!��g 7  !)G&

µ
#E-�'G+E !��",½a��1�P!)O-0"!��-����-0½T/

X
: 1�"$¸O ,+E10��-0�� $¸%¹ 6

#O1�"!��¹>gOP 7  !)Gg 7 &�� 7 #O1'L� !"!��� {Xk}
��-0/G-0½ 9 ÑO��1

µXk < ∞ 9 k = 1, 2, . . .
�C· "!��¹

Gk =
{
t
∣∣ t ∈ Xk, Γ(t, λ) 6 k

}
.

� 10¼5+.-
µ
(
X \⋃∞

k=1Gk

)
= 0

g
µGk <∞ 9 k = 1, 2, . . .

 ¸O½
(m×m)

687 -0��)Gg%N%&
D

" �$¸O 7  $#O��- 7 g
dij
: 10¸O1'L�g 7 ‖D‖ =

(∑m
i,j=1 |dij |2

) 1

2
ga1���1�P$#E-!Ñ%g 7 ÑO !)% !P ‖ ·‖m#O1�) 7V· �� $��/G¸%gG+E10��1 7�: )%1�"!��)O-�#O"!���� 

Em
� È 7  ! 7 +O¸O½�¸�����10¼�1

h ∈ L2,m(µ)



" � � ���(Ã �� ,+E $#%gO �"$gO"!�� 7���6 ¼�1>)%1!+.-n/#�!/G��g%��-�¸O $#O��#%& 7 g%#O�� $¼�)O-�¸%¹�#%& 7
· )O-���#O $#%gO½ 7���6 ¼�1>)%1!+.-�"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 g@/G-0)G¸O 7 -�#O10��"!/Gg 7 g
½�+E)O- 7 g ��M -0P!)% 
	�-����gO �½�+E)O-

��^

g
k = 1, 2, . . .

∫

X

∫

X

‖C(s, τ )‖ ‖Γ(τ, t;λ)‖χGk
(t) ‖h(t)‖m dµ(t) dµ(τ ) =

=

∫

X

∫

X

‖C(s, τ )‖ ‖Γ(τ, t;λ)‖ dµ(τ )χGk
(t) ‖h(t)‖m dµ(t) 6

6

∫

X

(∫

X

‖C(s, τ )‖2 dµ(τ )
) 1

2

(∫

X

‖Γ(τ, t;λ)‖2 dµ(τ )
) 1

2

×

×χGk
(t) ‖h(t)‖m dµ(t) =

=

(∫

X

‖C(s, τ )‖2 dµ(τ )
) 1

2 ∫

X

Γ(t, λ)χGk
(t) ‖h(t)‖m dµ(t) 6

6 k

(∫

X

‖C(s, τ )‖2 dµ(τ )
) 1

2 ∫

Gk

‖h(t)‖m dµ(t) <∞.

Ï � � ��� 	���Ò

����1�P$#E-!Ñ%g 7 ÑO !)% !P
δr
�� !/%��1�) 6 "!��10¸��� $NTgOP

Em
9
r
6 ½*/�1 7V: 10#O $#O��->/�1���1�)%10¼�1^)O-�� 6

#E-
1
9 -@1�"!��-�¸%¹�#%&¶ _/�1 7V: 10#O $#O��&�)O-���#%&

0
� �C· "!��¹ {ej(t)}

Í "$ÑO !��#O1� r��"
��+ ·
: ¸O1���#O1� ×�

L2(µ)
7 #O1'L� !"!����1 � � 10¼5+.-©�Æ"$g%¸ · Ï � � ��� 	���Ò g�"$ÑO !��#O1�"!��g {ej(t)}#E-�'G+E !��",½ 7 #O1'L� !"!����1

X0
9
µ(X\X0) = 0

9 ��-0/�1� 9 ÑO��1ÿ+O¸O½Ð��"! ��
s ∈ X0

9
k, j = 1, 2, . . . , r = 1, . . . ,m

∫

X

Γ(s, t;λ)χGk
(t) δrej(t) dµ(t)−

−λ

∫

X

C(s, τ )

∫

X

Γ(τ, t;λ)χGk
(t) δr ej(t) dµ(t) dµ(τ ) =

=

∫

X

C(s, t)χGk
(t) δr ej(t) dµ(t).

� 10¸%¹�P · ½G"$¹ Ï � � ��� 	���Ò g©�� !1�)% 7 10' ��· �0g%#%g 9[: 1 7  $#O½G 7 � �!��g��×)O-��� $#O"!����- � : 1 6
)�½�+E1�/Æg%#O�� $¼�)GgO)%10��-�#%gO½ � Çr& : 10¸ · Ñ%g 7 +O¸O½R��"! ��

s ∈ X0
9
k, j = 1, 2, . . . ,

r = 1, . . . ,m

∫

X

[
Γ(s, t;λ)−λ

∫

X

C(s, τ ) Γ(τ, t;λ) dµ(τ )−C(s, t)

]
χGk

(t) δr ej(t) dµ(t)=0.

����"
��+.-*g�gOP : )%10gOP$��10¸%¹�#O1�"!��g
k
9
j
9
r
"$¸O ,+ ·  !� 9 ÑO��1_��&¶)O-�L� $#%gO *�</G��-�+E)O-0� 6

#%&���"!/�1���/G- ��)O-���#O1@# · ¸�� +O¸O½ : 10ÑO��g±��"! ��
t ∈ X

� � -0/Gg 7 1���)O-0P!1 7(9 )O-��� $# 6
"!����1 Ï � � ��� 	�Î�Ò g 7  ! !� 7  !"!��1�+O¸O½ : 10ÑO��gr��"! ��

(s, t) ∈ X ×X
�



� � � ¸E-���- � � ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

 1�/G-�L� 7 )O-��� $#O"!����1 Ï � � ��� 	�	�Ò!� � -0/_/G-0/
(λ )−1 ∈ ρ(C∗)

9 ��1 9O: )Gg 7  $#%g%�n+E1 6
/G-0P�-�#%#O1� �)O-��� $#O"!����1 Ï � � ��� 	�Î�Ò /*"!1 : )�½!L� $#%#O10'_"$gO"!�� 7  

u(s)− λ

∫

X

C′(t, s)u(t) dµ(t) = f(s),

: 10¸ · Ñ%g 7

γ
(
s, t;λ

)
− λ

∫

X

C′(σ, s) γ
(
s, t;λ

)
dµ(σ) = C′(t, s).

�  !)% ���1!+E½�/���)O-�#O" : 10#%gO)%10��-�#%#%& 7 7 -0��)Gg%NE- 7 g · Ñ%gO��&(��-0½ Ï � � ��� 	 � Ò$9 � · +E 7
g 7  !��¹�+O¸O½ :K� � �

(s, t) ∈ X ×X

Γ(t, s;λ)− λ

∫

X

Γ(t, σ;λ)C(σ, s) dµ(σ) = C(t, s).

� 1 7  $#O½�� 7  !"!��- 7 g
t
g
s,
: 10¸ · Ñ%g 7ÆÏ � � ��� 	�	�Ò!�

B
�VH3Z¶D��3H3IKbKD��K= �.=��G= � -�+.-!ÑE-a1r)O-0P!)O-���1���/� 7  !��1!+E10�*1���&¶"!/G-�#%gO½T)O-0P!)% 
	�- 6

���g��a½�+E !)ng%#O�� $¼�)O-�¸%¹�#%&�� · )O-���#O $#%g%' ��6 ¼�1�)%1!+.-�" : )%10gOP$��10¸%¹�#%& 7 gr/G-0)G¸O 7 - 6
#O10��"!/Gg 7 gT1 :  !)O-0��1�)O- 7 g �0&(¸E- : 1�"!��-���¸O $#E-n� � �0�G9G 1 : 10¸%#O $#%gO 9 " ��9 P�-�+.-!ÑE- � ���
Ã�· � !"!���� $#%#O1� : )%1!+O��g L� $#%gO ´��)% 
	� $#%g%g �!��10'�P�-�+.-!Ñ%g : 10¸ · ÑO $#O1(#O ,+.-���#O1¶��)O- 6
��1��� �È � Ç �%É 10��g%NO/�10¼�1 � ��	 ���

�VH3Z¶D��3H3IKbKD �K= �.= �.= � 1a¸O 7´7  �1 : )O-���1 7ÿ·G7 #O1'L� $#%g%gTgOP " ��� 	 +O¸O½*¸�����10'
)% $¼ · ¸O½G)G#O10'_��10ÑO/Gg

ξ
/G-0)G¸O 7 -�#O10��"!/�10¼�1ag%#O�� $¼�)O-�¸%¹�#O10¼�1>1 :  !)O-0��1�)O-

C
)% !P!10¸%¹ 6

�� $#O��- � )% ,+O¼�10¸%¹ 7 -
Γξ = −ξCRξ = −ξC(C − ξ1)−1 ½���¸O½G !��",½±g%#O�� $¼�)O-�¸%¹ 6

#%& 7 1 :  !)O-0��1�)%1 7(�� ¸O½ : )%10gOP$��10¸%¹�#%&���g%#O�� $¼�)O-�¸%¹�#%&��ÿ1 :  !)O-0��1�)%10���
L2(µ)-�#E-�¸O10¼!g%Ñ%#O1� · ���� !),L�+E $#%gO <#O $�� !)G#O1G2¶�ÿ�� !1�)% 7  ��� 	�� �©: 1�"!��)%1� $#f#O : )% !)G&(� 6

#%&('<¸%g%#O $'%#%&('Tg%#O�� $¼�)O-�¸%¹�#%&('<1 :  !)O-0��1�)T�
L2(µ)

9 )% !P!10¸%¹��� $#O��- � )% ,+O¼�10¸%¹ 7 -
/�1���1�)%10¼�1(#O �½���¸O½G !��",½�g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1�)%1 7 #%g���1!+O#O10'� $¼�1�)% $¼ · ¸O½G)G#O10'
��10ÑO/� �



��� &�}F&��i-���S~����1�14F~1& � *F~ 5/0 � 2 &�}F~ 0 ~1�j�
� ')��')( 0 " 5 � � � 4 2 4! �&,} $

2

& �.² ' ² � ¯81���1<.-9-1 � � .V®��-9[«8.-,/=!>8.-0�� �K¬5,%¯8.-1<.-9 � � � ;�«±¬K« ��,
® ��®K¯89[¯8,/=!1<.[/.-0W( 9-.[/1<;�¬5,/=!>8.-0W( �K¬5,%¯8.-1<.-9��-( '�� ;�«495=!9 � � ;�«±¬K« ��,
Â )O-0"!" 7 1���)% $#%gO½����!��10¼�1 : -0)O-�¼�)O- 4 -�#E- 7n: 1���)% 
� ·  !��",½�"$¸O ,+ · ���-0½(�� !1�)% 7 - �
 1�«E¬51/(+, �.² ' ² ' ² ���������

L2(µ) := L2(X,µ) � � (9��#,*)#76 ( /4�5$ � ( ��*)� ��� *)# $����� 3�� - !'(+*)# µ $ ( : 3 /4: ( �7�9: � ����� � # � ��! � ��( �  � & - Ni ∈ B(L2(µ)) - i = 0, 1 -� �+��� ( ��� 3 � ( � �,* � � $ �,*=! � *)��3�# $4$ # : � ����� ( ! # {ψn} ⊂ L2(µ)
� #  # : -)� � �

lim
n→∞

∥∥(N∗
i − αi 1)ψn

∥∥ = 0, i = 0, 1.
Ï8��� 	�� 	�Ò

<=��>?1	# 1 /4: / 
 67��>�� ε > 0 ! �,@ $ � ��� ��� *)� �)��� �4$4�)� #,* $�%'& ���)(+*)# � �,*
W ∈ B(L2(µ))

� #  � & -)� � �

WNiW
−1 = αi1+Ki + Γi, i = 0, 1,

>?1"( Γi � : 1"(+* $�% (A���)(+*)# � �,* % ��: 1"(+* $ � & $ �,*=! � & !'( $���� ( & -	��( ! ε - Ki � �4$��
� ( >0*)# /4�5$�% (A���)(+*)# � �,* % �  3�#� � 3 % *)�,@A1"( $4$�% ! �  #,* / ( ! # $ ��3 �  � ! � : 1=*)#�! �

Ki(s, t) =
∞∑

n=1

χen(s)√
µ en

pn,i(t), i = 0, 1.
Ï8��� 	�� ��Ò

� 1"( �0� {en} � ��*)� �  3�� /4�5$ # : ��� �0/ (21	��3�# � ( /4�5$ � ����� ������#,* $ � $ ( �)(+*.( � (  # 
 �� �48��9: ! $ �,@B( ��� 3 �  X �  � $ (�� $�% ! � ��� / �,@ �)� ( /4�5$�% ! � !'(+*)#�! � - {pn,i} �
��>0*)# $4� ��( $4$�% (�3 L2(µ) ��� �0/ (21	��3�# � ( /4�5$ � ����� ;

C
� 10¸%¹�P · ½G"$¹ Ï8��� 	�� 	�Ò$9 ��& �� !)% 7 +O¸O½

ε > 0
: 1!+ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹

{ϕn} ⊂ {ψ2n}
��-0/ 9 ÑO��1��0&

∞∑

n=1

∥∥(N∗
i − αi 1)ϕn

∥∥ < ε, i = 0, 1,
Ï8��� 	�� ��Ò

g_)O-0"!" 7 1���)Gg 7 ½�+E !)G#%&¶ �1 :  !)O-0��1�)G&

Dif =
∞∑

n=1

(f, ϕn)(N
∗
i − αi 1)ϕn, f ∈ L2(µ), i = 0, 1.



�v{ � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

Â �� ,+E 7 1 :  !)O-0��1�)G&
Qi = N∗

i − αi 1 − Di
�
� -0/</G-0/

Qiϕn = 0
9
n = 1, 2, . . . ,

i = 0, 1
9 ��1

imQ∗
i ⊆ [ϕn]

⊥ 9 ¼5+E [ϕn]
⊥ Í 1�)%��10¼�10#E-�¸%¹�#O1� ^+E1 : 10¸%#O $#%gO ^/±P�- 6

7 /G# · ��10'*¸%g%#O $'%#O10'*1���10¸O10ÑO/� 
[ϕn]

: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g {ϕn}
���C· "!��¹ {en}

Í
: )%10gOP$��10¸%¹�#E-0½ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 1 : -0)G#O1r#O :  !)% !"! !/G-����g���",½ 7 #O1'L� !"!���
gOP

X
"_/�10#O $Ñ%#%& 7 g : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 g 9

E
Í P�- 7 /G# · ��-0½±¸%g%#O $'%#E-0½

1���10¸O10ÑO/G-C1�)%��10#O1�) 7 gO)%10��-�#%#O10' : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g {χen/
√
µ en } 9 E⊥ Í 1�) 6

��10¼�10#E-�¸%¹�#O1� �+E1 : 10¸%#O $#%gO C/
E
� Çr&Æg 7  ! 7

dim[ϕn] = dim[ϕn]
⊥ = dimE = dimE⊥ = ∞.

�C· "!��¹ {ϕ⊥
n } Í 1�)%��10#O1�) 7 gO)%10��-�#%#%&('���-0P$gO"

[ϕn]
⊥ g {e⊥n }

Í 1�)%��10#O1�) 7 gO)%1 6
��-�#%#%&(' ��-0P$gO"

E⊥ � � : )% ,+E $¸%g 7©· #%gO��-0)G#%&('@1 :  !)O-0��1�) W ∈ B(L2(µ))
)O-��� $# 6

"!����- 7 g
Wϕ⊥

n = χen/
√
µ en, Wϕn = e⊥n , n = 1, 2, . . .

Ï8��� 	�� � Ò
� 10¼5+.-�+O¸O½^¸�����10¼�1

h ∈ L2(µ)
g 7  ! 7

Q∗
i h ∈ [ϕn]

⊥ 9 /%)%1 7  ���10¼�1 9

D∗
i h =

∞∑

n=1

(
h, (N∗

i − αi 1)ϕn

)
ϕn.

Ã ¸O ,+E10��-0�� $¸%¹�#O1 9

W (Ni − αi1)W
−1h =W (Q∗

i +D∗
i )W

−1h =

W

∞∑

n=1

(
Q∗

iW
−1h, ϕ⊥

n

)
ϕ⊥

n +W

∞∑

n=1

(
W−1h, (N∗

i − αi 1)ϕn

)
ϕn =

=

∞∑

n=1

(
h,WQiϕ

⊥
n

) χen(s)√
µ en

+

∞∑

n=1

(
h,W (N∗

i − αi 1)ϕn

)
e⊥n .

� 10¸O1'L�g 7
pn,i =WQiϕ

⊥
n =W (N∗

i − αi 1 −Di)ϕ
⊥
n =W (N∗

i − αi 1)ϕ
⊥
n

g

Ki(s, t) =

∞∑

n=1

χen(s)√
µ en

pn,i(t).
Ï8��� 	�� ��Ò

� 10¼5+.-
WNiW

−1 = αi1+W (Ni − αi1)W
−1 = αi1+Ki +Γi,¼5+E 

Ki
Í /G-0)G¸O 7 -�#O10��"!/GgO �g%#O�� $¼�)O-�¸%¹�#%&¶ �1 :  !)O-0��1�)G&�"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 g

/G-0)G¸O 7 -�#O10��"!/Gg 7 g�½�+E)O- 7 g Ï8��� 	�� ��Ò$9
Γi
Í ½�+E !)G#%&¶ r1 :  !)O-0��1�)G&�"

C1
6 ½�+E)O- 7 g

Ï 1 : )% ,+E $¸O $#%gO 
C1
6 ½�+E)O-�" 7(� �#" ��� ��Ò

Γi(s, t) =
∞∑

n=1

e⊥n (s)W (N∗
i − αi 1)ϕn(t).

Â "$g%¸ ·jÏ8��� 	�� ��Ò ½�+E !)G#%&¶ �#O1�) 7 &f1 :  !)O-0��1�)%10�
Γi
7  $#%¹�	� 9 ÑO 7

ε
�
B



" ��� 	��(Ã �� ,+E $#%gO 4�· #O/GN%gO10#E-�¸%¹�#%&�� · )O-���#O $#%g%' ��6 ¼�1>)%1!+.-
/ �!/G��g%��-�¸O $#O��#%& 7 g%#O�� $¼�)O-�¸%¹�#%& 7±· )O-���#O $#%gO½ 7ÿ	$6 ¼�1ng%¸%g ��6 ¼�1>)%1!+.- ���

�>FKoGD�Y[D�WVDGIKbKD �.=��G=��G= �C· "!��¹
a(s)

Í 1 : )% ,+E $¸O $#%#E-0½j#E-
X µ

6 gOP 7  !)Gg 7 -0½
µ
6�: 10ÑO��gr��"
��+ · /�10#O $Ñ%#E-0½ 4�· #O/GN%gO½ � � gO"$¸O1

α
#E-0P$&(��-0 !��",½^ ! _ ���WIJ_JUWbBIgZVZVk-\

�`Z8DafVIgZVS)IX\ 9  !"$¸%g µ{s ∈ X : |a(s)− α| < ε} > 0
+O¸O½a¸�����10¼�1

ε > 0
�

��� 7  !��g 7(9 ÑO��1T !"$¸%g
X
Í P�- 7 &¶/G-�#%gO ^1���/%)G&¶��10¼�1 7 #O1'L� !"!����-T $��/G¸%gG+E10��-

: )%1�"!��)O-�#O"!����- 9
µ
ÍÁ7  !)O- µ  
�� $¼!-±g

a(s)
Í #O : )% !)G&(��#E-0½ 4�· #O/GN%gO½©#E-

X
9

��1�¸�����1� ¶/�10#O $Ñ%#O1� (P$#E-!ÑO $#%gO ��!��10' 4�· #O/GN%g%g>½���¸O½G !��",½� ! ¶" · � !"!���� $#%#%& 7 P$#E- 6
ÑO $#%gO 7(�

 1�«E¬51/(+, �.² ' ² �.²"��������� � �4$  	� ��: a(s) ��* �4$ #01 / ( @ �)� L∞(µ) - α �  #  � ( �$4� 6 � 1 � (,( �+��� ( ��� 3C( $4$ � (  $ #7��( $4� (,- {εn} � �+8 �91 :	� # :��9:  0 ��� �0/ (21	��3�# � ( /4���$ � ����� ��� / �,@ �)� ( /4�5$�%'8 � ��� ( / - {En} � ��� �0/ (21	��3�# � ( /4�5$ � ����� ������#,* $ � $ (A�)( �
*.( � (  # 
�� �48��9: ! $ �,@B( ��� 3 �  X �  � $ (�� $�% ! � ��� / �,@ �)� ( /4�5$�% ! � !'(+*)#�! � � # � # : - � � � |a(s) − α| < εn 1 /4: ����� ��� 3 � ( 8 s ∈ En - n = 1, 2, . . .

���������
E0 =

⋃∞
n=1 En - !'(+*)# µ $ ( � !'(,( � # � ��! ��3 3 E0 - T ∈ B(L2(µ))

� ! $ �,@B( ���� 3�# PEnTS2 - n = 1, 2, . . . ,  ��!"��#  ��$�% ����!'(+*.(,-	+1"( �0� S2 � (21 �4$4� � $�%'& � #,*
3 L2(µ) - PEnh = χEn

h - h ∈ L2(µ) ; <=��>?1	# 1 /4: / 
 67��>�� ε > 0
�+��� ( ��� 3 � ( ��4$4�)� #,* $�%'& ���)(+*)# � �,* W ∈ B(L2(µ))

� #  � & -)� � � � *)#�3 $ ( $4� ( � � >�� *)�91	#
a(s)x(s)− λTx(s) = f(s) ∈ L2(µ)

Ï8��� 	�� 
�Ò

�#�!'( $ � & y = Wx - g = Wf ��* � 3��91 �)�7�9:  �  3 � 3�# / ( $)��$ ��! � �4$)� ( >0*)# /4�5$ ��! �� *)#�3 $ ( $4��


αy(s) +

∫

X

[
G(s, t) +R(s, t)

]
y(t)dµ(t)−

−λ

∫

X

[
H(s, t) + S(s, t)

]
y(t) dµ(t) = g(s),

Ï8��� 	�� ��Ò

>?1"(
G(s, t) =

∞∑

n=1

χen(s)√
µ en

pn(t),
Ï8��� 	�� ��Ò

H(s, t) =
∞∑

n=1

χen(s)√
µ en

qn(t),
Ï8��� 	�� ��Ò

{pn} - {qn} � ��>0*)# $4� ��( $4$�% ( 3 L2(µ) ��� �0/ (21	��3�# � ( /4�5$ � ����� - {en} � ��*)� �  �
3�� /4�5$ # : ��� �0/ (21	��3�# � ( /4�5$ � ����� ������#,* $ � $ (A�)(+*.( � (  # 
�� �48��9: ! $ �,@B( ��� 3 �  X� ��� / �,@ �)� ( /4�5$�% ! � !'(+*)#�! � - C1

� : 1=*)# R(s, t) - S(s, t) ���,*)�,@A1	# 
���: 1"(+* $�% (
���)(+*)# � �,* % R,S 3 L2(µ)

� : 1"(+* $�% ! � $ �,*=! #�! � !'( $���� � ! � -.��( ! ε ;
C
� - 4 gO/�"$gO) ·  7 g%#G+E !/�"

n
� �C· "!��¹ {ϕn,k}

Í /G-0/G-0½ 6 #%g�� · +O¹@)O-���#O1 7  !)G#O1
10¼�)O-�#%g%ÑO $#%#E-0½×1�)%��10#O1�) 7 gO)%10��-�#%#E-0½×"$gO"!�� 7 - 4�· #O/GN%g%'±"^#O1�"$gO�� $¸O½ 7 g±�

En
�

� 1j�� !1�)% 7  	�� 	�� � 1 :  !)O-0��1�)
PEnT : L2(µ) → L1(En, µ)

/�1 7V: -0/%�� $# � � 10¼5+.-
T ∗PEn : L∞(En, µ) → L2(µ)

/�1 7V: -0/%�� $# ��� 1��!��1 7V·
∥∥T ∗ϕn,k

∥∥ =
∥∥T ∗PEnϕn,k

∥∥→ 0
: )Gg

k → ∞.



� m � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

Â & �� !)% 7
kn

��-0/ 9 ÑO��1��0& ‖T ∗ϕn,kn‖ < εn
� �C· "!��¹

ψn := ϕn,kn

�(É 1�"$gO�� $¸%g
4�· #O/GN%g%'

ψn
"!1!+E !),L�-0��",½@�

En
9 g 7 #O1'L� !"!����-

En
9
n = 1, 2, . . . ,

: 1 : -0)G#O1r#O 
:  !)% !"! !/G-�����",½ � � #E-!Ñ%gO� 9 {ψn}

Í 1�)%��10#O1�) 7 gO)%10��-�#%#E-0½r"$gO"!�� 7 - ��� )Gg#�!��1 7
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� -0/�/G-0/ÿ��"$g%¸ · "$¸O ,+E"!����gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� � ��",½G/Gg%'ÿg%#O�� $¼�)O-�¸%¹�#%&('

1 :  !)O-0��1�)j�
L2(Y, ν)

/�1 7V: -0/%�� $# : 1 7  !)% 9 ��1T1����-0½±"$gO"!�� 7 -*¸%g%#O $'%#%&��@g%# 6
�� $¼�)O-�¸%¹�#%&�� · )O-���#O $#%g%' ��6 ¼�1�)%1!+.-C�

L2(Y, ν)
"�10¼�)O-�#%g%ÑO $#%#%& 7 g^gOP 7  !)Gg 7 & 7 g

�$¸O 7  $#O��- 7 g 7 -0��)Gg%Ñ%#O10¼�1�/�1�� 4C4 g%N%gO $#O��-�½���¸O½G !��",½a"$gO"!�� 7 10' Ï8��� ��� 	�Ò!9�· +E10��¸O 6
����1�)�½���� $' · "$¸O10��gO½ 7ÆÏ��CÒ,93Ï�J(Ò,�

Ê  $¸%¹���#E-0"!��1�½�� $¼�1 : -0)O-�¼�)O- 4 -�½���¸O½G !��",½n)% ,+ · /GN%gO½�"$gO"!�� 7 & Ï8��� ��� 	�Ò " : 1 6
7 1��¹��º½���#O10'T¸%g%#O $'%#O10'T#O : )% !)G&(��#O10'@1���)O-0��g 7 10'@P�- 7  $#%&�/��!/G��g%��-�¸O $#O��#O1 6
7V· ¸%g%#O $'%#O1 7V· g%#O�� $¼�)O-�¸%¹�#O1 7V·_· )O-���#O $#%g����

L2
¸%g���1 	$6 ¼�1 9 ¸%g���1 ��6 ¼�1*)%1!+.- 9

/*/�1���1�)%1 7V·r7 1'L�#O1 : )Gg 7  $#%gO��¹�gOP$�� !"!��#%&¶ 7  !��1!+O&f)% 
	� $#%gO½ �
É - : 1 7 #%g 7 1 : )% ,+E $¸O $#%gO½ : 10#O½G��g%' 9O4 g%¼ · )GgO) · ���g��r� 4 1�) 7V· ¸%gO)%10��/� �1�" 6

#O10��#O10¼�1a)% !P · ¸%¹0��-0��- : -0)O-�¼�)O- 4 - Í �� !1�)% 7 & ��� ��� 	��
��· +E 7 #E-0P$&(��-0��¹_Ñ%gO"$¸O1

β
" · � !"!���� $#%#%& 7 "!1���"!���� $#%#%& 7 P$#E-!ÑO $#%gO 7Æ7 -0� 6

)Gg%N%&
a(s)

9  !"$¸%gr+O¸O½^¸�����10¼�1
ε > 0

ν
{
s ∈ Y : | det(a(s)− βI)| < ε

}
> 0.

��� 7  !��g 7(9 ÑO��1@ !"$¸%g
Y
Í P�- 7 &¶/G-�#%gO r1���/%)G&¶��10¼�1 7 #O1'L� !"!����-@ $��/G¸%gG+E10��-

: )%1�"!��)O-�#O"!����- 9
ν
Íº7  !)O- µ  
�� $¼!-�gr��"! ��$¸O 7  $#O��& 7 -0��)Gg%N%&

a(s)
#O : )% !)G&(��#%&

#E-
Y
9 ��1�¸�����1� �"!1���"!���� $#%#O1� (P$#E-!ÑO $#%gO ��!��10' 7 -0��)Gg%N%&±½���¸O½G !��",½� ! �" · � !"!���� $# 6

#%& 7 "!1���"!���� $#%#%& 7 P$#E-!ÑO $#%gO 7(�
�C· "!��¹

H
9
H1

Í ¼!g%¸%¹��� !)%��10��& : )%1�"!��)O-�#O"!����-*"^#O1�) 7 - 7 g ‖ · ‖H
9 ‖ · ‖H1

�
µ g%#O $'%#%&('�1 :  !)O-0��1�)

T : H → H1
#E-0P$&(��-0 !��",½ · #%gO��-0)G#%& 7(9  !"$¸%gR1��0¸E-0"!��¹

P$#E-!ÑO $#%g%'
T
 !"!��¹>��"! 

H1
g ‖Th‖H1

= ‖h‖H
+O¸O½^/G-�L�+E10¼�1

h ∈ H
�



� � � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

 1�«E¬51/(+, �.² �.² ' ² ���������
L2(X,µ) - L2(Y, ν) �  ��!"� / (  � $�% ( � (9��#,*)#76 ( /4���$�% ( ��*)� ��� *)# $���� 3�# -�!'(+* % µ - ν σ �  � $ (�� $�% - ν $ ( � !'(,( � # � ��! ��3C- µ $ ( : 3 /4: ( � ��9: � ����� � # � ��! � ��( �  � & ; ��������� α �  #  � ( � $4� 6 � 1 � �+��� ( ��� 3C( $4$ � ( � �76 ��� 3C( $4$ � (

 $ #7��( $4� ( ! # � * � � % a(s) 3 � ����� ( !'( Ï8��� ��� 	�Ò ; <=��>?1	#�1 /4: / 
 67��>�� ε > 0 ! �,@ $ �
��� ��� *)� �)��� $ ( �#�3 ���9:	� �4& � � λ �

f
�4$4�)� #,* $�%'& ���)(+*)# � �,* V : L2,m(Y, ν) →

L2(X,µ)
� #  � & -�� � ���#�!'( $ # y = V x - g = V f ��* � 3��91 �)��� ����� ( ! � Ï8��� ��� 	�Ò -� 1	��3 / ( � 3��,* :	
�����
 ���0/ ��3 ��: ! (A) - (B) -  �  3 � 3�# / ( $)��$ ��! ���4$)� ( >0*)# /4�5$ ��! �� *)#�3 $ ( $4��
 3 L2(X,µ)

αy(η) +

∫

X

[
Γ1(η, ξ) +K1(η, ξ)

]
y(ξ) dµ(ξ)−

−λ

∫

X

[
Γ2(η, ξ) +K2(η, ξ)

]
y(ξ)dµ(ξ) = g(η),

Ï8��� ��� ��Ò

>?1"( : 1=*)# Γi (i = 1, 2) ���,*)�,@A1	# 
�� : 1"(+* $�% (����)(+*)# � �,* % 3 L2(X,µ)
��: 1"(+* $ � &$ �,*=! � & !'( $���� ( & -)��( ! ε - : 1=*)# Ki (i = 1, 2) �  3�#� � 3 % *)�,@A1"( $4$�% (  #,* / ( ! # �$ ��3 �  � ( : 1=*)#

Ki(η, ξ) =

∞∑

n=1

χen(η)√
µ en

pn,i(ξ).

� 1"( �0� {pn,i} � ��>0*)# $4� ��( $4$�% (�3 L2(X,µ) ��� �0/ (21	��3�# � ( /4�5$ � ����� - {en} � ��*)� ��  3�� /4�5$ # : ��� �0/ (21	��3�# � ( /4�5$ � ����� ������#,* $ � $ (.�)(+*.( � (  # 
�� �48��9: ! $ �,@B( ��� 3 �  X�  � $ (�� $�% ! � ��� / �,@ �)� ( /4�5$�% ! � !'(+*)#�! � ;
C
� -0/jgOP$�� !"!��#O1 � 
G9 " �´�0��� ��9 /G-�L�+.-0½

(m × m)
687 -0��)Gg%NE- : )% ,+E"!��-���¸O½G !��",½

�r��gG+E : )%10gOP$�� ,+E $#%gO½ · #%gO��-0)G#O10'
(m ×m)

687 -0��)Gg%N%&�#E->�� !)���#�������)% · ¼�10¸%¹ 6
# · �

(m×m)
687 -0��)Gg%N ·���� 10¸%¹�P · ½G"$¹ �!��g 7(9 P�- : g�	� 7 +O¸O½r/G-�L�+E10¼�1

s ∈ Y
7 -0� 6

)Gg%N ·
a∗(s) − αI

�T��gG+E 
u(s) b(s)

9 ¼5+E 
a∗(s)

Í "!1 : )�½!L� $#%#E-0½j/
a(s)

7 -0��)Gg 6
NE- 9

u(s)
Í · #%gO��-0)G#E-0½ 7 -0��)Gg%NE- 9

b(s)
Í �� !)���#O½G½r��)% · ¼�10¸%¹�#E-0½ 7 -0��)Gg%NE- � � -0/

/G-0/ | det b(s)| = | det(a∗(s) − αI)| g 0
½���¸O½G !��",½j" · � !"!���� $#%#%& 7 P$#E-!ÑO $#%gO 7

| det(a∗(s)−αI)| 9 ��1 0 � · +E !��" · � !"!���� $#%#%& 7 P$#E-!ÑO $#%gO 7 ��1��0½ �0&R1!+O#O10¼�1C+OgE- 6¼�10#E-�¸%¹�#O10¼�1!�$¸O 7  $#O��-
brr(s)

7 -0��)Gg%N%&
b(s)

�%��· +E 7 "$Ñ%gO��-0��¹ �� !P�10¼�)O-�#%g%ÑO $#%gO½
1����#O1�"!��g 9 ÑO��1

r = 1
� � 10¼5+.-a#E-�'G+ · ��",½ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 1 : -0)G#O1^#O :  6

)% !"! !/G-����g���",½ 7 #O1'L� !"!���
∆j

"�/�10#O $Ñ%#%& 7 g : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 gTg 7 1 6
#O1���10#%#O1 · �0&(��-����-0½_/*# · ¸�� : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹>Ñ%gO"! $¸

εj
��-0/GgO 9 ÑO��1

|b11(s)| < εj
+O¸O½ : 10ÑO��g*��"! ��

s ∈ ∆j , j = 1, 2, . . .
Ï8��� ��� ��Ò

M -0"!" 7 1���)Gg 7 +O¸O½×/G-�L�+E10¼�1
j
)O-���#O1 7  !)G#O1j10¼�)O-�#%g%ÑO $#%# · � 1�)%��10#O1�) 7 gO)%1 6

��-�#%# · � : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ 4�· #O/GN%g%' {gk,j}∞k=1 ⊂ L2(Y, ν)
"r#O1�"$gO�� $¸O½ 7 g

�
∆j
�GÃ�· � !"!����10��-�#%gO ���-0/�10' : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��ga��&¶�� !/G-0 !��gOP¶��10¼�1 9 ÑO��1C�

Y#O !�±-0��1 7 10� 7  !)G&
ν
��Â /G-!ÑO !"!���� {gk,j}∞k=1

7 1'L�#O1×��& ��)O-0��¹±1�)%��10#O1�) 7 gO)%1 6
��-�#%# · � "$gO"!�� 7V· 1���1���� $#%#%&�� 4�· #O/GN%g%' M -�+E 7 - �� !)O- {rk,∆j

}∞k=1

9 #O1�"$gO�� $¸%g
/�1���1�)G&��×"!10� : -�+.-����@"

∆j
Ï 1 : )% ,+E $¸O $#%gO !�!��g�� 4�· #O/GN%g%'±" 7(� � " 	�� 	�Ò,� �C· "!��¹



" ��� ���(Ã �� ,+E $#%gO �"$gO"!�� 7©4�· #O/GN%gO10#E-�¸%¹�#%&�� · )O-���#O $#%g%' ��6 ¼�1>)%1!+.-
/ �!/G��g%��-�¸O $#O��#%& 7 g%#O�� $¼�)O-�¸%¹�#%& 7±· )O-���#O $#%gO½ 7ÿ	$6 ¼�1ng%¸%g ��6 ¼�1>)%1!+.- ��^

h0
Í /�1�1�)�+Og%#E-0��#%&('�"!��10¸��� $N

(1, 0, . . . , 0) ∈ Em
��Â �� ,+E 7 �� !/%��1�) 6�4�· #O/GN%g%g

ϕk,j = h0gk,j
� È �×#O1�"$gO�� $¸%g�¸O �L�-0�j�

∆j
g {ϕk,j}∞k=1

Í 1�)%��10#O1�) 7 gO)%10��-�# 6
#E-0½a"$gO"!�� 7 -��

L2,m(Y, ν)
��� 10¸%¹�P · ½G"$¹ · #%gO��-0)G#O1�"!��¹�� 7 -0��)Gg%N

u(s)
gr�� 7(9 ÑO��1

b(s)
Í �� !)���#%gO (��)% · ¼�10¸%¹�#%&¶ 7 -0��)Gg%N%& 9�: 10¸ · Ñ%g 7 +O¸O½ : 10ÑO��g>��"! ��

s ∈ Y
��"$g 6

¸ ·jÏ8��� ��� ��Ò
∥∥(a∗(s)− αI)ϕk,j(s)

∥∥
m

=
∥∥u(s)b(s)ϕk,j(s)

∥∥
m

=

=
∥∥b(s)ϕk,j(s)

∥∥
m

=
∣∣b11(s)gk,j(s)

∣∣ < εj
∣∣gk,j(s)

∣∣,
P,+E !"$¹ ‖ · ‖m

Í #O1�) 7 -��
Em
� ����"
��+.-C+O¸O½^¸����0&��

k, j

∥∥(a∗(s)− αI)ϕk,j(s)
∥∥
m,ν

< εj

(∫

Y

|gk,j |2dµ
) 1

2

= εj .
Ï8��� ��� � Ò

� - 4 gO/�"$gO) ·  7
j
g : 1�/G-�L� 7(9 ÑO��1

lim
k→∞

‖D∗ϕk,j‖m,ν = 0,
Ï8��� ��� ��Ò

¼5+E 
D∗ Í "!1 : )�½!L� $#%#%&('_/ D 1 :  !)O-0��1�) � È 7  ! 7

∥∥D∗ϕk,j

∥∥2
m,ν

=
〈
D∗ϕk,j , D

∗ϕk,j

〉
=
〈
DD∗ϕk,j , ϕk,j

〉
=

=
〈
χ
∆j
DD∗ϕk,j , χ∆j

ϕk,j

〉
6

∫

∆j

|hkgk,j | dν 6 Cj

∫

∆j

|hk| dν,

¼5+E 
Cj = sup

k=1,2,...
‖gk,j‖L∞(∆j ,ν) < ∞,

hk
Íº:  !)G��-0½*/�1 7V: 10#O $#O��-��� !/%��1�) 6�4�· #O/GN%g%g

χ
∆j
DD∗ϕk,j

� ��)%��10#O1�) 7 gO)%10��-�# 6
#E-0½ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {ϕk,j}∞k=1

"$¸E-���1�"���1!+OgO��",½n/
0
�
L2,m(Y, ν)

� � #E-!Ñ%gO� 9
{χ

∆j
DD∗ϕk,j}∞k=1

"$¸E-���1�"���1!+OgO��",½C/
0
�
L2,m(Y, ν)

��É 1���10¼5+.- {hk}
"$¸E-���1�"���1 6

+OgO��",½^/
0
�
L2(∆j , ν)

g 9 "$¸O ,+E10��-0�� $¸%¹�#O1 9 �
L1(∆j , ν)

��� )Gg �!��1 7 +O¸O½^¸�����10¼�1
gOP 7  !)Gg 7 10¼�1 7 #O1'L� !"!����-

e ⊂ ∆j

∫

e

|hk| dµ 6 Kj

√
ν e, k = 1, 2, . . . ,

¼5+E 

Kj = sup
k=1,2,...

(∫

∆j

|hk|2dν
) 1

2

<∞.

� )%1 7  ���10¼�1 9�: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {hk}
/�1 7V: -0/%��- : 1 7  !)% � ����"
��+.-�gagOP�"$¸E- 6

��10'T"���1!+Og 7 1�"!��g {hk}
/
0
�
L1(∆j , ν)

"$¸O ,+ ·  !� 9 ÑO��1

lim
k→∞

∫

∆j

|hk| dν = 0.



� � � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

� -0/Gg 7 1���)O-0P!1 7(9 )O-��� $#O"!����1 Ï8��� ��� ��Ò +E1�/G-0P�-�#O1 �
È�P Ï8��� ��� ��Ò ��&¶�� !/G-0 !� 9 ÑO��1�+O¸O½^/G-�L�+E10¼�1

j
#E-�'G+E !��",½a#O1 7  !)

kj
��-0/�10' 9 ÑO��1

‖D∗ϕkj ,j‖m,ν < εj .
Ï8��� ��� 
�Ò

� 10¸O1'L�g 7
ψj = ϕkj ,j

� � -0/j/G-0/ ‖ψj‖m,ν = 1
9 #O1�"$gO�� $¸%¹ 4�· #O/GN%g%g

ψj
"!1!+E !) 6

L�gO��",½×�
∆j

g 7 #O1'L� !"!����-
∆j

: 1 : -0)G#O1T#O :  !)% !"! !/G-�����",½ 9 ��1 {ψj}
Í 1�)%��1 6

#O1�) 7 gO)%10��-�#%#E-0½©"$gO"!�� 7 -@�
L2,m(Y, ν)

9 +O¸O½�/�1���1�)%10'��±"$g%¸ ·fÏ8��� ��� � Ò$9�Ï8��� ��� 
�Ò
��& : 10¸%#O½�����",½a#O !)O-��� $#O"!����-

‖D∗ψj‖m,ν < εj ,
∥∥(a∗(s)− αI)ψj

∥∥
m,ν

< εj , j = 1, 2, . . .
Ï8��� ��� ��Ò

� - 4 gO/�"$gO) ·  7
ε > 0

g<��& �� !)% 7(9.: 10¸%¹�P · ½G"$¹ Ï8��� ��� ��Ò!9.: 1!+ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹
{ϕn} ⊂ {ψ2n}

��-0/ 9 ÑO��1��0&

∞∑

n=1

‖D∗ϕn‖m,ν < ε,
∞∑

n=1

∥∥(a∗(s)− αI)ϕn(s)
∥∥
m,ν

< ε.
Ï8��� ��� ��Ò

Â �� ,+E 7 1 :  !)O-0��1�)
Ah(s) = (a(s) − αI)h(s)

9
h ∈ L2,m(Y, ν)

9 g©)O-0"!" 7 1���)Gg 7
½�+E !)G#%&¶ C1 :  !)O-0��1�)G&Æ�

L2,m(Y, ν)

P1h =

∞∑

n=1

〈h, ϕn〉A∗ϕn, P2h =

∞∑

n=1

〈h, ϕn〉D∗ϕn.
Ï8��� ��� ��Ò

Â "$g%¸ ·�Ï8��� ��� ��Ò g���½�+E !)G#%&¶ *#O1�) 7 & 7  $#%¹�	� 9 ÑO 7
ε
��M -0"!" 7 1���)Gg 7  
� <1 :  6

)O-0��1�)G&
Q1 = A∗ − P1

9
Q2 = D∗ − P2

� � -0/R/G-0/ÿ+O¸O½���"! ��
n Qiϕn = 0

(i = 1, 2)
9 ��1

imQ∗
i ⊆ [ϕn]

⊥ 9 ¼5+E [ϕn]
⊥ Í 1�)%��10¼�10#E-�¸%¹�#O1� �+E1 : 10¸%#O $#%gO �/<P�- 6

7 /G# · ��10'Ð¸%g%#O $'%#O10'�1���10¸O10ÑO/� 
[ϕn]

1�)%��10#O1�) 7 gO)%10��-�#%#O10' : 1�"$¸O ,+E10��-0�� $¸%¹�#O1 6
"!��g {ϕn}

���C· "!��¹ {en} Íº: )%10gOP$��10¸%¹�#E-0½ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 1 : -0)G#O1�#O :  6)% !"! !/G-����g���",½ 7 #O1'L� !"!����gOP
X
"�/�10#O $Ñ%#%& 7 g : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 g 9

E
Í

P�- 7 /G# · ��-0½<¸%g%#O $'%#E-0½<1���10¸O10ÑO/G-T1�)%��10#O1�) 7 gO)%10��-�#%#O10'±"$gO"!�� 7 & {χen/
√
µ en}g

E⊥ Í 1�)%��10¼�10#E-�¸%¹�#O1� V+E1 : 10¸%#O $#%gO ´/ E � � 10¼5+.- dimE = dimE⊥ = dim[ϕn] =
dim[ϕn]

⊥ = ∞ ��C· "!��¹ {ϕ⊥
n } Í 1�)%��10#O1�) 7 gO)%10��-�#%#%&(' ��-0P$gO" : 1!+ : )%1�"!��)O-�#O"!����-

[ϕn]
⊥ 9

- {e⊥n } Í 1�)%��10#O1�) 7 gO)%10��-�#%#%&(' ��-0P$gO" : 1!+ : )%1�"!��)O-�#O"!����- E⊥ � � : )% ,+E $¸%g 7*· #%g 6
��-0)G#%&('_1 :  !)O-0��1�)

V : L2,m(Y, ν) → L2(X,µ)
)O-��� $#O"!����- 7 g

V ϕ⊥
n =

χen√
µ en

, V ϕn = e⊥n , n = 1, 2, . . .
Ï8��� ��� 	�Î�Ò

 ¸O½^¸�����10¼�1
h ∈ L2,m(Y, ν)

g 7  ! 7
Q∗

ih ∈ [ϕn]
⊥ (i = 1, 2)

g

P ∗
1 h =

∞∑

n=1

〈h,A∗ϕn〉ϕn, P ∗
2 h =

∞∑

n=1

〈h,D∗ϕn〉ϕn.



" ��� ���(Ã �� ,+E $#%gO �"$gO"!�� 7©4�· #O/GN%gO10#E-�¸%¹�#%&�� · )O-���#O $#%g%' ��6 ¼�1>)%1!+.-
/ �!/G��g%��-�¸O $#O��#%& 7 g%#O�� $¼�)O-�¸%¹�#%& 7±· )O-���#O $#%gO½ 7ÿ	$6 ¼�1ng%¸%g ��6 ¼�1>)%1!+.- �"c

����1�P$#E-!Ñ%g%�±ÑO !)% !P
(·, ·) "!/G-�¸O½G)G#O1� : )%10gOP$�� ,+E $#%gO T� L2(X,µ)

9�: 10¸ · Ñ%g 7 +O¸O½
¸�����10¼�1

z ∈ L2(X,µ)

V AV −1z = V
(
Q∗

1 + P ∗
1

)
V −1z =

= V

∞∑

n=1

〈
Q∗

1V
−1z, ϕ⊥

n

〉
ϕ⊥

n + V

∞∑

n=1

〈
V −1z, A∗ϕn

〉
ϕn

=

∞∑

n=1

(
z, V Q1ϕ

⊥
n

) χen√
µ en

+

∞∑

n=1

(z, V A∗ϕn)e
⊥
n .

Ì #E-�¸O10¼!g%Ñ%#O1

V DV −1z =

∞∑

n=1

(
z, V Q2ϕ

⊥
n

) χen√
µ en

+

∞∑

n=1

(
z, V D∗ϕn

)
e⊥n .

� 10¸O1'L�g 7
pn,1 = V Q1ϕ

⊥
n = V (A∗ − P1)ϕ

⊥
n = V A∗ϕ⊥

n ,

pn,2 = V Q2ϕ
⊥
n = V (D∗ − P2)ϕ

⊥
n = VD∗ϕ⊥

n ,

Ki(η, ξ) =
∞∑

n=1

χen(η)√
µ en

pn,i(ξ), i = 1, 2.

� 10¼5+.-
V AV −1 = K1 + Γ1

9 ¼5+E 
K1

Í g%#O�� $¼�)O-�¸%¹�#%&('�1 :  !)O-0��1�)�"*/G��-0P$g%��& 6
)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7

K1(η, ξ)
9 1 :  !)O-0��1�)

Γ1
Í ½�+E !)G#%&('@g%# 6

�� $¼�)O-�¸%¹�#%&('_1 :  !)O-0��1�)*"�½�+E !)G#O10'r#O1�) 7 10' 7  $#%¹�	� $' 9 ÑO 7
ε
9 g_½�+E)%1 7

Γ1(η, ξ) =
∞∑

n=1

e⊥n (η)V A∗ϕn(ξ).

Ì #E-�¸O10¼!g%Ñ%#O1
V DV −1 = K2 +Γ2

9 ¼5+E 
K2

Í g%#O�� $¼�)O-�¸%¹�#%&('a1 :  !)O-0��1�)^"�/G��-0P$g 6
��&¶)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7

K2(η, ξ)
g
Γ2
Í ½�+E !)G#%&('�g%#O�� $¼�)O-�¸%¹ 6

#%&('_1 :  !)O-0��1�)_"C½�+E !)G#O10'*#O1�) 7 10' 7  $#%¹�	� $' 9 ÑO 7
ε
9 gT½�+E)%1 7

Γ2(η, ξ) =
∞∑

n=1

e⊥n (η)V D∗ϕn(ξ).

� - : gO"�-��<"$gO"!�� 7V·RÏ8��� ��� 	�Ò �@��gG+E 
αx + Ax − λDx = f

g�"h+E $¸E-��<P�- 7  $# ·
y = V x

9�: 10¸ · Ñ%g 7

αV −1y +AV −1y − λDV −1y = f.

� )Gg 7  $#%g%�n/*1��� $g 7 ÑE-0"!�0½ 7 1 :  !)O-0��1�)
V
9�: )GgG+E 7 /#�!/G��g%��-�¸O $#O��#O1 7V·a· )O-���#O 6

#%g��
αy + V AV −1y − λV DV −1y = V f.



��{ � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

� Ñ%gO��&(��-0½ 9 ÑO��1
V AV −1 = K1 + Γ1

9
V DV −1 = K2 + Γ2

93: 10¸ · Ñ%g 7R· )O-���#O 6
#%gO Ï8��� ��� ��Ò!�

B
�VH3Z¶D��3H3IKbKD �.= �.=��G= � "$¸%g

a(s) = αI
+O¸O½ : 10ÑO��g×��"! ��

s ∈ X
9 ��1

A = 0
�

Ã ¸O ,+E10��-0�� $¸%¹�#O1 9
K1 + Γ1 = 0

9 g :  !)G��1� rg%#O�� $¼�)O-�¸%¹�#O1� r"$¸E-�¼!-0 7 1� *� Ï8��� ��� ��Ò
� · +E !�n1���" · ��"!����10��-0��¹ �

�VH3Z¶D��3H3IKbKD �.= �.= �.= Â "$¸ · ÑE-0 
a(s) = αI

+O¸O½ : 10ÑO��g>��"! ��
s ∈ Y

· ���� !),L�+E 6
#%gO _�� !1�)% 7 & ��� ��� 	 1�"!��-�#O !��",½��� !)G#%& 7(9  !"$¸%g©�± ! 4 1�) 7V· ¸%gO)%10��/� _P�- 7  $#%gO��¹
· "$¸O10��gO �/�1 7V: -0/%��#O1�"!��g : 1 7  !)% ���"! ��

Dij
��10¸O ! �	�gO)%1�/Gg 7×· "$¸O10��gO 7 2�" · � !"!� 6

� ·  !� 7 #O1'L� !"!����1
e ⊂ Y

9
0 < ν e < ∞ 9 ��-0/�1� 9 ÑO��1j��"! PeDij

/�1 7V: -0/%��#%&
: 1 7  !)% 9 P,+E !"$¹

Peϕ = χeϕ
9
ϕ ∈ L2(Y, ν)

�
  $'O"!����gO�� $¸%¹�#O1 9�: 1!+E1��0#O1 Ï8��� ��� ��Ò!9

lim
k→∞

‖D∗h0gk‖m,µ = 0,

¼5+E {gk} Í )O-���#O1 7  !)G#O1*10¼�)O-�#%g%ÑO $#%#E-0½T1�)%��10#O1�) 7 gO)%10��-�#%#E-0½T"$gO"!�� 7 - 4�· #O/ 6
N%g%'*gOP

L2(Y, ν)
"C#O1�"$gO�� $¸O½ 7 gr�

e
� ����"
��+.-�g_gOP

A = 0
: 10¸ · Ñ%g 7 " : )O-��� ,+O¸%g 6

��1�"!��¹ · ���� !),L�+E $#%gO½��� !1�)% 7 & ��� ��� 	�9�: )Gg 7  $#O½G½�+E1�/G-0P�-0�� $¸%¹�"!����1��� !1�)% 7 & ��� ��� 	
/ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g {h0gk}

�
�VH3Z¶D��3H3IKbKD �.= �.= �3=>��� 7  !��g 7 ��)Gg���-�L�#%&��º��-0)GgE-�#O��- · "$¸O10��g%'��� !1�)% 6

7 & ��� ��� 	 2 	�Ò
X = Y

9
µ = ν

Ä ��Ò
X
Í gOP 7  !)Gg 7 1� : 1 µ  
�� $¼ ·R7 #O1'L� !"!����1

 $��/G¸%gG+E10��- : )%1�"!��)O-�#O"!����- 9
µ
Í�7  !)O- µ  
�� $¼!-�Ä ��Ò

X = (a, b)
9
µ
Í�7  !)O- µ  
�� $¼!- �

Âÿ: 1�"$¸O ,+O#O 7 "$¸ · ÑE-0 C�^/G-!ÑO !"!���� 
en
9
n = 1, 2, . . . ,

· +E1��0#O1n��& ��)O-0��¹^/�10#O $Ñ%#%&¶ 
: 1 : -0)G#O1^#O :  !)% !"! !/G-����gO !",½_g%#O�� !)G��-�¸%& Ï +O¸%g%#%&

1
9  !"$¸%g

(a, b)
Í �� !"!/�10#O $Ñ 6

#%&('*g%#O�� !)G��-�¸ Ò,�
� =!1�����G¯89-1 �.² �.² ' ²"� * � α = 0

� *)#�3 $ ( $4� ( Ï8��� ��� ��Ò"� ! $ �,@B( $4� ( ! �76 ( �48 ( >��
�C# ��� ( & $ # $ ( �#�3 ���9:	����
 � � � ����� ( ! %ÀÏ8��� ��� 	�Ò � �4$4�)� #,* $ ��>�� ���)(+*)# � �,*)# V
� �4$  	� ��


χe0 +

∞∑

n=1

2−nχen ,

>?1"( e0 = X \⋃∞
n=1 en -

� 3��91 �)�7�9:  �  3 � 3�# / ( $)��$ ��! � /��4$ ( &4$ ��! � �4$)� ( >0*)# /4�5$ � �
! � � *)#�3 $ ( $4��
�� *.(21)>�� /4� ! # 1

� >�� *)�91	# ��: 1"(+* $�% ! ���)(+*)# � �,*)��!�;� =!1�����G¯89-1 �.² �.² �.²"� * � α 6= 0
� *)#�3 $ ( $4� ( 2

� >�� *)�91	# Ï8��� ��� ��Ò � 3��91 �)�7�9: �  3 � 3�# / ( $)��$ ��! ��/��4$ ( &4$ ��! � �4$)� ( >0*)# /4�5$ ��! � � *)#�3 $ ( $4��
 2
� >��B*)�91	# �  3�# �

 � 3 % *)�,@A1"( $4$�% !  #,* / ( ! # $ ��3 �  � ! : 1=*)��!

Kλ(η, ξ) =
∞∑

n=1

χen(η)√
µ en

pn,λ(ξ),

>?1"( {pn,λ} � ��>0*)# $4� ��( $4$ # : ��� �0/ (21	��3�# � ( /4�5$ � ����� 3 L2(X,µ)
� � �4$  	� �4� pn,λ

3 % *)#�@ # 
��7�9: ��(+*.(  pn,i (i = 1, 2) 3 : 3 $ ��!�3 � 1"(�;
Ã ¸O ,+E"!����gO ��� ��� � #O : 1�"!)% ,+E"!���� $#%#O1���&¶�� !/G-0 !�ngOP��� !1�)% 7 & ��� 	�� ���



" ��� ���(Ã �� ,+E $#%gO �"$gO"!�� 7©4�· #O/GN%gO10#E-�¸%¹�#%&�� · )O-���#O $#%g%' ��6 ¼�1>)%1!+.-
/ �!/G��g%��-�¸O $#O��#%& 7 g%#O�� $¼�)O-�¸%¹�#%& 7±· )O-���#O $#%gO½ 7ÿ	$6 ¼�1ng%¸%g ��6 ¼�1>)%1!+.- �A�

� =!1�����G¯89-1 �.² �.² �.²�� � 3C(+*4@A1"( $4� ( � ( �,*.( ! %���� ��� 	 � ��*)#�3C(21 /�� 3�� - ( �0/�� 3 � (
���)(+*)# � �,* % Dij ����� ���  ��!"��#  ��$�% ;� =!1�����G¯89-1 �.² �.² �K²�� � 3C(+*4@A1"( $4� ( � ( �,*.( ! %���� ��� 	 � ��*)#�3C(21 /�� 3�� - ( �0/�� 3 � (
���)(+*)# � �,* % Dij

�4$)� ( >0*)# /4�5$�% (�;  $'O"!����gO�� $¸%¹�#O1 9 ��"! : 10ÑO��gT/�1 7V: -0/%��#%&¶ ��
L2(Y, ν)

1 :  !)O-0��1�)G&�gT��"! �g%# 6
�� $¼�)O-�¸%¹�#%&¶ C�

L2(Y, ν)
1 :  !)O-0��1�)G&f/�1 7V: -0/%��#%& : 1 7  !)% �

� )Gg%�� ,+E 7Æ: )Gg%¸O1'L� $#%gO ^�� !1�)% 7 & ��� ��� 	���M -0"!" 7 1���)Gg 7 "$gO"!�� 7V· ¸%g%#O $'%#%&��
· )O-���#O $#%g%'r�a/�1 7V: ¸O !/�"$#O1 7 "! : -0)O-��� $¸%¹�#O1 7 ¼!g%¸%¹��� !)%��10��1 7�: )%1�"!��)O-�#O"!���� 

H
2

m∑

j=1

Bijxj = gi (i = 1, . . . ,m),
Ï8��� ��� 	�	�Ò

¼5+E 
gi ∈ H (i = 1, . . . ,m)

9 �$¸O 7  $#O��&
xj (j = 1, . . . ,m)

)% 
	� $#%gO½±g� · ��",½
�
H
���C· "!��¹C¸%g%#O $'%#%&¶ �#O : )% !)G&(��#%&¶ (1 :  !)O-0��1�)G&

Bij : H → H (ij = 1, . . . ,m)· +E10��¸O !����1�)�½���� · "$¸O10��g���2�" · � !"!��� · ���CÑ%gO"$¸E-
λij (i, j = 1, . . . ,m)

g^1�)%��10#O1�) 6
7 gO)%10��-�#%#E-0½*"$gO"!�� 7 - {un} ⊂ H

��-0/GgO 9 ÑO��1�+O¸O½^��"! ��
i, j = 1, . . . ,m

lim
n→∞

∥∥(B∗
ij − λij 1

)
un

∥∥
H

= 0.
Ï8��� ��� 	���Ò

� 10¼5+.-��R"$g%¸ · "$¸O ,+E"!����gO½ ��� ��� 	 �� !1�)% 7 & ��� ��� 	�7 1'L�#O1 : 1�"!��)%10gO��¹©�R½���#O1 7
��gG+E · #%gO��-0)G#%&('�1 :  !)O-0��1�)

W : H → L2(X,µ)
��-0/�10' 9 ÑO��1�1 :  !)O-0��1�)G&

Kij = W (Bij − λij1)W
−1 (i, j = 1, . . . ,m)

½���¸O½�����",½^/G-0)G¸O 7 -�#O10��"!/Gg 7 gTg%# 6
�� $¼�)O-�¸%¹�#%& 7 g_1 :  !)O-0��1�)O- 7 g_�

L2(X,µ)
�EÃ +E $¸E-��a� Ï8��� ��� 	�	�Ò P�- 7  $#%&

yj =Wxj

(j = 1, . . . ,m)
9
fi = Wgi (i = 1, . . . ,m)

9.: 10¸ · Ñ%g 7 �!/G��g%��-�¸O $#O��# · ��"$gO"!�� 7V·
¸%g%#O $'%#%&��ag%#O�� $¼�)O-�¸%¹�#%&�� · )O-���#O $#%g%' ��6 ¼�1>)%1!+.-

m∑

j=1

λijyj +
m∑

j=1

Kijyj = fi (i = 1, . . . ,m),

/*/�1���1�)%10' : )Gg 7  $#%g 7 &Æ�� !1�)% 7 - ��� ��� 	 gT ! �"$¸O ,+E"!����gO½ �
��� 7  !��g 7(9 ÑO��1 · "$¸O10��gO ���g : - Ï8��� ��� 	���Ò ��& : 10¸%#O½G !��",½�+O¸O½�¸�����10¼�1¶¸%g%#O $'%#O10¼�1

#O : )% !)G&(��#O10¼�1*1 :  !)O-0��1�)O-
B : H → H

9 ��-0/j/G-0/ : )% ,+E $¸%¹�#%&('j" :  !/%��)<"!1 : )�½ 6
L� $#%#O10¼�1<1 :  !)O-0��1�)O-

B∗ #O :%· "!� � � -0/Gg 7 1���)O-0P!1 7(9´· )O-���#O $#%gO Bx = h ∈ H7 1'L� !� �0&¶��¹n"$�� ,+E $#O1n/ �!/G��g%��-�¸O $#O��#O1 7V· ¸%g%#O $'%#O1 7V· g%#O�� $¼�)O-�¸%¹�#O1 7V·>· )O-���#O 6
#%g��f�

L2
"�/G-0)G¸O 7 -�#O10��"!/Gg 7 g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1�)%1 7(�

È���-0/ 93· +E10��¸O !����1�)�½����-0½ · "$¸O10��gO½ 7ºÏ��CÒ,9�Ï�J(Ò "$gO"!�� 7 - ��6 ¼�1T)%1!+.- Ï8��� ��� 	�Ò$9
1����-0½R"$gO"!�� 7 -j¸%g%#O $'%#%&���g%#O�� $¼�)O-�¸%¹�#%&�� · )O-���#O $#%g%' ��6 ¼�1±)%1!+.-jgR"$gO"!�� 7 -
Ï8��� ��� 	�	�Ò " · "$¸O10��gO 7fÏ8��� ��� 	���Ò�7 10¼ · � �0&¶��¹^)% ,+ · N%gO)%10��-�#%&R¸%g���1a/#�!/G��g%��-�¸O $#O� 6
#O1 7V· ¸%g%#O $'%#O1 7V· g%#O�� $¼�)O-�¸%¹�#O1 7V·�· )O-���#O $#%g�� 	$6 ¼�1�)%1!+.-�"(/�1 7V: -0/%��#%& 7©Ï gn+.- 6
L� >½�+E !)G#%& 7�Ò 1 :  !)O-0��1�)%1 7�Ï / �!��1 7V·_· )O-���#O $#%g�� : )Gg 7  $#%g 7 -a�� !1�)% 7 - � gO/G- 6
)O-�gOP " ��� 	�Ò,9 ¸%g���1�/ �!/G��g%��-�¸O $#O��#O1 7V· ¸%g%#O $'%#O1 7V· g%#O�� $¼�)O-�¸%¹�#O1 7V·>· )O-���#O $#%g��
��6 ¼�1�)%1!+.-�"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 /G-0)G¸O 7 -�#O10��"!/Gg 7 ½�+E)%1 7ÿÏ /r��-0/�1 7V·>· )O-���#O 6
#%g�� : )Gg 7  $#%g 7 & : )Gg��0¸%g L� $#%#%&¶ 7  !��1!+O&�)% 
	� $#%gO½ 9E: )% ,+O¸O1'L� $#%#%&¶ �� " 
�� ��Ò,�



� m � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

��� 7  !��g 7  
� 9 ÑO��1r1 : )% ,+E $¸O½G 7 &('j)O-��� $#O"!����- 7 g Ï8��� ��� 	�Î�ÒC· #%gO��-0)G#%&('<1 :  !)O- 6
��1�)

V
9�: )Gg%��1!+E½��g%'�"$gO"!�� 7V·^Ï8��� ��� 	�Ò / �!/G��g%��-�¸O $#O��#O1 7V· g%#O�� $¼�)O-�¸%¹�#O1 7V·�· )O-�� 6

#O $#%g�� Ï8��� ��� ��Ò!9 "!��)%10gO��",½���½���#O1 7 ��gG+E (gr½�+E)O-
Γ1
9
Γ2
9
K1
9
K2

� Ï8��� ��� ��Ò ��-0/ L� 
g 7  
���>½���#%&('*��gG+ �

Â "$��½GP$g^"¶�� !1�)% 7 10' ��� ��� 	 1�� 7  !��g 7 10ÑO $#%¹�g%#O�� !)% !"$# · �©�� !1�)% 7V· È � Ç ��É 1 6
��g%NO/�10¼�1 � �0Î ��9 �_/�1���1�)%10'T+E1�/G-0P$&(��-0 !��",½ �!/G��g%��-�¸O $#O��#O1�"!��¹*1���� $¼�1*¸%g%#O $'%#O10¼�1
g%#O�� $¼�)O-�¸%¹�#O10¼�1 · )O-���#O $#%gO½ ��6 ¼�1>)%1!+.-��

L2(Y, ν)
" �0g%g%#O�� $¼�)O-�¸%¹�#%& 7 1 :  !)O-0��1 6

)%1 7 g%#O�� $¼�)O-�¸%¹�#O1 7V·<· )O-���#O $#%g�� 	$6 ¼�1Tg%¸%g ��6 ¼�1T)%1!+.-*�
L2(−∞,∞)

" �� !"!/�1 6
#O $Ñ%#O1r+Og 4C4  !)% $#%N%gO) ·  7 & 7 ½�+E)%1 7(9 gO"$ÑO !P�-����g 7 #E- �� !"!/�10#O $Ñ%#O1�"!��g×� 7  !"!�� 
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: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {pnk}∞k=1 ⊂ L2(ν)
4�· #O/GN%g%'a"¶#O1�"$gO�� $¸O½ 7 g>�

F1n
���C· "!��¹

T1
9
T2
Í ¸%g%#O $'%#%&¶ �1 :  !)O-0��1�)G&R�

L2(ν)
"C1��0¸E-0"!�0½ 7 g*1 : )% ,+E $¸O $#%gO½

DT1

9
DT2

�
��· +E 7×: gO"�-0��¹

T1 ⊆ T2
9  !"$¸%g

DT1
⊆ DT2

g^+O¸O½a¸�����10¼�1
h ∈ DT1

g 7  ! !� 7  !"!��1
)O-��� $#O"!����1

T1h = T2h
� � -0/r/G-0/

QnT ⊆ QnT̃
9 ��1

(
QnT̃

)∗ ⊆ (QnT )
∗ = T ∗Qn.

É 1
(QnT̃ )

∗ ∈ B(L2(ν))
��Ã ¸O ,+E10��-0�� $¸%¹�#O1 9

T ∗Qn = (QnT̃ )
∗ � ����"
��+.-(��&¶�� !/G-0 !� 9

ÑO��1
pnk ∈ DT∗

+O¸O½^��"! ��
k, n

�%� )%1 7  ���10¼�1 9

T ∗pnk = T ∗Qnpnk =
(
QnT̃

)∗
pnk → 0

: )Gg
k → ∞,

: 1�"!/�10¸%¹�/ ·
(QnT̃ )

∗ Í /�1 7V: -0/%��#%&('_1 :  !)O-0��1�) �%Â & �� !)% 7 kn ��-0/ 9 ÑO��1��0&

‖T ∗pnkn‖ < εn, n = 1, 2, . . .
Ï8��� ��� ��Ò

� )Gg �!��1 7 �a"$g%¸ ·jÏ8��� ��� 
�Ò

∥∥(A∗ − α1)pnkn

∥∥ < εn, n = 1, 2, . . .
Ï8��� ��� ��Ò

�C· "!��¹ {q̃mj}
ÍÀ: )%10gOP$��10¸%¹�#%&('º1�)%��10#O1�) 7 gO)%10��-�#%#%&(' ��-0P$gO"

L2(Fm, v)
9

m = 2, 3, . . .
Â �� ,+E 7 4�· #O/GN%g%g

qmj = χFm
q̃mj

��� 1�/G-�L� 7(9 ÑO��1j��"! 4�· #O/ 6
N%g%g

qmj
: )Gg%#E-�+O¸O �L�-0�

DT∗

��  $'O"!����gO�� $¸%¹�#O1 9�: 1!+E1��0#O1 : )% ,+O&�+ · � 7V·�9

T ∗qmj = T ∗Pmqmj =
(
PmT̃

)∗
qmj ,

¼5+E 
Pmh = χFm

h
9
h ∈ L2(ν)

�%M -0"!" 7 1���)Gg 7 "! 7  $'O"!����1

( ∞⋃

n=1

{pnk}∞n=1

)
∪
( ∞⋃

m=2

{qmj}
)
.

Â "$g%¸ · ��10¼�1 9 ÑO��1 7 #O1'L� !"!����-
F1n

9
Fm
9
n = 1, 2, . . . , m = 2, 3, . . . ,

: 1 : -0)G#O1
#O :  !)% !"! !/G-�����",½ 9 �!��1<"! 7  $'O"!����1j1�)%��10#O1�) 7 gO)%10��-�#%#O1� � � - : gO"�-��× $¼�1j�j��gG+E 
: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g {un}

9�: 10¸ · Ñ%g 7 1�)%��10#O1�) 7 gO)%10��-�#%#%&(' ��-0P$gO"
L2(ν)

9�: )Gg 6
#E-�+O¸O �L�-��g%' :  !)% !"! $ÑO $#%g��©1��0¸E-0"!�� $'a1 : )% ,+E $¸O $#%gO½�1 :  !)O-0��1�)%10�

A∗−α1
g
T ∗ �

� )Gg �!��1 7 ��-0P$gO" {un}
"!1!+E !),L�gO� : 1!+ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {pnkn}

9�· +E10��¸O !����1 6
)�½��� · � Ï8��� ��� ��Ò$9GÏ8��� ��� ��Ò$� ����"
��+.- : 1��� !1�)% 7  ��� ��� 	�90: )Gg 7  $#O $#%#O10'�/�"! 7  $'O"!��� ·



� � � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

gOP(+O� · �a1 :  !)O-0��1�)%10�
A−α1

g
T
9�: 10¸ · Ñ%g 7(9 ÑO��1�#E-�'G+E !��",½n#O �P�-���gO",½��g%'*1��

λg
f
· #%gO��-0)G#%&('*1 :  !)O-0��1�)

U : L2(ν) → L2(µ)
��-0/�10' 9 ÑO��1

U(A− α1)U−1 = B + C, UTU−1 = N +D,
Ï8��� ��� ��Ò

¼5+E 
B
9
N
Í ½�+E !)G#%&¶ ´g%#O�� $¼�)O-�¸%¹�#%&¶ �1 :  !)O-0��1�)G&×gOP

B(L2(µ))
"�½�+E)O- 7 g

B(η, ξ)g
N(η, ξ)

"!1�1����� !��"!���� $#%#O1ng_½�+E !)G#O10'r#O1�) 7 10' 7  $#%¹�	� $' 9 ÑO 7
ε
9

Ch(η) =

∫

X

∞∑

n=1

χen(η)√
µ en

ϕn(ξ)h(ξ) dµ(ξ),

Dh(η) =

∫

X

∞∑

n=1

χen(η)√
µ en

ψn(ξ)h(ξ) dµ(ξ),

Ï8��� ��� 	�Î�Ò

{ϕn}, {ψn} ⊂ L2(µ)
� � - : gO"�-�� · )O-���#O $#%gO Ï8��� ��� ��Ò �>��gG+E 

αx+ (A− α1)x− λTx = f

g_"h+E $¸E-��aP�- 7  $# ·
y = Ux

9�: 10¸ · Ñ%g 7±· )O-���#O $#%gO 

αU−1y + (A− α1)U−1y − λTU−1y = f.

� )Gg 7  $#%g%�n/r1��� $g 7 ÑE-0"!�0½ 7 �!��10¼�1 · )O-���#O $#%gO½a1 :  !)O-0��1�)
U
9�: )GgG+E 7 / · )O-���#O 6

#%g��
αy + U(A− α1)U−1y − λUTU−1y = Uf.

����"
��+.- 9Ð: 10¸%¹�P · ½G"$¹ Ï8��� ��� ��Ò$9 Ï8��� ��� 	�Î�Ò!9�: 10¸ · Ñ%g 7 g%#O�� $¼�)O-�¸%¹�#O1� · )O-���#O 6
#%gO Ï8��� ��� ��Ò!9 �!/G��g%��-�¸O $#O��#O1� · )O-���#O $#%g�� Ï8��� ��� ��Ò!�

B
�VH3Z¶D��3H3IKbKD �.= �3= �3= � "$¸O10��gO ��� !1�)% 7 & ��� ��� �C��& : 10¸%#O½G !��",½ 9  !"$¸%g

T
Í g%#O�� 6

¼�)O-�¸%¹�#%&('r1 :  !)O-0��1�)aga+O¸O½a $¼�1�½�+E)O-
K(s, t)

#E-�'G+E !��",½ : 10¸O1'L�gO�� $¸%¹�#E-0½ 4�· #O/ 6
N%gO½

b ∈ L0(ν)
��-0/G-0½ 9 ÑO��1

∫

Y

|K(s, t)| b(s) dν(s) ∈ L2(ν).

  $'O"!����gO�� $¸%¹�#O1 9 �>"$g%¸ · "$¸O ,+E"!����gO½ 
�� � �� !1�)% 7 & ï,� 
�� � gOP � 	�� � ½�+E)%1
K(s, t): 1�)%1'L�+.-0 !��g%#O�� $¼�)O-�¸%¹�#%&('f1 :  !)O-0��1�) 9 1 : )% ,+E $¸O $#%#%&('Æ#E-±��"! 7

L2(ν).
� ��1��

1 :  !)O-0��1�)±½���¸O½G !��",½ : )%1!+E10¸ L� $#%gO 7 1 :  !)O-0��1�)O-
T
g : 1T�� !1�)% 7  	�� 	�� �@: 10ÑO��g

/�1 7V: -0/%�� $# �
 1�«E¬51/(+, �.² �.² �.² ��������� !'(+* % µ - ν � (9��#,*)#76 ( /4�5$�% ��$ ( : 3 /4:	
��7�9: � ����� �

# � ��! � ��( �  � ! � -  � � � � � � � ( $)� a 3 � *)#�3 $ ( $4�4�ÐÏ8��� ��� ��Ò ��* �4$ #01 / ( @ �)� L∞(ν) -/��4$ ( &4$�%'& ���)(+*)# � �,* T 3 Ï8��� ��� ��Ò � / � ��$ ������*.(21"( / ( $ � �#�! %  # ( ! � �+��� ( ���� 3 � ( � $ ( � �91"(+*4@ # � (,(�# � ��! ��3 !'(+* % ν ! $ �,@B( ��� 3 E - νE > 0 - � #  � (,-�� � �
���)(+*)# � �,* PET ��*)�91	� / @ # ( �7�9: 1	� /��4$ ( &4$ ��>�������� ���  ��!"��#  ��$ ��>�� ���)(+*)# � �,*)#
τ : L2(ν) → L0(ν) ;.<=��>?1	# � ��*)#�3C(21 /�� 3�� �)� 3C(+*4@A1"( $4� ( � ( �,*.( ! %���� ��� � �



" ��� ������· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½ 	$6 ¼�1 9.��6 ¼�1ng ��6 ¼�1>)%1!+E10�
"C#O !10¼�)O-�#%g%ÑO $#%#%& 7 g*1 :  !)O-0��1�)O- 7 g ��^

C
É -�'G+E !��",½ 7 #O1'L� !"!����1

E1 ⊂ E
9
νE1 > 0

9 ��-0/�1� 9 ÑO��1
PE1

τ : L2(ν) →
L2(ν)

Í /�1 7V: -0/%��#%&('±1 :  !)O-0��1�) �[� -0/j�T+E1�/G-0P�-0�� $¸%¹�"!���� ^�� !1�)% 7 & ��� ��� � 9V: 1 6
¸ · Ñ%g 7

T ∗PE1
= (PE1

T )∗ = (PE1
τ )∗
� � #E-!Ñ%gO� 9

T ∗PE1
: L2(ν) → L2(ν)

Í
/�1 7V: -0/%��#%&('_1 :  !)O-0��1�) �
�C· "!��¹

α
Í /G-0/�1� 6 #%g�� · +O¹�" · � !"!���� $#%#O1� (P$#E-!ÑO $#%gO �" · L� $#%gO½ 4�· #O/GN%g%g

a(s)#E-
E1
��Â & �� !)% 7_: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 1 : -0)G#O1�#O :  !)% !"! !/G-����g���",½ 7 #O1'L� !"!���

E1n ⊂ E1
" : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 gT��-0/ · � 9 ÑO��1

|a(s)− α| < εn
+O¸O½ : 10ÑO��g*��"! ��

s ∈ E1n, n = 1, 2, . . . ,
Ï8��� ��� 	�	�Ò

¼5+E 
εn → 0

: )Gg
n → ∞ ��� 10¸%¹�P · ½G"$¹a/�1 7V: -0/%��#O1�"!��¹��f1 :  !)O-0��1�)O- T ∗PE1

9 #E-�' 6
+E 7 +O¸O½^/G-�L�+E10¼�1

n
4�· #O/GN%g��

yn
9 ‖yn‖ = 1

9 "C#O1�"$gO�� $¸O 7 �
E1n

��-0/ 9 ÑO��1��0&
∥∥T ∗yn

∥∥ =
∥∥T ∗PE1

yn
∥∥ < εn.

����"
��+.-�g_gOP Ï8��� ��� 	�	�Ò g 7  ! 7
∥∥T ∗yn

∥∥ < εn,
∥∥(A∗ − α1)yn

∥∥ < εn, n = 1, 2, . . .
Ï8��� ��� 	���Ò

Â & �� !)% 7©: 1!+ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {vn} ⊂ {yn}
��-0/ 9 ÑO��1��0&

∞∑

n=1

∥∥T ∗vn
∥∥ <∞,

g_)O-0"!" 7 1���)Gg 7 10¼�)O-�#%g%ÑO $#%#%&('*1 :  !)O-0��1�)

Γh =

∞∑

n=1

(h, vn)T
∗vn, h ∈ L2(ν),

g�P�- 7 /G# · ��&('×1 :  !)O-0��1�)
Q = T ∗ − Γ

"^1��0¸E-0"!��¹���1 : )% ,+E $¸O $#%gO½
DQ = DT∗

�
� 10¼5+.-

Qvn = 0
9
n = 1, 2, . . .

�C· "!��¹
V ⊥ Í 1�)%��10¼�10#E-�¸%¹�#O1� �+E1 : 10¸%#O $#%gO �/@P�- 6

7 /G# · ��10'<¸%g%#O $'%#O10'<1���10¸O10ÑO/� 
V
: 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��g {vn}

g
P
Í 1�)%��1 : )%1 6

 !/%��1�)r#E-
V ⊥ �OÂ "$g%¸ · P�- 7 /G# · ��1�"!��g Q g 7  ! 7 V ⊂ DQ

9G: 1��!��1 7V·
PDQ ⊂ DQ

�
����1�P$#E-!Ñ%g%�>ÑO !)% !P

F
P�- 7 &¶/G-�#%gO 7 #O1'L� !"!����-

F ⊂ L2(ν)
: 1n#O1�) 7  9G: 10¸ · Ñ%g 7

V ⊥ ⊇ V ⊥ ∩DQ ⊇ PDQ = PDT∗ = V ⊥,

��-0/©/G-0/
DT∗ = L2(ν)

� � -0/Gg 7 1���)O-0P!1 7(9
V ⊥ ∩DQ = V ⊥ ��Ã ¸O ,+E10��-0�� $¸%¹�#O1 9

7 #O1'L� !"!����1
V ⊥ ∩DQ

: ¸O1���#O1��
V ⊥ ���C· "!��¹ {v⊥n } Í ¸�����10'_1�)%��10#O1�) 7 gO)%10��-�# 6#%&(' ��-0P$gO" : 1!+ : )%1�"!��)O-�#O"!����-

V ⊥ 9 "!1�"!��1�½��g%'^gOP �$¸O 7  $#O��10� DQ
��M -0"!" 7 1���)Gg 7

1�)%��10#O1�) 7 gO)%10��-�#%#%&(' ��-0P$gO" {un}
: )%1�"!��)O-�#O"!����-

L2(ν)
9 ½���¸O½����g%'O",½>1��BA3 ,+Og 6

#O $#%gO 7 {vn}
g {v⊥n } � È 7  ! 7 {un} ⊂ DQ = DT∗

9 g {un}
: )Gg%#E-�+O¸O �L�gO�r1�� 6

¸E-0"!��g�1 : )% ,+E $¸O $#%gO½±1 :  !)O-0��1�)O-
A∗ − α1

9 "!10� : -�+.-���� $'ÿ�×"$g%¸ ·
a ∈ L∞(ν)"

L2(ν)
�3� )%1 7  n��10¼�1 9 gOP Ï8��� ��� 	���Ò "$¸O ,+ ·  !� 9 ÑO��1

T ∗vn → 0
9
(A∗ − α1)vn → 0: )Gg

n → ∞ � ����"
��+.- 9 /G-0/��×+E1�/G-0P�-0�� $¸%¹�"!���� @�� !1�)% 7 & ��� ��� � 9(: 10¸ · Ñ%g 7�: 1
�� !1�)% 7  ��� ��� 	 " : )O-��� ,+O¸%g%��1�"!��¹n+E1�/G-0P$&(��-0 7 10'@�� !1�)% 7 & �

B



� � � ¸E-���- ��� ��· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½agT"$gO"!�� 7 & ��6 ¼�1>)%1!+.-��
L2

 1�«E¬51/(+, �.² �.² �.²�	�Ò � �0/�� 3 � *)#�3 $ ( $4�4�fÏ8��� ��� ��Ò α = 0 - � � � � � � *)#�3 $ ( $4� (� ! $ �,@B( $4� ( ! �76 ( �48 ( >�� �C# ��� ( & $ # � �4$  	� ��


d = χe0 +
∞∑

n=1

2−n
(
‖ϕn‖ + ‖ψn‖ + 1

)−1
χen ,

>?1"( e0 = X \⋃∞
n=1 en -���*

� 3��91 �)�7�9:  �  3 � 3�# / ( $)��$ ��! � �4$)� ( >0*)# /4�5$ ��! � � *)#�3 �$ ( $4��
�	 � >�� *)�91	# ��: 1"(+* $�% ! ���)(+*)# � �,*)��!�;��Ò � �0/�� 3 Ï8��� ��� ��Ò α 6= 0 - � � � *)#�3 $ ( $4� ( Ï8��� ��� ��Ò �#�!'( $ � & z = Gλy - >?1"(
Gλ � �76,*)# ��� ! %'&�/��4$ ( &4$�%'& $ (9��*.(+* % 3 $�%'& ���)(+*)# � �,*�3 L2(µ) -"��* � 3��91 �)�7�9: �  3 � 3�# / ( $)��$ ��! � �4$)� ( >0*)# /4�5$ ��! � � *)#�3 $ ( $4��
Ð� � >��A*)�91	# �  3�#� � 3 % *)�,@A1"( $��$�% !  #,* / ( ! # $ ��3 �  � ! : 1=*)��!

Kλ(η, ξ) =
∞∑

n=1

χen(η)√
µ en

bn,λ(ξ), {bn,λ} ⊂ L2(µ).

C
� ���� !),L�+E $#%gO 	�Ò 10ÑO $��gG+O#O1 ��� ���� !),L�+E $#%gO ��Ò +E1�/G-0P$&(��-0 !��",½���-0/
L� 9 /G-0/

�� !1�)% 7 - ��� 	�� ���
B

��: 10¸ · ÑE-���� 7V· ",½_�_"$¸ · ÑE-0 ��Ò¶· )O-���#O $#%g�� : )Gg 7  $#%g 7 & : )Gg��0¸%g L� $#%#%&¶ 
7  !��1!+O&f)% 
	� $#%gO½^gOP " 
�� ���



��� &�}F&��i-���S~����1�14F~1& � *F~ 5/0 � 2 &�}F~ 0 ~1�j�
��� � 4 � � � � 4 2 4! �4F} } $

2

& �.² ' ² �r¬5,%¯8.-1<.-9�� '�� ;�«�¬K« ��,<¯�?
p� *[«87[/9R®.«)(+*-,O®K/.-0W(+9ÿ«8*-1G¬5,%G«E¬5,8(+9

 1�«E¬51/(+, �.² ' ² ' ²����������
1 < p < ∞ - T : Lp(Y, ν) → Lp(X,µ) ������� ��� ��!"��#  ��$�%'& /��4$ ( &4$�%'& ���)(+*)# � �,*";A<=��>?1	# � *)#�3 $ ( $4� ( 	 � >�� *)�91	# Tx = f ∈

Lp(X,µ)
�  3 � 3�# / ( $)��$ � � *)#�3 $ ( $4��
�	 � >���*)�91	# �  ��!"��#  ��$�% ! ���)(+*)# � �,*)��!�;

C
� -0/ÿ/G-0/

T
Í : 10ÑO��gÿ/�1 7V: -0/%��#%&('R1 :  !)O-0��1�) 9 " · � !"!��� ·  !�±)O-0P
�0gO $#%gO 

{Xn}
7 #O1'L� !"!����-

X
#E- : 1 : -0)G#O1�#O :  !)% !"! !/G-����gO !",½agOP 7  !)Gg 7 &¶ 7 #O1'L� !"!����-

��-0/�1� 9 ÑO��1
PnT : Lp(Y, ν) → Lp(X,µ)

Í /�1 7V: -0/%��#%&('_1 :  !)O-0��1�)r+O¸O½^¸�����10¼�1
n
Ä�P,+E !"$¹

Pnf = χXn
f
9
f ∈ Lp(X,µ)

����7 #O1'L�g%�>1��� �ÑE-0"!��g · )O-���#O $#%gO½
Tx = f#E- 4�· #O/GN%g��

d =
∑∞

n=1 2
−nχXn

9V: 10¸ · Ñ%g 7 �!/G��g%��-�¸O $#O��#O1� · )O-���#O $#%gO 	$6 ¼�1
)%1!+.-

Tdx(s) = d(s)f(s)
"C/�1 7V: -0/%��#%& 7 1 :  !)O-0��1�)%1 7

Td =
∑∞

n=1 2
−nPnT

�
B 1�«E¬51/(+, �.² ' ² �.²����������

1<p<∞ - K : Lp(Y, ν) → Lp(X,µ) � �4$)� ( >0*)# /4���$�%'& ���)(+*)# � �,*"; <=��>?1	# �4$)� ( >0*)# /4�5$ � ( � *)#�3 $ ( $4� ( 	 � >�� *)�91	# Kx=f∈Lp(X,µ)
�  3 � 3�# / ( $)��$ � �4$)� ( >0*)# /4�5$ ��! � � *)#�3 $ ( $4��
 	 � >�� *)�91	# �  ��!"��#  ��$�% ! ���)(+*)# �� �,*)��!�;

C
Ã�: )O-��� ,+O¸%g%��1�"!��¹!�!��10'T�� !1�)% 7 &Æ#O : 1�"!)% ,+E"!���� $#%#O1n��&¶�� !/G-0 !�ngOP : )% ,+O& 6

+ · � $'_�� !1�)% 7 &ÆgT"$¸O ,+E"!����gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� ���
BÂ "$��½GP$g×"a�� !1�)% 7 - 7 g 
�� 	�� 	�9V
�� 	�� � 1�� 7  !��g 7(9 ÑO��1*/ · )O-���#O $#%g�� 	$6 ¼�1*)%1!+.-

�
Lp
"�/�1 7V: -0/%��#%& 7 gn1 :  !)O-0��1�)O- 7 g : )Gg 7  $#%g 7 -¶1���1���� $#%#E-0½>�� !1�)% 7 - � gO/G-0)O-

gOPC)O-���1���& �(�%É>�� 1 7 -�#O"!/�10¼�1>g Ì��%É>��� ¸%g%ÑO/�1 � � ���

& �.² �.² � ¯81���1<.-9-1 �K¬5,%¯8.-1<.-9 � � � ;�«�¬K« ��,<¯�?
p
� *[«87[/9R®.«)(+*-,O®K/.-0W(+9

«8*-1G¬5,%G«E¬5,8(+9ÿ®���®K¯89[¯8,/=!1<.[/.-0W( 9-.[/1<;�¬5,/=!>8.-0W( �K¬5,%¯8.-1<.-9��-(
� � ;�«�¬K« ��, �_®K¯8,��[9[¯80a¬K«�� ��1<.-.-0W(+9ÿ® ,O¬ =!1/(+,V.[«O¯���®59!(+9�� ��¬5,8(+9
�>FKoGD�Y[D�WVDGIKbKD � = �.=��G= � -�+.-�#%#E-0½_#E-

X × X (µ × µ)
6 gOP 7  !)Gg 7 -0½

(µ × µ)
6

: 10ÑO��g���"
��+ · /�10#O $Ñ%#E-0½ 4�· #O/GN%gO½
K(s, t)

#E-0P$&(��-0 !��",½2d DgL F)IX\iDaZ8Naba_ d S<\ � �ML)NQ\ 9 !"$¸%gr+O¸O½ : 10ÑO��gr��"! ��
s ∈ X
∫

X

|K(s, t)|qdµ(t) <∞,
1

p
+

1

q
= 1.



��{ � ¸E-���- 
�����· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½ 	$6 ¼�1ng ��6 ¼�1a)%1!+E10�n�
Lp

� +E)%1
K(s, t)

#E-0P!10�� 7 d baD �`S)b`k L)NGR �aIgZVZVk-\ d DgL F)IX\iDaZ8Naba_ d S<\ � �ML)NQ\ 9  !" 6¸%g�#E-�'G+ · ��",½ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ {gn}
: 1 : -0)G#O1<#O :  !)% !"! !/G-����g���",½ 7 #O1 6

L� !"!���agOP
X
"�/�10#O $Ñ%#%& 7 g : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 g_g : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹

{un} ⊂ Lq(X,µ)
��-0/GgO 9 ÑO��1

K(s, t) =
∞∑

n=1

χgn(s)

(µgn)1/p
un(t).

Ï�
�� ��� 	�Ò

	e1/(c(+, �.² �.² ' � � � ��²A���������
(Z, ξ) ����*)� ��� *)# $���� 3�� �  � $ (�� $ � & ��� / �,@ ���� ( /4�5$ � & !'(+*)� & ξ - B � 67# $ # 8 ��3�� ��*)� ��� *)# $���� 3�� � $ �,*=! � & ‖ · ‖B -�3C(  � �,* �

� �4$  	� ��: x : Z → B
� ��/4�5$ � �  !'(+* � ! #C; <=��>?1	#A1 /4: / 
 67��>�� ε > 0

�
ξ
� ����� ���

3 � ( 8 σ ∈ Z 3 % ��� /�$�: ( �7�9: $ (+*)#�3C( $���� 3��
∥∥∥∥x(σ)−

∞∑

n=1

xnχFn
(σ)

∥∥∥∥
B

< ε,

>?1"( {xn} � � / � ��$ # : 3 ! $ �,@B( ��� 3C(  $ #7��( $4�4& � �4$  	� �4� x ��� �0/ (21	��3�# � ( /4���$ � ����� - En =
{
σ : ‖x(σ) − xn‖B < ε; σ ∈ S0

}
, S0 = {σ : ‖x(σ)‖B > 0} -

Fn = En \⋃k<n Ek.µ  7´7 -n½���¸O½G !��",½ 4 )O-�¼ 7  $#O��1 7 +E1�/G-0P�-0�� $¸%¹�"!����-n�� !1�)% 7 & ��� ��� � gOP � � � ���
����1�P$#E-!Ñ%g 7 ÑO !)% !P

B(Lp(µ))
"!10��1�/ ·�: #O1�"!��¹>��"! ��r¸%g%#O $'%#%&��a#O : )% !)G&(��#%&��

1 :  !)O-0��1�)%10� 9 +E $'O"!��� · ���g��agOP
Lp(µ) := Lp(X,µ)

�
Lp(µ)

�
 1�«E¬51/(+, �.² �.² ' ²"���������

1 < p <∞ - T ∈ B(Lp(µ)) � ����� ���  ��!"��#  ��$�%'&
���)(+*)# � �,*";	<=��>?1	# � �4$  	� � � $ # /4�5$ � ( � *)#�3 $ ( $4� ( � � >�� *)�91	#

y − λTy = f ∈ Lp(µ)
Ï�
�� ��� ��Ò

�  3 � 3�# / ( $)��$ � /��4$ ( &4$ ��! � �4$)� ( >0*)# /4�5$ ��! � � *)#�3 $ ( $4��
 3 Lp(µ)
� � >�� *)�91	#�  3�#� � 3 % *)�,@A1"( $4$�% !  #,* / ( ! # $ ��3 �  � ! : 1=*)��!�;

C
� - 4 gO/�"$gO) ·  7

λ 6= 0
�
� -0/T/G-0/

T
Í�: 10ÑO��g@/�1 7V: -0/%��#%&('<1 :  !)O-0��1�) 9 " ·�6

� !"!��� ·  !�^)O-0P
�0gO $#%gO 7 #O1'L� !"!����-
X
#E- : 1 : -0)G#O1>#O :  !)% !"! !/G-����gO !",½ 7 #O1'L� 6

"!����-
Xm

"�/�10#O $Ñ%#%& 7 g : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 gr��-0/�1� 9 ÑO��1
PmT : Lp(µ) →

Lp(µ)
Í /�1 7V: -0/%��#%&¶ �1 :  !)O-0��1�)G& +O¸O½Ð¸�����10¼�1

m;
P,+E !"$¹

Pmf = χXmf
9

f ∈ Lp(µ)
� � 10¼5+.-�+O¸O½�/G-�L�+E10¼�1

m
��"$g%¸ · � ����9�:K��	�Î�� ��� � � #E-�'G+E !��",½C/�10#O $Ñ%#O1 7  !) 6

#%&('>¸%g%#O $'%#%&('>10¼�)O-�#%g%ÑO $#%#%&('a1 :  !)O-0��1�)
Tm : Lp(µ) → Lp(Xm, µ)

��-0/�10' 9 ÑO��1

∥∥PmT − PmTm

∥∥ <
(
2 |λ| 2m

)−1
.

Ï�
�� ��� ��Ò

� :  !)O-0��1�)
PmTm

7 1'L� !� �0&¶��¹ : )% ,+E"!��-���¸O $#r�>��gG+E 

PmTmf =

Mm∑

n=1

(f, vm,n)wm,n, f ∈ Lp(µ), Mm <∞,



" 
�� ���(Ã �� ,+E $#%gO · )O-���#O $#%g%' ��6 ¼�1>)%1!+.-��
Lp
" : 10ÑO��g*/�1 7V: -0/%��#%& 7 g

1 :  !)O-0��1�)O- 7 g_/ �!/G��g%��-�¸O $#O��#%& 7 g%#O�� $¼�)O-�¸%¹�#%& 7±· )O-���#O $#%gO½ 7
��6 ¼�1>)%1!+.-n"C/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 g@/G-0)G¸O 7 -�#O10��"!/Gg 7 g_½�+E)O- 7 g

�A�

¼5+E 

(f, vm,n) =

∫

X

f(t) vm,n(t) dµ(t), vm,n ∈ Lq(µ),
1

p
+
1

q
= 1, wm,n ∈ Lp(µ)

gT#O1�"$gO�� $¸%g 4�· #O/GN%g%'
wm,n

"!1!+E !),L�-0��",½*�
Xm

9
m = 1, 2, . . . , n = 1, . . . ,Mm

�
Ã ¸O ,+E10��-0�� $¸%¹�#O1 9

PmTm
Í /G-0)G¸O 7 -�#O10��"!/Gg%'>g%#O�� $¼�)O-�¸%¹�#%&('>1 :  !)O-0��1�)>"(½�+E)%1 7

Km(s, t) =

Mm∑

n=1

wm,n(s) vm,n(t).

M -0"!" 7 1���)Gg 7 /G-0)G¸O 7 -�#O10��"!/�1� �½�+E)%1

C(s, t) =
∞∑

m=1

χXm
(s)Km(s, t),

Ï�
�� ��� � Ò

�� !/%��1�)G# · � 4�· #O/GN%g��
ϕ(s) = C(s, ·) "!1�P$#E-!ÑO $#%gO½ 7 ga� Lq(µ)

g^g%#O�� $¼�)O-�¸%¹�#%&('
1 :  !)O-0��1�)

C : Lp(µ) → L0(µ)
"�½�+E)%1 7

C(s, t)
� � 1�/G-�L� 7(9 ÑO��1

C ∈ B(Lp(µ))
�

Â "$g%¸ ·�Ï�
�� ��� ��Ò +O¸O½±��"! ��
h
gOPT ,+Og%#%g%Ñ%#O10'©" 4  !)G&

Lp(µ)
g 7  ! 7(9 1���1�P$#E-!Ñ%g%�

ÑO !)% !P ‖ · ‖p #O1�) 7V· � Lp(µ)
9

∥∥(T − C)h
∥∥
p
=

∥∥∥∥∥

∞∑

m=1

(PmT − PmC)h

∥∥∥∥∥
p

=

=

∥∥∥∥∥

∞∑

m=1

(PmT − PmTm)h

∥∥∥∥∥
p

6

∞∑

m=1

‖PmT − PmTm‖ < 1

2|λ| .

Ã ��-�¸O1 �0&¶��¹ 9
C ∈ B(Lp(µ))

g ‖T − C‖ < 1
2|λ|
�

� - 4 gO/�"$gO) ·  7
m
g*)O-0"!" 7 1���)Gg 7 1 : )% ,+E $¸O $#%# · �ÿ#E-

Xm
�� !/%��1�)G# · � 4�· #O/ 6

N%g��
ϕm(s) = Km(s, ·) � � ��- 4�· #O/GN%gO½ : )Gg%#%g 7 -0 !��P$#E-!ÑO $#%gO½C��/�10#O $Ñ%#O1 7  !)G#O1 7: 1!+ : )%1�"!��)O-�#O"!���� : )%1�"!��)O-�#O"!����-

Lq(µ)
g : 1��!��1 7V· "$g%¸%¹�#O1±gOP 7  !)Gg 7 - ��Ã ¸O 6

+E10��-0�� $¸%¹�#O1 9 g 4�· #O/GN%gO½
ϕ(s) =

∑∞
m=1 χXm

(s)ϕm(s)
"$g%¸%¹�#O1rgOP 7  !)Gg 7 - ��� 1

¸O 7´7  
�� ��� 	 #E-�'G+ · ��",½T)O-0P
�0gO $#%gO {gn,m}∞n=1

7 #O1'L� !"!����-
Xm

#E- : 1 : -0)G#O1r#O 
:  !)% !"! !/G-����gO !",½ 7 #O1'L� !"!����-r" : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 gjg : 1�"$¸O ,+E10��-0�� $¸%¹ 6
#O1�"!��¹ {ψn,m}∞n=1 ⊂ Lq(µ)

��-0/GgO 9 ÑO��1�+O¸O½a��"! ��
n
g : 10ÑO��gr��"! ��

s ∈ gn,m

∥∥ϕm(s)− ψn,m

∥∥
q
<
[
2 |λ|(µXm)

1

p 2
m
p

]−1

.
Ï�
�� ��� ��Ò

M -0"!" 7 1���)Gg 7 /G-0)G¸O 7 -�#O10��"!/�1� �½�+E)%1

D(s, t) =
∞∑

m=1

∞∑

n=1

χgn,m(s)ψn,m(t),
Ï�
�� ��� 
�Ò



� m � ¸E-���- 
�����· #O/GN%gO10#E-�¸%¹�#%&¶ · )O-���#O $#%gO½ 	$6 ¼�1ng ��6 ¼�1a)%1!+E10�n�
Lp

�� !/%��1�)G# · � 4�· #O/GN%g��
ψ(s) = D(s, ·) g*g%#O�� $¼�)O-�¸%¹�#%&('*1 :  !)O-0��1�) D : Lp(µ) →

L0(µ)
"�½�+E)%1 7

D(s, t)
��Â "$g%¸ ·_Ï�
�� ��� ��Ò +O¸O½n��"! ��

h
gOP¶ ,+Og%#%g%Ñ%#O10'a" 4  !)G&

Lp(µ)g 7  ! 7

∥∥(C −D)h
∥∥
p
=

(∫

X

∣∣(h, ϕ(s)− ψ(s))
∣∣p dµ(s)

) 1

p

6

6

(∫

X

∥∥ϕ(s)− ψ(s)
∥∥p
q
dµ(s)

) 1

p

=

( ∞∑

m=1

∫

Xm

∥∥ϕ(s)− ψ(s)
∥∥p
q
dµ(s)

) 1

p

<
1

2|λ| .

Ã ¸O ,+E10��-0�� $¸%¹�#O1 9
D ∈ B(Lp(µ))

g ‖C − D‖ < 1
2|λ|
� � -0/Gg 7 1���)O-0P!1 7(9

‖T −D‖ < 1
|λ|
g ‖λ(T − D)‖ < 1

� � 1��!��1 7V· 1 :  !)O-0��1�)
Fλ = 1 − λ(T − D)g 7  ! !��1���)O-0��#%&('

F−1
λ ∈ B(Lp(µ))

� � - : g�	� 7 · )O-���#O $#%gO Ï�
�� ��� ��Ò ����gG+E 
Fλy − λDy = f.

� 10¸O1'L�g%�
z = Fλy

9�: 10¸ · Ñ%g 7 �!/G��g%��-�¸O $#O��#O1� *g%#O�� $¼�)O-�¸%¹ 6
#O1� · )O-���#O $#%gO ��6 ¼�1@)%1!+.-

z − λDF−1
λ z = f

9 ¼5+E 
DF−1

λ

Í /G-0)G¸O 7 -�#O10��"!/Gg%'
g%#O�� $¼�)O-�¸%¹�#%&('*1 :  !)O-0��1�)_"C½�+E)%1 7

Kλ(s, t) =

∞∑

m=1

∞∑

n=1

χgn,m(s)ϕn,m,λ(t),
Ï�
�� ��� ��Ò

P,+E !"$¹
ϕn,m,λ = (F−1

λ )∗ψn,m
9
(F−1

λ )∗
Í "!1 : )�½!L� $#%#%&('</

F−1
λ

1 :  !)O-0��1�) � � -0/
/G-0/ 7 #O1'L� !"!����-

gn,m
: 1 : -0)G#O1(#O :  !)% !"! !/G-�����",½ 9 +O��10'%#%&¶ �)�½�+O& Ï�
�� ��� 
�Ò$9�Ï�
�� ��� ��Ò

7 1'L�#O1nP�- : gO"�-0��¹�����gG+E Ï�
�� ��� 	�Ò$� � -0/Gg 7 1���)O-0P!1 7(9 ½�+E)O-
D(s, t)

9
Kλ(s, t)

½���¸O½ 6
����",½^/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 g@/G-0)G¸O 7 -�#O10��"!/Gg 7 g_½�+E)O- 7 g �

Â "$¸ · ÑE-0 
µX < ∞ +E1�/G-0P�-0�� $¸%¹�"!����1 ·�: )%1��-0 !��",½.2���"$g%¸ · ��10¼�1 9 ÑO��1

4�· #O/GN%gO½
ϕ(s) =

∑∞
m=1 χXm

(s)ϕm(s)
"$g%¸%¹�#O1�gOP 7  !)Gg 7 -�g

µX < ∞ 9: 1@¸O 7´7  
�� ��� 	 #E-�'G+ · ��",½ : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹ : 1 : -0)G#O1@#O :  !)% !"! !/G-����g�� 6
",½ 7 #O1'L� !"!���

gn ⊂ X
" : 10¸O1'L�gO�� $¸%¹�#%& 7 g 7  !)O- 7 g�g : 1�"$¸O ,+E10��-0�� $¸%¹�#O1�"!��¹

{vn} ⊂ Lq(µ)
��-0/GgO 9 ÑO��1�+O¸O½ : 10ÑO��gr��"! ��

s ∈ X

∥∥∥∥ϕ(s)−
∞∑

n=1

χgn(s)vn

∥∥∥∥
q

<
[
2 |λ|(µX)

1

p

]−1

.

� 10¸O1'L�g 7
un = (µgn)

1

p vn
g©)O-0"!" 7 1���)Gg 7 /G��-0P$g%��&¶)%1'L�+E $#%#O1� _/G-0)G¸O 7 -�#O10� 6

"!/�1� �½�+E)%1

D0(s, t) =

∞∑

n=1

χgn(s)

(µgn)
1

p

un(t),

�� !/%��1�)G# · � 4�· #O/GN%g��
η(s) = D0(s, ·)

g g%#O�� $¼�)O-�¸%¹�#%&(' 1 :  !)O-0��1�)
D0 :

Lp(µ) → L0(µ)
"�½�+E)%1 7

D0(s, t)
� � 10¼5+.-�+O¸O½ ��"! ��

h
gOP  ,+Og%#%g%Ñ%#O10'



" 
�� ��� � )Gg��0¸%g L� $#%#%&¶ 7  !��1!+O&Æ)% 
	� $#%gO½rg%#O�� $¼�)O-�¸%¹�#%&��
· )O-���#O $#%g%' ��6 ¼�1>)%1!+.-��

Lp
"�/G��-0P$g%��&¶)%1'L�+E $#%#%& 7 g

/G-0)G¸O 7 -�#O10��"!/Gg 7 gT½�+E)O- 7 g
���

" 4  !)G&
Lp(µ)

∥∥(C −D0)h
∥∥
p
=

(∫

X

∣∣(h, ϕ(s)− η(s))
∣∣p dµ(s)

) 1

p

6

6

(∫

X

∥∥ϕ(s)− η(s)
∥∥p
q
dµ(s)

) 1

p

<
1

2|λ| .

� -0/Gg 7 1���)O-0P!1 7(9
D0 ∈ B(Lp(µ)), ‖T − D0‖ < 1

|λ|
9 gÿ+E1�/G-0P�-0�� $¸%¹�"!����1�P�- 6

�� !)�	�-0 !��",½ : 10����1�)% $#%gO 7R: )% ,+O&�+ · � $¼�1^+E1�/G-0P�-0�� $¸%¹�"!����-r"aP�- 7  $#O10'j�_#O 7
D#E-

D0
�
B� =!1�����G¯89-1 �.² �.² ' ² 
�6 � (,( /��4$ ( &4$ � ( �4$)� ( >0*)# /4�5$ � ( � *)#�3 $ ( $4� ( � � >���*)�91	#

3 Lp(µ) - 1 < p < ∞ - �  3 � 3�# / ( $)��$ � /��4$ ( &4$ ��! � �4$)� ( >0*)# /4�5$ ��! � � *)#�3 $ ( $4��
� � >�� *)�91	# 3 Lp(µ)
�  3�#� � 3 % *)�,@A1"( $4$�% !  #,* / ( ! # $ ��3 �  � ! : 1=*)��!�;  $'O"!����gO�� $¸%¹�#O1 9 �©"$g%¸ · "$¸O ,+E"!����gO½ 	�� 	�� � �� !1�)% 7 & 	�� 	�� � /G-�L�+O&('fg%#O�� 6

¼�)O-�¸%¹�#%&('T1 :  !)O-0��1�)r�
Lp(µ)

: 10ÑO��g*/�1 7V: -0/%�� $# �
�VH3Z¶D��3H3IKbKD � = �.=��G= � g%#O�� $¼�)O-�¸%¹�#O1 7V·C· )O-���#O $#%g�� ��6 ¼�1�)%1!+.-(�

Lp
"�/G��-0P$g 6
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